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Observables in the Extreme Relativistic Representation 
of the Dirac Equation 
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A new choice of operators is given to represent dynamical variables of a Dirac particle 
in the extreme relativistic representation. 


§ 1. Introduction 


Considerable attention has recently been paid to the construction of special 
representations of the Dirac equation which emphasize those aspects of the 
equation that are important in special circumstances. The means employed are 
unitary transformations that carry the Dirac Hamiltonian over into new forms. 
Examples are: the Foldy-Wouthuysen” (F.W.) transformation which has been 
useful in bringing out clearly the properties of the equation in the non-rela- 
tivistic limit; and the Cini-Touschek” (C.T.) transformation which yields es- 
sentially a projection to the extreme relativistic limit. The physical content of 
the theory rests on the specific choice of operators occurring in the theory to 
represent dynamical variables. The choice of operators in the usual Dirac 
theory has led to some of the dynamical variables, for instance, the particle 
velocity, having properties that have no correspondence with those of their 
classical counterparts. The form of the transformed F. W. Hamiltonian, on the 
other hand, suggested new operators whose properties are in accordance with 
one’s expectations based on the relativistic classical mechanics and non-relativistic 
quantum mechanics. In particular, the position operator (called ‘mean position ’ 
by F. W.) is such as to lead to a velocity operator equal to p/E (except for 
a negative sign that comes in, as expected, in the case of negative energy 
states). However, the choice ofeoperators made in the # representation* by 
Bose, Gamba and Sudarshan® (B.G.S.) and Pac” does not seem entirely happy, . 
and it is the object of the present paper to reconsider this question and to 
suggest a different assignment of operators to observables in the E representa- 


tion. 


* Following Bose, Gamba and Sudarshan, we shall prefix the classical (non-relativistic) and 
the extreme relativistic representations arising from the F. W. and C. T. transformations by the 
letters C and E respectively and the usual (Dirac) representation by D. 
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§2. The C, D and E representations 


‘The passage from the D representation to the C and E representations is 
accomplished by transformation with the unitary matrices eS and e‘” respec- 


__ tively, where 


ania ga tg &P tan 625 (1a) 
ee ; VEPs m 
oe PE) (1b) 
; [2E(E+m)}? ” 
7 ai tay OP. tan- (4) , (2a) 
ce NS pik, 
ery ge E+p+ms(a-p)/p 2b 
i [2E(E+p)P? | basa 
he Dirac Hamiltonian 
H?=a-p+im, (3) 
n gets transformed into : 
H° =e H? e=B8E, (A) 
ees | Hise? 2 eT = E(a-p) /p; (5) 
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A Pea ved, : ~ 
ssa E=+(p?+m?)"2, (6) . 


iC 
Na 


Wee Further, the relation between the C and E representations is typified by 
_ the transformation of the Hamiltonian : 
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ordinary three-dimensional space whose points are labelled by the variable x. 
Thus, in the usual representation of the Dirac equation, 


Dats (9) 
and 
J=xxp+—_, (10) 
where 
Oe Se). (10a) 
21 


x itself appears merely as a label for an arbitrary point in space, and there is 
no compelling reason to identify it as the representative of the position obser- 
vable of the particle described by the Dirac equation. Indeed, as is well known, 
such an identification leads to difficulties of interpretation. Specifically, it does 
not have the first two of the following properties considered desirable for a 
position operator :°”” 

(i) Any one-particle operator, including the position operator, must be 
defined separately on positive and negative energy eigenstates, i.e. any such 
operator A must commute with the sign of the energy, which is represented 
byrtii/ ss): 

[A, (H/E) ]=0; (11) 


(ii) The position operator, say X, must lead to a velocity operator X 
such that 


X= (p/E) (H/E); (12) 


(iii) The components of X must commute among themselves ; 

(iv) X must be the space part of a covariant four-vector. 

It may not be possible, in general, to find an operator that satisfies all 
these requirements.” However, by choosing the representative of the position 
operator in the C representation as X°=x, F. W. were able to satisfy the first 
three requirements (while the status of this operator as regards covariance 
remains unclear). ‘They further showed that a choice of X on these lines leads 
to the correct non-relativistic form of the Hamiltonian of an electron in inter- 
action with the electromagnetic field. 

In the choice of the position operator in the E representation, B.G.S.” and 
Pac have proceeded apparently by analogy with the F. W. procedure. Thus 
Pac started by examining the possibility of choosing x as the position operator 
in the E representation, but discarded it in favour of 


X/®=x— (0X p)/(2p’) 
which satisfies both (i) and (ii) in the E representation unlike x itself. B.G:S. 


Pe 
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also represent the position variable in the E representation by x and the other 
observables by operators usually associated with them in the D representation ; 
but since x does not commute with (H¥/E), this causes mixing of positive 
and negative energy states, and they seek to avoid this by attributing a pair of 
operators to each dynamical variable, one to operate on positive energy states 
only and the other on negative energy states only. Thus, for instance, they 
postulate the position operator in the E representation to be given by 


%e= AL XA, (13) 
where 
AZ=1/2(1+ H"/E) (14) 


are the projection operators to positive and negative energy states respectively 
in the E representation. This association of a pair of operators with each 
dynamical variable is evidently unsatisfactory, particularly in view of the fact 
that one can define, following Pryce,” a single operator 


ANA Ap AAA == Ag+ AS 


which does not mix positive and negative energy states, to represent the dyna- 
mical variable A. If this procedure is followed, the operators defined by B.G.S. 
coincide with Pac’s operators : 


X=x,+x_, ‘etc. 


It is therefore sufficient for us to consider the E representation operators defined 
by Pac. A list of these is included in Table I for easy reference. 

Pac’s E representation position operator X’” does commute with the sign 
of the energy and also leads to the correct expression for the velocity operator. 
But its components do not commute. (The question of covariance is an involved 
one and will not be dealt with here.) A more serious objection to Pac’s choice 
of X’ as position operator (and hence to the B.G.S. operators) arises in con- 
nection with the spin angular momentum operator 2%”. The latter is uniquely 
determined once the position operator is chosen. Pac’s expression 2/?= 
(o-p)p/p*, according to which the ‘spin’ is purely longitudinal and hence 
simply related to helicity, is interesting, to be sure, in view of the importance 
of helicity in the domain of weak interactions. Nevertheless, the fact that the 
components of 2” commute makes the identification of ¥/” with spin angular 
momentum questionable, for it is well known that the components of any angular 
momentum operator, say M, must satisfy relations of the type [M,, M,]=iM,. 
Consequently the position operator which led to 3/¥ must also be considered 
unsatisfactory. 

We are therefore forced to seek a different assignment of E representation 
operators to the dynamical variables of a Dirac particle. In this we are aided 
by the knowledge that operators defining dynamical variables in the C repre-. 


Sime 
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sentation as given by F. W. have all the properties that are desired of them ; 
and a unitary transformation of all the operators would leave those properties 
unchanged. We therefore define operators A® in the E representation by 


AZ=e'"-® VAG Cua; (15) 


where A® are the corresponding F. W. operators. The results are given in 
‘Table I. 


Table I 


Dynamical Operator representatives in the E representation 

See Pac’s case Present case 

Ve 1 A (a-p)p 1 

7E = x% — —— E— SS — 3 | x 
Position X/E=% op? (aX p) X£=x+ ap [ pa B is 3p? (a Xp) 
Momentum p/==p p®=p : 
Velocit epee Sewn! BGs ae IA A 
y Xx Fae Be tp 

Orbital angular o Tl o ip i 
momentum TORRE EAN os PET dit el cia a Ae SE Ys oieb gy) 029)” 
Spin angular i reel ; _ 38. 
momentum Se ba (o-p)p se= P? (a P)pP p (ax p) 


It will be noticed that the new set of operators differs from Pac’s in the 
appearance of terms involving ij@. (Such terms appear also in the D repre- 
sentation of the F. W. operators and have no obvious physical interpretation 
since 78a has no simple relation to any of the significant dynamical variables 
of the particle.) In particular, our X” differs from Pac’s X’” in terms which 
represent the transverse component of 72a. The resultant difference in the 
‘spin operators, viz., term 73(@Xp)/p makes %” partly transverse (unlike the 
purely longitudinal %’”) and is essential for obtaining the correct commutation 
relations for the components of %”.* The helicity operator is the same in both 
cases, being just (o-p)/p. As for orbital angular momentum, the new operator 
L?, like L’”, is purely transverse. The association of «Xp and o/2 in L’, 
observed by B.G.S. and Pac, continues here also. 

Finally, it must be presumed that there can be only one ‘correct’ set of 
operators representing dynamical variables in any given representation, and when 
the choice of one such set is made as the correct one (from among an infinity 


.of unitarily equivalent sets of operators), the corresponding operators in any other 


representation are automatically determined using the appropriate unitary trans- 


formation of the chosen set. The choice of a particular set to go with a given 


* Any purely longitudinal operator (which does not involve x explicitly) will have commuting 


components and will therefore be unsuitable for representing angular momentum. 
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form of the Hamiltonian (i.e. in some chosen representation) must be guided 
by requirements like the ones we have considered ; choice of a position operator, 
in particular, is equivalent to the assignment of a specific law of interaction 
with external fields, as has been pointed out by Acharya and Sudarshan.” The 
ultimate justification for the F. W. choice (and hence for ours) must then 
depend on its success in yielding the correct results for the interaction with 
an electromagnetic field. Arguments that the position operator should be that 
which is represented by x in the ‘canonical’ representation” in which the 
Hamiltonian takes the form §(p*?+m’)'? reinforce this choice. 
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On the Quantization of Physical Space-Time Operators. II 
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(Received February 6, 1961) 


The characteristic features of the altered theory which was proposed in our previous 
paper are analysed by using the interaction representation. It is shown that our theory gives 
the same result for the transition matrix as the conventional field theory does. Therefore, 
it is regarded that the latter is nothing but the true theory to our altered theory. 


$1. Introduction and summary 


In order to investigate Dirac and Bergmann’s field theory, in which the 
space-time x’ are quantized according to the uncertainty relation, an auxiliary 
condition on the space-time variable was introduced and a new formulation of 
the condition was proposed in the previous article.”* In the present article, 
we shall explore the characteristic features of the formalism, and examine 
whether it introduces the desirable modification of the conventional field theory, 
as was expected in the article I, by using the interaction representation with 
respect to both the field variables and space-time field. 

It will be proved that we can define the Fourier decomposition in the same 
way as in the conventional field theory under the appropriate condition, and 
that the Fourier components commute with the exponential operator e“*. For 
the free field we can prove that the commutation relation between the Fourier 
components has the same form as the one in the conventional field theory. 
Therefore, the Fourier components are the true observables of the system and 
they have the same character as the conventional theory. As to the interacting 
fields the commutation relation between the Fourier components cannot be 
written down explicitly. Therefore we shall construct the S-matrix element 
by using the interaction representation, and compare its form with that of the 
conventional field theory. In the representation, we can use the Fourier com- 
ponents of the free field, which describes elementary particles, having nothing 
to do with space-time field, x’(w), and they give the same contribution to the 
matrix elements as the conventional field theory. At first sight, the contribution 
of the part of space-time field seems to give rise to some kind of cutoft at the 
inner vertex or in the Green functions of the ordinary field in the neighbourhood 


* In the following we quote this article as I, and refer to its equations as, for instance, 
(Gk Ayal) 
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of light cone, and the cutoff distance becomes of the order of «7, where «7° is 
the constant with the dimension of length and introduced in the aforementioned 
auxiliary condition. However, these effects of the space-time field disappear in 
the final expression of S-matrix. That is, the transition matrix elements in the 
interaction representation become the same as those of the conventional field 
theory. Thus both for the free field and for the interacting fields, we may 
regard that the Fourier components of the field variables are the true obser- 
vables of the system and they have the same character as that of the conventional 
field theory, if some appropriate condition, which will perhaps be fulfilled for 
all the systems with the local interaction, is satisfied. It will mean that the 
conventional field theory is nothing but the true theory of the Dirac-Bergmann’s 
theory, which was summarized in § 2 of I, in contrast to our altered theory. 
The proof of the commutability between the Fourier components and the 
a’ operator will be given in § 2, and the S-matrix treatment for the interacting 


fields in § 3. 


§2. Fourier decomposition 


In order that the Fourier decomposition of field operator has definite mean- 
ing, it must be proved that the operator e’” is well defined and satisfies the 
relation 

Derry: . thea (U 
Fie = OY hw (2-1) 


‘and that e* or 2°(w) commutes with the Fourier component y,4(k); i.e. 
L2’(u), ya(k)]=0. (2-33 


This equation must hold for each component y4(k) and for all 2° (x) irrespec- 
tive of the value of «’. 

Before entering into these problems, an explicit definition of the operator 
0y4/0x°, which was defined implicitly by the equation 


CR Pye Ot Ove 
au 2B Waa: ae Gene 
may be given. For any operator F, we have the relation 
On ia) 
Out ih LF, &,], (2-4) 
where G,=\d *uG, and G, is the canonical energy-momentum density 
=! sped 
3 —izh, Dob Oa hg en ne, (2:5) 


or 


On the Quantization of Physical Space-Time Operators. II 9 


and 


The relation (2-4) is the four-dimensional extension of the equation of motion 
(I-4-17) in our altered theory. On the other hand, owing to the relation 
(I-4-14), i.e. 


Ox? : 
ee eb.) i Ishi, (2-6) 


the relation 
On? 
[ ae ya | eto" p. ya] RAST) 


holds for any field variable, y4(w). Therefore, taking into account the com- 
mutability between x’(u) and y4(u'), we have 


Ui me | dtd Loe” 
Out —s if ae D) an Ds byl] | (e582 
from Eqs. (2:4) and (2-5’). If we can write for any y4(u) as 
Lya(z), Pp, (u’) |=ih Ya, (uw) O3(u—w"), (2-9) 
Eq. (2-8) reduces to 
Ova — 1 oh § 
eet {2a ox 


Comparing this equation with the implicit definition of 9y4/dzx°, Eq. (2-3), we 


can put 


OV4 28s 
Boge ae (2:11) 


and it is shown that the definition, Eq. (2:3), or more generally for any operator 
F, the definition 


Taira J oon 
Ou® Ox? 
is reasonable. 

For example, the free neutral scalar field ¢(w) and free electromagnetic 


field A,(«) have the character given by Eq. (2-9), as will be seen by using 
the expression of p,, Eqs. (1-2-10”) and (I-2-10), and we can write down 


the explicit form of 0¢/9x? and 0A,/Ox° as 


“yon 
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0 ey 6 p—l 1, x (2-12) 
Ox? 


and 


oi e==[* Aye, (170° —1° 0,79 L,) —1, 12" (Gap —2laly) . (2-12’) 
Ox? 


In the course of the derivation of (2-12’), we used the auxiliary condition 
S=g%-3A,/d2°=0” (and accordingly additional Lagrangian density Loa= 


| 1/2-S*), which corresponds to the constraint ¢=2“/,=0.9 Similarly, the ex- 


plicit form of the 2-derivative of the free Fermion field can be obtained by 
more careful treatment (Appendix). 
The operator e”™ can be defined by the series 


ef == 1 4ik, a" (u) + (ik, w"(u) Pp (2-13) 
If we write 
[4 EO, ikec"(u) |=sihe* BO, (0) IZ, (2-14) 
_ where Z is a cnumber with the infinite value, by the definition (2-13) we have 
sae =ik Oa? erm 1 Zeit) 
Ou? * Ou 2 


a Eee Tee 1 
tha (wu) ik, abe Zeik2u) ; 
Ou 2 


———Je 


and then 


Ou? 2 


de'™ Lite age 
ao k pee meh . 
iu awe e (2-15) 
Comparing this relation with the implicit definition of the .x-derivative, 
Eq. (2-3/), it is proved that the definition of e“™, Eq. (2-13), satisfies the 
desirable relation (2:1). Thus, if the commutability between the Fourier com- 


ponent y4(k) and x*(u) is proved; for instance, the Fourier decomposition of 


the free scalar field 


[ dk N 4 u 
Blum | SOE te ye™ BE) (2-16) 
is consistent with the field equation 
fe) fe] 
GEES Sah PE AE fais . ; 
Ox? aa"? eine aahey 


where the .r-derivative of ¢ is given by Eq. (23 )e 


In the following, the free neutral scalar field being taken as an ex- 
ample, the explicit definition of y4(&) is given, and its commutability with x? (xz) 
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is proved. The other fields can be treated in a quite similar way. (k) is 


defined by 


d i) = == — tha (u 
Gap +H) OD =H (bs Wem san 
where 
5 Gate age. i, te g 
psu) =| See "4D(q; u) (2-19) 
and 
Pq ; 2) = ¢(u) SeOf Bi Si 1 ~ g° ep eke ean sa (2 -20) 
Ox? Z Ox’ Ox’ 


with the cnumber parameter q’. 
The quantity ¢(k;w) has the following properties, 
[d(R; 0); x? (u’)J=0 for w=", (2-21) 
and 
(+p?) d6(k; wu) =0, ; (2822) 


and the quantity on the right-hand side of Eq. (2-18) is independent of w', as 

will be proved later. The last fact means that ¢(%) does not depend on w* 

and accordingly it commutes with x’(w) for all w’, Eq. (2-2). . 
The relation (2-21) is guaranteed by the commutation relations 


xox 0” ya (u') |=o. | 


Ov”) Om 


and 1 (223) 


pee a” ya (wl) |= a ihetgn 6) — 9,0 o. 


Au? 4 Ox ++-Og™ O02) es Ogrn 
: (he Oriente cro is LOT hain. 


Eq. (2-23) can be proved for y4(u) with the character given by Eq. (2-9) as. 
follows: By Eq. (2-7), we have 


[ac’(u), ya(u’) |==0, 
(2-24) 


[72 Va (ul) |= —ihetg” Oya (u) O3(u—u') , 
Au" Ox” 


and these equations are nothing but the special case of Eq. (2-23) for 2=0. 
By virtue of the field equation of x’, Eq. (I-4-12) and Eq. (2-24), we have 


2, Be = BUS 2) 135 2-]=-8r 2) 
[32 oA | Au Aa wee ay’ 4 ilk g B20 Oa 3> 


On? Oy lg A =a 7 fe) (224) Naar Ova » | (3,24) 
| Au°” me |= ae Au’ \ da b Ox” =e iz Out 
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ie @ue? att Oy | =| ee gh Ox Oya | se = oe | Ova 
or 2, | Au’ 52 te oe eee a a . 


=| 22", 294 |—ifi(1—a,?) 02g Ova 005 
Ou® . Out! Ox” Out 
o 2 ) 
a tego 2 (22) d= —ittetgn 2 | 22 3 Beet 

u’\ Ox EE Whe] Temas at 2 ro 
Comparing the both sides of this equation, the second equation of (2-23) is 
proved for z=1. The first part of Eq. (2-23) can also be proved in the similar 
way for n=1. In the same way, the relations for arbitrary 7 can be proved 
by the mathematical induction. In order to prove the relation (2-22), it is 
convenient to introduce the quantity 9,=i/h-\n,d°u, which has the property 


0 OTN a (i antes Or Val) eee 
[o,(x’), pA | ale) — (for u—u a5 (2-25) 


owing to (2-23). Therefore we can write as 
UL 
Pq > u)=6+[@’ 2» A asia lg, Lg, é||+ ee =e!’ d(u) e728? (2 -26) 
and 


OO ad 3° fe) 
— Og ah ri ? 8 oo it Sh [Q,, plete ob ea (2 -27) 


Aq? Ox? eke sume vad Ox 
By virtue of these properties, we have 


deh tt Ode hdd tke 4 eeens 
tk, b(k32 =|4 tk OF | _@qQ tka p20 | 'b -ae 
»P(R; u) (onye* ae \ BAY): e sas ; 


and then the relation (2-22) is obtained as 


(2-28) 


(+12) (ku) =| Aa ete gt (_ gee wae | ert = 
(22)! A Oto ar toe eae 
Finally, we must prove that the quantity on the right-hand side of Eq. (2-18) 
is independent of w’. By definition, we have 


OG(k 3 u) __ 1 ae (es entka S| 


od bee 
Ou® Jus 2) * ax? 


ss Ome 
{ike CRs w)}, (2-29) 


, Ox? ig uy beg 
iz, a” Hk ; u) |=—ihe ‘| hea A ik, gi 28 95(0) =iZ6(k;u), 


(27)* 


and 


a MOE 
5 —tk a $ —ikx 
iz, wi e7 v0 | iZe tha (u) 


Ws i) 
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Be the desired relation 


a BUR we ye Tit, 22, (hw) fem 


+ (Rk; u)—-|— ik, ee | iz, 22 Pat b(R ; ue =U 
is obtained. 
The above discussions remain correct also for the interacting fields, so far 
as the condition (2-9) is satisfied, as easily seen by following the discussions. 
For the free fields we can prove that the commutation relation between 
the Fourier components has the same form as the one in the conventional 
theory. For example, for the free scalar field, we have 


[b(k), BCR’) OR + po) = (22)°E(R)O(R+R'). (2-30) 
The proof may be carried out as follows. First, we consider the quantity 
[b(Rsu), 6 3w/)]= eee [D(qiu), O(q' su’) 
7 


— dqdq er —— (q+q!) -% 
=) Ga 


Pl 6a) +g 2h + 6) +d 22 +] 


(2-31) 
for uw’=u". Generally, [0"¢/dzx”, 0"¢’/dx”] is the function only of x‘, because 
0"6/0.x” is the linear function of ¢(w) and z(«) owing to the bilinear character 
of p, and of Eqs. (2:6) and (2-23). Therefore the right-hand side of (2-31) 
commutes with ¢(u) and z(wz) on the same uw’. Further, from the relations 


f a" 6 ae! | ee gmt d el ie Qo” p i 
? 5 “e PPI —— Pos 
OT OLY- OR" OLeonr on™ Ome a a 


=ern[. [8 2ET]H0 0-39 
deel 2b eee |g fe) eee sh) 


= 1 @-da-a)"| 55a # |, ete 


hold. Thus [@(q;«), (qd ;u’)] depends only on (q—q’)’ and the integration 


of the right-hand side of (2-31) must have the factor 0*(k+’). If we put 
[(2), O(R) JOR +) =Gk, F’), (2-30) 


G(k, k’) must have the form as E(k) O(kR+k)G(k), and G(k) commutes not only 
with 2°(«) and #°(w) but also with ¢(w) and n(u). Therefore G(k) is a 
c-number, and from the covariance character it must be a constant independent 
of k as #—=—yp?. Thus we have arrived at the commutation relation, (2-30), 


es 


we 2 


-_ 4 


DS 3 ee 


ge Sh 


a 


ete tae Se eS 
PRE ee et bt 


+ 


y sy 
+ ‘ 
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in our theory too. It means that, for the free field system, the physical charac- 
ter of the Fourier components is the same as the conventional field theory and 


the 2’-operator have no effect on it. 
On the other hand, according to Eqs. (2-12), (I-2-13) and (I-2-14), we 


have the commutation relations 
[d(z), é(u’) |=0, 
(2-33) 
|e, p(w) |=, iho; (u—u') 
Ox? 


for w=". In order that the Fourier transformation of Eqs. (2-33) have just 


the form (2-30), it is necessary for our definition of the Fourier transformation, 


(2-16), to meet the requirement that the operator relations 


dk ik (a (wu) — az (u!)) L) O( p? 2) —— 
aa E(k) (+72) =0, 
dk 


22)* 


(2-34) 
eth(a(u)—2(u!)) E(k) O(R - [f) ikl" l, 03 (u— uw’) 


should be satisfied. This may be considered as a reasonable one in our theory 
also from the following consideration: Our scheme should be reduced to the 
conventional field theory in the limit «*—>0. If 2°(u) is parameter, the re- 
lations (2-34) are correct only when x(w) and x(u’) are located in the mutually 


spacelike configuration, because the expressions on the left-hand side of these | 


relations are nothing but 74(2(u)—2(w’)) and 7-04(a(u)—2(u’))/Ox’(u), 
respectively. On the other hand, in our theory the indefinite metric was in- 
troduced in the part of the Hilbert space with respect to space-time field as a 
consequence of the indefinite nature of the metric in Minkowski space as was 
pointed out in § 4 of the article I. Therefore, it may not be surprising, that 
the operator relations such as (2-34) coincide with the corresponding c-number 
relations in the ordinary field theory only when x(w)—2x(w’) is in a space-like 
configuration. The concrete formulation of our Hilbert space with indefinite 


metric should be made in such a way that the relations (2:34) hold for any | 


configuration of a2(w) —2(w’). 


§ 3. Transition matrix 


In this section for the purpose of .seeing the character of the interacting 
fields we construct the S-matrix element by using the interaction representation. 


The equation that corresponds to the Schroedinger equation in the conventional 
field theory is given by 


de (3-1) 
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where 


S=|auJH (3-1) 


and 


ie 
JH=—{a*, G,+p,)} eg (,+P,) Ue+P.) 


= JH + {2 Pp} +09 ppd, (3-2) 


which was already given in (I-4-16). In Eq. (3-2), #° is given by 
EPP +g p,!, (3-3) 
from Eq. (2:6), and JH and #? are the expressions obtained by replacing p, 


by p,’ in JH and 2’, respectively, where ," is the free part of energy-momentum 
density and its remaining part is expressed as 3, that is, 


P=, +P, - (3-4) 


Here we may insert some remarks concerning the indefinite character of the metric 
in the 2° field part of our Hilbert space. If the metric in the Hilbert space 
were positive definite and the additional relation 7,=0 might be regarded as 
the auxiliary condition for the state vector 7, 


7,0=(,+?P,)¢=0, (3-5) 
YW would remain constant for all «w°, as the relation 
ae 
ft) 3-6 
ing =§ (3-6) 


holds owing to the structure of §, which was given by Eqs. (3-1’) and (3-2). 
Further, then in the representation, in which x’ is diagonal, the constraints 


(1-3-5) equivalent to (3-5), 


in°P G2 ON —»1(u) g(a" w)}), (3-7) 
Ox!” (u) 


would correspond to the Schroedinger equation. However, owing to the in- 
definiteness of our Hilbert space, we must use the weaker auxiliary condition, 


(P*, 4, ¥) =0, (3-8) 


than Eq. (3-5), or 
: : 7 =0, (3-9) 


[Eq. (1. 4-30)]. Therefore 
2 av ; 
R= OF 40; 
Ue OHTA 


and we must calculate the transition matrix concretely to see whether our 
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scheme deviates from the conventional field theory or not. 
In order to define S-matrix, we may use the interaction representation, as 


usually done. In the representation starting from Eqs. (3-1) and (3-2), the 
Schroedinger equation can be written as 


noe” () — 5 (a!) PP" (w), (3-10) 
du° 
where 
oar: al eee 
S1(w°) =| Du E (at, PALE ae p,'p.'| (01H) 
The transition matrix U(w”, u”) between two different values of w°, u” and u"”’, 
which is defined by 
pr (u’) = U(u", ul’) pe (u°"’) 3 (3 Z 12) 


is expressed as 


uolr 


ON GERO Ss 2 sf = (=) \ du’: du, P (O1(uy’) ++ Bre.), (3-13) 
n=o n! 


uorr 


and the S-matrix becomes 
S=U(+o, —o), (3-14) 


in the same way as in the conventional field theory. 

Usually the interaction part of energy-momentum density, ~;, comes from 
the interaction term of the Lagrangian density L; in such a way as p,==—1, L;.* 
In the following discussion, it is more convenient to rewrite 6, as 


d= | aul — 2) (J, Ly} + PL? |. (3-15) 
The second term appears by the elimination of 2’ involved in J in the first 
term, and the situation is similar to the case where the interaction Hamiltonian 
is the derivative type in the conventional theory. At first we consider only the 
contribution from the first term which have the same form as the conventional 
theory. As to the free field operators it was proved in the last section that 
we can perform Fourier transformation of the field operators, and that their 
Fourier component y4(k) satisfies the commutation relation (2-2). Therefore, 
in the calculation of the matrix elements we can treat the yak) field and the 
x’(u) field independently. Namely, first, we can consider the matrix element 
for ya(k) field in the same way as in the conventional field theory, and then 
deal with the x’ field by means of the field equation (1-4-12) and the com- 
mutation relation (I-4-15). As to the 2? field, the exact treatment is impossible 


* For example, for the system of the Fermion field ¢ and the scalar field ¢ which interact 
mutually with scalar coupling, P,=l,- 96h. . 
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owing to the nonlinear character of its field equation, and we must be contented 
with the linear approximation with respect to the A’-field, which was introduced 
in Eq. (1-4-23), 


x? (u) =x" (0,Pu' + A’ (u)). (3-16) 
In this approximation 
Teu)ssut{1+ 24° 4 PA) G1, 2, 8) (3-17) 
Ou? tT Ou’ 
and 
erase thu l] inh, A’(u)}. (3-18) 


Concerning the Fourier components y4(k), they have the same character as the 
conventional field theory, as was shown in the last section. Therefore, when 
we aim to clarify the relation of our theory to the conventional one, it is suffi- 
cient to consider the x’(w) dependent part in the first term of §,(w’), 

0A° 


ST, ethan) — xg —4 pie lew {14355 +3 


ich Aw! (3-19) 


where the factor e“*™ comes from the Fourier decomposition of L; in Eq. 
(3-15), and to investigate the expectation value of S-matrix between the vacuum 
with respect to A?’-field, (I-4-29). 

For this purpose, in the following we analyse the expression 


Cee, 25 be = (Af Tua), em} fa), erm} ) 8-20) 
a 0 


as a simplest example. Making use of the polarization vectors e, introduced 


in the article I, which have the properties 
es. etn ex’ ey’ +e." 1 =0;;— +, 
hy IDs 


and the decomposition of A’, Eqs. ({-4-27), (1-4:27’) and (I-4-27’), we obtain. 


{A° (a) A° (us) Yo= —| cen ®) (A?) ettea-%) (3-21) 


and 


{At (241) A! (us) =f dh O(h) 0(h’) elt(ur—Ua) 


(27)* 
x Ee Pj g-srotmne—s + (1 — igs”) (1+ihou’) (a4 — Abe) | (3-21') 


0 0 


Here the relation 
({(1—ihoun®) a, + (1 +ihot®) an" } {(1— thous’) a+ (1+ thotts!)an"} o 
= (1 —ihom’) (1 + thous) ay ax = (1 —ihyth,) @! + thy ws’) 


~— =.” 


LMS he Amel Fok a pee 


= 


ong 
=i 


ee ™> 
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Fa af ee er 


ed i oar Fo 
ee eS 


Sey ae 


[a> Paenas cepted 
- 7 = r * * 


18 I. Watanabe 


is used. The results (3-21) and (3-21’) can be rewritten as 
(A® (2) A® (uz) yo= —iD™ (w4—U), 


a (3-22) 
(7 ANCA) at (ag) ya a, 


where D‘* is the D‘-function which is used in the conventional field theory. 
Thus, in our approximation, the concerned quantity (3-20) becomes 


a A° dA‘ \ (aA° 0A’ 
Gu, U2 5 ky, ky) gh ai “(hit tata {1 “toe 2 ato -) ( + 2h ),,4 )), 


Au° du" du* 7 Ou 
2A”, 9A‘) oa 7 SA | 
y Cia ae DE 

= 4-8 eit eee (t — Us) ee ke 9?” aD Ke ha" “| 

e Ou” 
(+) 
et ee oent tea +4! (ky—he) 9°” = : , (3-23) 
Uy 


where we used the relation []D“?=0. Because the second term 


- rae a eas ou0) } 
Nee (ened) (3-24) 


is singular near light cone, it seems to play the very important role in the 
calculation. At first sight this term might be expected to give rise to some 
kind of cutoff effect.* However, the appearance of the second term of Eq. (3-23) 
is provisional, and the contribution from this term to the S-matrix is cancelled 
out by that from the second term of §, [Eq. (3-15)], as will be seen in the 
following. ‘The contribution to the second order term of the transition matrix 
(3-13) from the first part of $,, Eq. (3-15), 


: ee j du,’ dus’ < P(S1(u’) CAD ) Yo» (3-25) 
where 


(x) =a jae (Cu), e} A(R) (3-26) 


* Tf we regard the second term of the function G, (3-24), as the second term of the expanded 
series of the exponential function, we can replace (3: -23) by 


i Py 1 1 
G(u,, Ug; ky, ke) =x exp fix 1 (Ryu, + kota) +ik-1 (ky — ky) u - a) ama 


The additional factor behaves as the cutoff factor in the neighbourhood of light cone, and the cut- 
off distance is the order of x71, as is easily seen by the correspondence «luo, 
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and the symbol ¢ }) means the vacuum expectation value with respect to A?- 
field. By Eq. (3-23) and the partial integration this expression becomes 


1 fs 
ae h a | ah isda | de, wv ® gfe Chat ata FI (ky) FH (ks) 


== 0 


pal ACA — Uz) 


Ou 


~ {1 +4" (ki— he) 9" | +(1-2) exchange 


Uz9 


AN ° 
2 (GY anata 404. 00 


ae aD” = 
—i|\d'u i aie =8 ek Catt + kata) TT (,) Hh) “2 (i. 2) exchange 
1 


= . 2 ce a - 
a = (=) \ dk, dhe| du, dus Mae. (Ky U1 + Kote) P(H(h;) H (hy) ) 


-\or e 
-i1 (+ =) | dls de GUuga Usk: eo * (extn + Rata) 


x (SH), Hd} Se, ort LHR), He) PP), @-27) 
uy 


where 


DO =) -(D-iD”) ; 


The first term of the second integral of (3-27) becomes 
-\2 
(4) | aks dy de’ [ear Sel" (ly) HC), 


which is cancelled by the first order contribution from the second term of 
(3-15). As to the second term of the second integral of (3-27), the quantity 


\ dk, dhy eit (kext + hata) [| (ky) ; H (hs) | (3 4 28) 


can be seen as the Fourier decomposition of the expression [H;(2x1), Hr(2x2) | 
in the conventional field theory, which vanishes for 2;’=2,’, if we remember 
the correspondence between our results and the conventional field theory, in 
which x’ are treated as parameter «70, ? <>’, and the interaction Hamiltonian 
density is given as H;(x) =—L,(2z). The expression (3-28) vanishes as the 
u-integral in Eq. (3:27) imposes ’=w,’. Therefore there remains only the 
first integral in Eq. (3-27), and thus we have the same result as that obtained 
by the conventional theory. This situation will not be changed even if the 
higher order terms in the perturbation calculation with respect to both §; and 
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A?-field are taken into account. In practice it is confirmed for the term of the 
order of A®, but the calculation is tedious and not reproduced here. 
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Appendix 
The Fermion field 


Because the canonical formalism for the free Fermion field ¢ and ¢ has 
two constraints, 


(A-1) 


and their Poisson bracket (¢, 6) does not vanish, we must use the Dirac bracket 
(F, G) p=(F, G) — (F, ¢,) Ai’ @;, G), (A-2) 
instead of the Poisson bracket, where Aj’ is the inverse of the matrix 
Ay = ($i, $3) ” 
The commutation relations can be obtained by 
[F, G] or {F, G} =ih(F, G)p, (A-3) 
where {F, G} is to be used only between the Fermion fields. Then, by use of 
the relations . 
(A, (a), 2, (u’)) 12, (u) 9,(u—u'), (A-4) 


we obtain the commutation relations 


{b(u), $(u’) }=—7117(7*1,) 03(u—w’), 


[A.(u),  («’) J=— ae Le 7b) lad (u’) 8(u—u'), 


9) 
a 


(A-5) 


and 


> 


[ae(u), Pu yJ=— Fw) 11-2G*1,) Oe(u—w) 


i ; 
He pointed out to the author that the conventional field theory should be obtained from 
Dirac-Bergmann’s formalism as the true theory, if the auxiliary condition 2e=x718,eus js imposed 
and the Dirac bracket method is used in a similar way to the treatment of the gravitational field.» 


or 
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vand the other commutation relations are not to be modified by the existence 
ehibesconstraints, (A+1)2° Then we must use the relations 


Oy = o 
ES va | =e “9 ae eye ya] (A-6) 
and 
py pes 1 Be 7 1 ee } 
Bae Oe gar Da h'+0,)] ae 


instead of Eqs. (2-7) and (2-8). By Eqs. (A-5) and the expression of #,, 
(1-2-10’), we obtain the following forms, 


4 
[¥, 4,+0,]=ih &% o,, 
Ox? 


Bx: (A-8) 
— EOD 
LY, 4+ Pp] sides 
-and 
Ow 
a =17* LG nx—ml,¥) , 
ae : (A:9) 
Dahan (Parr +ml,¢) Re Gi" ta): 


‘Therefore, we know that Eqs. (2-10) and (2-23) can be used and all of the 
proof in § 2 remain correct also for the Fermion field component (2). 
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Zr offers a very good case for the study of T=1 levels in the ~4/2—g9/2 subshells and 
has recently been explored by several authors. Here earlier calculations of Thankappan 
and Waghmare are extended and analysed in detail. It is found that a simple central two- 
body interaction can be constructed which will give correctly the energy levels of the 
(99/2)2 configuration, and hence also the levels of & (9g/2)” configuration. However, the same 
interaction fails to give correctly the levels of the other configurations (fj/2) (gg/2) and (pj/2)?. 
This simple two-body nuclear interaction is thus shown to be configuration dependent. It 
is pointed out that experimental identification of the as yet unobserved 4- level would be 
very helpful for further elucidation of this phenomenon. The results are compared with 
those of the other authors. 


§ 1. Introduction 


It is of considerable interest for elucidation of the phenomenology of the 
nuclear spherical shell model to be able to determine the region of validity of 
the model, the nature of the coupling scheme for the nucleons and the nature 
of the two-body effective interaction which will adequately explain and predict’ 
the low-lying energy levels of nuclei in this region. Some work in this direc- 
tion has been done recently in the region A~90, py)/2-%o. subshell. The early 
qualitative predictions of Ford” regarding the theoretically expected energy 
level scheme in Zr“ were easily confirmed experimentally.” Later a quantita- 
tive calculation by Lane” for this nucleus, based on the assumptions of a simple 
jj coupling scheme for wave functions and a short-range (0-type) interaction 
between the nucleons, gave results which were in poor agreement with the 
experimentally observed splitting of the levels of the (4)? configuration. 
Since the observed splitting of the levels 0*—2* of this configuration is of the 
same order of magnitude as the splitting of the 2*—4* or 4*—6* levels. - 
whereas the short-range interaction would give a much larger depression Gf 
_ the ground state 0* relative to the other levels of the configuration, the neces- 
sity of taking into account the finite range of the nuclear interaction is quite 
obvious. This was done by Bayman et al.,” and independently by Thankappan 
and Waghmare” at the same time. Finally, Talmi and Unna” have recently 
attempted to determine the matrix elements (diagonal as well as off-diagonal) 
of the nuclear interaction from the observed spacing of the energy levels ina 


Nuclear Interactions in the PilxeIsp., Configurations 23 


number of nuclei in this region. In this paper we would like to present a 
somewhat improved version of the calculations of Thankappan and Waghmare 
compare the various results in some detail and offer some additional connneres 
on the nature of the two-body interaction. 


§ 2. Analysis of calculations for Zr” 


The theoretical calculation for Zr” is straightforward, and was described 
by Thankappan and Waghmare and also in more detail by Bayman et al. 
We sketch a brief outline here for completeness. The levels of the configura- 
fons! (ps 8)2.8d =O a3! (Gos) 5. J=O0*} 27-4", 6%.) 8%2s-and (hi8) (945); Je daoe 
for the last two protons in Zr” are considered. We assume the equality of 
the radial oscillator parameters r,=r,. We take the separation energy for the 
single particle states pij, and Jo. to be E[9o/2]—F[ p12.]=1.0 Mev from the data” 
on Y™. A central two-body interaction between the two-protons of the type 
(a+bo,-o,) V(r) is assumed where a and + are constants and for convenience 
in calculations V(r) is taken to be of the Gaussian shape V(r) =exp[—(r/7)?]. 
The range parameter 7) only enters the calculations in the combination 
A=Pro/Tp=T/T>- The matrix elements of the two-body interaction for the 
various states of the two nucleons E(Mev) 
are calculated by the well-known 
techniques, which we need not 
describe here. 

We consider a, 6 and 4 as 3 
variable parameters and attempt to 
fit them from the available experi- 
mental data by using the following 2 
procedure. The energy levels are 
calculated for the pure configuration 
(Jo), and for different values of /. 
For each value of /, the exchange 
character of the two-body interaction 
given by a and b is determined by 
fitting the experimental energy sepa- 
rations of the levels 2*, 4* and 8*. _, 
The rest of the matrix elements are 


then evaluated for this choice of 0.7 
the parameters. The results are Fig. 1. The calculated and the observed energy 


shown in Fig. 1. The levels 2*, 4* levels of Zr9°, The observed levels are shown 
on the right. The full lines show the energies 


and 8* are normalized to the observ- 
+e Ait of the pure configuration states and the dotted 
ed values and the positions of the lines show the energies including the effect of 


other levels of the pure configura- configuration mixing. 


3.595 gt 


pened () 


0.8 0.9 1.0 
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tions are shown relative to these. The configuration mixing of the two 0° 
levels, and the consequent repulsion of these is shown by dotted lines. : The 
experimental values of the energy levels as reported by Bjérnholm et al.” are 


also shown. | ay 
Firstly, we remark that the position of the 6° level is not very sensitive 


to variations of 4 (we remind the reader that for each 4 there is a different 
set of values of parameters a and }). As / changes from 0.5 to 1.0, the shift 
‘in the position of the 6* level is only about 0.1 Mev. If the position of the 
pure 0* level of this configuration were known, it would at once enable us to 
determine a suitable value of 4 (and a, 6). Since this is not known, we may 
apply another test to determine a value of 4 which will describe the energy 
levels of the (42)? configuration. It is well known that in the (Jo2)° configu- 
ration the J=7/2* state occurs very close to the ground state J=9/2* and 
sometimes even becomes the ground state. For example,” in Sr® the 7/2* 
level occurs at 0.225 Mev above the ground state 9/2*. For various values 
of 4, and the corresponding calculated energy levels of the pure (%/.)* con- 
figuration, we calculate the separation of the 9/2*—7/2* states of (%s2)*, and 
the results are shown in Table I. It is obvious that for 2=0.9—1.0, one 
obtains a low-lying 7/2*. We therefore conclude that the levels of the pure 
(9o2)° configuration are correctly given at the value 4=1.0. The corresponding 
values of the constants a and b are —15.9 Mev and +4.8 Mev respectively. 


Table I. Levels of (99/2)? configuration normalized to E=0 for the ground state 9/2*. 


Spin A=0.7 | 1=0.8 | A=0.9 | A=1.0 
7/2* 0.93 0.51 | 0.23 | 0.04 
5/2* 1.67 1.27 1.03 | 0.91 
3/2* 2.13 1.71 | 1.47 1.30 
9/2* | 2.36 1.96 1.72 | 1.59 


Next, we discuss the relative positions of the two 0* levels. It is clear 
from the Figure that for 4<0.7, the two 0* levels cross over, and hence the 
ground state would be predominantly (g/.)o?; thus in what follows we consider 
only values of 4>0.7. The analysis of the data on the 3-decay of Y® and the 
y-decay of the 2* state of Zr” by Bayman et al.” gives for the wave functions 
of the two 0° states: 


Y(0*) =0.8 P| (Piya) 0 | = 0.6 P| (Yojs) o|, 
P'(0*) =0.67 [ (Pia) 0 | +0.8F [ (9/2) 0° | 


Now the calculations show that the separation of the two pure states as well 
as the magnitude of the inter-configuration matrix element varies rapidly with 
the value of 2. The separation of the pure 0* levels decreases from 1.14 Mev 


at A=1.0 to 0.33 Mev at 4=0.7, while the shift of each due to the inter-configura- 
tion matrix element 


(1) 
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C (Yoj2) 0'| Vis| (prj) 6 Ve 


changes from 0.12 Mev at J=1.0 to 0.97 Mev at 4=0.7. The observed splitting 
of the two levels (1.76 Mev) and the composition of the wave functions mentioned 
above can be reasonably well obtained for A=0.8, the calculated value for the 
separation being 1.76 Mev, and the wave function of the ground state 


0.84 2| (pij2) 0° ]—0.55 ¥ [ (90/2) 07]. 


However, it will be noticed that relative to the 2*, 4*, 8* levels, the 0* levels 
are now predicted too low by about 0.5Mev. For i4=1.0, the ground state 
energy is predicted correctly, but the excited 0* state is too low by 0.35 Mev 
and the configuration mixing is quite small. We later remark on the implications 
of these results. 

Finally, we discuss the odd parity states. Only 5~ is observed, and it is 
predicted below the 2* state for the range of 4 of interest in our calculation. 
However, the excitation energy above the ground state is correctly obtained for 
A=0.8 Mev. The 4° state is predicted above 5~, the separation of the two 
decreases rapidly with increasing ”, and is 0.95 Mev for /=0.8 and 0.64 Mev 
for A=1.0. One would thus expect to observe it at ~3.0 Mev excitation, provided 
the nature of the nuclear interaction in this (12) (Yoj2) configuration is not 
violently different from that in the other configurations. : 

To summarize briefly, then, it appears that with a unique choice of the 
parameters of the central two-body interaction assumed here, one cannot explain 
all the low-energy levels of the Zr® nucleus with complete accuracy. The choice 
A=1.0 adequately explains the energy levels of the (%.)” configurations, but 
the same choice would not satisfactorily give the lower levels in agreement 
with the observed values. On the other hand, for 4=0.8, the lower levels 0°, 
0* and 5- can be satisfactorily explained, but the remaining levels would be 
pushed: up, so that they would be predicted above the observed positions. It 
is difficult to avoid the conclusion that such a simple two-body interaction 
appears to be configuration-dependent. For further elucidation of the situation 
it would be of considerable interest to locate the as yet unobserved 47 level 
experimentally. 

We would like to emphasize that since the 6*—8* separation is not very 
sensitive to the choice of 4, we have to rely on the 9/2*—7/2* separation of 
the (9)° configuration to obtain a unique value of 4. It turns out that this 
parameter is a very sensitive test of the choice of the interaction parameters 
(as pointed out also by Talmi and Unna®), and even a small change in the 
parameters (particularly 5) in going from 4=1.0 to 0.9 produces a considerable 
shift of the 7/2* level. We can now look at the fitting of the other levels (in 
particular the ground state 0*) from a somewhat different point of view. The 
two 0* states, their energies and eigenfunctions, are described by the matrix 
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1.76—2z ") 
( 4 a) 


Since the value of (1.76—.) (the energy of the (%o2)0 state) is effectively 
known from the analysis of the (%/2)? configuration, we may ask ourselves the 
question: where should the unperturbed (1/2) 0 level be, and what should be 
the strength of. the configuration mixing matrix element V to produce the 
experimental level spectrum and the eigenfunctions given by Eq. (1) for these 
states? It is then easily found that for 7=1.0 and 0.9 the separation of the 
unperturbed 0* states, 0=—(2x—1.76), should be roughly 0.76 and 0.36 Mev, 
and for the matrix element V=0.8 and 0.86 Mev respectively. These may be 
compared with the calculated values 0=1.15 and 0.95Mev and V=0.35 and 
0.50 Mev. Thus the nuclear interaction which gives correct matrix elements. 
for the (J)? configuration gives for other configurations the results that are 
in error by ~0.5 Mev. In nuclear spectroscopy calculations where one is 
satisfied with approximate agreements within ~0.2—0.3 Mev, such configuration 
dependence of the interaction would be masked. It is only when one attempts 
to make a refined analysis and look for precise predictions such as 9/2*—7/2* 
separation that the information on detailed nature of the nuclear interaction 
becomes available. 
If the nuclear interaction V,, is written in a conventional way as 


Vu= Lifelrs, 23 01, 02) Py (cosh), 


it is easily seen that the matrix element of the interaction for the (/,)2)<° state,, 
as well as for the (p12) (Yo2) configuration states, will depend only upon k=0, 
2 terms, whereas the matrix elements in tle (o).)? states will depend upon 
k=0, 2, 4, 6,8 terms. On the other hand, the matrix element V will depend 
only upon k=3, 5. We can push our analysis further to derive from the | 
empirical matrix elements the nature of the interaction in these various substates. 
of relative angular momentum. An analysis along these lines for this nucleus. 
as well as in the s-d shell is now in progress. To obtain a consistent inter- 


pretation of these matrix elements one may be led to an empirical non-local 
potential. 


§ 3. Comparison with other results 


Our results are, in a broad sense, similar to those of Bayman etal.” We 
have not taken into account the Coulomb interaction of the two protons. Our 
method of choosing the ‘best fit’ parameters of the two-body interaction is 
different from theirs, and gives somewhat different results for the parameters. 
However, the separation of the odd-parity levels predicted by them agrees well 
with our estimate. The best fit obtained by Bayman et al. shows the 5- and 
the excited 0* levels lower and the 2*, 4+, and 6* levels a little higher than 
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the observed positions. Table II shows the variation of our parameters a, b 
with 4, and also the ‘best fit’ values of Bayman et al. It is clear that the 
effective nuclear interaction obtained for Zr® has an exchange nature similar to 
that obtained by French and Raz from an analysis of the data on Calcium 
isotopes, but the well-depth for Zr” is about twice as much. We should like 
to emphasize, however, that this interaction is quite different in its exchange 
nature from the other effective interactions used in light nuclei (Rosenfeld! 
or Elliott and Flowers™) or in heavy nuclei in the Pb region (Carter et al.’”). 
The simple central two-body interaction conventionally used in the nuclear shell 
model appears to be not only configuration-dependent in the same nucleus, but 
also varies with the mass of the nucleus. We hope to deal with this extremely 
interesting phenomenon in a separate paper. 


Table Il. Nuclear interaction parameters obtained in our calculations. The values 
obtained by Bayman et al. are shown in the last column. 


| | | 
as | 0.7 Bor 09 | TO peed 0.75 
st | | 
a | —18.0 Sly aaa —15.5 —15.9 | +312 acteaey 
b | 17.4 11 | Ta £8088 5SCbK ILZ 


Talmi and Unna® have recently carried out an analysis of the level spectra 
of Zr® and other neighbouring nuclei. The analysis is based on an attempt to 
rewrite the experimental data in terms of the numerical values of the matrix 
elements of the effective nuclear interaction in various states, rather than the © 
parameters of the interaction itself. Such an approach is very valuable in 
correlating a large number of experimental data and in predicting new levels. 
The advantage of this technique is obviously its independence of the detailed 
assumptions regarding the explicit nature of the two-body interaction and the 
independent-particle wave functions. Hence, such an analysis cannot, by its very 
nature, yield any information on the properties of the phenomenological two- 
body interaction which it is the aim of our study. It may be seen that the 
results of Talmi and Unna interpreted in terms of a two-body central interaction 
do confirm our conclusion that such an interaction should be regarded as non- 
local or configuration-dependent. The matrix elements relevant to our calcu- 


lations are 
= E[ (Go) 7-21 —E | (Yoj2) 7-0] = 0.866 Mev, 
6:=E[ (Go) 3-0] —E| (pis) 7-0] =0.836 Mev, 
| V1=|« (Gorn) 7-0] Aia| (p1)2) 7-0) |= 0.708 Mev, 


where the numerical values are as required by Talmi and Unna to explain the 
experimental level schemes, and we have included in 5, the single-particle energy 
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difference 28. From Fig. 1 it may be seen that the value of 7 is obtained for 
J=1.0. It is thus clear, as we previously remarked, that the energy levels of 
the pure (9)? configuration can be correctly predicted by the interaction Hh, 
with parameters corresponding to A4=1.0. A three-parameter model is then 
sufficient to predict all the energy levels of (%o)2)” configurations of identical 
particles. This interaction would also predict a low-lying 7/2* state of the 
(Jo2)* configuration, and the faiJure of the earlier attempts in the search of a 
simple phenomenological potential that will give such a state is not at all 
surprising in view of our earlier remarks. The empirical and calculated values 
of 0 and V have already been discussed earlier. 

The splitting of the odd-parity states 4~ and 5~ is predicted by Talmi and 
Unna to be 0.04 Mev, whereas our culculations (as also those of Bayman et 
al.) based on explicit interactions predict it to be at least ten times larger. 
We feel that an experimental identification of the 4~ states assumes added 
importance in view of these conflicting predictions. In this connection, it 
would also be very helpful to determine low-lying odd-parity states of nuclei 
such as Nb” or Sr®, for these would belong to the configurations (1)2) (9/2) 
and would give rise to doublets J+1/2. The splitting of such doublets can 
immediately be calculated in terms of the splitting of J=47, 5~ states of (p12) 
‘(Yo)2) configuration, and would therefore indirectly give a measure of it. 
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The importance of the acoustical mode of lattice vibration for self-trapping of an elec- 
tron is emphasized. It is shown that when the coupling constant between the electron and 
the acoustical mode vibration exceeds a certain critical value, the effective mass of the 
electron changes discontinuously to such an enormous value that it is practically allowed to 
take a localized self-trapping state as an eigenstate, in contrast to the case of polaron, in 
which the effective mass changes continuously with coupling constant. This difference is 
attributed to the different force range of electron-lattice interaction in the two cases. 


§ 1. Introduction 


Since Landau” pointed out the possibility of self-trapping of an electron in 
deformable lattice as early as in 1933, much attention has been focused on the 
interaction between an electron and polar mode of lattice vibration.”»~® One 
may well suppose that in ionic crystals the electrostatic field caused by the 
polarization wave interacts with the conduction electron more strongly than the 
acoustical mode does. In fact, the interaction in the former case is usually so 
strong’? that the perturbation theoretical treatment is not a very good approx- 
imation whereas it is in the latter case, as long as one starts from the band 
picture. 

If the interaction of an electron with lattice vibration is very strong, the 
electron is supposed to ‘dig its own hole and be trapped there’? On the 
other hand, true eigenstate of the electron-lattice system must be such that it 
has translational symmetry with wave vector k, that is, it is a plane-wave like 
linear combination of ‘localized electron states accompanied by surrounding 
lattice distortion,” even if the localized states themselves are good approxi- 
mations. When the interaction is not very strong, this way of description is 
not appropriate. One should rather describe the electron to be virtually emitting 
and absorbing phonons, suffering recoil each time, and as a whole it moves 
through the crystal with a certain wave vector oe In any case, the word 
‘self-trapping ’ or ‘ locafization ’ should not be taken so literally, and the problem 
of the possibility of self-trapping should be replaced by the discussion of the 
magnitude of the effective mass of this quasi-particle, that is, an electron ac~- 


companied by virtual phonons or lattice distortion. - . 
In the case of a slow electron interacting with polar mode of lattice vi- 
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bration, this quasi-particle has been called ‘ polaron’, and several authors ins 
vestigated its properties, such as self-energy, effective mass, spatial extension 
and so on.’~® According to them, especially to Feynman,” the effective mass 
of the polaron increases rather rapidly but continuously as the interaction be- 
comes stronger. It proved that neither discontinuity nor sudden increase of 
the effective mass appears, contrary to the expectation by some people. Thus, 
the word ‘self-trapping’ has only a relative meaning here, or has to be taken 
as a limiting case of very large effective mass of the quasi-particle. Moreover, 
in real crystals, it is limited to rather few cases that one can expect the effec- 
tive mass or the time of staying of an electron within a unit cell is so large 
that the word self-trapping is appropriate. 

' According to the experimental works carried out hitherto, the electrons 
in alkali? and silver halides’? are mobile though the mobility is much smaller 
than in the cases of Ge and Si, and through the analysis of the temperature 
dependence of the mobility it has been shown that the scattering of the electron 
(or exactly polaron) by polar mode vibration plays the main réle except at 
rather low temperature where the scattering by acoustical mode vibration and 
by impurities becomes more important. As for the holes, the situation is the 
same in the case of AgBr,” but it is reported that the hole in AgCl is several 
orders of magnitude less mobile than the electron.” The holes in alkali-halides 
are now believed to be practically in self-trapped state since the experimental 
works by Kanzig and others” appeared. 

This essentially qualitative, difference, or quantitatively quite large difference 
in the behaviors of holes in the cases of alkali-halides and AgCl on the one hand 
and of AgBr on the other hand, the other properties of both of which do not seem 
to have essential difference, suggests that the motion of an electron (or a hole) 
in deformable lattice is divided rather distinctly into mobile type and practically 
immobile type (self-trapping state) according as the electron-lattice interaction 
is smaller or larger than a certain critical value. 

The interaction of an electron with polar mode, the importance of which 
has been emphasized by many authors and in fact has been proved experimentally 
for mobile electrons, fails to explain this discontinuity, as was mentioned above. 
In this paper we shall emphasize that the interaction with acoustical mode plays 
an essential rdle in self-trapping of an electron. The most important difference 
between the two kinds: of interaction is that in the case of polar mode the in- 
teraction is of long range (electrostatic Coulomb potential) while it is of short 
range in the case of acoustical mode (deformation potential). The effect of 
the force range will be discussed in § 2, where we shall show, in rather intui- 
tive way based on the continuum model, that the electron changes its behavior 
discontinuously from mobile type to self-trapping type when the strength of the 
interaction with acoustical mode exceeds certain critical value. In view of the 
strong localization of the electron and the lattice distortion in the self-trapping 
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State, we shall take into account the discrete structure of the lattice explicitly 
in §3, and investigate the eigenstate of the electron-lattice system with wave 
number k, making use of the variation method, with the result that the effective 
mass of the electron increases discontinuously to an enormous value as the 
interaction exceeds the critical value. The validity of the approximations used 


in §3 are discussed in the final section, more thorough calculations being left 
to the following paper. 


§ 2. Preliminary discussions based on the continuum model 


As was mentioned in § 1, the exact eigenstates of the electron-lattice system 
have the translational symmetry with wave number k, and the localized self- 
trapping state is only an approximate eigenstate. Nevertheless, it seems sug- 
gestive in elucidating the effect of the difference in the force ranges of acoustical 
and polar modes to calculate the adiabatic potential for the localized self-trapping 
state. We shall take the continuum model for the lattice, for simplicity. 

Acoustical mode of lattice vibration is nothing but the elastic wave as long 
as the wavelength is large compared with the interatomic distance. Let us assume 
that the crystal has deformed in such a way that the volume dilation 4(r) is 
given by . 

(r<R), 


A 
A(r)= ; 
0 Cre tt) Si 


The elastic potential energy for this deformation is given by 


be a RB, (2-2) 


where C is an appropriate elastic constant.* 
According to the deformation potential theory,” an electron in the con- 


duction band suffers the potential energy 
ky d(r) (2-3) 


due to this deformation, where E, is the deformation potential constant. If the 


* It is to be noted that the local dilation (2-1) induces shearing strain field outside the sphere 
such that the medium is compressed along the radial direction and stretched in directions normal 
to it. Since the displacement of the medium at r=K is equal to AR), the displacement outside 
the sphere is given by (4R/3) (R/r), and the elastic energy stored outside the sphere is proportional 


to er\"(r) redroc42R3, This energy is to be included in (2-2). C, therefore, is a somewhat 
Ne 7: 


complicated combination of elastic constants. As for the electron-lattice interaction, the shearing 
strain has no first order interaction with the electron in the case where the lattice is cubic and 
the minimum of the electronic energy band is located at k=0.") Hence we have the form (2-3) 


or the interaction energy. 
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sign of J is such that E,4<0, we have a three-dimensional square well poten- 


tial problem for the electron. 


Let us denote the band effective mass of the 


electron by m*. When the depth of the well is sufficiently large, that is, when 


* 
j=— 2" RIE A> ( 


h? 


there is a bound state, with binding energy 


aie (2-4) 


5 : (2-5 
By ais ag cot €)?, (2-5) 
where € is the root of | 
goss (2 <é<a]. (2-6) 
sin ¢ 2 
If (2-4) is not valid, there is no bound state and 
E=0 (2-7) 


for the ground state of the electron. 


The adiabatic potential for the ground state of the electron is now written as 


hh? Oo 
DH ie a aay ee 


es | eee eee 
2m* LR,R R 2 ‘ 


~ ~~ §=(x/2)? 


0 
- |4| 


Fig. 1. Schematic representation of the equipoten- 


tial lines for the adiabatic potential of the 
electron-acoustical mode system on the elastic 
continuum model. R is the radius of the 
sphere in which there is a uniform volume 
dilation 4. ‘The arrows give the direction of 
decreasing energy. 


where 
(2-9) 


Taking R constant, (2-8) increases 
monotonously with @ for larger values 
of R, while it takes a maximum and 
a minimum, and then increases mono- 
tonously for smaller values of R. 
The equipotential line of (2-8) on 
the (4, R)-plane is shown schema- 
tically in Fig. 1. When @ is larger 
than (2/2)? (the right side of the 
broken line), a bound state for the 
electron appears, and when 


R<R=R, cos?(2&) =0.0476R, 
(2-10) 


where §,=2.25 is the root of 
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fn) 1 (Z-<é<a), 
W takes negative values for appropriate values of d (the shaded region in Fig. 1). 

If the crystal were perfectly continuous elastic medium, the stable state of 
the system corresponds to infinitesimally small R and infinitely large 4, with 
infinitely deep adiabatic potential. Due to the atomic structure of the crystal, 
R must be larger than a’ where a’ is of the same order of magnitude with 
interatomic distance a. 


Consequently, we can conclude as follows. If R; is larger than a’, that is, if 


m*|E, |? 

RCa’ 
the stable state of the system is such that the electron is trapped at the lattice 
distortion which takes as small a spatial extension as is compatible with atomic 
structure of the crystal, while the state in which the electron moves through 
the lattice without lattice distortion is metastable. The latter statement is 
evident because these two states are completely different from each other being: 
separated by a barrier of adiabatic potential. 

The saddle point of this barrier is given by 


222), (2-11) 


. * 2 
R=2{ snes ) Ry=0.0578R, 
TAS 
ae ) (2-12) 
sin ¢, 
h Fi 
* 8m*R,2 sin®€,cos? §, as 


where €,=1.929 is the root of 


2 etné += tan e=0 (= <é<a), 


It is important to note that at the saddle point a bound state is already split 
off from the conduction band, and that the adiabatic approximation is valid 
there. 

The existence of the potential barrier between the two types of states is 
due to the fact that for the square well potential the bound state appears only 
when the depth or the radius is larger than a finite value. Before the energy 
gain due to the binding appears, the lattice must suffer finite distortion with 
finite elastic energy. However, one may well ask why one has to confine the 
distortion to the shape given by (2-1). Were there no path in the functional 
space of 4(r) through which one can get to the negative W region starting 
from the undistorted state without any potential barrier? In order that the 
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bound state appears for any small distortion, 4(r) must decay as r~’ or more 
slowly with increasing r. This makes the elastic energy U= (C/2) | d(r)*dr 
diverge at r=co. The energetically favorable distortion is such that 4(r) is 
more or less localized. That is the reason why we took the form (2-1). 

The situation is quite different in the case of polar mode. Denote by P(r) 
the local electric polarization due to the relative displacement of positive and 
negative ions. The space charge p(r) due to this polarization is given by 
p(r) =—div P(r), while the electrostatic potential energy for the electron is 
given by —eg(r) where dg(r) =—4zp(r). 

Let us take the polarization field such that 


Ze! rob, 
Sysiee (2-13) 


where Z and } are parameters. P(r) is then given by 
Le nT 


ia (Pee b, 
P(r)= AT iT (2-14) 
0 Toe 
and the electrostatic energy stored in the lattice is 
U=const.|P(r)*dr= An (2-15) 
2Reo 


where K is an appropriately defined polarizability of the lattice. It is important 
to note that in the present case it is possible to choose a pattern of lattice dis- 
tortion such that the lattice energy integral converges and yet there are bound 
states for any small magnitude of the distortion. The binding energy of the 
ground state is given by 


iat algae (2-16) 


if 7»>>b so that the flattening of the potential (2-13) at r<b has no sizable 

effect, while if 7)><b there is no effect of uncertainty principle and —E is given 

by Ze’/b itself. Combining these limiting cases we can write 
Ze 

2rotb 


= (2-17) 
for qualitative purpose. 

The equipotential line of the adiabatic potential W=U+E on the (Z, b)- 
plane is shown in Fig. 2. There is a negative energy region (shaded in the 


Figure) which begins from the undistorted state and there is only one minimum 
point, 
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Za 2K 
a) 


(2-18) 
0 ale 
2 m*eK 


There is no potential barrier bet- 
ween this stable state and the undis- 
torted state. 
As the coupling constant K in- 
creases, the polarization Z of the 
<7 stable state increases, and the radius 
Fig. 2. Schematic representation of the equipoten- b of the space charge and also the 
tial line for the adiabatic potential of the electron- radius -of electron, orbit. detreases™ 
polar mode system on the dielectric continuum ‘ . 
model 6 isthe radius of the sphere on the That is, the stable configuration 
surface of which there is a uniform charge, + Ze changes continuously with coupling 


in total, due to the polarization field surrounding constant, in contrast to the case of 
the sphere. Z is a parameter representing the 
strength of polarization. 


acoustical mode where the stable 
state changes abruptly from the 
undistorted configuration into the strongly distorted configuration. 

It is easy to see from the above discussions that the difference between 
these two modes of lattice vibration results from the different force ranges of 
electron-lattice interaction in the two cases. As is given by (2-3), a local 
dilation induces the potential for the electron at the same position only, that 
is, the interaction is a short-range force. The local space charge due to the 
electric polarization, on the other hand, gives rise to electrostatic potential at 
a distant. point, too. A long-range potential, such as Coulomb potential, can 
always accommodate an electron, while a short-range potential, such as square 
well potential can bind an electron only when the depth of the potential becomes 
sufficiently large, at the cost of finite energy of the lattice. 

Of course, the above discussion is not fully satisfactory in that we have 
not taken into account the translational symmetry of the eigenstate, and in that 
“we have made use of the adiabatic approximation. Moreover, we found that 
for the self-trapping state in the case of acoustical mode, the continuum theory 
breaks down which compelled us to introduce a cut-off length a’. In the fol- 
lowing section we shall explicitly take into account the discrete nature of the 
lattice which is essential for the self-trapping state, and when we apply a 
variation principle, we shall choose ab initio the trial eigenfunctions which is 
consistent with the translational symmetry of the lattice, in order to see how 
the effective mass changes with the coupling constant. We confine ourselves 
to the case of acoustical mode, because the case of polar mode has been fully 
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explored by a number of authors. 


§ 3. Discontinuous change of the effective mass with coupling constant 


Let us take tight binding approximation for the electron in the crystal 
lattice, neglecting the overlap energies other than that for the nearest neighbors : 
—V. Making use of the second quantization formalism for the electron and 
phonons, we can write the total Hamiltonian as follows: 


H=K,4+1+A1 
Bont 
oe ye nae 


h 1/2 . 1/2 ; 5 . 
E,(- ass —) iw  {b,,exp(iw-m) — b,,.*exp(—iw-m)} an*an 
eS NM {Pre ExP( : 


+ SS huw by,* by. (3-1) 


Here a,* and a, are those operators which create and annihilate, respectively, 
the electron at the m-th lattice, the position vector of which is denoted by m. 
b,* and b,, are those for phonon with wave number w. WN, M and uw are the 
total number of unit cells, the mass of a unit cell, and sound velocity, respec- 
tively. The symbol A over the double sum of the first term means that the 
summation is to be carried out only when m and 7 are nearest neighbors to 
each other. The second term is nothing but the Fourier expansion of the de- 
formation potential given by (2-3), in a discrete lattice space. 

We now investigate the lowest eigenstate of (3-1) with wave number k, 
by a variational procedure. We apply the intermediate coupling method” which 
is usually expected to be useful when one wants to see how the weak coupling 
and strong coupling solutions are connected, and which has been successfully 
applied to the polaron problem.” One important difference between the polaron 
problem and the present problem is that the total pseudo-momentum operator, 


PW 


Mika;,* ay +S) hwbh,,.* b 
Te “O 


o 


where a,==N7"? x > exp(—ik-m)a,, is the annihilation operator for the electron 


in the Bloch state, does not commute with (3-1), because (3-1) ineludes the 
matrix elements for the Umklapp-process, as the result of explicit consideration 
of periodic structure of the lattice for the motion of the electron. It is incon- 
venient to cancel the electron coordinate by specifying the total momentum k, 
as was done in the polaron problem.” Instead, we write the trial wave function 
of the total system as 


PnQ= NPS) exp(ik-m)S,(m)T,(m)|0), (3-2) 
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Vim) SVG xe (1) ann, Dalde(m) |?=1, (3-3) 
Sy (mm) exp fi (20) exp (0-m)b, 


—(hermite conjugate) | (3-4) 
with d(n) and f(w) are trial functions for the electron and lattice configurations, 
respectively. |0> means the vacuum state for both electron and phonon. 

Making use of the theorem that 
if S=exp(a*b—ab*) (a: cnumber), 
then S“bS=b—a and S-14* S=b*—a*, (3-5) 
we see that the displacement operator of the /-th atom 
XU) =D th(w) be exp (zw -l) + (h.c.)} 
is transformed by S;,(m) into 


Si (m) *X (1) S;,(m) = X (1) — 2th (w) fi, (ww )exp (4 -I—m) + (c.c.)}. 


in other words, S;,(m) is the operator which makes the lattice deform, and the 
fact that the displacement represented by the second term is a function of 
(I—m) only, means that the pattern of distortion generated by S;,(m-+n) is 
nothing but the pattern obtained as the result of translation of pattern .S;,(m) 
by lattice vector nm. This assures the translational symmetry of (3-2) with 
wave number k. The m-th term of (3-2), S,(m)T;,(m)|0>, represents the state 
in which the electron is distributed with amplitude ¢,(m) around the m-th 
lattice point, while the lattice is in the zero point vibrational state around the 
displaced position corresponding to pattern S;,(m). i 

Making use of elementary operational calculus (see the Appendix), we 


have 
C0|S;,* (m) S;.(m +1) |0)=exp(—o;,(1)), (3-6) 
On (l= Do fa” (w) fre) {1—exp(—iw-l)} =o,*(—D) (3-7) 
for the overlap integral between the zero point vibrational states for the pattern 
S,(m) and S;,(m-+1). In the same way we have 
(PrlPnr= 2 exp {ik-l—o,(1)} Didi (ne) br(n—D, 


p\K Px) = — VElexp {ik- Ion} Yu" (m2) bu(n—148), 


(Py L/P n= — Dexp {ik-1—o7,(D} You" (m)ox(n—D (3-8) 


x2 Ban Sieh {exp (—iw-n)/;,(w) — exp (iw-n—l)f,*(w)}, 


w 
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(P;,| 1] P,) =P | Pi) hus” (w) fj. (w) > 


where ~ on the summation means that § is to run over the nearest neighbours. 

As the first approximation, let us neglect the spatial broadening of the: 
electronic wave function and set 6(n)=0,,9 where On, 1S three-dimensional 
Kronecker’s 6-function. (3-8) is greatly simplified then and we can write the 


expectation value of the total energy as 


E(k) =< F7\H eR) 


=— Vexp {ik-8—o,,(8)} + Shuwf;* (w) fx (w) 


*\1/2 
— SE ( FP -) ite" {Fi(ow) —fa* (00)}. (3-9) 
Minimizing (3-9) with respect to f,(w), we have 
: —~iw'" EB, pao: 
Wit) = 2NMu / (3-10) 
k mateo 


V>\{1—exp(—iw-8)} exp {ik-8—o,,(8)} +huw 
fy 
Inserting this into (3-7) and (3-9), we have 


2 
1- 


SNA {l1—exp(—iw-8)} 


o;,(8) =)5 Um ? 
“TV31{1—exp(—iw-8’)} exp {ik -8’—o,,(8’) } +huwf 
5 


E(k) =~ VS3(1 + 04(8)} exp {ik-3—04(8)} 


= h w 
= 651 ae c Aw 2NMu eas : (3-12) 
iy VdUt1—exp(— io -8)} exp {ik -8—o;,(8)} +huw 


The denominators of (3-11) and (3-12) are real due to (3-7). (3-11) are 
v simultaneous equations for » unknowns o;,(8), where v is the number of the 
nearest neighbors. 

To the first order with respect to the coupling constant E,°, we have 


\ 
| ge ee 


™" : 2NM 
E(k) == Vp jexp (16-8) y= ee eee | 
. VNexp (ik -8) _ Vdexp (i(k—w) 8) +huw 
(3-13) 

of which the first term is the electronic band energy of the state k, and the 
second term is the self-energy (at absolute zero of temperature) of this state due 
to the electron-lattice interaction. On the other hand, for very large coupling 
constant, we can neglect exp(—o,(8)) compared with unity, and we have 
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EK}? uk 
YOR @ ice ie Se ay -14 
(fk) ae 5 (3-14) 


It is the main purpose of this section to see how the solution changes from 
the weak coupling limit (3-13) to the strong coupling limit (3-14) as we in- 
crease the coupling constant continuously. 

In solving (3-11) we approximate the band energy by a parabolic form: 
Re 


* 


&(k) —€(0) =-VS\exp Git haan 


(3-15) 


2m 
without spoiling the essential feature of the matter. First we solve (3-11) for 
the state: K=0. It is evident that in this case all o)(8) are equal : 


o)(8) — 0; (3 -16) 
and (3-11) reduces to a single equation 
o=397 exp (2c) edt (3-17) 
\ereveny 
while (3-12) can be written as 
1 
E(0) , \ tdt ; 
ee ee eG — 397 (3-18) 
yV Riese elma ee t+7 exp(c) 
where » is the number of the nearest neighbors, and 
je (3-19) 
hw? /2m* 
aes (3-20) 
: QV 


w, being the Debye cut-off wave number. Hereafter we shall call g the coupling 
constant. It is important to note that 7, the ratio of maximum phonon energy 
to the band width, is usually of the order of 1/100~1/10. We shall call it 
the non-adiabatic parameter, since the lattice vibration can be treated adiabati- 
cally in the limit of 7-0. 

Instead of solving (3-17) with respect to o as a function of g and then 
substituting the o in (3-18), we shall use the parametric representation of gy and 
E with o as a parameter. In the limiting case of 7 exp(c) <1, we have 


gu~ 3 , exp (2c) 
By (o 
ee OS 1 +2c)exp(—o), 
vV 
while when 7 exp(o)>1, we have 
qin Dire 


Wc 
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Fig. 3. Schematic representation of the solution of the variation 
problem. (a): Parametric representation of the interaction 
constant g and the calculated energy E with o as a parameter 
which is a measure of the magnitude of distortion. (b): E 
as a function of g. The arrows on the curve are towards 
the direction of increasing oc. 


Since 7<1, we get y~'—o and E—o curves as shown in Fig. 3a, from which 
we get the H—g curve shown in Fig. 3b. It is important to note that o is a 
three-valued function of g between 9g, and gy. As the result, E—g curve has 
a closed loop with a node at y=9,, o taking the value o,” and o,“” on the two 
branches. Making use of the fact that 7<1, we have 


3 3 
~ Re (eae . 
Ga—~ hb, ah o. at : (3-21) 
NK<IeKIJo- (3-22) 


As is evident from (3-7), o represents the magnitude of lattice distortion 
around the electron. In fact, the expectation value of the number of phonons 
induced around the electron is given by 


A= CV | Pie Pel Va) = La Faw) |, (3-23) 
which is of the same order of magnitude with o’s. 

When the coupling constant g is smaller than Je, the stable solution (the 
one with the lowest energy) corresponds to small o(<o,”) while for g>4g, it 
corresponds to large o(>o,”). There appears discontinuity at y=g,, « jumping 
from o,'”( <1) too,”(>1). It is evident that the former solution corresponds to 
the mobile state and the latter to the (plane wave of) self-trapping state. The 
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second lowest solution for 9,<9<g, represents a metastable state which is the 
self-trapping state or the mobile state according as g<g, or g>g,. (See the 
discussion in § 2.) Whether the third solution has a definite physical meaning 
is not clear at present. 

Let us calculate the effective mass of the self-trapped electron. Since 
exp(—o)<1 in this case, the k-dependent term of o;,(8) in (3-11) is of the 
order of exp(—o) in comparison with the main term o,(0)=o, and we have, 
from (3-12), 


Bb) H(0) = V exp(—o) St {exp (ik-8) Sr e0(exp (cae 


that is, the effective mass of the self-trapped electron is expo times the band | 
effective mass. Since o” >o,'°=3/4-7~, the ratio is an enormous quantity of 
the order of e~e'™. It is almost nonsense from the practical pdint of view 
to speak of the band formation of the self-trapped electron; it is practically 
immobile at absolute zero of temperature. The situation is quite different for 
the case of polaron, where neither the discontinuity of the effective mass (as 
the coupling increases) nor such a large distortion is expected to take place. 

Finally, it is to be noted that the large discontinuity and the coexistence 
of essentially different states, is partly due to the smallness of non-adiabatic 
parameter 7. In fact, if7 is as large as =>1, the g-'—co curve of Fig. 3a becomes 
monotonous, and the discontinuity disappears. The situation is analogous to 
the problem of gas-liquid transition if we let temperatare correspond to 7. 


§ 4. Discussions 


We must now discuss the approximations in the preceding section. The 
first point is concerned with the Ansatz ¢(m)=0,,0. If we treat the case of 
polar mode in the same way as in § 3, with the same Ansatz, there appears a 
discontinuity of the same kind as was obtained there. This discontinuity seems 
to be illusory in view of the results obtained by many authors on the continuum 
dielectric model. That the Ansatz ¢(n)=94,,. is inappropriate in the case of 
polar mode is evident from the discussions in § 2, where we found that there 
is one and only one optimum broadening of the electron wavefunction, which 
is usually much larger than the interatomic distance and can be determined inde- 
pendently of the atomic structure of the lattice. 

On the other hand this Ansatz seems appropriate or at least tolerable in 
the case of the acoustical mode, because we found, in §2, that in the self-. 
trapping state the electron has a tendency to shrink as small as possible within 
the compatibility with the atomic structure of the lattice. Moreover, the results 
of §3 in the weak-coupling case coincide with the results obtained by the con- 


ventional perturbation theory which is sufficiently good approximation in the 


case of acoustical mode. 
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Thus it seems rather probable that discontinuity obtained in § 3 is a genuine 
one in the case of acoustical mode, although the approximations used there 
lead to dangerous results in the case of polar mode. It might be desirable to 
relax the Ansatz ¢(n)=0,,0, but in that case there appear many exp (—o;,(L)) 
in the expression for the energy expectation value, and it is practically impossi- 
ble to solve a number of simultaneous equations for o(l)’s. 

The second point is concerned with the Ansatz (3-4). This operator makes 
the origin of vibration displace; however, it does not include the effect of 
change of frequencies and the effects of higher order. 

In the following paper we shall investigate the broadening of electron wave 
function and the corresponding lattice distortion and frequency change in the 
self-trapping state more thoroughly, at the cost of neglecting the effect of band 
formation which, in fact, has been shown to be quite small in §3 of the present 
paper. Thereby we shall use the perturbation expansion in V (that is, in g™) 
and show that the convergence is fairly rapid, that is, the electronic wave 
function is in fact almost concentrated on the center atom even when g™ is. 
as large as a few times of gy,*. This partly justifies the Ansatz (nm) =0,, 0, and 
is also consistent with the nature of discontinuity discussed in § 3; that is, there 
exist two different types of well-defined states (one stable and the other metasta- 
ble), and as gy passes g,, the only thing to take place is the reversal of energies 
of the two states, nothing discontinuous occurring in each state. 

By the same method we shall also investigate the activated state through 
which the self-trapping state at some lattice point jumps to its nearest neighbor, 
and point out that it is when g>g,’(>g,) that the electron moves through the 
lattice by the ‘hopping motion’,® while for intermediate coupling region: 
Je<9<g-', the electron will rather make a ‘Schub-type motion’, that is, it is 
once released from the self-trapping state and moves a few lattice distances before 
it becomes again self-trapped, because the activated state mentioned above has. 
a higher energy than that of the mobile state. 

Finally we must answer the most important question: Is it possible for 
real crystals that the coupling constant is as large as g.(~1) ? Assuming simple 
cubic lattice with nearest neighbor distance a, we have 


hh’ 
Ves 4-1) 
1 2m* a 
by (3-15), and (3-20) becomes 
2 * 
ga" re (C= Mu’/a’ is elastic constant) 


—0.035__#1(in_eV)*(m*/m) 
C(in 10" dyne/cm?)a(in A) 


(4-2) 


Since E; is usually of the order of several electron volts, it is fairly possible 


fim 
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in relatively soft crystal with narrow band that the electron or hole becomes 
self-trapped. Quantitatively, of course, the criterion may vary to some extent 
if we change the model (for instance, other lattice structures, the consideration 
of the overlap energy V’ for the second neighbor, or of the non-diagonal element 
<m|I|n) of the interaction Hamiltonian which seems important for the Kanzig 
center), or if we improve the approximations of §3, as we shall do in the 
following paper. 


Appendix 
Consider the following two operators ; 
A=a*h—ab*, A! =a'*h—a'b* 


where 4, b* are phonon operators and a, a’ are complex numbers. The ex- 
pectation value 


F(A) =(Olexp(—4A)exp(4A’) |0)z, 

can be evaluated by differentiation, for it gives 

F'(A) = {a* (a! —a@) —al(al*—a*)} AF (A) 
if one makes use of (3-5). After integration we have 

F(A) =exp| {a* (a’—a@) —a' (a!*—a*)} 2/2]. (A-1) 
In the same way we have 

(Olexp(—/A)b exp(1A’) |0)= —/a’ F(A) 

(Olexp(—/A) b*exp (AA’) |0) = —Aa* F(A) (A-2) 

(Olexp(— AA) b*b exp(AA’) |0) =H a*a' F(A). 


(A-1) is made use of in deriving (3-6) and (3:7) while (A-2) is used in 
deriving (3:8). 


dd 
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The pair correlation function, or the relative pair distribution function, of a high density 
imperfect electron gas in the ground state is computed numerically versus the distance 
between two electrons with antiparallel spins on the one hand and with parallel spins on the 
other, for three values of density for each. In the latter case, it is computed, using am 
approximate expression, only over the distance small compared with the reciprocal of the 
Fermi momentum divided by #. In both cases it increases monotonously with distance for 
a value of density and decreases with density for a fixed distance due to the increasing effect 
of Coulomb repulsion with decreasing density. 


§1. Introduction 


It has been well known that, in an ideal electron gas, the pair correlation 
function 9 (140), P02), that is, the probability of finding the second electron of 
spin o, at the position r, when the first of spin 7 is known to be at 7, is, in 
the ground state, unity over the whole value of |r,—r.| if 1.402, and, if 1=o., 
increases gradually from zero with |r;—r.|, as given in Eq. (4), showing the 
hole, the so-called Fermi hole,” near |r,;—r,|=9. 

If the Coulomb repulsion among electrons is taken into account, the pair 
correlation function may, of course, be expected to show a behavior consider- 
ably different from the ideal case, and it is difficult to obtain its expression in 
the moderate densities. Only in the case of extremely high densities, the gas 
behaves nearly ideally, and we can calculate the pair correlation function using 
the Green function formalism, as was the case in calculating the correlation 
energy up to the terms proportional to In r, and also independent of 7,, fol- 
lowing the basic idea of Gell-Mann and Brueckner.” 

In this report, confining ourselves to such a case of high densities, we first 
give the general expression of the pair correlation function in § 2 and compute 
it numerically in the cases of antiparallel spin (§ 3) and of parallel spin only 
with an approximate expression (§ 4). The results are given in Fig. 1, Fig. 2, 


Fig. 3 and Fig. 4. 
§2. Pair correlation function 


In the ground state of an electron gas, the pair correlation function (here- 
after abbreviated as p.c.f.) 9(m%, r.o,) of the two electrons at ™% and r, and 
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with spin o, and o, respectively, is defined as 
9 (1101, F202) = (1/2) AT) Pon" (T2) Poa (r2) %,, (11) ) (1) 
where ¢ and ¢* are field operators, » the mean number density and < >) means 
the expectation value of the operator inside the bracket in the ground state of 
the gas. , ; 
By the two-electron Green function G(roih, Tete; 11'01'ty’, T2'oo'te'), defined as 
G(royt1, PoP ate 3 Ta Oy'th', T2'O2 te’) 


=?(T (roy (11 tr) on (Ta te) Pay (ra! te!) Pa (Ty th’) ), 


(r,t) and #,*(r, t) being the Heisenberg representation of ¢,(r) and ¢,*(r),° 
the p.c.f. 9(ri01, P27.) is expressed as 


G.( 11045203) = (2/2) Pa him Gr 67t, Te03t Praegt T20,t'), (2) 


th>t+ 


the right-hand side becoming independent of ¢. Ina free electron gas, replacing 
a set of rt by xz, 


Gg 1, ha Fg el Te) 
=Gp(ajoy; xy o;) Go (ao 3 Ly! 03) — Go ay 5 Fy 03) Goa ea; 2/03); (3) 
where G,)(xo; x’o’) stands for the one-particle Green function without inter- 
action defined by 
| Gao Palo’) =i T($, (rt) ¢3 (r't’))>. 


In the limit of t+, after easy calculations we obtain 


9o(11%, I, 72) =1—d(o,, o2)9(rpr) "jr (rpr), (4) 


showing the Fermi hole in the case of parallel spin. 


Now in an interacting electron gas, the sum of EF, (the correlation energy) 
and E, (the exchange energy) is given as ; 


1 
F,+E,= (1/2) >) | az/2\ an, dr, hv (1—12) (n/2)19 (r101, T2023 4) —1], 
assuming the presence of a uniform background of positive charges that makes 
the system neutral. Here v(r,—r,) is the Coulomb potential and (ro, reo ; 2) 
denotes the p.c.f. in the interacting gas with mutual potential 2v. We seek for 
the expression of y which gives the value of Ek, correctly up to the terms 
proportional to Inv, and also independent of r;(7, is the radius, in the unit of 
Bohr radius, of the sphere of the volume per electron). 


; : aera 
As is known,” the two-electron Green function is given, to the above- 
mentioned approximation, as 


G(2101, 240; er a8 Xe! Os) 
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=G)(2101, L202; X10}, I/O) 


+3 [Goaior, yO") Go %_ 02, x0!’) V(y—z)Gy(yo’; 24! 61) Gy (z0", £202) dydz 


=a\\e (201, LD; E) G2 Gas zo"! ) Viy-2Z) iyo’, So 'o2:) G20", 5B. '0,) dydz, 
(5) 


where j---dy means the integration by space and time coordinates and Viy—2z) 
is the effective interaction, of which the four-dimensional Fourier transform, 
V(q, w), is given in Eq. (7). 

From Eq. (2), therefore, the expression of 9(rjo1; T2072) is obtained by the 
straightforward calculation taking the limit of #—>z+ in Eq. (5), as 


9 (1101 5 F202) =Jo(T10%1 3 F272) 


+ (é/f) (n/2)2(22) “\dq\doV (a, w) W(q, we" 


—o 


+0 (01, 02) (¢/N) (n/2) e020) \dq| dV (a, w)A(q, v0; 7) B(q, 317), (6) 


where 
V(q, w) =v(q)[1—2v(q)h*W gq, o)]", 
W(q, w) = (—2) IG(p)G@(p—ad'p 
a Ya a—"(Onrg a Op) 14°) 4 — (w+ (Wp+q—p) —1&')"], 


PEP 
|P+q>Pr 


A(q, @;7r)= (—i) |Gi(p)Gi(p—aen™ d‘p 
= 275 T (w— (Wp+q—@p) +48) exp[—i(p+q)r] 
peaprr 
— (w+ (Wpsq— Op) --7€') - exp (ipr) |, 
Bq, o37r)= (1) (GPGlp—ger"a'p 
= 0275] (w— (wp+q— Op) +4) + exp[7(p+q)r] 
PEP 
Daaaer 
— (wt (@psq—©p) —ié’)~1 exp(—ipr) |, 


v(q) =4ze"/|q\’; 
G,(p) =the four-dimensional Fourier transform of one-particle Green 
0 
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function without spin, 
Q=the volume of the system, w,=/p*/2m, and €, &>0. (7) 


§ 3. Calculation I. (The case of antiparallel spim) 


In the case of antiparallel spin, i.e. 0,402, the first and second terms of 
Eq. (6) contribute to g. The integral over w is altered to the integral over 
4=w/i, deforming the contour to the imaginary axis. The result is 


9 (1101, T20,) =1— (3/42)*a rj | dy 
0 0 


x F°(€, 7) {1— (ar,/2€?) F(E, 7)}~? sin(€s/a) / (€s/a), 


where 
€=|q\/pr, 7=4/(hpr /2m), s=|r1—Tal|/ro=7/To 
pr= Fermi momentum divided by h#, m=electron mass, 
ro=the radius of the sphere of the volume per electron, 
a= (4/97)*?=0.521 
and 
1.0 ©) 10> 
g(r) g(r) 
(3) 
0.5 (3) 0.5 
0.0 0.5 1.0 =r/ro 0 0.5 1.0 ria 
Fig. if The p.c.f. g(r), the one electron hay- Fig. 2. The p.c.f. g(7), the one electron having 
ing the spin antiparallel to the other, versus the spin antiparallel to the other, versus the 


the distance measured in the unit of ro, i.e. distance in the unit of Bohr radius. Numbers 


s=r/ro, between the two electrons. Curve(1) given to the curves have the same -meaning 
is for r,=0.1, (2) for r,=0.5 and (3) for as in Fig. 1. 


r,=1.0. Values of g(7) are computed numer- 
ically for s=0.0, 0.1, 0.2, 0.3, 0.4, 0.8 and 
1.2, for each, Curve (0), i.e. g(r) =1, is the 
p.c.f. for ideal gas. g(r=0)=0,93 for (1) 5 
0.66 for (2) and 0.87 for (3), 
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F(§, 4) =2(22)?(/mpr) W(q, iA) 
= —2+ (48%) 7 (647? — 46?) In [( (6° +26)? +7”) / ((€?—2€)? +7’) ] 
+ (9/8) [tan™ {€ (F +2) /9} —tan™ {F (F—2)/7}]. 

Here the p.c.f. 9 (roy, reo.) =9(|r1—r2|) is a function of 7, as well as s and 
the computation is carried out of three values of 7;, i.e. 7;=0.1, 0.5 and 1.0, 
in each case for values of s=0.0, 0.1, 0.2, 0.3, 0.4,0.8 and 1.2. The result is 
given in Fig. 1 versus s and is also given in Fig. 2 versus r/a(=r,5) 
(a=Bohr radius). 

Since 7(=r,.a) is equal to (3/42), we see from Fig. 2 the increasing 
effect of Coulomb repulsion with decreasing density. 


§ 4. Caleulation II. (The case of parallel spin) 


In the case of parallel spin, we obtain the result by setting o,=o, in Eq. 
(6). As it is very difficult to compute the third term of the equation numeri- 
cally, we handle it here with the approximate expression of A(q,w;r) and 
B(q, ©; 1) confining ourselves to the range of rpr<1, or s/a<1. In this range, 
to a good approximation, we can use the expressions 

A(q, w;r)=exp((—zgr cos 0) /2)[cos((gr cos J) /2) W(q, w) 


—sin((gr sin J) /2) U(q, wv) | 


and 
B(q, w; 7) =exp((érg cos 3) /2)[cos((gr cosd)/2) W(q, w)] 
4sin((gr sin 9)/2) U(q, «)]. 
Here J is the angle between q and r, and 
U(q, 0) =27 Y[(w— (@psq— Op) F128) + (ot (WOp+q— Op) — 1). 
pede 
The third term of Eq. (6) becomes, deforming again the contour of the integ- 


ration by w to the imaginary axis, 


ences (3/42)'ar,|dé\ axl +-sin(€s/a) /(és/a)) F°(6, 9) 


0 0 


+ (1—sin (és/a) / (6s/a)) GF, 4) JA— (ar,/2©)F(E, a) \", 


where 
GE, 7) =2(22)*(h/mpr) Ug, iA) 
== (25°) -1(&4__ 4€?__y*)[tan™ {€(€42) /y} —tan™ (E— 2) /yr| 


! 2 2 


— (n/28) In (+28)? +97°)/ ( (2-26)? +7?) ]-+29/€". 


a) 
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Fig. 4. The p.c.f. g(r), the one electron hav- 
ing the spin parallel to the other, versus the 
distance in the unit of Bohr radius. Num- 
bers given to the curves have the same 


Fig. 3. The p.c.f. g(7),the one electron having 
the spin parallel to the other. s is the distance 
between the electrons in the unit of 79 as in 
Migulan Gurve,) (iis) tOre74—=Orl on (2) tor 


r,=0.5 and (3) for r,=1.0. For each, values 
of g(r) are computed numerically for s=0.0, 
0.1, 0.2, 0.3 and 0.4, using an approximate ex- 


meaning as in Fig. 3. For density infinitely 
large (7,20 or proc), g(r) is unity for 
r>0, as is seen from Eq. (4). 


pression valid for s<a. Curve (0) is the / 
p.c.f. for ideal gas, ie. Eq. (4) for o;=0%. 


Here again, three values of 7,, 0.1, 0.5 and 1.0, were chosen and in each 
case the values of p.c.f. were computed for s=0.0, 0.1, 0.2, 0.3 and 0.4. The 
result is given in Fig. 3. The condition s/a<l1 is not so well satisfied as s 
comes nearer to 0.4 (s/a=0.77 for s=0.4), so that the curves of p.c.f. in this 
case are to be regarded as only the extrapolation from the smaller values of s. 

The p.c.f. is also given in Fig. 4 versus r/a. Here again, 9(7) decreases 
with density for a fixed 7, due to the increasing effect of Coulomb repulsion. 

As is seen from the results obtained above (§3 and § 4), the mean of 
p.c.f. of the two cases for a value of r, i.e. the probability of finding the second 
electron, regardless of its spin, at a distance 7 from the first one, is positive 
near r=0. This is to be compared with that obtained by Glick and Ferrell” 
using the random phase approximation with the negative values near r=O. 


The author wishes to express his thanks to Prof. H. Kanazawa for his 
encouraging advices. He is also indebted to Prof. N. Fukuda for his kind 


offices in getting financial aid from the Research Institute for Fundamental 
Physics, Kyoto University. 
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Space-Time Correlation Function in the Theory of Electrical 
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A formula is given for the electrical resistivity of metals with the use of the result of 
excitation-response theory. It is shown that the electrical resistivity is expressed in terms 
of the four-dimensional Fourier transform of the appropriate pair correlation function in 
space and time of the scattering systems, by which conduction electrons are scattered to 
lose their initial velocity. The dependence of the electrical conductivity on the effects of 
the correlation in the scattering system is discussed systematically by using the correlation 
functions in some of the typical examples. Especially the electrical resistivity of the fer- 
romagnetic metals is discussed in some detail by using the so-called s-d interaction model. 
In this case it is shown that the inclusion of the effect of the correlation between d spins 
gives rise to deviations in electrical resistivity from the one given by the simple molecular 
field approximation. 


§ 1. Introduction 


As was shown in an earlier paper” adopting the so-called s-d interaction 
model, the temperature dependence of electrical resistivity of a ferromagnet is 
considerably affected by the inclusion of the correlation effect between d spins 
at low temperatures. In the present paper the effects of the correlation in the 
scattering systems are explicitly taken into account in calculating the electrical 
resistivity of some of the typical examples such as s-d interaction in ferro- 
magnet, electron-phonon interaction in normal metal, etc. 

The purpose of the present paper is two-fold: The one is to show that 
with the use of the result of the excitation-response theory”’® the electrical 
resistivity is expressible in terms of a suitably defined pair correlation 
function?) depending on a space coordinate and a time variable, or explicitly 
in terms of a four-dimensional Fourier transform of this function, and the other 
is to examine the effects of the correlation in the scattering systems to the 
electrical conductivity in some detail for a few systems, especially for a system 
The formula thus obtained for the electrical resistivity provides 


of ferromagnet. om 
d in discussing the electrical conductivity. Since 


a physically intuitive metho 
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the electrical resistivity is determined by the scattering cross section of conduc- 
tion electron by the scattering system” and since the four-dimensional Fourier 
transform of pair correlation function in space and time is directly connected 
to the scattering cross section,” it is rather natural to expect that we have a 
formula for the electrical resistivity expressed in terms of pair correlation func- 
tion. 

In §2 a formula for the electrical resistivity is given in a number of sys- 
tems and in §3 the case of s-d interaction in a ferromagnet is discussed with 
the use of this formula in some detail, and § 4 is devoted to the discussion of 
the electrical resistivity of a dilute alloy system. 


§ 2. Formula for electrical conductivity 


According to the standard treatment of the linear excitation-response theory 
such as proposed by Kubo” and Nakano,” we have the following formula for a 
static electrical conductivity, 


o= lim | dte Re(jsjz(t)) (2-1) 
€>+0,. 
0 
where 8=(kzI')~', ReA stands for real part of A, (B)=Tr(e~*#B)/Tr(e*”), 
and j, is the x-component of the electric current operator and j,(¢) is the elec- 
tric current operator in the Heisenberg picture 


je (t) = PNAS ethan (2 : 2) 


His the Hamiltonian of the total system in the absence of external electric 
field and is written as 


H=H,+H,+V. (2-3) 


H, and Hy, respectively represent the Hamiltonian of the system of conduction 
electron and that of the scattering system by which conduction electron is scat- 
tered, and V stands for the interaction between them. 

In what follows we shall introduce such an approximation as 


«jaja (t) eae MOS) ye: LEED Ga hs CE) (2-4) 


with H=H,.+H,. The validity of this approximation is intimately connected 
with the commutation property [H, j,]=0,° so we may use the above approxi- 
mation in our case. With the aid of this commutation property we need only 


the diagonal element of j,(¢) in Eq. (2-1) in the representation in which A, 
is diagonal. Let us introduce the Laplace transform 


oo 


Tis \ dtej,(t) (Res>0) (2-5a) 
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and define 
9(s) =(jeF(S) Do. (2-5b) 
Then o is written as 
7= lim Re ¢(¢). (2-6) 


If we denote the diagonal part of J by Jy, we have for dav 


o= 2 2 = a (2-7) 
re 1TH 


where for any operator A <Z’s are defined by 


£.A=—_[A, Hi, £,4=—_[A, V], 


and % and * are operators which operate from the left on any operator B as 
B=DB+HB, 


and SB and *B stand for diagonal and off-diagonal parts of operator B. Then 
one can derive a power series expansion from Eq. (2-7), and confining oneself 
up to the second order perturbation one may put #(£:1=0 in the denominator 
of Eq. (2-7); then one writes 


OX sy see IPs) PING) esha (2-8) 
Ss 
where 
at 1 
SS, 1s oe 2-9 
L@=4+ 94.1, € | (2-9) 


The applicability of this approximation is discussed by Tomita et al.” By the 
definition (2-9) we have” 


Lio —— DEVIVG), fell, (2-10) 


where V(s) is the Laplace transform of the operator V in the interaction repre- 


sentation : 


eo 


Vi) =| deer etter Vermin (2-11) 


0 
With the use of Eqs. (2:8) and (2-10) we have in the lowest order approxi- 


mation 
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Tr (ej, D[VLV(s), jal) tn (2-12)* 


ik ot : e 
Re ¢(s) ite \ifoisre {1 + Re 570 Triethers75) 


and we have from Eq. (2-6) 
o=Ph< jrjzro/Re jz D[VLV(S), jal |Pols-o- (2-13) 


Upon introducing the Fourier component V(w) by the relation 
V@= \ V(w) edo, (2-14) 


Eq. (2-13) can be written in a little more familiar form.®® With the use of 


the relations 


oo 1 ; 
V(s) A Haass V(o) dw 


and 


lim ReC je ®[VLV(s), jallo 
=Re| do’ | do (29(w) +P+) (jz D[V(o’)[V(o), jzl)>o, 


and of the property that ¢j,D[V(o’)[ Vo), j2]})o#0 for w+o’=0, one can 
define é(w) by 


(je D[V(w')LV (a), je] o=9(w) 9 (o+o’) (2-15) 
and finally one has that®*® 
Cpa an? (jeJ2)o- (2-16) ** 
7 0 (0) ‘ 


where use has been made of the property that ¢ j:[ V(—w)[ V(@), jz])>o is an 
even function of w. Now we will turn to the problem how to express o in 
terms of pair correlation functions. 


* It has been assumed that the relation 
(jaL"(5)jad0jududo = j2L(S)jaro 


holds. For example, in the case of impurity scattering in which impurities are distributed at 
random, each being located rigidly (cf. §2—(d)), it is an easy matter to show that for m=2 


i 0 
: ae aye Le 
CE L?(s) jo aJn>o ee Diitte ®) oa ae 0) \U(2k, ar 2 ) 
ieL) jade! 


ie J a(cos 0) (1—cos 0)|U(2k, sin) | 5 


which is equal to unity when U(2k;sin(0/2)) is independent of 0. 

** Recently, Zigenlaub® derived a somewhat different formula for « starting from the formula 
(2-1) in the above. However, his result does not seem to be accurate enough to give the factor 
(1—cos @) in the explicit formula for the electrical conductivity. 
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(a) The case of s-d interaction 

In this subsection we deal with such an anomalous™ part of the resistivity 
of a ferromagnet that is the difference between the total resistivity and the one 
which comes from the scattering by phonon system. Adopting the s-d interac- 
tion model for ferromagnetic metals we calculate the electrical resistivity. The 
model states that the electrical current is carried by 4s (or 6s) electrons which 
are assumed to be described in the band scheme, and unpaired electrons (3d 
or 4f) responsible for ferromagnetism are assumed to be localized on the lattice 


points, and there is an exchange interaction V between these electrons.” V 
is written as 


V=— pape J (k’—k) exp[i(k—k’) - Ry] { (ais, Qn — iby any) Sn’ 
+a, Arr Sats + aii, aAky Pe fied > (2: 17) 
where aj, and a,, are creation and annihilation operators for the conduction ~ 
electron with spin upwards and with wave vector k, and aj,, a,, refer to the 
electron with spin downwards, S, is the spin operator of the unpaired electrons 
which are assumed to be localized on the 7-th lattice point, and J(k’—k) means 


the Fourier component of the exchange integral between s and d electrons. Hp) 
now takes the form 


po eRe sponta pe 
ti; — 2 | Oa dike ake >» 


(2-18) 
Hg 1 a Ste 


<nl> 
: * 
— 
H,= S 2 hog ba bats 
q = 


where 5%, and 8; are usual creation and annihilation operators for the j-th 
mode of the phonon with wave vector q. Then one has with Eqs. (2-17) and 
(2-18) that 


GG er PED J (k’ —k) exp[i(k—k’) «Ry (2) Haiti, any Sn’ (2) exp [i (Ear — Ex") t/2] 
— aks, any Sn? (t) exp [i Em — Ex) t/N] + aiiry Aen Sn* (t) xP (i(Eye— Ex) t/n] 
+ ak diy Sn” () exp[t (Ex — Ex) t/nh}}, (2-17a) 
where 
R,,(@) =exp[¢H,pt/N|R, exp[—7H,t/h], Sn(t) =exp (tH, t/h\S, exp|—iHzt/n], 
and one can easily obtain the formula for 6(0) (see Appendix I) 


6(0) = (2) yd —#) Pel ha) 
m kk 

a ( Bea \ 4 pape Ge», (Fer 

< {Mf Git» (AES ) fin fe Gin (ES 
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+f (1 fit) Giiin (PP SAE ) + fib a-fiyGa's (Feo e |}, @-19) 


h 
where 
Go) = ra dt cxplin: Re ist |\C Sy" (OSa E> 
x exp[— Y {M" (0,0) —M% (Ry,t)} ate] (2-20) 
and 
M** (Ry, t) =u (0) un" (t)) (@, B=, 9, 2); (2-21) 


un’ being the §-component (3=.2, y, z) of the displacement vector of the m-th 
ion from its equilibrium position. 

These equations state that the electrical resistivity is expressed in terms 
of the Fourier transform of the suitably defined pair correlation function of the 
scattering system. If one considers the rigid lattice case one may put M** 
(R,,, 2) =M**(0, 0) and the Fourier transform of the relevant correlation func- 
tion for the electrical resistivity reduces simply to 


G." (wo) > 9," (@) = \ a exp[i«:R,—iwt]( So“ (0) S,”(t)). (2-22) 


On the other hand, if one considers the case in which the range of the cor- 
relation function M**(R,, 2) is considerably smaller than the one of ¢S,*(0)S,’(¢) >, 
one may effectively put M/*°(R,, ¢)=0 in Eq. (2-20) and G becomes 


GCG.’ (w) > 9," (w) exp[— 33 M*%* (0,0) kaka], (2-23) 
af 


that is, in this case G is equal to g multiplied by the familiar Debye-Waller 
factor. This factor nearly equals unity for the usual condition (cf. Eq. (19) 
of reference 1)). In general, the difference between G and g gives rise to the 
so-called magneto-vibrational effect, but this type of effect is very small.” In - 
what follows, therefore, 7,(w) is used in place of G. Further discussions for 
this case are given in § 3. 


(b) The case of dilute alloy 


In the scheme of the present formulation we briefly discuss the electrical 
resistivity of the dilute alloy’? such as CuMn whose resistivity is known to 
show an anomalous temperature dependence at low temperatures.!? We adopt - 
such a model’ for these dilute alloys that the electrical current is carried by 
4s electrons described in the band scheme and the unpaired 3d electrons of 
Mn ions are assumed to be localized on their own lattice points, and that 4s 
electrons are scattered by the disorder in spin orientation of Mn ions through 
the s-d interaction. Then neglecting the spin polarization of conduction elec- 
tron and also the effect of lattice vibration, we have 


t 
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§(0) =2()" 5 3 Lek) (Re! —h,)* exp[—i(—K) (Ry Ra] 


KkI mn 
SERGI CE | ee (S,,(0) -Sp(é) ) exp|—1(Exr— Ey) t/N), (2724) 


~where the summation about (m, ) extends over all the lattice points occupied 
‘by Mn ions including the case m=n. 


(c) The case of electron-phonon interaction 


In this case the interaction Hamiltonian V is given by™ 


i \y" (r) u(r) “7 U(r) h(n) dr, (2-25) 


where ¢(r) is the quantized wave function for conduction electron and is ex- 
pressed as 


$(r) = 3) an gx (r) = = Ty 3) agen (nr) ef, 


where ¢,(r) is the Bloch function for conduction electron, wu is the displacement 
vector of lattice, and U,(r) is the potential energy due to the regular lattice. 
The Fourier transform of Eq. (2-25) becomes 


ae. a ay, ax \ dr | dt exp| i (2K Fr a) | 


x uit (r) ew" u(r, t) VP Up (r) ue (r) a”. (2-26) 


V(w) =— 


jx is expressed in the one band picture as 
Gs chim) ken Ar (2-27) 
k 


with the effective mass m of the conduction electron. From Eq. (2-16) we 
only need to know ¢(0), then making use of the relations 


(jel V(—o) LV (o), jal o= «Lie: V(w) [LV (—), jelyo (v9) 
and 
[ain Akl! 5 an ax| = Onn Gin (Oh Rae Ont an Akt 5 


we easily obtain 


4 ine / 2 any “WN Vga hsbos Bee — Ee 
(0) ae OS (fe) hee) fe fe) SEM" (Ie p, Pea Fe 


kk! 


x (Ra! —Ra) (Re! — ke), (2-28) 


where C is the Sommerfeld- Bethe coupling constant,” /, is the distribution 
function for the conduction electron with wave number vector &, and M is the 
four-dimensional Fourier transform of the correlation function (wo% (0) w#n®(t) >: 
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M(x, w= ae exp [in Ry — iat] (tte (0) tn?) (2-29) 


Introducing Eq. (2-28) into Eq. (2:16), we have the formula for the electrical 
conductivity expressed in terms of the four-dimensional Fourier transform of 
the pair correlation function of the displacement of ion. 

If one adopts the Debye approximation for the lattice motion, one has 


2 
ba M* (Kk, w)tats= see my: (H+ €e5)” {n_~30 (w+o-_,) a (2,3 +1)0(w—«,,3)} 
Wnj 
(2-30) 


where e,, is the unit vector determining the direction of polarization of the 
j-th species of phonon with wave number « and with energy Hw,;, and 7,; is 
the average number of that phonon at thermal equilibrium. The presence of 
factor («-e,,;)? tells that only the longitudinal phonon is effective in determining 
the resistivity. With Eqs. (2-16), (2-28) and (2-30) one easily has the Bloch- 
Griineisen formula for resistivity.° 


(d) The case of impurity scattering 
We now consider the case in which the conduction electron is scattered 
by the presence of impurity ions, and we have the following form for V, 


V= on exp[i(k—k’) -R,,] U(k’—k) af ay, (2-31) 


U(k’—k) being the Fourier component of the potential for electron due to the 
impurity ion at the origin. The summation >) extends over all the impurity 


ions. And we have 


$0) =m (2) S| Uk) F(R — he) far Afi) A (Wk, BeBe) 


with 
M(«, wv) = | ie exp[i«-R,—zwt] exp[— )1(M** (0,0) —M*4(R,, 2) ) ke Ke, 
n ai af 


(2-33) 
where ; is the number density of impurity ions, and the summation in Eq- 
(2-33) extends over R, which is the lattice vector drawn from a certain impurity 
ion to the m-th impurity ion (including R,=0). So in this case too we have 
arrived at a formula for the electrical resistivity written in terms of the pair 
correlation functions. 

If one considers the case in which the lattice motion is neglected and the 
impurity ions are distributed at random, one may write as A (k, w) =0(w) and 
using the formula ¢ jz j2)>=2(eh/m)? dike *fr(1—f,) one obtains the resistivity 
in the usual manner,” 
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3xfin, ( dE \-2/ 
rae (ae,) |4Cco88) C~c0s0)|U (2h, sin 5)» 


iu 


> 


where the suffix f is used to represent the value at the Fermi surface. 
(e) The case of liquid metal 


In this case, as a model Hamiltonian we choose for the system of the con- 
duction electrons 


Jelse= pe Ey an ay, (2-34) N 
and for the system of ions 
8 RSE ES PE pe (2-35) 
7 2M 


and for the interaction between them we write 
V= 2 dS exp[z(k—k’) -R,] U(k'—k) af ay (2-36) 
chi on 


where R, and P, stand for the position vector and the momentum vector of 
the m-th ion. Then it is easy to show that 


6(0)=(“)' UWB) bel he) fv fe) 5 (Wk, Pe= Fe) 2.37) 
m kk! h 


and 


A(«, 0) =D | SE Cexp[—ie- Ry (0) Jexplie- Rn(O)e-“. (2-38) 
mn 7 

_ Now we may say that the resistivity of this system is also written in terms of 

the Fourier transform of the pair correlation function. Replacing the summa- 

tion in Eq. (2-37) by the integration, we write ¢(0) in the form 


hw 
exp[hw]—1 


= 2k, sin) 
9 


a 


A(k, w). (2-39) 


6(0) = cee \ dol d(cos9) (1—cos4) | U(«) |? 


Now we briefly mention the formulas for ¢ obtained in the above cases 
(a)—(e). It is shown that p has the following form, 


p00 Yh |I() "efx (Extho) (1—fi,(Ex)) G.(o) 
: kere 


where I(«) is the Fourier component of the interaction constant between the 
conduction electron and the scattering system, and G,(w) is the four-dimensional 
Fourier transform of the appropriate pair correlation function of the Scattering 
system. |I(«)|’G,(w) 1s simply related to the differential cross section in the 
Born approximation.” And the factor frie(Ex+hw) (1—fi.(Ex)) is a statistical 
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weight factor for the scattering process (k+«, E;.+fw)— (k, E;,). The presence 
of the factor «,2 reflects the fact that the static conductivity is determined by 
the decaying behaviour of the current operator and not by that of a state of 
the conduction electron, and this factor gives rise to the familiar factor 1—cos 7] 
in the result (see the cases (d) and (e) and also the next section). 


§ 3. The case of s-d interaction in ferromagnet 


In this section we will discuss the case of s-d interaction in some detail. 
As was seen in §2-(a), the electrical conductivity is expressed in terms of 
the four-dimensional Fourier transform g,“*(w) of the pair correlation function 
S,“(0).S,’(t)) and the main problem to be solved is reduced to the calculation 
of g,“’(w). Unfortunately, however, the exact calculation of g,**(w) is very 
difficult and one has to content oneself with some approximation. Now let us 
begin with the familiar approximation of molecular field. 


(i) Molecular field approximation* 

This approximation states that each spin fluctuates independently in a mo- 
lecular field gM, q being the coefficient of the molecular field and M the average 
magnetization of the d spin system. Then the Hamiltonian for the spin system 
of d-electrons takes the form 


Hy=—ho xu Sut 
ho=2r2qM, (3-1) 
where /g is the Bohr magneton. S(t)’s are written as 
S,* (t) =exp[tHyt/h]S,* exp[—iHot/h]=S,* ent 
S,.7 (t) = 8,7 e**, S, (¢) =independent of ¢, 
so the function g,“"(w) is easily calculated to be 
Je (w) =((S+Sp*) (S— So +1) )d(o—@), 
92* (w) =((S—S8)) (S+S'+1))3(w+6), (3-2) 
Ju (w) = NO,.09 (w) 0? + (So? —0)*) 0 (wv), 
where o=(5S,*). For example, we calculate ¢*~(0) that is the contribution of the 
g*~ term to (0), which corresponds to the process in which the conduction elec- 
tron in the state (k’ | ) is scattered inelastically to (k } ) accompanying the energy 
transfer of the amount i@=E;,—E;, to any one of d-spins. Since the effect 


of the spin polarization of conduction electron is very small for the resistivity 
(cf. the next subsection), we neglect this effect and put f° =f 2 With “the 


Although with this approximation the electrical resistivity has been calculated by Kasuya,! 
we will re-calculate it in the scheme of the present formulation. 
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use of Eq. (2:19) with G’s replaced by g’s expressed as in Eqs. (3-2), we 
have that . 


iP. Ly e2N il 6 d P POE / 
or (0) == ( i EEE EEE (CE AY ae OY 


mh \ 20 (PE IP yr E| 
XS 1 fie) ( CS + So*) (S— So? +1) ) 0 (Ej, — Exe + HG) 
e” Nk; D ho : 
= / ale 2 = z Se C8 i 


and 


1 
Wey re | d(cost) (1—cos@) |J (2, sin) i? 


=—1 


The calculation of the other terms can also be carried out in the same way 
and the resistivity ¢ becomes 


CABIN ap ly 70% 2 1 sho 
peat 185 —o)) = C(S+S,1) (S—Si1 
ae {((S#=0))-+ FC (S+819) (S—Sv+1) ) Bee 
at Sha 
+—{ (S— S*) (S+ So +1 4 
= ((S—S) (S+Sé+1)) oe ran (3-4) 
25+ (1/2) ho —ho/k p Tv kh T h ~ 
TG ees eee 
=o ; 
x (1-2) keT > he), 3-4 
( S(S+1) (kp o) (3: 4a) 
where  o=32Je,NmS (S kl ki 
+1)/(Ahe’E,). The first pe kl 


term in the curly brackets 

of Eq. (3-4) comes from weve 

the elastic process, and the we eD 

second and third terms 

come from the _ inelastic eS 
a 


processes which are shown b 
respectively in Fig. 1 (a) Fig. 1. The four equi-distant lines show the level scheme 
and (b). of each d spin (S=3/2) in the molecular field gM. 


Gi) Spin wave approximation 
For temperatures far below the Curie temperature 7'c, the excitation in a 


ferromagnet is naturally described in terms of the free spin waves,” and the 


g’s take the form 
g?- (wo) =28 a-+1) O(w—,); 


9z* (w) =2Sn_, 0 (o+e-x), | (3-5) 
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gi (w) =n(s- 45 ny) 9,09(w) 5 

N * 
where »,= {exp(Shw,) —1}~', and hw, is the energy quantum of the spin wave 
with wave vector «. In the low temperature region the spin waves thermally 
excited are mainly of long wavelength and its energy is approximated simply 
by hw, = (h'«?/2), + being the effective mass of spin wave. Then if we neglect 
the effect of the spin polarization of conduction electron, with the use of Eqs. 
(2-16), (2:19) and (3-5) we have the electrical resistivity in the present ap- 
proximation (see Appendix II) 


sa Gane [NJ(0) PAsT Ph (3-6) 
16 é ee ey 


where J(«), the Fourier component of the s-d exchange integral, has been as- 
sumed to be independent of « and has been set equal to J(0). This is just 
the same as the result obtained in reference 1) by solving the Boltzmann equa- 
tion. 

Now we will briefly discuss the effect of the spin polarization of conduc- 
tion electron. For simplicity if we adopt the energy spectrum of conduction 


= 
1 


m1 


electron to be of the type Ej~= (H’*k’/2m) + 4, by the conservation relations for 


energy and for wave vector we have that for the backward scattering 0>2/2, 
being the scattering angle, the minimum value of the momentum transfer is 
nearly equal to (4/E,)k,, and for the forward scattering ¢<2/2 that value is 
null. Then using the approximation fw,= (h’«’/2), if we denote the temper- 
ature by T, below which the electrical resistivity decreases exponentially with 
decreasing temperature, we have T,™(4/E,)*J'¢. This temperature is very low 
in the usual condition and in practice one can neglect the effect of the spin 
polarization of conduction electron. 


Gi) Use of the method of the Green’s function (T <T¢) 
Recently Bogoliubov and Tjablikov'"” have given a systematic method in 
solving the correlation function of the type <S,#(¢) S,’(t’))> by introducing the 


two time Green’s functions. Their result necessary for the present purpose is 
that 


92~ (w) =20(n,+1)0(w—@,), 


9. * (wv) =20n,0(w+e,), (3-7) 
J. (w) = No", 9 (w), 

ho, =20 XU (mn, 0) 1explix- Ry), (3-8) 
n,= (exp[Sho,J—1) +, (3-9) 


where I(m, 0) is the exchange integral between d electrons located at the lat- 
tice points 0 and m, and o is the average value of S,?: o=(S,"). At first sight 


pol 
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Eqs. (3-7) seem to have a strong resemblance to Eqs. (3-5), but the former 
differs from the latter in that gé-(w) and J. (w) are proportional to « in Eqs. 
(3-7) and to S in Eqs. (3-5), and in Eqs. (3-8) the energy quantum of the 
elementary excitation H@, is proportional to « and decreases with increasing 
temperature and is equal to null at T', for any wave vector. 

If we adopt the so-called effective mass approximation No,=f’x?/2/i, @ being 
dependent on T, we get the resistivity formula in the same way as in (ii), 


__ 9° Cz ) o [NJ(0)P[esT} a) aid 
Rope itd ae Ey bppedaten 1) (secs) 


(3-10) 


with x )=h’q’/2fkzT, q being the wave vector at the zone boundary. In the 
low temperature limit, oS, #>, x—0o and the integral in Eq. (3-10) be- 
comes 2°/3; so Eq. (3-10) reduces to exactly the same result as in the spin 
wave approximation. On the other hand if the limit TT, is taken, one has 
that «0, 2,0 and one is able to estimate the integral appearing in Eq. (3-10) 
in the form of the power series in 2. And one has that 


P ‘ay. £6 (1- Xo +-), 23-1) 
36 


where / is the resistivity calculated by the molecular field approximation in 
the temperature region T'>T'¢ and is independent of temperature, and A stands 
for a dimensionless numerical factor of order unity. Eq. (3-11) states that e 
is nearly proportional to T for the temperature region T ST c. 

(iv) The case T>T¢ (the moment method) 

For the present purpose we rewrite $(0) in the form 
2 y 4 E 1— Ex, 
(0) = 2 (2) QB) hehe) Fin Sadun (FBEME) B12) 
m kk! 


in which the effect of the spin polarization of conduction electron has been 
neglected as before, and ¢,(w) stands for the diagonal sum of g,’’(@) : 


Gaye get (o)=o \< exp[ix- Ry—iot}(S)(0).S. > @s13) 


n 


Replacing the summation appearing in Eq. (3-12) by the integration we can 


easily write 


_ Ne*k;' Jes i (a ho 3-14 
6(0) Sesh |dogo) exp[?hw]—1 ( 


and 


BKayes \ d(cos4) (1—cos 4) |J (i) [29 (w) / \ d(cos@) (1—cos@) |.J(«)|*. (3-15) 


tal 
(= 2k, sin — | 
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If we use % given in Eq. (3-4a) we can write for p 


a ) Be ENO EV (3-16) 
Pp S(S+1) fe exp[fiw]—1 

It is worth-while to note the property of Eq. (3-16) in the high temperature 
limit. In this limit we have that 


o bare ieee ( d. q(w) 
me S(SEDRN ee 


and that from Eq. (3-13) 
| dog.(o) = S'éapl seth. [OSes Sa(0) 9 Sta) 


where in the last equality the property <S,-S,)=0noS(S+1) has been takem 
into account because of the mutual independence of the system of d spins at 
high temperatures. So we have in this limit p=. 

We now turn to the problem to calculate ¢ for T>T¢. In this tempera- 
ture region the spin system is of course paramagnetic, but the spin ordering 
in short distances still remains. Let us examine the effects of this local spin 
ordering to the electrical resistivity, and look for the functional form of 9,(w) 
by calculating some of the moments (w”), defined by 


(o”), = j J. (w) on do| J.(w) do, (3-17) 


—o -2 


which can be rewritten as 
Di exp[i«-R,]{ (d/dt)™ (Sy (0) -S,.(£) >} eno 


w” ), = (—1)" = Fx87 (3:18) 
GOs aaa) 3 exp|ie-R,](S,(0) -S,(0) ) eye 


Because of the presence of the factor 1—cos@ in ¢(w) the forward scat- 
tering is less effective in determining the resistivity. In the usual conditions. 
that the conduction electrons are strongly degenerate, only the surface to surface 
transitions on the Fermi sphere can take place. So the average momentum 
transfer associated with the most effective transitions in determining the resis- 
tivity is large, say, of the order of k,. Then one can approximate Eq. (3-18) 
only by calculating the correlation functions between a few neighbours and 
their time derivatives. 

The moments are calculated only in the form of the power series of 8 and 
we confine ourselves to the estimations of p by the high temperature expansion. 
As is shown in Appendix II, in the limit 80, (w), goes to null but <w*), 
remains finite. It has been shown that™ for small momentum transfers (xa <1, 
a being the lattice constant) the comparison of <w"), with (w*), indicates that 
9.(@) may be approximated by a Lorentzian function, and, on the other hand, 
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for large momentum transfers («a> 7), 9,(w) may be approximated by a Gaus- 
sian function. These arguments are less satisfactory in the former case (ka <1), 
because the smallness of momentum transfer requires the inclusion of the cor- 
relation function for a pair of spins separated by larger distance and its time 
derivatives. 

The calculation is somewhat lengthy but is done straight-forwardly (see 
Appendix III), and only the results are quoted here: 


i. S(S+1) (o—Kw)x)” 
9.(w) =—z : - -19 
V 22 uw"), — Coy) exp 2(Ca),— (oye) ) Coe 


for kan 
S(S+1) 2b 
- ; 3-20 
on Go GtLe lo| <a ( ) 
P@)= for kal 
0, |w| > we 


with b= (2/2w,) ((w)>,—(w),). The factor MH, which is order of unity, is) 
introduced to assure the normalization of g,(w) the Lorentzian function trun- 
cated at w=+a,.; J9,(w)dw=S(S+1). For the limit «a0, if one adopts’ 


=) ICSU a ee 
ho,=91V S(S+1) one has that 3% a7 8(S ED T pho 4/S(8ED T 


2 
hence b= CO ey, And for ca<1, we may safely use the truncated Lorentzian 


function such as Eq. (3-20). 

Since the moments are obtained in the form of the power series in $I, we 
now calculate p by the series expansion with respect to 8. However, the func- 
tion x/(e*—1) (x=8Nw) in Eq. (3-16) is expressible in the power series in x 
only for |z|<2z. In the Lorentzian case truncated at w= +a, X:=Phe, is less 
than 2.6 for T=Tc~ and S=1/2, and hence x/(e’—1) can be expanded in 
the power series in 2 to perform the integration in Eq. (3-16). On the other 
hand, in the Gaussian case if the half width of g,(w) is measured by1/ Goon 


the quantity 8f\/(o").= Q/7/S(S+1)) (T,/T) is less than 1.2 for T=Te~o 
Suits Deccan ee eh z=PNhw=2 one has g,(w) ~e-™-9g,(0), and the Gaussian 
function truncated at Phw= +27 is used to calculate 9. 

It must be noted that even in the case kan there are some of the scat- 
tering processes associated with small momentum transfers ; however, because 
of the presence of the factor 1—cos @, these scattering processes have nothing 
to do with the electrical conductivity as far as J(«) remains finite for small x. 
And we use the Gaussian form for g,(w) to calculate ¢ in the case of a “ large eg 
Fermi sphere (k;a=7)- On the other hand for small k,a we use the Lorentzian 
form for 9,(@) throughout every scattering process. _ Then the substitutions 
Eqs. (3-19) and (3-20) in Eq. (3-16) give the following formula for ¢@: 
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Eh aot (3-21) 
Po , 
ay rah _ (Ze) {1- aa 1 1 i} 4-(22)'3—--}, 
OHSS ($1) T t. 8S(S+1) 1-7; pit 
(kyaZ2) (3-21a) 
mene ACh, a): peat eet Teles i Ga)" | (Te\'c_.., 
92zS(S+1) \T T L 8S(S+1) 2 ik 
(kya Sl) (3-21b) 
B= at (47 - 53 1 / ii il )+ a (= 1 1—72 
20 \9 12 S(S+1) 16 S?(S+1)? 2 \20 S(S+1) 1-n 
ae 4 01-7 Se 1 Oo— Te )+ f2—fs 
z 3% ee Jer 3 1—7; 1=n 
el (2 5S T 7 1 )- 1 (kya)? 
20 NiO: © 596 SeSCS1) S16 tAS (Sl) ty eS eas) eee 


where z is the number of first neighbours and T>~=2/zS(S+1)/3k, is the Curie 


temperature given by the molecular field approximation: 


defined as 


7’s and 0’s have been 


2k 
sinka 


r= 707 | deen’ |I(« Py oe 


0 


2ky 


neh | dewiveo eae) 


1s=T07 | dee’ | J() |? 
= 707 | deel Te 


r= 107 | dien’| T(x) |? 


d= 7, 


an 


28F 
sinka sin V2. Ka 


V2«Ka 


0 


2hy 
sin Ka sin 2Ka 


> 
2QKa 


eke 
sinka 
) > (3-21c) 
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where 


te 
ro= | dex'|T(«) | 
0 

In the above expression for p, the terms proportional to (T'¢/T)*, (T'¢/T)* are 
correct only in a simple cubic lattice. It may be noted that in the limit k,a—>0 
Eq. (3-21a) reduces to the Lorentzian case (3-21b), and Eq. (3-21a) is plot- 
ted in Fig. 2 on the assumption that J(«) is independent of «. It is easily 
seen from Eqs. (3-21), (3:21a) and (3-21b) that 
(a) in both Gaussian and Lorentzian cases p is smaller than p, and ¢ versus T 
curve is concave to the abscissa T’, 
(b) ge in the Gaussian approximation is somewhat smaller than the one in the 
Lorentzian approximation and in this latter case, if the limit k,a—0 is taken, ¢ 
becomes /%, and 
(c) if one assumes simply that J(«) is independent of «, 7, versus 2k,a curve 
is given in Fig. 3 and one obtains in the Gaussian case with typical numerical 
values (S=1, z=6, T~T-) the relative correction A=(—p)/P. which 
amounts to 10% or so. 


1.0 
0.8F 
0.6 F b 
a 
0.4F 
0.25 
0 
on 0.2 —__—__—_— — =i! 1 1 
0 2 6 8 10 
hips . 2 : 2kya 
Fig. 2. Relative decrease A (in %) in o is Fig. 3. Typical examples for the parameter 
plotted against T/T, in the case z=6 and y, as a function of 2k, ae Curve a is ob- 
S=1. Figures 2~6 stand for the values tained from the assumption J (x) =inde- 


pendent of «, and 6 from |J (x) |2=|J (0) |? 


f 2k, a. 


These may be explained as follows : In the region 7’>T¢, the long distance 

order in d spin system disappears in an equilibrium state but the local order 
ab 

in short distances still remains finite. Because of the exchange character of 
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the s-d interaction by which the conduction electrons are scattered, the presence 
of the local order will diminish the scattering of conduction electron to give 
<p) and will diminish especially the one associated with relatively large mo- 
mentum transfer (c«a~z). This seems to lead to the smallness of ¢ obtained 
in the Gaussian case. On the other hand, in the Lorentzian case there are only 
scattering processes with relatively small momentum transfers («a <1) and these 
processes are not so much influenced by the presence of the local ordering. 
This seems to explain the smallness of A in the Lorentzian case. 

(v) The case T=Tc(k; small) 

In the case of small &,, we need the correlation function for a pair of d 
spins separated by a rather long distance. This correlation function for the 
long distant spin pair seems to be a very slowly varying one as a function of 
tin the temperature region immediately above T,."”” So we may approximate 
(S“(0) S,’(t)> by <S“(0)S,’(0)> (static approximation). With this approxi- 
mation Elliott and Marshall” calculated the correlation function. Now with 
the neglect of the spin polarization of conduction electron, ? is expressible as 
in Eq. (3-16) in terms of g,(w) written as in the static approximation : 


J.(w) =0 (a) {6 (Kk) +O (x) +67 ()} (3-22) 
where ¢’s are defined by” $**(«) = >) exp[ie-R,] (S," S,“) (u=2, y, z). Eas. 
(3-16) and (3-22) give 


| €(cos4) (1 cose) |J (1) 7 g"*(«) 


0 ) 


(3-23) 


Po | d(cos#) (1—cos8) |e) |*S(S+1) 


(«=2k, sin(@/2)) 


Using the result obtained by Elliott and Marshall, this equation is reduced to 


Seen < 4 was tae Se 1 
Poo 39h} a= Gaal tReet ced 


(3-24) 
in the temperature region immediately above T¢. In the above expression 
y=2k,a is assumed to be small and J(«) has been set equal to a constant, and 


po and x, have the same meanings as in reference 20). These results are plot- 
ted in Fig. 4. 


(vi) The case T=Tc¢(k, large) 


In this case it is necessary to deal with the correlation function for a pair 
of spins separated by rather short distances. So the approach of the static 
approximation breaks down completely even in the temperature region im- 
mediately above Ty. In this temperature region, however, the time variation 
of the long distance order parameter is very slow™ and this order parameter 
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is assumed to be a constant in the time scale °/” 
in which the scattering process of conduction 
electron takes place. In order to obtain ¢ in 
the case of large k; we confine ourselves to 
the calculation of the pair correlation func- 
tions only of the nearest neighbours, i. e. we 
deal only with ¢S,(0) -S,(¢) > and (S,(0) - S; (2) >, 
0 being any one of the lattice vectors which 
join an atom to one of its nearest neighbours. 
Then g,(w) necessay for the present calcula- 
tion is approximated as 


g.(o) =| She {($,(0) - S(0)) 


Fig. 4. p/o9 versus T/T, curves in 
the case z=6 and S=1/2. Figures 
member a directional average has been taken, 1~6 correspond to the values of 


and S,= >'S;. In the present approximation y= 2k; a. 
Fy 


where in the second term of the right-hand 


the time evolution of S, and S, is assumed to be governed by the Hamiltonian” 
H=-—2IS,-Si—9 2 Wy, SHE. (3-26) 


H,, the so-called molecular field, is of character of a long distance order pa- 
rameter and is assumed here to be a constant parameter. Moreover, for the 
present case (IT =Tc) it is set equal to null. 

The way of the calculation is outlined in Appendix IV. Only the results 
are quoted here: 


BI(2Si+1) 
exp[@I(2Si:+1)]—1 


ae A w (Siz) 1—7,) 28,08: +1) [ exp(— AEs. .an) 
Po OZ, ~ 25-1 {( ; me 


Sr Mee TY Shoe \ eee sig 
Hone Fai) carries eat LOS te) 


x exp(—PEs +12) +S (s,-—) (1—71 (2S, +2)) exp(—fEsan) | (3-27) 


with Z, the partition function, 
=? ul w (S12) {(Si+1) exp (— PEs, +1/2) +S; exp(—fEs,-1/2)} » (3-28) 
Si 
in which 7, is the same as that given in § 3-(iv). w(S;, 2) is the multiplicity 
for a given S, constructed by z spins of one half. Eq. (3-27) is plotted in 


Fig. 5. 
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(vii) The summary of the results and 
the comparison with experiments 


The results of § 3-(i) and (i1) were p/p 
already discussed in references 10) and 
1). We now discuss the results obtained 
in §3-(iii)~(vi). The electrical resis- 
tivity p calculated by the method of the 
Green’s function in (iii) is just the same 
as given by the spin wave approxima- 
tion at low temperatures, and is nearly 
equal to the one given by the molecular 0.5 
field approximation for T<T,>. The 
method of the Green’s function with its 
lowest order solution (3-7) is not suf- 
ficient to discuss the paramagnetic region. 


The result of § 3-(iv) is that (a) ¢ él * 
is smaller than @ and ¢ versus T curve ; ed Taree te 
is concave to the temperature axis for Fig. 5. p/o9 versus T/T, curves in the 


case z=6 and S=1/2. Figures —0.1~0.4 


T>Tc, (b) g calculated in the case of 
stand for the values of 7. 


large k, is smaller than the one in the 
case of small k,, and (c) if the result (3-21) is extrapolated to T¢, Ago ho) 
~(—7n)/zS(S+1) is about 10%. cs 

From § 3-(vi) ¢ becomes small for small values of 7 which correspond 
to large values of k, by virtue of Fig. 3. This result is qualitatively in ac- 
cordance with the result (b) by the method of moment expansion, and with 
the result given by the method of §3-(v) when &, is large. On the other 
hand, for small k; we have p= by the method of moment expansion. How- 
ever, since small values of k, must require the spin correlation function for a 
pair of spins separated by large distance as well as by short distance, then 
the approximation in §3-(iv) which takes into account the spin correlation 
only up to the third neighbours is rather inadequate. From § 3—(v) for small 
ky, 9 is larger than ?. This is in accordance with the tendency in the result 
given by § 3-(vi) (cf. Figs. 3 and 5). We may conclude p> in the case of 
small k, and at temperatures immediately above 7'¢. 

In § 3-(iv) the cases of small k, and of large k, are investigated, and in 
practice ferromagnetic metals correspond to the latter case.” The tendency of 
the result (a) is seen in the ferromagnetic metals”: of the iron group and 
of the rare earth group without any exception. From Eq. (3-21) if we extra- 
polate A to the Curie temperature Ty we have Ag (1-71) /zS(S+1) at T¢: 
The experimental values for Ag are given in Table I, which enable us to esti- 
mate 1—j, as listed in the same Table. Values for 1—7, thus obtained are in 
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reasonable magnitude because the parameter 1—j7, takes a value ranging from 
PEO 26h Egs:5(3+21c)): 


Table I. A,’s in the column (i) are obtained from references 23), 24) and 25); and 
those in (ii) are obtained from reference 22). For Fe, S=1 is used,#) and for Ni, the 
simple Van Vleck model” is used to give S(S+1) =(1/2)(1/2+1) x 0.6+0(0+1) x0.4=0.45. 
From these values 1—y, is obtained by assuming the relation A,=(1—7,)/zS(S+1) 


A, hill 
S(S+1) 
SSPAO PME ia eae Gy saa hons ap 
Fe 0.15 0.0253 | 2 2.4 | 0.40 
Ni 0.26 0.0963 = 0.45 | LA | 0.52 
Gd 0.00996 = | . 7/2-(7/2+1) 1.9 | — 


§ 4. Dilute alloy 


For an isolated Mn ion Eq. (2:24) amounts to 
2(22)'s(S-+1)h 3 | I=)! ha) Fir fa) Evy) (4-1) 
m 


which is proportional to T, the absolute temperature. Since ¢ jz je) is propor- 
tional to T (cf. §2-(d)), the resistivity is independent.of 7’, as we can see 
basing upon Eq. (2-16). Thus the scattering process by isolated Mn ions 
gives rise to the resistivity independent of T. Let us consider next the effect 
of the scattering by a pair of Mn ions. Because of the presence of the factor 
1—cos9 in 6(0) (cf. Eqs. (3-14) and (3-15)), the scattering process accompa: 
nied by small momentum transfer is not effective in determining the resistivity 
and so the contribution to the resistivity of a pair of Mn ions separated by a 
large distance is very small. We confine ourselves toa pair of Mn ions sepa- 
rated by the nearest neighbour lattice vectors, and after averaging over angles 


we have 


60) =4(“) ys 7a ee ee oe By) t/H 


sin be — 


[Ae — 


x {<$.(0) -S,(t) > + FeSO) Ss 0) he (4-2) 


We assume the coupling between S, and S; to be 
H=— AS,:S;, (4-3) 
6 standing for any one of the nearest neighbours of the lattice point 0, and 


we have” 


Be li gee em es 
exp (—BEy-até(Es— Es-s)t/R) KJ 1M | So| IM \"} /Z 
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<:So' (0) Ss*(¢) >= {24 exp (— BED) |< JM|S,7| JM )|?—[exp(—8E,+7(Es1— Es) t/h) 


JIM 
+exp(—8E,1+i(Es;— Ey-1) t/h)]|(J—1M|So|JM >|"} /Z (4-4) 
with 
Z= VI (2I+1) e-"*7 
J 
where J and M are the magnitude and the z component of S,+S; and 


E,=—(A/2) (J(J+1) —2S(S+1)). In Eqs. (4-4) we have used the relation 
{J'M| 87+ 8;|JM)=0;,M. Using the explicit form of the matrix elements” 


(JM |So'|JM >= M/2, 


(J-1M| SIM) = V (@S4D—J?)/CI-D 2J+1) 


xV (J—M) (J+M) 
and Eqs. (2:16), (4:2) and (4-4), we easily obtain 


DES, Ne CAS OSL) ae 3) exp (— Ez) {J(J+1) (2J+1) (1+7) 


Po 


+[(2S+1)?—J*]J0—7)[28AJ/(exp(3AJ) —1) J} (4-5) 


where ( and 7, have the same meaning as in §3. Eg. (4-5) is the resistivity 
per single Mn ion and is normalized to unity at high temperatures. Indeed if 
the limit 8-0 is taken the right-hand side of Eq. (4-5) becomes independent of 
71 and goes to unity. In Eq. (4-5) the terms proportional to (1+ 7,) and to 
(1—y) come from the elastic and inelastic scattering processes, respectively. 
Eq. (4-5) is plotted in Fig. 6. 

From Fig. 6 it is seen that for A>0O (‘ ferromagnetic’ case) in the tem- 
perature region T’~A/k, / increases or decreases with decreasing temperature 
according to 7,>0 or to 7,<0, and for A<0O (‘antiferromagnetic’ case) in the 
region T’~A/ky increases or decreases according to 7,<0or to7,>0. But 
in that temperature region the increment in ¢ with decreasing temperature is 
less pronounced in the case A<0 than in the case A>0, because the parameter 
7 is larger than —0.1 as is seen from Fig. 3. 

Consequently, if Ay,>0, the electrical resistivity will have a minimum in 
the temperature region 7J’~A/ks when the phonon resistivity is added to p 
given by Eq. (4-5). Brailsford and Overhauser” showed that the present 
model agrees with the experiment of the electrical resistivity of dilute alloys in 
a semi-quantitative sense. As mentioned above, the resistivity minimum is much 
more pronounced in the case A>0O than in the case A<0, because the values 
of |7:| are not so large when 7,<0 (cf. Fig. 3). For CuMn alloys, which 
show an antiferromagnetic behaviour at low temperatures, this mechanism 
alone does not seem to be sufficient to explain the resistivity minimum. 
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Fig. 6. Resistivity versus tem 
unit 2p9/N, and T in A/kg. 
S=1/2), (A>0, S=1), (A<0, S=1/2) and (A<0, S=1), respectively. 


stand for the values of 7. 
§ 5. Concluding remarks 


been to have a formula for the electrical resistivity written 


e-time correlation function of the scattering system, and to 
system to the electrical 


Our aims have 


in terms of the spac 
discuss the effects of the correlations in the scattering 
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resistivity in some typical cases. In the cases of electron-phonon interaction 
and of impurity scattering the formula for the electrical resistivity gives only 
the well-known results. And in the case of the s-d interaction model for a 
ferromagnet the formula provides a physically intuitive method in discussing 
the electrical resistivity and gives some new results as discussed in § 3. 

In studying pair correlation function in space and time or its Fourier 
transform it is not sufficient to have only the experimental data about electrical 
resistivity, because the electrical resistivity is written in terms of the Fourier 
transform of the pair correlation function. For this purpose it is useful to use 
the scattering experiments (X-ray scattering, slow neutron scattering) because 
the Fourier transform of the pair correlation function is directly connected with 
the differerntial cross section for the scattering process.” 

It has been observed” that in some of the elements in the Uranium group. 
the resistivity versus temperature curve shows an anomalous behaviour as in 
Fe group, and in the case of Pu metal it has a marked maximum which may 
be attributed to the critical scattering of conduction electron at the transition 
temperature of the scattering system. 

In rare earth metals except for Gd, the resistivity as a function of temper- 
ature exhibits a complicated behaviour in the vicinity of the transition point®”™ 
at which these metals make a transition from paramagnetic state to antifer- 
romagnetic state. In these metals there remains an orbital moment and the 
interaction Hamiltonian (2-17) is not adequate in discussing the resistivity. 
The effects of orbital moment must be included in explaining the complicated 
behaviour of the resistivity in the vicinity of the transition point. 
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Appendix I 

In the present case j, is written as 


jo= 2) (—eh/m) ke dite Ane (1-1) 


where o stands for spin quantum number. From Eqs. (2-14) and (2-17a) we 
easily obtain that 


lim ([js V(o) LV (—a) je])o 


=— (AY SS) TW) (Wl Ke") (bah) Cl — hel! 


— 
m1 Kk/ kd kd) mn 


Space-Time Correlation Function ths 


x | 2) (expliae—e -R,,(t) ] exp[i(k’/—k”) - R,,(t’)] 


2n J 2x 
x lai, An» Sn’ (t) exp[i( Ey — Et) t/h|—ak,, ayy S,7(t) exp[i(Ejp—Ex) t/h| 


+ akry dx, S,* (t) exp [i( Ey — Ex )t/hj tak, any Sy (t) exp [i Ex — Bir )t/70)} ; 


x jahirrs arr SA(t') exp [2 (Byin — Ex) 0/B)— aking auny SE(t) 

x exp[7(Eygin — Eq) / f+ aiiiny anrr, Snt (t’) exp[i (Ey — Exit) t/] 

Bat ait, SEXY) expla (Bxin—Exn)t'/A]}). | (1-2) 
Because of the presence of the factors (k,’/—k,) and (h,!’’/—,'’), in the product 
of the two curly brackets only the following terms have non-vanishing contribu- 


tion: Ist term XI1st term, 2nd termX2nd term, 3rd term X4th term and 4th 
term 3rd term. For example, we evaluate here the term of the last type: 
2 
(SEY SYS TO Ab) TM WY) (bel Be) (ell ha!) 
m1 KIKI mn 
v4 


x | 2) Cexplik—W) Ry Jexp[i’—k) Ra (0)] 


Lee J Qa 


x exp [2 (Ey — Ex) t/n = 0 (Ey — F,7) t/n| Gir, aAky Aisriry Aye Si (2) Sa (z’) ) : 


x 


This is equal to 


(2) 5 3 rch hy (ba! =a) *| 6 | AE fF) expl i Ues— Be) (e—0)/H] 


m1 kk! mn Qa 
x (exp[i(k—k’) -R,,(0) ] exp[—i(k—F’) -R,, (t'-— 2) ] 8,7 (0) Sx 0) Do 


where f¢ are the distribution functions for the conduction electrons (k7) and 
(k |). Denoting the displacement of the n-th ion by wu,, we write R,(¢) 
—R,+u,(t) (R, being the equilibrium position vector of the m-th ion) and we 


have” 
Cexp[i«-R,(0) | exp[—z«-R,, (¢) ])=exp [in- (Ro—R,,) | 
x (exp [ise uy (0) | exp[ — ix: tn (2) J) 
onl ie (Ri aR exp ane ee {M“? (0,0) —M%"(Ry,t)} ] 


where M@°(R t) =(1to" (0) wert (t) D. With these relations and taking into ac- 
count of the translation symmetry of the crystal we have for the (—+) part 


of ¢(0) 
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oO =(AY NS IW —B Pk) FASE) Cir Eis = Bx) (7), 
(1-3) 
where G,-*(w) is defined by Eq. (2-20). In the similar way we can evaluate 


the other parts of 6(0), and we obtain Eq. (2-19). 


Appendix II 


In the spin wave approximation, from Eq. (3-5) g,%*(w) is proportional to 
6,9 and ¢(0) has nothing to do with the electrical resistivity. Now let us 
calculate ¢*~(0) +¢-*(0). With the use of Eqs. (2-19) and (3-5) we have 


6-0) +6 (0) = (2) NAS |g) 9e828Sizeg AF) (FD) 


the (1—firig) Mg} 8 Nwg— Exig t+ Ex). (II-1) 


Neglecting the effect of spin polarization of conduction electrons we have 


é*- (0) +4-* (0) = ( ) 4SNA & |J(q) Pas itn Then 


x(- Fa) 8heny ExvgtEx)- (II-2) 


Since in the low temperature region the spin waves thermally excited are 
mainly of long wavelength, the energy quantum fw, is approximated by ft?q?/2p, 
¥ being the so-called effective mass of spin wave, and J(q) can be assumed 
to be independent of q and set equal to J(0). If the summation in Eq. (II-2) 
is replaced by appropriate integrations over k and q this is easily evaluated to 
give 


_e& NS|J(0) |?" 


*~(0) +467* (0) = iets i 
61 CO) REO) ee ede (II-3) 
where 
i x’ e” dx 
Tr |) Ghalya? ees (11-4) 


In the low temperature region one may put 2)=© and J becomes z°/3. And 
one easily obtains Eq. (3-6). 
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The Hamiltonian of the system of d spins is assumed to be 


Hi 211 S;-S:. (III-1) 
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Let us begin with the calculation of (S,(0)-S,(0)). This is easily obtained as 
3 (S,(0) -S.(0) = S(S+1). (12) 


Now we calculate ¢S,(0)-S,(0)) in which 4 represents one of the nearest 
neighbour lattice points: This is calculated in the form of the high tempera- 
ture expansion 


S,(0) -$,(0))= 2TH) 1 me Elnora 2 \6". 
(S1(0) -8,(0) )= 1 ata Tr| (1 sH+ PH )S s,| (11-3) 


Z being the partition function 


Det lets). (III: 4) 
It is easily obtained that” 
Tr[Sp-Ss] _ 9 
sae 5 
Tr[ —HS,-S,] 9 Trl CSy-83) 7] 2 2 
Pa2 [ ee Sac l)e 
Tell} Tr[1] 3 ate 
Tr[( H?S,:S,| 2 Tel Se25s). | 2 2 2 2 
— 0 . =— I? S?GS+1)°*; HI-5 
Tr[1] Tet] 3 te) ) 


where the last equation holds only for S.C. and B.C.C. lattices. On the other 


28) 


hand Z is given by 


Z Nz 
= CAREY Asso og ort ct, Ill-6 
TI] te ‘ Gpye SS? GSa- + ( ) 


From Eqs. (IH-3), (IL-5) and (III-6) we have 


(8,-S,)=-2- p1s(S-+1)*(1--Al+~). (III-7) 


The correlation functions between S, and the spins located on the further neigh- 
bours are calculated only for S.C. lattice to be 


(S)-Ssen=——- (BD? S*(S+D" + (44 d' and 4+4'40) 


(Sy:$1,) = (BDS'(S4D) + 


(8, Sp»=O(%") : (III -8) 


where J” stands for any one of the body diagonal lattice vectors in a unit cell. 
Now we calculate the correlation function of the type <S)(0)-Sx(0) >, 


where S, is written as from Eq. (III-1) 


Sp= (21/h) V1 SrX Sieve (III-9) 
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Then, using commutation relation for spin operators, we have 
(8)-8))= (21/H) D (Sr SxS, = PKS, bse: (III 10) 


With the use of the relation 
(S)-S4X 84,4 =0 for 4+ 4’ A0 

which is easily verified to hold up to the term §*, we have 

(S):S,)= (21/N) pa (SoS, X Seas) = (21/h) (Sp SX Soy = — (21 /N) (So- S.). 

(III-11) 

(S,-S,) is easily calculated as before and from Eqs. (111-10) and (11-11) we 
have 

{S$y+S4)= (—1/z) Sp: So) 


=—7;7! 2 9792($41)? {1-—_ r+ (81)? S*(S+1)? 
h 3 2 4 


x[— 5 Ge + ; ae ; ey z : cqRaSR 
i separ te cca )+ 3 (2-2) J+}. ne 


And we have 
(S)-Sn>=O(), for |R| larger than | 4}. (II-13) 
We then calculate (S)-Sp> = —(SySp). From Eq. (III-9) we have 


(S,:S;)= (27) TL Fa Tr| (1— gH+— PH .) 


x BI (SxS) -(Sx$,) | 
which is calculated as follows: 


51 Tr[(SX$s) (SX S,)] _ 51 Trl Sox Ss)*] 


oy Tr{1] eet Tr[1] 
= Ge TL CSo’)* CS3*)7] _ 
—6:2 a 
T(t] zS7(S+1)%, 
sr Trl-H(SoXS5) + SX $,)] _ 97, TrL(So-$s) (Sox $3)7] 
7 Tr[1] Tr[1] 
=12Ie Tr [Sp So” So? Ss? Ss¥ Ss] = — #2 937943) 


pone LL Ee ae 


and we obtain 
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{S):S)=— ( =) ; 2S*(S+1)*{1——_ BI 


+ ODS) Sisto sist taf} (111-14) 


{S,-S,> is obtained from Eq. (III-14) and the relation 


(S)-S))= —z(S,-S,> (III- 15) 
which is easily verified to hold up to the term f*. Further we have 
(S)-Spy=O0(9°) for |R| larger than | 4]. (III- 16) 


The first and second moments defined by Eq. (3:18) are obtained from 
Eqs. (Ill-2), (II-7), (II-8), (II-12-16) after averaging over angles: 


eee 2I op sins: 
(oye = 2 28(8+1) 2 ar(1 2 


1 at Az sinx 
San 27? §?(S+1)?U+::: 
x {1 5 s1s(s+1)| S(S+1) a 3 |+6 (S61) | 


(III-17) 


(ot). 2 2s(sey (24) (0-22) 


x 


x fit gis(s+0[ yeti sin | 4 PPS (S41) V+] 


S(S+1) 3 
(III- 18) 
with 
eee Lape taeee ( 1 sing 
Oe NES 3 S§(S+1) S?(S+1)? S(S+1) £ 
Pe: sin 2 _ 2 sinda) +16 (S22), 
BMS yal) te ee 3 x 
1etval 36 4 1 )-4( 1 sin 2 
= + : 
y. 10 ( 9 SUS 41 eS: Ose 4) 7 SCS L)vrat a 
8 sinV 22, 2 sind) + 16(222),, (111-19) 
Dias 5: ee x 


where x=«a, a being the magnitude of any ene of the lattice vectors which 


join an atom to one of its nearest neighbours. Eq. (III-19) is correct only 


for S.C. lattice. 

In the high temperatur 
shows that 
(a) for x7, 9.(w) 1s approximated by 
(b) for x1, g.(@) is approximated by a 


e limit (8-0) the comparison of (w’), with (op, 


a Gaussian function, 
truncated Lorentzian function. 


¥ 
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Since in Eqs. (III-17) and (III-18) it is observed that the ratio of the second 
term to the first in the curly brackets is about 10% or so for S=1/2 and 
T=Ty~, the above arguments (a) and (b) can be assumed to hold for 
T=>Tvo. Then we have Eqs. (3-19) and (3-20). 


Appendix IV 
From Eqs. (3:15) and (3-16) ¢ is given by 
bom : ja o\a 12 2086) 7 () pga) See IV-D) 
Pm tee ay JA (cost) [dod cost) |) lige) Genz > AV-D 


where 9,(w) is given by Eq. (3-25) in the present approximation. Now we 
calculate the correlation functions (S,(0)-S,(t)> and <S,(0)-S,(z)> in the repre- 
sentation in which S and M are diagonal. Here we mean S and M™ are re- 
spectively the magnitude and the z-component of the resultant spin angular 
momentum operator S=S,+S,, where the magnitude of S, is of course 1/2 and 
that of S, takes an integral value ranging from zero to z/2. Then the matrix 
elements necessary for the present purpose are” 


(s+-+—m) (s+3-+™) (s= $+} 


1 
2S:+1 


0 (s=s,- , ) 


(S—1M|S,'|S M) = 


bo | bo 


(SM|S¢|SM)* = 


(S+1M|S¢|SM)= 


EL eat Laman 1 
agar (S43 =m) (S45 +07) 


| 
| 
Es 
| 


re eae ul 
——,/ ($+ —1 14m) 
(S-1M|S#|SM)=) 23:41 J 8 M) (Sit +M) 


(SM|S*|SM) = 


* In the right-hand side of this e i i 
quation and the following one the upper member co 
to the case S=S,+4 and the lower to S=S,—}4. ee mon 


eo 
a 
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(S+1M|S|SM) 


(S—1 M+1|S,*|S M)= 


(S$ M+1|S |S M) 


(S+1M+1|S*|SM)= 


(S M£1|S:*|S MY 


(S+1 M+1|S:*|S M)= 


Using these matrix elements, 
to be 


(S(O) Si) = Fexr(— 
x ($M |S¢|S—1M)<S— 


e 
Ms 
($- Laeiseitan=|" 285 
ia 
[fe 
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eee lo et hea ab 
Sea f (Sit M) (s+ 4-+™) 


IL 
=) (SF M+] 


(si -M+ =| (siz M+ | 


~A ( (s¢u—.)(s2m++) 


ces 
1 
Set 


aii oo hha > )(Si+M+] 


i i 
(s+ M——) (Si M+) 


28; 3 
eae pie (s.tM+— ) 
25,42, 7 1 
/(s +M+ >) (s +M+<_) 
ae : Dh. 


for example; . S(2)) is easily calculated 


BEsm) exp [7 (Es-1u— Esy) t/t] 


1M] S82|SM)+(SM|S,°|SM)¢SM|S,'|SM 


+s exp[i(Essan— Bau) t/Hi](SM| Sy |S+1M)(S+1M|S,"|SM)} 
weal w (S12) | Ste Bevcan et) 
Tbe (OS) aU 


x | exp [i (Es,41,4— Es,-1/2, m) t/h\( = 1) Cre M+1/2) (5; +M+ 1/2) 
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aR Sr exp(—fEs, +1/2, 0) | expLi sian, a ~Esyey2,a)¢/ 
M=—(@,+1/2) 
x (=1)($)— M+1/2) ($+ M+1/2) +28: M? |, (IV-2) 
where Z is given by Eq. (3-28), and w(Si, 2) has the same meanings as in 
§ 3. And in the same way we have 


z Ss eae Se _w(Siz) 4 44, exp(— Es, -1/2, 0) 
(So (0) ab) 5 om (28,;+1)? \w=-G-12 


x | explé(Es sir Bsa) t/B\S+1/2—M) (S,+1/24+M) +M') 


S,+1/2 

exp (— PEs, 41/2,m) 

M=—(S;+1/2) 
x | exp [i (Es, -1y2,—Ess,+12,)t/A\(S:+1/2—M) (S,+1/2+M) +m']! 
(IV -3) 
In Eqs. (IV-2) and (IV-3) E’s are given by 
E 1/2, M— 
So Oe NU TCS Ae Tah te ois See anv ay 


in the temperature region T>T¢, where H, can be regarded as vanishing. 
Then we have 


<S,(0) S(t) )=3 CS," (0) So* (2) > 


= 1 yr wlSz) 
Zo 25,+1 


\(S; +1) exp(—fEs,+1n)[2S; exp (iI(28 +1) t/h) 


+ 8,+3/2]+ S, exp(—PEs,-12)[ (28: +2) exp(—il(28,+1)t/h) +$-1/2]} 
Se op ok Conran i ore 
(8:(0)-8:)) = Five (Sie) HE {exp (SE s.s12) 
x[—exp(z1(28,+1)¢/h) + 8,+3/2] 


+exp(—Es,-12)[—exp(—iI(28,+1)t/h) —S,+1/2}} A (IV - 4) 


With the use of Eqs. (IV-1), (IV-4) and (3-25) we can easily obtain Eq. 
(3-27). 
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Bound states of a particle-hole pair are investigated by means of the Bethe-Salpeter 
equation. Besides the well-known density oscillation, it is shown that transverse collective 
oscillations are possible. The conditions for the existence of a transverse wave are studied. 


§ 1. Introduction 


It has been shown by many authors that in the many fermion system the 
collective excitation of a density type wave (plasma oscillation and sound wave) 
can be considered as a bound state of a particle and a hole and one is able 
to treat such a bound state by means of the Bethe-Salpeter equation.” 

In the case of a density wave, the interaction kernel of the Bethe-Salpeter 
equation is usually given by the lowest order diagram which is shown in Fig. 1. 

In the case of a plasma oscillation, neglecting 
the exchange interaction (Fig. 1b), we obtain the V7 
well-known Bohm-Pines’ dispersion relation. Inthe =A °° ° ° °&42| 
short range limit, we cannot distinguish the interac- oe 
tions corresponding to Figs. la and 1b. In this limit, a b 
e.g. when the potential is considered to be 0- Fig. 1. 
function, it is easy to obtain the solution of the Bethe-Salpeter equation and 
we can obtain the dispersion relation for the sound wave. 

In this note, we shall investigate the general properties of the Bethe-Salpeter 
equation for a particle-hole pair. We assume that the range of force is finite 
(non zero and not infinite such as the Coulomb interaction). In the case of a 
finite range of force, as will be shown later, besides the ordinary density wave 
which is longitudinal, transverse waves are possible. The dispersion relations 
for these transverse waves are very similar to those given by Abrikosov and 
Khalatnikov.” They derived the dispersion relations from Landau’s theory” of 
fermi liquids. 

However, in contrast to longitudinal waves, the condition for the existence 


of transverse waves is strongly dependent on the depth and range of the po- 
tential. 


The interaction shown in Fig. la contributes only to the longitudinal wave 


\ 
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and therefore we cannot obtain a transverse wave in the zero-range approxi- 
mation. 


Although, for the sake of simplicity and concreteness, we assume a local 
potential, a similar discussion is applicable to the more general case where the 
effective potential is non-local without retardation. 

Since it is very hard to treat the Bethe-Salpeter equation with non-zero 
interaction range, in general, we confine ourselves to studying it in the limit 
of long wavelengths. In §2, we shall derive the Bethe-Salpeter equation for a 
particle and hole and solve it in the zero range limit. In the long wavelength 
limit the equation is transformed to a set of simultaneous linear algebraic 
equations as will be shown in §3 and we can obtain dispersion relations in 
some approximation. In § 4, we shall discuss the condition for the existence 
of transverse excitations by the integral equation method. 


§ 2. Bethe-Salpeter equation for a particle-hole pair 


As is well-known, the Bethe-Salpeter equation in the lowest order approxi- 
mation” is given by 


1(p) =iG(p +) G(e—+} 
{2008 frcq) 24, + J ote ad 0) OS (2-1) 

where p=(fo, p) is the relative energy and momentum, 

k=(h,#) ° is the total energy and momentum, 

v(k) is the Fourier amplitude of the interaction, 

potential, 

L(p) is the B-S amplitude, 

and G(p) is the particle propagator and is given by 


G¢p)=1/| p— P4108 (ples) | (2-24) 


oe afore 20 


where a ea={") for «<0, 


and pr is the Fermi momentum. 


The first and the second terms in Eq. (2-1) correspond to Fig. la and Fig. 1b 


respectively. 
Since the potential v(k) is independent of the energy Xo, from Eq. (2:1); 


we can obtain the equation for F(p), defined as 


\ 
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P(p)= | dpvZ( bo, P)- 


(2-2b) 
The equation for F(p) is as follows : 
F(p) =L(p, k) {—20(k) \d°gF(q) + |d*qv(ip—a FD} 2-3) 
where 
tin gclancler Sele E)-adon aa 


2(2z)* o— (pk) /M- 


[o(e— neler eet )-e(or-le few § |] 


and 


(2-3a) 
pause 
2% 
Now let us expand F(p) in spherical harmonics 
F(p) = 30 ¥im( 2p) fim(P)- (2-4) 
After some tedious aan the equations for fin(p), derived from 
(2-4) and (2-3), are as follows: 


Sim (p) = —2v(k) 1729y,0\d2, Yi5(2,)L(p, k, cos@) Yoo(2,) \e°dp fol) 


Men Tae \42, Ym(2,) Lp, k, cos@) Yum (2p) [daguelp Q) Fim (@) 
0 


where we have written 


(2-5a) 
v(|p—q|)= di wi(p, gq) P:(cos@), 
5 (2-5) 
cos 0= (P-q) 


Pq 


It is remarkable that in Eq. (2:5) only those fn are coupled together which 
are designated by the same m value 


For the sake of convenience, we introduce the following dimensionless 
variables, 


(2-6) 
DP’ fim (P)=Gen( 2). : 


Peas) 
Particle-Hole Bound States in the Many Fermion System 87 


In this notation, Eq. (2-5) becomes 


Jin(2) =—20( ppd) 4a] — ee ay lee a 
4 (2n)° ; 


xX 


ieee ea! exe ) [da 


O2z ~ & Léxe 


1 = An (27+1) (21' +1) (d—|m|)! (’/—|m])! 1? 
Gry? | ar mi I! +1 L (2+ |m|)! (+|m|)! | 


ls 

4 

5 At (yy x i 
See jac ele Lape €/+0xz |p (z) Py (z) 


x | dy vv (pre, Pry) Gum (y) (2-7) 
0 
where 
of nw d aoe Dele a ee Be Rah wer: nor 
ns * (ae ET | ej eee 


Of course, if a>1, we define g(x) to be zero. Then the integrals with infinite 
upper limits in Eq. (2-7) become integrals over finite intervals. Since we are 
interested in the case where 0<1, and since we require a<1 we can easily 
obtain the region of x for which %,(x) 0: 


Q 


) 0 
Leesa Sl, (2-8 
2. 2 ) 
Now, it is much more convenient to change variables as follows: 


2) 0 
z=1+——§, Pe har 41 


where 
Pace er, yay i, 


Using the variables § and 7, we obtain 


x 


dyvv(pe(1+-5 8): pr(14—5-1)) dom() (2-9) 


. Mbp mtd Tete Near GO) (=r 
fin ©) = 9 (9n)8 x2u(pr?) Ono 42 E—z(1+ (8/2) &) SCENES 
( aMpr 1p lt) 2U +1) C= |ml)! Ulm) FP 
x |dbant)+[ 2(22)3 eae 2l' +1 | (+|m|)! (Ulm)! | 
u 1 (1 yeee & te ang) 
x | del ea DH aT Ome eRe 
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where 
aay ue) 
peeM cada ee 
perk 1+ (6/2)¢ 4 
Clearly, the solution of Eq. (2-9) is independent of the sign of m since the 
equation is only dependent on |m|. Thus if solutions with m0 exist, the 
energy eigenvalues are doubly degenerate. Although it is difficult to solve 
Eq. (2-9) in general, we can easily solve it in the zero range approximation. 
In this limit, Fourier amplitude of the potential v(k) is a constant and hence 
all v, except v) become zero with v, being a constant. Then Eq. (2-9) reduces 


to 
1 


_ aMpr vac nag ha = Saal 1. 
I) = sag) lle eee €-+2(1+ (3/2 ny 1) 9(*) 


and we obtain the dispersion relation 


(2-10) 
“1 até) 


In the zero range limit, there exists only a wave : 
with m=0, i.e. a density wave and no transverse waves 
(m0). Even if the primary two-body interaction is oo 
a 0-function, the effective two-body interaction in a Fig. 2. 
many-body system need not be a zero range interaction. 
For example, if we use a chain type approximation for the effective interaction 
(See Fig. 2.) as was done by Landau,” the zero range approximation does not 


hold. Hereafter we shall take “ potential” to mean the effective two-body 
interaction without retardation in the many-body system. 


§ 3. The long wavelength approximation 


As we are interested in the long wavelength limit, i.e. 0<1, neglecting 
quantities O(0) in Eq. (2-9), we find 


‘ aMbp ( 1 Dik pelt eet 
GAs) 200) Bere \de Gempate = Ek 4 P;(z) | 2G) Ono 
1é| ‘i =i 


_ tMpr Beker) | OPED GPE heal) |b} le 
2(2n)* vatm 2)/+1 (Z+|m|)!(+|m])! Per 
x | de(G—  ) Pe Pre | degim()- (3-1) 


Letting 


lt 
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1 


Aim= | En), 


—1 


Eq. (3-1) reduces to the following algebraic equation : 


(22 »? oy 400 Om,o 


_aMpr 2 vv pr) eee ete aD rele) al 
(22)? vem 2 +1 +|m|))!(/+\m|)) 


_ «2M. pic we 
3 ee 20(0) | dz aves ) 


(ae ay) (2) Pir (z) 


pis NG is (352) 


where 
V1 (pr) Oy (pr , Pr): 


Since the eigenvalue equation is a transcendental equation, it is not clear whether 
a solution exists or not. 

We try to solve Eq. (3-2) approximately. 
1) Short range approximation 

In the short range approximation (in which the range of the force #™ 
times the Fermi momentum fy is very large: -#/pr<1), 


UV, <V-1- 


ia) The case with m=0 
Because of the condition v,<w-1, the dispersion relation reduces to that 


in the zero range approximation : 


1 
mMpr € 
: (22)* 7(0) | 3) 
and if the interaction is repulsive (v(0) >90), a solution always exists. 
ib) The case with m=1 
The dispersion relation becomes 
iL al 
aMpr 1 c 20-2) 2’) _ __a2Mpr (ae 27(1—27) 
“Se Tera eases) | 4 - 2(22)8 v1 ( r) | dz =e 
(3-4) 
and the condition for the existence of a solution is 
px — Mer 1) (pe): (3-5) 


(22)2 3 
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That is, v:(pr) must be negative corresponding to an 36) 
attractive force. Because of the stability of the Fermi 
sphere, the effective interaction should be repulsive and 
the interaction in configuration space has the form 
shown in Fig. 3. From Eq. (3-5), using a square well 
potential as the surrounding attractive force, the depth 
of the potential can be estimated and the result is 


1 ci 
eM a po ; 3-6 Fig. 3. 
1552 oR a’ (pra) ( ) 


where V is the depth and a is the range. If we take v./v,<1/10, then aprSl 
and from Eq. (3-6) 


MVa?> 22X45. (3-6/) 


Two particles in the p-state are able to be bound in a square well potential 
which satisfies Eq. (3-6’). Consequently, the Fermi sphere should be changed 
drastically by such a large attractive force even if the scattering length is posi- 
tive. 


ii) In the case of €~1 
Now, let us study the case 0<<1 where €=1+4/. 


iia) The case with m=0 
Eq. (3-2) with m=0 is 


1 1 
JE z = —_——_—_ yy 
X,=2Av(0) \ dz aE) XA 41 ee \ te 


=1 —1 


2P,(z)Pu(z) 
E—z 


‘Xen 
If 8~0, the integrals in the above equation are considered as follows: 


eé—z Brihay: 
where the first term is the main one and is independent of J and /’; the second 
term is in general dependent on 7 and 7’. However, we take C, to be a con- 
stant (independent of / and 7’), because it is less important than the term 
In(1/). Letting Y=Vi(u/V 2U+1)%, we can obtain the following equation : 


Xy= Al2v(0) — AY, 


{ dz 2Pl2) Pu) 1} 


-1 


where 


From the above equations and the definition of Y,. we derive 


> 


= - ie 
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Y=AIUZ— Aiv(0) Y, 


Z=2v(0) AIZ— Ai2v(0) Y 
where 


U= 51 a16290 Dy AN, 


and 


foo} 


v(0)= 2 Ui( pr). 


1=0 


The dispersion equation can now be derived and easily solved; the results — 
are 


— p-C% ns (22)° z 1 i Men 1/2 
igs exp| FI TUN ag NG RIE ics Mee a) 1} | 
for a<l 
Gee) 
—e-% 2a (27)? : 1 at eas ae 1/2 ; 
e exp| ATED LIE {1—(1—8(a. 1} | 


. for 1l<a<1+1/8 
where 


st 1 u(pr) 
v(0) V2i+1 


This result is very similar to that of the zero range approximation. In the 
zero range approximation, the result is 


g=e"* exp| Cus | TOD OP <1. (3-7') 
aMprv(0) 


iii) In the limit of €>1 with m¥0 


In this case the algebraic equations become 


Yim = - Iva Ui4+1 Vv +1)’ Y, apm tV U U-1 VP=m bees yee 


and the dispersion is given by 


te (4) y U1 Vi11 (LZ +1)?—m’) a2 Oy41 V 010142V @t1) =m? (1+2)?— n| 
1=|m| =m 


A\?2 Pepi? l [Pisa i G+2)?—m? 
_(4 Bh I oe a lle gt ee ee ea PURO (oor 
( 2 mvs (( ) ) Va, v) (aed) — ae 
If the depth of the potential is sufficiently large, a solution always exists. This 
conclusion is assured also in the next section and in the Appendix. 
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$4. The integral equation method 


Since it is much more convenient to treat a single integral equation than 
to treat such infinite simultaneous linear algebraic equations as Eq. (3-2), after 
transforming Eq. (3-2) to an integral equation, we study the conditions for 
the existence of longitudinal and transverse excitations. 


4-1) The case with m=0 
At first, let us consider a longitudinal wave. In this case, the algebraic 


equation is as follows: 


1 


s r CAA mes = 2i+1 SES Polen. 
Xi=20(0) | dows Sivan jae EOP esc 


where we take A=1 or Av,—v, for the sake of simplicity. Defining the func- 
tion g(z) and the constant Y as follows: 


y(2)= APD x, Pe), 


Y=2Zv0(0} Xs, 


we can easily obtain an integral equation for g(z) from the above algebraic 
equation, i.e. 


1 
¥=2u(0) | dz eS 1Y-9(2)}, 
J E 


1 
/ 


g(z) =G(z) ¥— | de’ Ki(zlz’) = 9), (4-1) 
ae * 
where 
HP ACD z’ P,(2") 
Cig) ey ees 
( f=0 Y 2/+- | ae E—2' ’” 
Ky(z y= oe 4 U1 P,(z ) Pilz as (edt) 


Since the integral equation for g(z) is an inhomogeneous Fredholm equation, a 
solution always exists. By the use of 


9(z)=Y(e) Y 


and the first equation of (4-1), the dispersion relation is given as below: 


=2v(0) | dz 42 1~-9@), (4-2) 


or 
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Eby c 
1=20(0)| € In; 3 pee ey | 
(etn ty -2- [ae e* Ve) | 
where Y)(z) satisfies the equation 
y 
Y(z) =G(z)— | dz! Ky(z|2') 7 D@') 
and is given formally by 
ie al 
Y(z) =Clz) + Y (—1)"| de KG [zCC2") 
where . 
(a2!) = | de" KO (2|2!) Kol2!Iz’) (4-3) 
and 
K® @|2')=Ko(2l2) 2 >. 
The kernel K,(z|z’) is expressed more compactly as follows 
(4-4) 


2x 


K,(z| 2’) = ag | dee (Prs bes ze!—/ 1-2 V 1—2z” cos¢). 
0 
(The proof of Eq. (4-4) is given in the Appendix.) 


4-2) The case with m#0 (especially m=1) 
gebraic equation (3-2) is transformed 


In the case of transverse waves, the al 
ion. When 


to a single homogeneous integral equation 

(=|n)! J" pce) £_X 18 

dm 2) =| CoP] Pn) Bee Xm (4-5) 

the integral equation for g,(z) 18 given as 
In(2)=— ae" <= Kalele')In(2") (4-6) 
where 
Kalele) = 3) oI preyPrne). (4-6') 
fain CEE)! 


To study the eigenvalue problem of Eq. (4:6) let us consider the following 


equation : 
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g(z ag | de! Kalle Oe). (4-7) 


For the existence and properties of the eigenvalues, Eq. (4-7) is Race 
because it does not have a symmetric kernel. Thus, we want to trans Hf, 
Eq. (4-7) to a more convenient form. By decomposing g(z) into two parts 
as follows: 


g(z)=9,(z) for z>0, 
Gx(z)~ fon 2:0, 


we can obtain the simultaneous equations for 7,(z) and g_(z) as follows: 


i 1: 
g.(z)=—-A ; sl | de’Kn(zle’) 94 (2’)+ | dz' K,,(z|—2’) g_(z')} : 


(4-8) 


1 


1 
Pad z|—2’)9.(2’ (et Rts “)g-(2)} 
ban reve Kael 2) 96(2 + | | 


g-(z) =A 


where we have used the following properties of K,,(z|z’) 
Kat apehy = K,,(—2z|—2’), 
Kn(z|—2!) =Kn(—2|2’). 


The eigenvalues of the simultaneous equations So -8) are given by the eigen- 
values of the following single integral equations.” 


1 


9(z)=—A a 2’ Ka(2l2’)94(2")s 


(4-9) 


1 
j_(z) =I —~—| de! K,(z2|z')9-(2’). 
q_(z) e+e | (z|2’)g_(z’) 


From Eq. (4-9), we can obtain integral equations with symmetric kernels: 


9,(z)=— i\de'y) N Tet sao wy Kn(ele)9.(2), — (4-10a) 


1 


g_(z =a | dela) oe 


esata 2!) ely ae lz’)g-(z’), (4-10b) 


where we assume €>1. If €<—1, we should use |€| instead of € and gy, and 
g- should be interchanged. If the potential is always repulsive (i.e. all v,>0), 
the kernel in Eq. (4-10a) is negative definite and then its eigenvalues are all 
negative. However, Eq. (4-10b) has a positive definite kernel and its eigenvalues 


(a fir at ne) “aN 


- 
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are all positive. Denoting an eigenvalue of this integral equation by /,(&), the 
dispersion relation is given by 


Awake) 13 (4-11) 


Now, let us study (4-10b) with m=1 more precisely. The properties of the 
eigenvalues of a homogeneous Fredholm integral equation with a symmetric 
positive definite kernel are well-known and for the minimum eigenvalue, 2 
the following inequality holds: 


mins 


1 


TY eR cote) cn cif deide yf 8 x! Ky (2|z') 91: (2) 912’) 


z y E+z E+ 2! 
(4-12) 

where 9,(z) is an arbitrary function having unit norm, Le. 

1 

\ azo (ej=1. 

0 
Then a necessary condition for the existence of a solution of the dispersion 
relation (4-11) is 


il 


[ae oe Rice) con eo (4-13) - 
or 
1 
or z (l= lon}! My ahrsGote aes e 
| der Sul apr EOS tora 
0 
ffi ‘ta 1 oS V1 ' ; 
ap {V2 | ae agen Pr) Borg F ae 


eat 

We can obtain a much more precise condition using the Kryloff-Weinstein theo- 
rem which gives the upper and the lower bounds to the true eigenvalue. 
(However, we shall not make use of this in this paper.) From Eq. (4-13) 
it is clear that if the effective interaction is sufficiently large a transverse exCi- 
tation can exist. By assuming the potential to be Yukawa type, the explicit 


condition is given by 


2 \ 
Sp gee aS (4-14) 
EAU 
or 
Tee. gt (4:14/) 
Au” 


(where g is the coupling constant and yo is the range of the force). 
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This is the high density limit. More precisely, (4-14) is 


Ges a [ arctan te Bars In (1 +4 ae )|- 
2 F 


§ 5. Discussion 


In this note, we have studied the bound states of a particle hole pair. 
These bound states can be interpreted as collective excitations and, of course, 
the ordinary phonon type excitation is included. From § 3-ii), we can conclude 
that if the effective interaction is repulsive a longitudinal excitation is always 
possible and in the weak coupling limit the solution of the dispersion relation 
is similar to that in the zero range approximation. However, the condition 
for the existence of a transverse excitation is more restricted and the larger 
the value of m, the more severe become the restrictions. 

Formally, the existence condition depends on the sign of the interaction. 
Of course, in the case of an attractive interaction, we should insure the stability 
of the Fermi sphere. That is, in this case we should examine whether or not 
bound states of two or more particles can exist. If the attractive interaction 
is so strong that bound states of two particles can exist, the Fermi distribution 
has to be changed drastically and then the basis of our discussion has to be 
modified. In the case of a repulsive interaction, however, we can consider 
that the Fermi distribution does not change drastically. It is worth-while to 
note that in the transverse excitations states are doubly degenerate (+ ||) and 
these two states can be interpreted as a right-handed and a left-handed polari- 
zation. The momentum dependence of the excitation spectra of transverse 
oscillations is the same as that of a longitudinal oscillation or phonon. 

In this paper, though we assume that the effective interaction is independent 
of spin coordinates, the generalization of our discussion is not difficult. In 
general, if the interaction is dependent on spin coordinates, besides longitudinal 
and transverse excitations, there will exist spin waves.” Thus, in general, in 
the many fermion system we have three kinds of collective excitations, i.e. 
longitudinal, transverse and spin waves. (See ref. 2).) 


The author wishes to thank Professors N. Fukuda, K. Sawada and H. Suura 
and Dr. Y. H. Ichikawa for valuable discussions. 


Appendix 


Let us see the kernel K,,(z|z’) to be expressed more compactly. Kn (z|z’) 
has been introduced by the infinite series : 


Kn (2|2/) = > (pr, pr) Py” (z) Pi (2! G=|m)) ‘ 
isa ee per tlm)! Cee 


Using the sum rule of Legendre Polynomials, we obtain the following equation 
> 


RO Meet aoe aye e I 
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Beebe |e) )== va v( pr, pr) jag cos m¢ P,(z2' = I—2/1—2" cos¢). (A-2) 


On the other hand, from the definition of 
u(p, q)=v(p, q, cos 0) = Y) u,(p, g P,(cos 0) 
where i 


cos 0= (pq)/pq, 
we find that 


v( pr, pr, C089) =v( pr, pr, 22'-V1—2/1— 2" cos ¢) 
a x v1( pr, pr) Pi(z2/-V 1-27 1— 2” cos¢) (A-3) 
=0 
where we ahve used the well-known relation 


cos 9=cos@ cos @’—sin@ sin#’ cos¢. 


Substituting (A-3) in (A-2), we obtain 
/ Lut RY CTEM Oe (EET: 
K,,(z| z =a, ee cosm¢yu( pr, pr, e2'/—-V 1—-2*V1—z" cos¢). (A-4) 


For example, let us apply the formula (A-4) to the Yukawa potential. In this. 
case, K,(z|z’) becomes 
gy cos@ 


1 re A 
SSNS Popeye S74] hn (4/pr)?—22/+V 1-27 1—2” cose 


—*, 


u 4 


1 g\? 2 ae: Cua! Lo Ss 
eal ag ie seer (1+ (#/pr)?— 22’ — (1-27) 1-2") 
(A:5) 
Therefore, if (4/pr)’?>1, Ki(z|z’) becomes approximately 
, 1 g Mase te Co ae ana ‘Gi 
Kile) = (Sa) v1 desler \a7iae 


et aa Ee iWlew yy tae: 
4 pr 


In this approximation, we can easily obtain the dispersion relation in the 


repulsive force and the result is 


(A-6) 


fz 4(22)' ps 


1 et 2 
3 1—2’ tMpr gf z(1-: 
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And if the following inequality holds, 
aMpr , eA 2) ag 
A(on\ jf") ~*~  ol-Fe 
y (A-7) 


tMpr 9° >, 


or 
24(22)* pe 


we have a solution of (A-6) for €>1. 
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Properties of the Hamiltonian operator of the quantized field is studied in the framework 
of the theory of Hilbert space. The fixed source theory and the boson-fermion interaction 
are mainly investigated in the cases of .both discrete and continuous spectra. The total 
Hamiltonian operator is defined first in a domain dense in the Hilbert space, under the con- 
dition that the interaction form factor in the momentum space is “square integrable”. Then 
it is shown that the total Hamiltonian as a self-adjoint operator can be determined in terms 
of the perturbation series for every finite value of the coupling constant if the boson mass 
is not zero and that it is the unique self-adjoint extension of the symmetric operator defined 
initially. For the boson-fermion interaction with continuous spectrum, some additional con- 
dition on the interaction form factor is needed. Further the perturbation series of the 
S-matrix element for scattering is discussed in the framework of the wave packet for- 
mulation. 


§1. Introduction 


In the quantum field theory the problem of the convergence of the pertur- 
bation: series expressing the solution of the fundamental equation is of both 
practical and theoretical importance and has been studied by many authors from 
various points of view. 

The difficulty of the diverging integral which appears in each term of the 
perturbation series was successfully removed by the method of renormalization. 
In this note we study the other important problem, that is, the summability of 
the power series, introducing from the beginning a so-called form factor in the 
‘nteraction Hamiltonian and making each term of the series finite without using 
the renormalization technique. 

Some attempts have been made in this direction. For scalar boson field 
@(x) with self-interaction /¢°, it was shown” that the Green function or the S-matrix 
can never be written in a power series of 7, because the number of the Feynman 
diagrams in the 7-th order is roughly proportional to 7! and the lower bound 
of the absolute value of each matrix element corresponding to the Feynman 
diagram in that order is a” with a being some positive number independent 
of n, and a fabulous cancellation of the contributions within the same order 
For the boson field interacting with the fermion current, 


does not occur. 
between the various terms seems to happen,” al- 


a considerable cancellation 
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though both the number and the magnitude of the contribution of the diagrams 
are comparable to those in the case of the boson self-interaction. Indeed, it 
was shown” that the U-matrix element describing the change of the state during 
the finite time interval t is bounded above by a function A exp(B#’), A and B 
being some positive numbers, if the system is enclosed in a large box and the 
interaction is cut off in the momentum space in such a way that only a finite 
number of degrees of freedom of the fermion field can interact with the boson 
field. On the other hand, for the meson field interacting with an extended and 
fixed nucleon, an explicit formula for the nucleon propagator was given,” which 
is valid even if the volume of the box is infinite. It is to be noted, however, 
that the existence of the propagator gives no direct assurance of the conver- 
gence of the power series of its Fourier transform or of the S-matrix element. 
Thus one sees that the problem of the convergence is solved partly but im- 
portant subjects are still left unsettled. 

The main aim ‘in the present article is to clarify the properties of the 
Hamiltonian operator in Hilbert space, especially the self-adjointness® of this 
- operator, and to examine the convergence of the perturbation expansion. For 
a given system of the quantized fields, we construct the Hilbert space in which 
each element represents the state of the system, and define a Hamiltonian oper- 
ator first as a symmetric operator with its domain dense in the Hilbert space. 
Then we extend the operator appropriately so that it becomes self-adjoint. We 
examine whether this self-adjoint operator can be determined by the perturba- 
tion method and whether it is the unique self-adjoint extension of the symmetric 
operator defined initially. Our procedure has more or less different features 
from those adopted by the authors quoted above, since we study the Hamiltonian 
operator as an operator in Hilbert space, whereas they principally discussed 
the matrix elements of the operator. Owing to the character of our method, 
we may hope to know the exact and general properties of the spectrum of the 
Hamiltonian operator, but it may be questionable whether the conditions for 
its applicability would be too stringent for practical use. It will turn out, 
however, that our method can be applied at least to the several systems having 
the non-relativistic interaction form factors. Hence, the convergence of the 
perturbation series of the S-matrix element, too, can be discussed in the 
framework of the wave packet formulation. 

We give in § 2 some known properties of linear operators and an important 
theorem concerning the regular perturbation.” §§ 3~5 are devoted to the discus- 
sion of the fields having discrete spectra. The fixed source theory (§ 3) and 
the interaction among fields (§ 4) are examined. Some examples will be given 
to see the validity of the perturbation method. In §5 the analytic property of 
the resolvent is described and the eigenstate and the eigenvalue of the total 
Hamiltonian are derived. Next we introduce the particle representation” or 
the representation by means of the Fock space” of the state of the field (§ 6). 
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Then we study the fields with continuous spectra (§7) and examine the con- 
vergence of the perturbation expansion of the S-matrix element (§8). We 
summarize the results and discuss some remaining problems in § 9. 


§ 2. Mathematical preliminaries 


In this section, definitions* and known properties of linear operators in 
Hilbert space will be stated for the preparation of the succeeding discussions. 
1. Resolvent* 


Let T be a linear operator in Hilbert space §. The complex numbers 
which do not belong to the spectrum 3(7) of T constitute the resolvent set 
A(T) of T and the resolvent 


RY= T=) (2-1) 


is defined for all 7=@ A(T’) and is a bounded linear oeprator with the domain 
everywhere dense in §. When Tis a closed linear operator, R(/) is a bounded 
operator with domain § and is a regular function of J/€ A(T). Further, when 
T is self-adjoint, all non-real complex numbers belong to A(T). 


2. Regular operator” 

Let T, be a closed linear operator depending on a complex parameter ¢. 
T, is called a regular function of ¢ if R,(J)=(T,—2™ is regular in the neigh- 
bourhood of t=0 for some fixed /=J, that is, if R,(Z) can be expanded in a 
power series of ¢. If R,(Z) is regular in ¢ for t=0 and /=, it is shown to 
be regular in ¢ in some neighbourhood of t=0 for every Je A(T). 


3. Rellich-Kato’s theorem 
In the following sections we consider symmetric operators of the type 
hy=ho+ah,; (2-2) 


where J is a real parameter (coupling constant). We now wish to get self- 
adjoint operators H, regular in 4 by extending A, appropriately. For this 
purpose the following theorem given by F. Rellich® and T. Kato” will be 


useful. 
Theorem. Let operators H, and H be linear extensions of symmetric operators 


hy and h in (2-2), respectively, and let Hy be self-adjoint. If D(H) 2D(H)** 
and there are two non-negative constants a and & such that 

|Z \|Sallfll+ oll Af (2-3) 
for every f€ D(H,), then the resolvent R,() of H,=Hy+4H with D(A,)= DUA) 


has the following power series expansion in /: 


* As to definitions and notations not stated explicitly in the text, see references 4) and 5). 


** D (T) is the domain of an operator T. 
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o 


RD) = (A, —-D 7=R OD a (—A)"{HR, (2) }”, 
where (2-4) 


RS (De (ee 


The power series in (2:4) is convergent for 4 and purely imaginary / such that: 


[4] < {b+ (a/|Z|)}~. (2-5) 
Therefore H,, is self-adjoint and regular in 4 at least for 
—1/b<i<1/b. (2-6) 


Further, Hi, is the unique self-adjoint extension of h, under the condition (2-6),. 
if hy is essentially self-adjoint (that is, if A>=H)).* 


§ 3. Boson field in interaction with the fixed source 


For simplicity we consider a neutral scalar meson field ¢(x) in interaction 
with an extended nucleon fixed at the origin of the coordinate system. The 
whole system is supposed to be enclosed in a large cubic box with volume 
2. The periodic boundary conditions are assumed. 


1. Hilbert space 


The function of the coordinates x defined in the box can be represented 
by its Fourier coefficient for the momentum vector k,; (¢=0, 1, 2, 3, ---), where: 


k,= (22/2"*) m,, 


(3-1) 
Miz, My, My=—O0, +1, +2, «>, 
and k,’s are arranged in such a way that 
tJ gltn || ean (3-2) 


and for the same value of |k;|? the order is arbitrary (the number of k,’s which 
have the same |k;| being finite). 

The state of the system is represented by a vector in the Hilbert space, 
for which the complete orthonormal system is composed of the basic vectors 
b(n 3 No, Mm, -*-), Where 7, (¢=0, 1, 2, ---) is the number of mesons in the 7-th 
momentum state k, and n= din is finite but may be arbitrarily large. Since in 
each (73m, m, -+) m is finite, there is a minimum number i, such that n= 
for i=iy and we can enumerate the basic vectors one by one by putting 


Lp=P(n; M,m,---), P=0,1, 2, --, (3-3) 


where, for example, p>’ if niy>n'iy and the labeling is arbitrary for the same 


* T denotes the closure of an operator T. 
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value of miy (the number of such p’s being also finite). The basic vectors 
satisfy the following orthonormal relation : 
has is) =O gyre . F (3-4) 
Now every f in the Hilbert space is represented as 


f= 21 %p= De OM tiga, 29) Ory 2 I, 


rn=0 Un;=n 


Son. CCl, My, °°) P(N 5 Mop M15 -*), (3-5) 
o 
where oy means the sum over all possible ; under the condition >'7,=n, and 
un=nr z7=0 


has the finite norm defined by 


l= Jar.) = { Domla (tt 3 20, mH, ++) [P< 0. (3-6) 


The inner product of elements f and /’ is given as follows: 
Cr Ts te (3-7) 


The space defined in this way is evidently complete and separable, and 
will be denoted by §. 
2. Creation and annihilation operators of the meson 


Creation and annihilation operators of a meson with momentum k; are 
denoted by a;* and a;, respectively, and defined for every element of the com- 
plete orthonormal system as follows: 


a p(n; No, “yg, 7) =n, +1¢(n+1; 1, are n+1, -++), 

and (3-8) 
ay(n; Nm, 8, 1g, ve) =1/n, f(n—13 mM, tee, n,—l1, se), 

3. Hamiltonian operator 


By a;* and a, we construct operators ho and h: 


foo} 
* 
he= > War a, 
4=0 


n= 5 (V;*a,+ Via"), 


i=0 
where 
we=|k,|?+" (4: meson mass), (3-9) 
and 
V,=0,/V 20:2, 
v, being the Fourier coefficient of the nucleon form factor for the momentum 


k;. 
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For every f€ we write formally, 


hf = pas; ( s 1, W;)A(N 5 No, )P(n > 705 “+), (3-10) 
i=0 


oo 


Af = Dm UV mt1 Vit a(n+13 mM, > M2 +1, +) 


= > V1; Via(n—15 Mo, 5 M—1, +) }P (15 Mo, +5 Me, 77). (3-11) 
Ao%,E for every %,, but h¥,=H if and only if 
Fes 3 |Vi= (0/2) Bi |eil?/20 <0. (3-12) 
Let D, be the totality of elements f= da, X, with finite number N. D, is clear- 


ly dense in §. Then it is easily Nevified that Ay and A are the symmetric 
operators defined in D, under the condition (3-12), namely, for every f, 7=D,, 


(rf, =(f, hog) and (hf, 9)=(, hf) 
are valid. 


Now an operator H, is defined by the same expression as (3-10) but for 
elements f such that 


Hof P= Dim E Lice)? |e (nm 5 My>°*+) [>< 00. 
Hi, is shown to be self-adjoint and called the Hamiltonian operator of the free 


field. Since (1+H))D(Ho) 3(1+ Hy) D, is dense in $, hy=H), i.e. ho is es- 
sentially self-adjoint.” 


For every f= D(H,) anda linear extension H of h, we have from (3-11) 
ZF ||? = Doni | ve Vn+i Vi*a(n+1 Moyne, Nyt Ll, a>) 
i=0 
a pu Vn; Via(n—1 3 229, ae fig Fs -es) & 

i=0 

= > al { pa Vn+i | V;| $ |a(n+1 > 2p, °"*s nm+1, s+) | 

HSV ae “Sm —1;) ++) |}? TF 

= a i » lo, > iG } (s Pal: (3-13) 
It is easily seen by repeatedly applying Cauchy’s inequality that 


Saale Vn +1/Vil- |a(n-+1; Mm, --, Myrrh yen he 


i=0 


a { Vn |Vil-|a(n—1 3 Mo, °°", n,—1, soe) [}?] 
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<2 pay yk pe 1Vil") { zo Ce LI Ok WL ts °°, Mer ly +4) Ph 


SF ( 23%) { Pat |\ViPla(n—1 PULUDT vies ne L, s+) PPI. (3-14) 
Replacing »+1 and »;+1 by m and 7»; respectively, we obtain 


eo 
2 
alr I Fy pa pS n,|a(n Sid 8 RS ve) /? 


1=0 
+2 Dim Ge) D1 Valila(m fig eey Tigancss ) ig 
=2Fy* Dim (2n+1)la(m; Mo, ++, Mh, a (3-15) 
Now for f€ D(H). we have 
|of PS ev Died n\a(n et ae lis 
since w=, and 
FIP= Dem lal; mo, °+) P<. 
Therefore the following inequality holds, 
WAP SI7 Sal FP +57, 


or 
FF \|Sacllf\|+5-l\Aof ll, - (3-16) 
if we take numbers a, and }, under the restrictions 
a,24F,o and 6,2 (4F\/pe), (3-17) 
with 
= |e 


As o is not bounded above, we conclude from Rellich-Kato’s theorem that 
for every real finite 4 we have an operator H, which, if #>0, is defined in 
D(H,) as the unique self-adjoint extension of A, and regular in 4. H, thus 
obtained is called the total Hamiltonian operator of the field interacting with 


the source. 


For any other example in the fixed source theory, that is, even if the boson 
has charge and/or spin or interacts with a finite number of sources, the results 


are essentially the same as in the neutral scalar case, since we then meet with 


a finite multiple of degrees of freedom of the boson field in comparison with the 


latter case. 
$4. Interaction among fields 


Since this section is devoted to clarifying under what condition the theoreni 
"of § 2-3 concerning the regularity of the Hamiltonian is applicable to an inter- 
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action among fields, some of the examples presented are merely artificial and 
have no correspondence to physical reality. The whole system is enclosed in | 


a box as in the preceding section. 


1. Boson-fermion interaction 

a=a(k,) and a,*=a*(k,) (6; and b*; c and c,*) are the annihilation and 
creation operators of the particle A(B, C) with the momentum k; (cf. Eqs. (3-1), 
(3-2)). A(B and C) indicates the boson (fermion) field, all of the fields being 
assumed to be neutral for simplicity. A Hilbert space § is constructed from 
the following complete orthonormal system : 

LP (bss n> ley 05 Mey 5 Tay = 7)5, PH Up 1 Su: (4-1) 

where J,(=0,1, 2, ---), m, (=0,1) and », (=0,1) are the numbers of the 
particles A, B and C respectively in the state k, and the numbers l= Dil, 


eS ii, and = )‘n; are all finite but may be arbitrarily large. Further, 
i=0 


i=0 
a:t,=0 if 40, 
DLe=0 if m,=0, 


(4:2) 
CeX,=0 if iP 
La:, a;*|=40,,, {b;, b;*} =0;;, (Ci, cy*} =01;, 
and the other commutators or anti-commutators vanish. 
We introduce the following *operators : 
hy=hot+Ah, 
hy= (w4a;* a, + Wa b* b+ Woici* ci), (4-3) 


t=0 
h = 22, Vina™ (k;) a Vinja (—k;) ) (b* (ky) -+c(—k;,) ) (cr (ky) + b(—ky) ) > 
where 
we = Mi + | Fe,|”, WwW = M;’ + |K,|?, \ gr = M? + | Fe,|?, 


(4-4) 
Vip= V(k,, k;, ky) =V*(-k,, —Key, — ky) =Vi,0(k;, ky, ky). 


Mua, Mz, Mo are the masses of the particles A, B, C, and 0(k;, k,;, k,) represents: 
that the momentum conserves in this interaction: k,+k,+k,=0. Now we 
define hy and h first for all %,'s (the bases of §) and then consider their linear 
extensions. It is easily seen that ho=H, is a self-adjoint operator with the 
domain D(H,) which consists of all the elements f such that 

i 21% %)= Damm &(L5 m3 25 lo, 5 mo, +3 Mo, =) GL; m3 nz) EG, 


and 
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oF Il? = Damn ( a w,l;+ Waimit Woini)’ 
De Car sere shops dito wees 7g) |, <00. 


h can be defined as a symmetric operator for all 7%,’s if and only if 


Dyes Pad ajo] <0. (4-5) 
uy 
A linear extension of h is now written formally as 
8 
eh) Ee 
v=1 
where 
FEV ise Dy” Gena LD = NV pedis U7 ole, ( ) 
4-6 
H®=y0 Vite a,* Cy ie H®=3! Viet ci On; 
and 


OST ee for yo, 0,1,.. 
For every f€ D(H), we have, for example, 
EL APS Domw | TV E |Vinl |e 15 m—1 5 m1 
Do Sy oho eo ys Tae tg NS, (4-7) 


where the summation (>‘) in curly brackets is carried out, fixing a set of num- 
(aye) 

bers {d;, m;, 7% (i, 7, R=9, 1, 2, yey srover valle ts i7,.6 he 100 which “221, m;=5 

n=1. Using Cauchy’s inequality and (4-4) 


(eseeg a Damm { Vee | Vaal -|a(Z—1; ---)|-O(K, hey, he) }* 
== Loeemmy { 2a 2? Ce, kj, hey) } ~ {| Vie? |a(—1; +++) |? O (hy, Ke, Ke) $ 
heal Veale — 1 5) 
Replacing /—1, /,—1, by Z, Z, and so on, we get 
£2 S Damn LD) (m+) 1 | Veeel"S 


Xa (LZ; m; m3 lo, ++ 5 Mo, °° 5 Moy +) |?, 


OF SE Ditea tL) (m+1) “ lal; m,n; by, *°° 5 Mo, °** > Mo» Deals 
After the analogous calculation we obtain 
JH FIPS Fe Damm C+) (m tat) 


 |a(L; m3 13 bo, ++ 5 Mo, “3 Mo» Sal Pads gO). (4:8) 
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IH FIP S8 oI | f ||? <8? Fe? Samm @+1) (m+n+1) la; m; n; bs my; ny) |?: 
(On the other hand it is seen that 
IF 2= Ysamm |@(L3 m3 13 l3 my; me) |’, (4-10) 
and 
WHI !2 > Soamm (Mat (mi? +n!) 7}?-|a (13 m3 n3k3 my; m)|?, (4-11) 
where 7< (32/2) (23)~1*, 3 being some positive constant. (4-11) is obtained 
in the following way: From (3-1), (3-2) |k,|=2z227""|m,| and there is a posi- 


tive finite constant § such that $|m,|*=j7 for all values of 7 because (4/3) 
X2\m,|*~j7 for large 7. Thus we have 


ke,| => 222-48 (7/3)3? 
| | = Cf; i 


and 


3 m; W 3,= DE mV M;?+|k,|?= pz m,; \k;| 
2 20 (08) 3" > mj = (32/2) (23) m*" 


Sn,Wey is also bounded below by a similar expression and Si teas = IM. 
j= 


j= 
As 7 may be positive so far as 2<, we get the following relation from 
(4-9), (4-10) and (4-11), if M,>0: 


Fl <allf||+o\| Af || for every fe D(A), 


where 6 can be taken as small as we like. Hence, if the boson mass is not 


zero, h,=H, is self-adjoint in D(H)) and regular in 2 for all real 2. 
Finally, it is remarked that H conserves the difference between the numbers 


of two kinds of fermions $}(6,*b;—c,;*c;) and accordingly it conserves the so- 
j=0 


> 


called “fermion number” if C is regarded as the anti-particle of B, and that, 
on the basis of Dirac’s hole theory, we have constructed the Hilbert space 
only by those basic vectors in which a finite number of fermions (particles 


and/or anti-particles) are present, and assumed a positive definite free Hamil- 
tonian like (4-3). 
2. Boson-boson interaction 


If all the particles A, B and C of (4-3) are considered as bosons, the total 
Hamiltonian cannot be defined by the present method. To show this we con- 
sider here the simplest example of the boson-boson interaction, self-interaction 
of the boson field with only one degree of freedom. 

The total Hamiltonian is written formally as 


/ 
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A,=H,+/H, VER atom H=(a*+a)’, 


with a(a*) the annihilation (creation) operator, and the complete orthonormal 
system of the Hilbert space © is a set of 7%, (n=O, 1, 2, ---) with bosons. 
Then D(A)) consists of all f= > )a,%, such that 


nr=( 


IFI2= So layl?<co and ||Hyf P= Vinla,|?<oo. 


n=0 n=0 


AZ is certainly defined for the bases of § and is symmetric. However, H can- 
not be defined for some elements of D(H,). In fact, for such an element as 
f= zh (1/n’)%,€ D( Ah), 

\||Hf\\? does not exist. Therefore, the Piconeinmo: §§ 2~3 is not applicable to 
the present case. This is consistent with the result obtained by several authors.” 


Next we consider the following interaction among three kinds of bosons 
A, B and C, 


,=h+ih, (h) having the same form as (4:3)), 
h= 2 (Vijna™ (k;) + Vinza(—k,) ) (b* (k;) agen (k;) ) (b(—ky) + G( hee 


This interaction conserves the sum of the numbers of the particles B and C, 
Di (G,*5; + c7*c1)=N. Hence, if we decompose the entire Hilbert space in a di- 
rect sum of subspaces in each’ of which §t is constant, we can define the total 
Hamiltonian H, in each subspace with finite % in essentially the same way as 
in the fixed source theory with a finite number of sources. It is shown, how- 
ever, that the power series expansion of (//,—/) -1 as an operator in the entire 
Hilbert space can not be justified by the present method. 


§ 5. Spectrum of the total Hamiltonian 


The result of the preceding sections states that the resolvent R,() is 
expressible in the form (2-4) and is an analytic function of 2 for every real 
A4=/, and some /=J,. Since H), is self-adjoint, R,(Z) can be defined for all le VCE 
as an analytic continuation from J. However, of course, R,(/) thus defined 
-can not necessarily be written as a convergent power series in A as (2-4). 


1. Matrix element of the resolvent 
Now we consider an example of the matrix element of the resolvent for 


the neutral scalar meson : 
% (A, p= (fo, [H,—<}" ry) =e oa (fo, Py) |? (Ey—2) KA (5-1) 


with the eigenvalue Ey corresponding to the eigenstate ¢#y of Hy with the 
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eigenvalue ey. It is known™ that %y and Ey can be explicitly calculated by 


a unitary transformation. We finally get 


$2, D=Z[(Om—D 1+ D "/n!) 3 {CL um +9m—D™ 


llils=0 
x a 2| Vi |?/wia} ] ’ 
_ where 
Om=h=—27 5! | Vil? /eer, 
i=0 
Z=|(/o, Yo) |’=exp(—# 2 | Vl?/z0”) . (5-2) 


As is easily seen, the right-hand side converges for every finite 2 and for every 
finite complex number 7 except for the set of points: 


3 (Hy) = (8m) + Dinw} Gu=0, 1, 2, +), 


(see Fig. 1). 
(1) |6m| <p/2 


(2) |dm| > 0/2 ut+dom 


Fig. iF Py (A) and J (Ay) in 
the /-plane. x denotes a discrete 
eigenvalue. 


+ (A) is exactly the spectrum of the total Hamiltonian H,. It should be 
noticed that ‘¥(J, 7) can not be expressed in a power-series of 2 for Z ina 
shaded domain of the /-plane in Fig. 2 since 0m depends on 2, but it can be 
if we consider 0m to be constant as in the convention of renormalization. 

2. Eigenvectors of the total Hamiltonian 

We denote by ¥,(%,) the eigenvector of FH, =H,+/H(H,) with eigenvalue 

Hi, (é,)+ 

(OE, )Y5=0, (5-3) 
and 

oe.) X= 0) (5-4) 


Here E,>e,, ¥,>%, for 20 since E, and ¥, are analytic functions of 2. 
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Next we introduce the projection operator P, : 


POY pe Oper) Let (?, pe’ =0, ibe 2, re) 3 (5-5) 
and define the symmetric operator 
Hi Het A Pel Pe = 0; 125) (5-6) 


which is evidently self-adjoint with domain D(H,) and regular for real 2. 
If we put 


P (9, 4, E)= {1+ (E—Hy,) 4H} %,, (5-7) 


then by the power series expansion of the resolvent and by the analytic con- 
tinuation with respect to EL, we get 


(H,—E)¥(p, 4, E) ={e,-E+%, (A, E)}%,E9 (5-8) 
for EE A(H,,), where 
SrCA3 E) ea Jabba bdr CE Ie 9) avilX,} = pa [np (E—-€,,) ee (5-9) 
with 
inp — (On, ALLS) 5 
&, anh ¢, being the eigenvalues and 
the eigenvectors of H,,. The graph 
of 3,(4, E) as a function of E is 
shown in Fig. 3. If we denote by 
He Gr=0, 1, +>) the roots of the 
equation 
E—e,=2,(A, E), (5-10) 
then, since ee ACEI»), (5-8) be- 
comes 


Fig. 3. The graph of the function 2, (A, E). 


(H,—E,™) P (p, A, fe) =0, 


~where (5-11) 


w(p, A, E,™) = {1+ (E,® — Hay) AE} hy 


E.™ and &(p, 4, E,™) are the eigenvalues and the eigenvectors of H,, respectively. 
i i 4 i . . 

If we formally expand the right-hand side of (5-10) and (5-11) ina power 
series of 2, we get the familiar formulae of the Brillouin-Wigner perturbation 
theory.” 


§6. Particle representation of the field with continuous spectrum 


a 


In the preceding sections the system is considered to be enclosed in 4 
large box, so that the spectrum of the total Hamiltonian as well as the free 
? 
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Hamiltonian is discrete. The states of the system, there, are described by the 
occupation number representation” in which the basic vectors are specified by 
the number of particles in each discrete level. In this and the following sec- 
tions we consider the case where the system is not enclosed in a box and the 
spectrum of the Hamiltonian is continuous. 

Though the formulation of the occupation number representation is pos- 
sible also in this case, it is greatly cumbersome as compared with that of the 
particle representation.” Therefore we here employ the particle representation 
or the representation by the Fock space.” 


1. Hilbert space 
We consider a denumerably infinite system of functions 


W= {fn (s)} = {ho(s), ¢a(s), 5 Pals), °F, (6-1) 


where ¢,(s) =, (51, °°"; Sn) 18 a complex-valued function of 7 real variables 
Si, **) Sn defined in the domain R,{aXs,<b (é=1, 2,-+-,”), a and b may be 
infinite} and ¢)(s)==% is a complex number. We shall impose the following 
condition on V: 

IVIP= | 16.) Pddn<eo, 


where 


| IoC) |?) 0= [ol (6-2) 


| IfaG) F (ds) n= | In(s)|?ds--ds, for n>0. 
RK, 

All W’s defined by (6-1) and (6-2) constitute a Hilbert space, which will be 
denoted by §. W is called a state vector. 

If all the functions except ¢,(s) vanish in WV, we say that the field is in 
a state which consists of an assembly of » particles. Particularly, the state 
represented by a vector {)30, ¢,(s)=0 (2=1)} is called the vacuum state.. 
¢’n(s) is called the -th component of VW and the space composed of all elements 
of the form {¢m(s)0nm} is also a Hilbert space and specified by the symbol 
H"(c H). 

It should be noted that all the components of ¥ are the totally symmetric 
(anti-symmetric) functions of the arguments s,’s for the boson (fermion) field. 

Now we consider the case in which a=—co and b=+oo, Let D,c be 
a set of all the systems of the functions of the form 


N 
CVs , 
Men ah ae 


m=0 


4" ={n(s) Bam = Pa(s) exp {524 +45, | Bank (6-3) 
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where P,(s) is an arbitrary polynomial of {5,, ---, s,} and Nis an arbitrary but 
finite integer. 

The set of all 4s with m fixed is denoted by D,”. D,” is evidently linear 
and dense in §", since D,” contains all the elements of the Hermite orthogonal 
system which is complete in R,. Therefore D, is a linear set dense in §. 

In this section each s, will be considered as the momentum vector k, of 
each particle with components &,, (i=1, 2,3 and —o<ky<-+o). It should 
be remarked here, however, that we can pass from the momentum space {kp} 
to the coordinate space {x,} and vice versa by the Fourier transformation, 
namely, we have 


| I¥n Ch) [*(aIe) a= | [dn (#) (dx) n< 09, (6-4) 


where ¢,(x) is the Fourier transform of ¢,(k) (m1) and ¢,(k) =¢)(x), and 
thus the correspondence is one-to-one, linear and isometric. If an operator is 
defined in the momentum space, it can also be defined in the coordinate space. 

Finally we describe the correspondence between the particle representation 
and the occupation number representation. This will be of supplementary use 
for the discussion in the next section. We take the orthonormal system z,(s) 
(p=0, 1, 2, -+:) which is complete in the domain Rilas sss}, 


| 5s) ues) d5=8 (p, q=0, se 2, -), (6:5) 
Ry 
and expand every component ¢,(s) of WE as follows : 
fn(s) py age (pi; fies Pn) Up, (si) Un, (s2) “Up, Kon) : (6-6) 
We define 
BG tye rateccsiy, ah if Wns )) 6 Pes 22s Pn), (6-7) 
where 
s7 nj=n, 
j=0 
n, indicating how many times j appears in (fi, -**, Pn)- For the boson field 
4,20, 1,2, 2 (7=0, 1 gae-) Mand. p= lee For ithe fermion field 1;,=0, 1 and 
P=+1 or —1 according as (fi, ps2 ++, Pn) iS an even or an odd permutation 


of its natural ordering. Then we have from (6-6) and (6-7) 


5! De: |\d(n; No, 1 »5 sea Wea y le (pr, ae 9 pa) |= S| ins) *(d5)n< 00. 


n=0 X Nz=N aul p;!s= n=0 
(6-8) 


We construct a Hilbert space & in which each element is of the following 


form, 
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@ 
=n d(n; No, were N;, )X(n; No, ae nN; ee), 


n=0 4 unj= n 
where 7’s constitute the complete orthonormal system of &. This expression 
is quite similar to (3-5) in the case of discrete momentum but it should be 
remarked that the state j here is specified not by the momentum ky, but by the 
function w,;(s) of some orthonormal system. Each element of & corresponds 
to one of © and conversely through (6-7). Thus £ is a kind of occupation 
number representation of §. 


2. Creation and annthilation operators 


We define for every J°€ D,"C $" two operators A~{G*} and A* {G}: 
A-{G*} = |\G*() A(s) dst 


== 10, 0, ae) Vn \ G(s) Ins aE Sn) dSn; 0, +} =e 


Ry 
for 2=—1, 
a (6-9_) 
=( for 2= 0, 
ANG) f= I G(s) At (s)ds 2 
={ yin Asy {G(Sn+1) In(s)}, 0, oe i ou: 
for, i2=0,1, 2. =: (6-9,) 


0-th component of (6-9,) is always zero. It is easily seen that (6-9) are justi- 
fied if and only if the following inequality holds for the function G(s) : 


\IG@las<ee, (6-10) 
For the boson (fermion) field, all y,(s)’s are already the symmetric (anti-sym- 
metric) functions and the symbol Sy (Asy) in (6-9) stands for the symmetri- 
zation (anti-symmetrization) between s,,, and 7 variables s,, ---, s, In general, 
Sy f(S1, ++, Sn) denotes the sum of the function f(s, -::, s,) over all permutations 
of {s1, -**, Sn} divided by 7!. On the other hand, Asyf,(s) is the similar sum 
but each summand is multiplied by a factor +1 or —1 according as the per- 
mutation is even or odd. 

Since the operator A*{G} or A~{G*} transforms a state corresponding to 
n particles into one corresponding to +1 or n—1 particles, A*{G} or Aq {G*} 
may be called a creation or an annihilation operator, respectively. It can be 
shown that the two operators A*{G} and A7{G*} in D, are adjoint to each 
other” and can be defined for every element of 9" (n=0, 1, 2, ---) but not neces- 
sarily for elements of §. 


A*{G} and A~{G*} are represented in & as follows: 
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ANG} = Gat, A{GY= UGta, (6-11) 
= i=0 

where 

Cc \Go) u*(s)ds, G(s) = D1 Giau(s), (6-12) 

t=0 
Ry 
TUM Tyee, 1) =O 1h =O; 

and 


[a,, aj*|=90,, for the boson field, (6-13) 


_ {a:, a;*} =0,, for the fermion field. 


§ 7. Hamiltonian operator with continuous spectrum 


We now examine two examples of the Hamiltonian operator with continu- 
ous spectrum. 


1. Scalar boson field interacting with a fixed source (cf. § 3) 


First ho, A and h, with a real parameter 4 are defined for every element 
WeDieDd,, 


h,=hy+ah, 


hy e= {0, 0, Ae) >) why) Ink), 0, ey E $", 


r=1 


A= (AVI +A{V*})& 
= \ {V(k) At (k) + V*(k) A (k)} dk Me ($°"+9""), (7-1) 


where V(k) is subject to the condition like (6-10) and w(k) =)/#+|k|?. 
hy, h and h, are symmetric operators since D, is dense in § and A*{V} is 
adjoint to Az{V*} in D,. Now it is easily seen that ho can be extended to A) 
with domain D(H,) C$, for which every WeD(H,) satisfies 


UIP 32 | lpn) PAR) a <0, (7-2) 
and ; 
| AoW P= S| 1 we) Hin Pak) n <0. (7:3) 


H, thus defined is obviously self-adjoint. Since (1 +H,)D, is dense in §, it 
follows that Ao=Hb, hence hp is essentially self-adjoint.” 

Next considering a linear extension H of h and estimating Pee Ale for every 
Ve D(H,) by means of Schwarz’s inequality, we can easily obtain a relation 
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|B? <2 | VCR) [Pak SY n+) | [Pu FAR) (7-4) 


which just corresponds (3-15) in the case of discrete spectrum. Hence, if 
#2>0, by the theorem of § 2, we have a unique self-adjoint extension /1, of hy 
with the properties that H,=h, and Hy, is defined in D(H,) and regular in 2 


for all real 7. 


2. Boson-fermion interaction (cf. § 4) 

We consider the interaction among the boson field A and the fermion fields. 
B and C. Every element WE is represented by a set of functions in the 
momentum space $jmn(k), where J, m and n indicate the numbers of the particles 
A, B and C respectively, and ¢imn(k) =») (k) is the function of 36=3(/+m-+n) 
variables and VW is of course subject to the condition 


PIP 30 | IPew PCR)» = 32 | ben @) PC) <@, (7-8) 


i} | 
y=0 


¢»)(x) being the Fourier transform of ¢,,)(k). 
Here again the Hamiltonian operator h,=h)+4h is defined first in the 
domain D, dense in §, that is, for the assembly of all finite linear combinations. 


of elements of the type 
a4"* = 50.5 Ope=sas Ja (ks) Jam (ks) Jon (ke), 9, veh 
We define : 


i I m nr 
hoa” = {0, 0, -:-, 1d w (kar) ai di Wa(ksar) + >) Welker) } 949 amIJ on, 9, -*-}, 
r= r= r=1 


hm =| {V Ch, Hi, Bx) A* (h,) + Vay is, hs) A(T} 


x {B* (ka) + C~ (ky) } {Bo (ks) +C* (Kg) } dy dhtg dks SI”. (7-6) 


Unless otherwise stated, the notations should be understood as natural gener- 
alizations of those in §§ 4-1 and 7-1. Only it should be noted that V (kj, ke, ks) 
in (7-6), unlike V,, in (4-4), does not contain a factor expressing the mo- 
mentum conservation. 

The necessary and sufficient condition in order that h can be defined in D, 


Fe=| (Vs, key, hy) dy dh dhy= | |U (a, X2, x3) |? dx dx, dx < Co, (7-7) 


where U(m, *,, Xs) is the Fourier transform of V (ky, ky, ks). ho, A and hy are 
symmetric and hy>=H, is self-adjoint. 

Now we consider a linear extension H of h and wish to estimate || HP || 
for W= D(H). We take, for instance, 
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HOv= \ V (ki, hes, key) A* (K,) B* (les) C* (Keg) dl dy dk, 


QM yyj2—_ + sy 
[OVP 3) C+D mtd) @+D | [By{V Ca, Ba, bs) fo ()}P 
x dk, dk, dk, (dk) (p)- (7- 8) 
Then for each term under the summation the following inequality is valid: 


(+1) (m+1) (n+1) | (ak) | dh dk, dk,| 4 V (hy, ea, ks) cp (KD } (2 
= (141) (m+1) (n+l) (ace | dx, PE Lae er MERE Cah e 


SFAC+1) | bp @) (Pd) p= FACED | lon ®) PB oy. (7-9) 
Here F, may be either 
Bp SV gels 
ijk=0 
or . (7-10) 
Fees |Uisel , 
ajk=0 


where Vij,(U,;,) is the expansion coefficient of V (ki, ke, ks) (U (a, 2, %3)) in 
terms of the Hermite orthonormal system. To prove (7-9), we use the oc- 
cupation number representation, as described in §6, by taking the Hermite 
orthonormal system as the basic set. Then the integral (7-9) is written in a 
similar form as in § 4, but now 7,7 and & denoting the elements of the ortho- 


normal system. Applying Cauchy’s inequality, we have 
(41) (+1). +1) | dk) co) Th dhe Tha Say AV Ces Bay is) em) HD} 


SS EE Lt Vizel AALS 900s tesla I ete 


Uly=l ajk 
um j=m Cea) 
Unp=n 1p, =0 


< {30 GAD) | Vise} ys, { [Viel lel; m3 2; +++) |?} 
i sipt | i, 
Emin (ie-0) 
S41 Fie | Ifo PAB on 


In the coordinates space we obtain the similar result. Taking account of (7-5), 


we have (7-9). 
Therefore 
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WAV <8 Fe St C+) \ IP cay (ie) |2(EK) cp) - (7-11) 
(p)=0 


This shows that under the conditions M4>0 and 
ime (7 #12) 


the theorem in § 2 can be applied and h, =H, is self-adjoint with domain D(A) 


and regular in / for real finite /. 


§ 8. S-matrix 


We shall for simplicity discuss only one process : the scattering of a neutral 
scalar meson by a fixed source (cf. § 7-1). The similar arguments are valid 
for the other cases which can be treated by the method described in §§ 6 and 
fps 

First, we give the usual definition’? of the S-matrix element for the scat- 
tering of a meson in the momentum state k; to the state k;: 


S(k;, k;) 4 as a (k;, k;), 


(8-1) 
S™ (Ky, key) = (—2)" \ dt \ dt, \ dt, (A* (ki) Yo, [1 (4) +++ (tn) |A* (ky) Yo), 


where WY, and A*(k;)W, indicate the no meson state and the one meson plane 
wave state having the momentum k,, respectively, and 


Hyer He 3% (8-2) 


By the use of the adiabatic hypothesis and the square integrability of the 
form factor, (8-2) becomes 


2ni(—1)"8 (ww (I) —w (Ie) T” (lee, ky, tw (ey) +28), 
(lee. k;) = Me 1s (8-3) 
0(k,—ky), nO), 


where +7€ stands for the boundary value above the singularity of an analytic 
function defined for 7<© A(H,) : 


re (k;, ky, l) = (At (k;) Vo, {[H)—Z]"" H} tPAt (k;) Vo) > n= Le (8-4) 


Although the right-hand side of (8-4) brings the finite result, the calculation 
is not performed in the framework of Hilbert space because A* (k;) WV, does not 
_ belong to §. Therefore, in order to apply the foregoing arguments to the 
power series expansion of the S-matrix element, we must give to T™ (k,, k,, 2) 
the meaning as a limit of a sequence of matrix elements of an operator in 
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Hilbert space. For this purpose the “wave packet” formulation will be most 
convenient. 


Let f(k;, N) (N=1, 2, 3, ---) bea sequence of the one boson states called 
“wave packets” of momentum k,, and let their particle representation in the 
momentum space be written as 


St (ks, N) = {0, b(k; ky, N), 0, --} = §, N=1, VAS a 
(8-5) 
IF Gs,, N) P= | 16 Ges ke, N)Pdk< 00, | (ke; hy, N)dh=1, 


where ¢(k;k,, N) is supposed to vanish except in the domain |k—k;| <0, and 


~ N 
lim 0¢, =0. 
N-> 0 


It is easily seen that for every n=2 (for k,4k,) 
T™ (ky, ky, 12) = lim RF (eg, N)., fez, M) 5 Tt, len(Eh), (8-6) 
N,M-> 


where 
BR {f (lu, N), fe, M) ; I} = (HFCs, N), L—-? 
x {H[Ho—l]}"? Hf (ky, M)). (8-7) 


We now consider the following power series in /: 


31 (A? RO F(a, N), f(y, M) 3 Uh 


; =? (Hf (ki, N), (E,—l Hf(ky, M)) = (f(s, N), F(R, M) 5 8, 
(8-8) 


where N and M are finite but arbitrary and Hf(k., N), Hf(hy, M)eg. Al- 
though the series converges only for the values of 4 and Z which satisfy the 


condition (2-5), Zoi f dag N); fk; M) 5 J} is an analytic function of le ACF) 
since it is a matrix element of the resolvent of the self-adjoint operator A). 


Hence, taking account of (8-1), (8-3), (8-6) and (8-8), we define the S-matrix 
element for the present in the framework of the wave packet formulation : 


Atif(k:, N), f(k;, M)} =2ni| (9 o() —w(k’)) ¢(k; ki, N)¢* (Kk ; ky, M) dkdk’ 

x Rif (ki, N), (kj, M) 3 l=w (hs) +16} Cor ki#*k,). (8-9) 
The anvalarity of Ri f(ki, N), fk, M) ; 2} appears on 3(A,) of the Zplane, 
while that of R@{f(m, N), f(y, M) 32 or T™ (k,, k;, 2) appears on 3 (A). 


If the series 
St (ATO (Ie, By, 2) = Tai, by, D (8-10) 


n=0 


j Se é L4 af 
converges for some values of J and Zand defines an analytic function T) (hi, kj, 2) 
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- for le ACH) like (8-8), then S(k;, kj) can be defined in terms of the boundary 
value T,(k;, k;, l=w(k;) +7&). But it is not clear whether this is the case or 
not. 

When the mass renormalization is taken into account, we must modify the 
above expressions a little. Here the mass renormalization should be understood 
as the shift of the lower limit of the spectrum, since our formulation is not 
relativistically invariant and the mass of the meson is not corrected. We write 


Vn he—el yo hy 
where 
H/=H)+0m(4) and H,;=/H—<ém(A), 


dm(A) being the discrete eigenvalue of the total Hamiltonian and corresponding 
to the level shift of the “no meson” state. Then the S-matrix element (8-9) 
should be replaced by 


Af (ki, N), f (ky, M)} =22i\|9 (w (k) —w(k’))¢ (kk, N\¢*(k' 5 ky, M) dkdk’ 


x RAF (ki, N), £(ky, M) ; l=wk,) +0m+7€} (for kiAk;), (8-9) 
where 


RAF (kk, N), f(y, M) 3 3 = (Arf (ki, N), [EA —-" Aif(ky, M)). (8-11) 


This definition of the mass renormalization is also valid for the other cases at 
least if 4 is so small that crossing of the spectra does not occur. 


§9. Summary and discussion 


The main aim of the present article is to examine the self-adjointness of 
the Hamiltonian operator and the convergence of the perturbation series in the 
quantum field theory. We have mainly investigated the fixed source theory and 
the boson-fermion interaction in the framework of Hilbert space, and obtained 
the results which are summarized as follows. 

(A) The total Hamiltonian operator is self-adjoint, that is, the eigenvalue 
problem is completely solvable for every finite value of the coupling constant 
for the fixed source theory and for the boson-fermion interaction under the 
condition like (6-10) and (7-12), respectively, if the boson mass is not zero. 

(B) The total Hamiltonian is the unique self-adjoint extension of a linear 
operator defined in some domain dense in the Hilbert space. 

(C) The regular perturbation is possible for the cases described above 
and the power series expansion of the resolvent completely determines the 
total Hamiltonian by the method of analytic continuation. 

(D) In these cases, the S-matrix element which is considered in the 
framework of the wave packet formulation is expressed in terms of the matrix 
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element of the resolvent and can be determined by the perturbation expansion. 
It is not clear whether the matrix element of the resolvent has a finite limit 
when the wave packet becomes the plane wave. 

The condition (3-12), (6-10) or (7-7), that is, the square integrability of 
the source or of the interaction form factor is essential for the present method 
to be applicable, since otherwise the interaction Hamiltonian can not be defined 
as the symmetric operator in the way described in the text. It remains, how- 
ever, to examine whether we can discuss the Hamiltonian without these condi- 
tions, for example, by defining the total Hamiltonian in a somewhat different 
way from ours, or by taking the limit J|V(k)|’dk>o, etc., in the results of 
the present article. 

For the boson-boson interaction we have not been able to prove the con- 
vergence of the perturbation series. The Hamiltonian h, is, however, sym- 
metric, so it might be hoped that the problem would be completely analyzed 
by some other method though the self-adjoint extension of h, could not be 
unique. 

Our method would probably be applicable to the interaction among four 
fermion fields and others under some condition on the interaction form factor. 

The mass renormalization has not been studied in detail in the present 
article but is important not only because of its physical meaning but also for 
the improvement of our results. In fact, the example of the resolvent in §5 
suggests that the convergence property of the power series will be improved 
by taking account of the mass renormalization. This becomes still more im- 
portant to fix the lower bound of the spectrum if we wish to take the limit 


j| Vk) Pdk>~. 
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Note added in proof : 

1.—After completion of the manuscript, the author received a paper in which a mathematically rigorous 
investigation is performed in the theory of a neutral scalar boson field in interaction with a given 
source: J. M. Cook, J. Math. Phys. 2 (1961), 33. The method to prove the self-adjointness of the 
total Hamiltonian would be essentially similar to ours and be applicable to the examples given in 
the present article. : 

f the series on the left-hand side of Eq. (8-10) was not proved in the text. 


2.—The convergence 0 
It can be shown, however, that the series converges to an analytic function Ty, (kj, ky, l) of A and 
1 for the values which satisfy the condition (2-5) and T,(k;, ky, 2) is analytically continuable to 


all J€A(H,) for every real 2 The usual S-matrix element (8-1) is expressible by] the formal per 
turbation expansion in 4 of the boundary value Ty (ki, ky, l=w(k;) +i€). Thus one of the conclusions 


of the text (§9-(D)) can be improved. 
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Magnetohydrostatic Equilibrium for Fluid Enclosed 
in an Axisymmetric Toroidal Surface 
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The solution of the magnetohydrostatic equations for the ideally conducting fluid con- 
tained in an axisymmetric toroidal surface is investigated. The basic equations are reduced 
to a partial differential equation of the second order, of two variables and of elliptic type. 
This equation contains two arbitrary functions which give nonlinear terms. The Dirichlet 
problem for this equation has a solution according to Nagumo’s theorem and the solution 
gives the equilibrium. The vacuum field sustaining the equilibrium is examined for the 
toroidal fluid with circular cross section. 


* § 1. Introduction 


In this note” we start from the equation of magnetohydrostatics for an 
ideally conducting fluid: 


grad p=—BXj, 
j= (1/4z)rot B, (1) 
div B=0, 


where B, j and p denote the magnetic field, the electric current density and 
the pressure of the fluid respectively. The pressure is assumed to be a scalar. 

For the case, where the current flows exclusively at the surface of the 
fluid and the pressure is constant in the fluid, the condition for the existence 
of the solution of (1) in the outside of the surface: was examined by Kip- 
penhahn.” Especially for the axisymmetric system it was shown by Jorgens” 
that there exists such a solution that the magnetic field has no singularity in 
the outside of the fluid except at the axis of symmetry and at infinity if the 
surface is a toroid (by which we mean a topological torus) with circular cross 
section but the solution has the singularity if the cross section is, for instance, 
an ellipse. 

In this note the axisymmetric toroidal fluid will be considered and the 
solution of (1) without the singularity which gives the sheet current at the 
surface will be investigated.” First, in § 2, Eqs. (1) are reduced to one equa- 
tion, (4), among the pressure, the azimuthal component of the magnetic field 
and the flux (F) of the meridian component of the field. This equation which 


contains two arbitrary functions of F will be treated as a partial differential 
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equation of the function F.” Assuming that the surface of the fluid constitutes 
a magnetic surface, we set up a Dirichlet problem for the domain occupied by 
the fluid and verify the existence of the solution by applying Nagumo’s theo- 
rem”? (§3). Since Eq. (4) contains arbitrary functions of F, it is not suf- 
ficient to give the boundary condition /=constant in order to get the unique 
solution of (1). This fact is consistent with the discussions given by Kruskal 
and Kulsrud® and Grad and Rubin” (see also reference 5)). In § 4, some 
examples of Eq. (4) which have the solutions’ of physical significance will be 
presented. 

Next the vacuum field sustaining the toroidal fluid will be studied. Egs. (1) 
become the following system of the equations : 


rot B=0, : 
(1’) 
div B=0, 

or Eq. (4) with &(s, F)=0. Thus we have the partial differential equation of 
the elliptic type with given boundary values F (= constant) and with the de- 
rivative of F at the boundary in the direction normal to the boundary, which 
is determined by the solution in the inside of the boundary. Since the solu- 
tion of the problem would not always exist except in the neighbourhood 
of the boundary, the domain of the existence of the solution should be 
determined, for example, by the method described in §5. In § 6, a simple 
example of the vacuum field which has no singularity except at the axis of the 
symmetry and at infinity will be presented for fluid in a toroid with circular 
cross section. 


§ 2. Magnetohydrostatic equation for the axisymmetric system 


Since we treat in this note the axisymmetric system, all the physical quan- 
tities should depend only on the distance s from the z-axis and the distance z 
from the equatorial plane but not on the azimuthal angle ¢. 


The general axisymmetric magnetic field B and electric current j can be 
written in the following forms :!” 


B=(B,, B,, B:) =(9F (s, z)/dz, T(s, z), —9F(s, z)/0s)/s, 

J= (du Jo Js) = (—9T (s, z)/2, GF(s, z), OT (s, z)/s)/s, 
where B,, B, and B, (j,, j, and jz) denote the components of the vector B(j) 
in the directions of increasing s, ¢ and z respectively and 

C= (3"/8s*) + (8*/8z*) — (1/s) (8/88) = 4— (1/s) (8/85). (3) 


The function F(s, x) has the meaning that the line of the force in the meridian 
plane (s, z-plane) is described by the equation F(s, )= constant. The function 
T'(s, z) has the analogous meaning for the line of the electric current. 


(2) 


peer Tn 
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It is known™ that the system of Eqs. (1) for the axisymmetric system 
reduces to the following one equation among p(F), g(F) and F(s, z) except 
for the trivial case in which F(s, z)=constant : 


AF (s, x) =h(s, F, 9F/8s), 


where 
h(s, F, 0F/8s)=k(s, F) +(1/s) (@F/9s), cS 
R(s, F)Ss— (1/2)9'(F) —4as'p'{F), 
GPT) 20). pl P)20. (5) 


Here g'/(F) and p’(F) are derivatives of arbitrary 
functions g(F) and p(F) of F respectively. These 
functional relations between F, p and T imply 
that the pressure is constant along the magnetic 
line of force, that is, on the magnetic surface 
and the electric current flows at that surface. 
Now we consider an axisymmetric toroidal 
fluid with its meridian cross section [” which 
does not touch on the z-axis, and determine the 


Fig. 1. The meridian cross sec- function F(s, z) in the inside G and the outside 
ium orp gine =pariey miner G, of I for given functions p(F) and g(F). 
toroidal surface. : 

(See Fig. 1.) 


Thus, we must solve the differential equation (4) of F(s,z) under the 
boundary condition 


F(s, z)=const.=0 on 7’. (6) 


Further gradF=(9F/9s, OF /dz) is a continuous function of s and gz, provided 
that the sheet current does not flow at I’. Then, 


p(F) =p (0) =0 om 


§ 3. Existence of the solution of the Dirichlet problem 


First we describe a theorem concerning the existence and the uniqueness 
of the solution of the semilinear elliptic differential equation of the second 
order.®”” . . 
Theorem. We consider the differential equation (4) in the domain G with 


its boundary I’. Let G be a bounded domain satisfying Poincaré’s condition* 


and put max S=Sw, ine seas > Ue Let msi) be a continuous function of 
he 1a 


* We say that a bounded domain G satisfies Poincaré’s condition, if every point of I can be 


touched from the outside by a vertex of a triangle. 
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u and have a finite first derivative with respect to w for finite w and spSsSsw. 
Suppose that there exist functions w(s, z) and w(s, =) such that 
do <h(s, @, 0@/9s), dw>h(s, w, 9w/9s), 
lal <L, |w| <L and w<@ inG, 
and 
la(s, wp) |<M+Nipl"  (7<2), 
for all the sets {s, z, wu} which satisfy the condition 
w(s, =) SuSa(s, z for {s, z} EG, 


L, M and N being some positive constants. Let #(s, x) be a continuous func- 
tion defined in G+" such that 


w(s, z)SH(s, z)Sa(s, z) in G, 


then there exists a solution F(s, z) of (4) in G, which assumes the boundary 
values #(s,z) on I’. There exists just one solution if the function h(s, w, p) 
is an increasing function of w for s,<sS<sy. 
For the present problem we assume that &(s, F) is bounded below ca 

F>0 and bounded above for F'<0, i.e. 

k(s, F)> A, for F>0, s,SsSSy, 

RCs, iy Ay for F=0.as sss se. 
and put 

o(s, 2) =|Alsus, w(s, 2) =—|Alsus, 

PC sie) —Oe onal. 
then, we can easily see that Eq. (4) has a solution in G with boundary condi- 


tion (6). Further, if &(s, F) is an increasing function of F for Smo S Sen the 
solution is unique. 


§4. Examples of the equation 


Although in the preceding section the solution of (4) and (6) in G was 
shown to exist, it could have its physical meaning only if the condition (5) is 
satisfied. We give in this section some examples of the functions p(w) and 


g(u) such that p(F)=0 and g(F)>0 hold in G+T for the solution F(s, z) of 
(4) and (6). 


1) k(s,u)>0 (ie. (1/2)9’(u) +42s*p’(u) <0) for u>m, Sm 5 S Su; p'(u)S0 
for uS0; g(0) >; where m is an arbitrary negative number and g, is some 
sufficiently large positive number. 


If k(s,u) >0 for u>m, the Utes F'(s, =) of (4) and (6) has no maximum 
at the point of G where F(s, x) >2, since 4dF=k(s, F)>0 at the point (s, x) 
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roe where 0F/ds=0F/0z=0. As F(s, z)=0 on I, 
so F(s, z)<0inG (cf. Fig.2). Hence a sufficient 
condition for (5) to hold is p’(w)<0 for w<0 
and g(0)>49, where g, is some positive number 
such that g(F)=0 holds for the solution F(s, z) 
of (4) and (6). In a similar way the following 
example can be justified. 


2) k(s, u) <O for uw<t, SmSsSsu; p' (u) 20 for 


Fig. 2. u=0; 9(0) >92; where w, is an arbitrary positive 
number and g, is some sufficiently large positive 
number. 


§ 5. Vacuum field 


We examine in this section the differential equation (4) in the outside of 
I’ with the boundary conditions 


F(s, z)=0 Ol al, (6) 
OF (s, z)/On=P(s, 2) Ome, (7) 


where 9F/@n denotes the derivative of F (s, z) in the direction normal to the 
boundary I’ and ¢(s, z) is the derivative normal to I” of the solution of (4) 
and (6) in §3. It should be noticed that we must determine the region G 
where the solution of (4), (6) and (7) exists, since the solution does not 
always exist in the outside Obeln 

Putting p=q=0 in the outside of © and a(s, z)=FG, z)/i/s, we have 
from (4) 


{d— (3/4s") } u(s, i) ass Vs u)/V Ss, 


where 
— (1/2)9' (gq) —4%s'p’(@), in G+’, 
k(siq). = poe (8) 
0) m G,. 
An elementary solution with singularity at (0, €) of the differential equation 
du— (3/4s")u=0 (9) 
is given as follows :” 
u(s, 2) =H(s, 23 % ©) 
= (/s6/22)| {cos O/\/38+07+ (z—£)?—2se cos 6} dé. (10) 


We introduce the dipole coordinates (§, 7) given by 
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s=a sinh 7/ (cosh 7—cos €), z—b=a sin €/ (cosh 7—cos es a 
J(s, z) =9(s, z)/9(€, 7) =a?/ (cosh 7—cos ¢)?=s?/sinh*y. 
The region (¢, 7; OS <2z, 0X7) corresponds to the half-plane (s, z ; s20) 
and the line 7= const. to the circle C(y; a, d) including the point (a, 6) which 
corresponds to (y=+). The line (s=0) is transformed to the line (y=0). 
Then 


His(&, 7),-2(€, 7) 3 o(€, 7’), C8, 9} 


1 te eime-en ( Qn(y)pnly’) for 727’, 


Sa yea (12) 
2nna—= w— (1/4) 6,(p)qn(y’) for 97, 
where 
PQ) =p-vAlN) =// sinh 7 Prin (cosh 9), 
Qn(Q) =_-n(y) =V sinh 7 Q)-1)2 (cosh 4), (13) 


P,*(x) and Q,”"(z) being the associated Legendre functions of the first and the 
second kinds respectively. The asymptotic forms of ,(7) and g,(7) for n—0o 
are as follows (73:0) : 


PnlQ) =V |n|/2a e'™!"{1+O(1/|n])}, 

IQ) =—V a|n|/2 e“™{1+O(1/|n])}. (14) 
If a real function w(s, z) is a solution of (9) in the neighbourhood D of (a, ), 
u(s,z) is expressible in a series at least in a circle contained in D, i.e. 


U(S; 2) Seo aa er Gn Aig = Ay. (15) 


The right-hand side of (15) converges for y>7 and is a solution of (9), but 
it diverges for 7<7, where 


lim "Y Jan] =exp(7). (16) 


nyo 


Now it will be easily seen that the solution «(s,z) of (8) satisfies the 
following equation in a circle C(7,; a, b) contained in I’: 


a Sy) —\[HG, 230, O)ki{o, fouls, €)}/\/odedt 


G 


+00 


+2 an e™a,(7), (17) 


where 
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Qe 


PEE® = (1/22) \aé et (5, 2) 


2x 


n (1/22) as ems, Deere teu Gee) We dade. (18) 


We determine the largest circle C(7,; a, b) (4:71) in which the series in (17) 
with {a,} given by (18) is convergent, and construct the sum G’ of C(7; a, 6) 
for all points P(a, b)«G. Evidently there exists the solution of (4), (6) and 
(8) in G2G. If G’DG. we construct again the sum G” of C(%; a, b) for all 
points P(a, b)€«G’. Continuing this procedure, we may determine the region. 


G+I+G,, where the solution of (4), (6) and (8) exists. 


§ 6. Example of the vacuum field 


Since the right-hand side of (18) depends on the solution «(s, z) in G, it 
is difficult except in some special cases to determine explicitly the domain of 
the existence of the solution (17), i.e. to estimate the limit given by (16) and 
(18). 

We consider in this section a simple example such that I’ is a circle C(%) 
with its center at (s=acoth%, z=0) and 


p(g =—Agq, {T(g)}?=9(@) =To —Ba, 
i.e. k(s, g) =—(1/2)9'(qg) —425"p'(q) =A+Bs* in G, 


A, B and T, being some real constants. 
Then, from (6), (12) and (18), we get 


ad 
70 


where (19) 
Qe 


ja(q) =\ a5 (A+ Bo") // ah IE, Nae), 


0 


o=a sinh 7/ (cosh 7—cos €). 


To estimate the limit, lim YW \7a(q)| for 72%, we put 
w=e". 
Then we have, after elementary calculations, 
pal) = ee D_ dw ia +B a’ sinh 9 {cosh —(1/2)(w+1/w)} =|, (20) 
t/ sinh 7 


{cosh 7 — (1/2) (w +1/w) 


3/2 
qy?tt \ 
K(1) 
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Here K(7) denotes the circle of radius r with its center at the zero of the 
w-plane. Since the integrand of (20) has no singularity in the domain bounded 
by two circles K(7) and K(r2) (e’<n <r,<e’), we can deform the path K(1) 
to K(e’~*) (€ being an arbitrarily small positive constant) without changing the 


value of the integral and get 
ln) |Slan(y) |e™" °M(E) for 72%, 


M being some positive constant independent of 7 and 7. Hence, from (13), 
(14), (15) and (19), we have (for »>0) 


An| Se’. 


: / 
lim"y 


n>o 


As €>0 may be arbitrarily small, we see that 


lim" |an| <1, 


n> oO 


and the unique solution of (4), (6) and (8) exists in the finite half plane 
(s>0). 

In conclusion the author would like to express his sincere thanks to Prof. 
Y. Tanikawa and Dr. N. Mugibayashi for their kind interest and criticisms and 
Mr. Y. Hirasawa for his mathematical advices. 
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A convergent model of quantum field theory with indefinite metric is proposed to the 
case of an indirect interaction between a physical neutral scalar field and a physical spinor 
field, by introducing four kinds of unphysical spinor fields which play the roles of the in- 
termediate states connecting these two of physical fields. Two of these unphysical fields are 
set to have negative anticommutators and consequently this fact makes the metric of our 
Hilbert space indefinite; nevertheless it is shown that the unitarity of the actual S-matrix 
holds strictly. Final results are such that every vertex in the usual local theory is exactly 
replaced with some kind of extended vertex in this model which prepares the sufficient 
convergency for all results. Although the extended vertex in this model becomes singular 
at the two momentum values depending on the masses of unphysical fields and the coupling 
constant, it is also shown that there remains a considerable wide degree of freedom to control 
the stable mass levels of the physical particles as suitably as possible. The definite results 
about this problem are left for the future. 


§ 1. Introduction 


In order to avoid the divergence difficulties inherent in the ordinary quantum 
field theory, it has been suggested by many authors to introduce the Hilbert 
space with indefinite metric. Especially, after the investigations of Kallén” and 
Lehmann,” such a device has become still more plausible to get the sufficient 
convergency for the whole contents of the theory. 

As is well known, however, other difficulties arise in the theory with in- 
definite metric: Since, in this problem, in order to obtain the negative pro- 
pagators in the calculations of the S-matrix we must introduce some kinds of 
unphysical fields whose commutators or anticommutators have the opposite 
signs to those of usual ones, we are compelled to deal with the negative pro- 
babilities which are physically unacceptable. 

Moreover, a serious difficulty still remains, even if we suitably exclude the 
states with negative norms in the initial and final states of the scattering and 
formulate the theory of observation only to the processes for physical particles ; 
this is the breakdown of the unitarity condition for an actual S-matrix which 
is defined so as to describe physical processes only. 

From such troublesome reasons, although many attempts to solve this prob- 
lem have been proposed, no satisfactory theory has so far been found. 

Recently, in this respect, Bogoliubov et al.” have suggested an interesting 
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formulation to keep the unitarity condition for the actual S-matrix, but it seems 
to be very artificial and far from the future true theory, since it only makes the 
structure of the actual S-matrix more complicated, making no reference to the 
essential relations between the unitarity and the convergency, so that the whole 
theory necessarily becomes to have curious non-local charactors, as if it were 
in a kind of feed-back circuit with a vacuum tube, though it is simply expressed 
as long as the scattering K-matrix is concerned. 

On the other hand, the well-known regularization method of Feynman” and 
Pauli-Villars® is one of the skillful examples in the theory with indefinite metric, 
but it is only an expedient method to remove the divergent results from the 
current unsatisfactory theories and the unitarity condition of the actual S-matrix 
is evidently broken down at the stage of the finite masses of regularizing fields. 

Moreover, although there have been several investigations” about indefinite 
metric with the aim of the application to the Lee-model, they are not promising 
for the formulation of relativistic quantum field theory. 

In view of these circumstances, it may be worthwhile to propose a kind 
of convergent local field theory with indefinite metric in which the unitarity 
condition of the actual S-matrix holds strictly. The aim of the present paper 
is to give a model of the convergent and unitary S-matrix theory to the case 
of the interaction between a physical neutral scalar field A(a) and a physical 
spinor field ¢(2), by introducing four kinds of unphysical spinor fields which 
play the roles of the intermediate states (or intermediate chains) connecting 
A(a) and ¢(2) without their direct interactions. 

In introducing these four kinds of unphysical fields, we postulate about 
them in the interaction representation that they make pairs two by two in such 
ways that two fields in each pair have an equal mass (the mass of one pair is 
different from that of the other pair) and their own anticommutation relations 
are equal in absolute value but opposite to each other in sign. Then one of 
unphysical fields in each pair makes the metric of our Hilbert space indefinite 
and gives rise to the negative propagators in the calculation of the S-matrix. 
On the other hand, two pairs with different masses are essentially important in 
the present model in order to keep the actual S-matrix unitary and guarantee 
all results to be convergent. As far as we want to obtain the convergent results 
only for the transition amplitudes, it will be sufficient only to introduce a single 
pair of these unphysical fields; however, to keep the actual S-matrix to be 
unitary and furthermore to keep all results convergent, not only for the transition 
amplitudes but also for the expectation values of the suitably defined physical 
observables, which will probably contain the bi-linear terms of ¢(2x) and ((2), 
it will become clear in the following paragraph that such two pairs of un- 
physical fields are inevitable and at least four unphysical fields are necessary. 

At first sight, six of physical and unphysical fields may seem to make the 
contents of the theory complicated further; however, as far as the graphical 
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contents for physical processes in the perturbation expansion is concerned, the 
essential difference between the ordinary theory and the present model is no more 
than that every vertex joined directly by the physical internal lines in the former is 
exactly replaced with the extended vertex in the latter in which the physical internal 
lines never join to one point but join to the end points of the intermediate 
chains composed of a number of unphysical propagators. Of course, it goes 
without saying that the above-mentioned extended vertex prepares the sufficient 
inverse powers of the momentum to the integrand in any integration for the 
convergency of the result and divergent result occurs nowhere. 

Another feature of the present model is that the causality condition is not 
sacrificed on account of the local property of the starting Lagrangian, though 
the resultant extended vertex makes the contents of the theory equivalent to the 
case of a certain non-local interaction. 

On the other hand, however, there exist some troublesome problems in 
this model. As mentioned above, although the extended vertex guarantees all results 
to be convergent, it becomes singular at the two momentum values depending on 
the masses of the unphysical fields and the coupling constant. This seems to 
give rise to the troublesome problems with respect to the stable mass levels 
of the physical particle described by (2); however, as will be shown in the 
last section, there remains a considerable wide degree of freedom to control 
these mass levels as suitably as possible; nevertheless it is difficult to give the 
definite and satisfactory results at once at this stage of the present investigation, 
since the simple solutions of the equation that determines such mass levels in 
question are not found. This problem is left for the future investigation. 

At any rate, the existence itself of a convergent and unitary S-matrix will 
be of use for a step to the future theory, though the present model may be 
nothing more than a transient formulation by a trial approach. 


§ 2. Lagrangian formalism 


As mentioned tediously in the preceding section, to discuss the indirect 
interaction between a physical neutral scalar field A(z) and a physical spinor 
field #(x), the mechanical masses of which are # and « respectively, we 
introduce four kinds of unphysical spinor fields g(x), 92(2), g(x), and ¢,/(x). 
These four unphysical fields are set to make pairs two by two in such ways 
that ¢,(z) and ¢,'(2) (¢,(x) and ¢,'(x)) satisfy the same Dirac equation with 
equal mass M (m) and have opposite signs to each other about their own an- 
ticommutation relations in the interaction representation. oN 

In addition to this requirement, we further assume that any two of distinct 
spinor fields anticommute with each other in the interaction dept ee For 
convenience, the signs of anticommutators for ¢,'(x) and ¢,'() are set to be op- 


posite to those of 9,(2), g,(x)and $(2). 
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Moreover, throughout this paper, we do not use the metric operator 7 

$ . . . . rt 
explicitly, but it is as a matter of course that the adjoint conjugation 2' of an 
arbitrary operator 2 and the adjoint vector 9 of an arbitrary state vector D 


‘always correspond to the hermitian conjugation 2* and 9 in the usual case 


respectively.* Thus all norms of state vectors and all matrix elements and ex- 
pectation values of any operator are defined with the implicit 7. Real scalar 
field A(x) is self-adjoint and physical observables will generally be also self- 
adjoint, instead of hermitian, in order that their expectation values may be 
real. 

A starting point of our discussion is the following self-adjoint Lagrangian 
in the Heisenberg representation, which contains our requirements just mentioned 
above : 


Li x)=6o( 2) 16 Gl Sa) =i oh eae 
L(x) =—$ (79 +«)$—G, (79+ M) G1—GFal79 +m) Po 

+1 (70 + M) gy’ + $1 (79 +m) ge’ + (1/2) ACL) A, 
L(x) =f((Git+G1') (ite )A, 
L(x) =9 (G.—¢./) + adjoint conj., 


(1) 


&3(x) =9' (Gi G.—FGy' $a’) + adjoint conj., 


where $=¢'7,, $:=G1'74, and so on. The coupling constants f, g and g’ are 
taken to be real. 

In £», the opposite signs for ¢,/(a) and ¢,/(2) terms to the other ones 
make the eigenvalues of free energies for these fields positive and definite, 
since the number operators of these fields are defined by —a'a in order 
always to give the positive values.** It must be understood that <, and <’ 
in (1) could be antisymmetrized if necessary. For the sake of convenience, 
the mass renormalization of physical fields is omitted without loss of gener- 
ality. 


From the Lagrangian (1), the equations of motion for all fields are derived as 
(yO+K)$=9(¢.—$;'), 
FA+M)A=9' Gotfte')A, 
FGI+M)P=7 At+9Y, (2) 


* The adjoint conjugations 2t and @! are defined such that Qt =y2*y and Ot =O*y respectively. 
If it holds that Q=2!, @ is called self-adjoint. 


** The letter @ represents an annihilation operator of ¢,/ or g./ particle. Of course, the vacuum 


is defmed by the state belonging to the minimum eigenvalue of —ata. As to the detail of the 0 
method, see, for example, references 8)—12). 
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(79+ M) ey =9' ¢! —f( Git pi) A, 
O+m) gp! =9' Gi +9¢. 
The commutation relation for A(a2) and the anticommutation relations for 


all spinor fields, in their conventional canonical forms, are also derived from 
the Lagrangian (1): 


[A(r, t)s (0/dt) A(r’, t)|=i0(r—r’), 

{Salr, t), (PCr, trae} = {Pals t), Gilt’, 2)74) 0} (3) 

aa tae {go (Tr, t),(@,' (r’, t)7s) et =0,,0(r—r’), i=1, ae 
In the above expression, we have omitted a number of vanishing and trivial 
commutators (and anticommutators). The negative anticommutators for ¢,’ and 
gy,’ just satisfy our requirements and the reason why we get such results is 


again due to the positive signs for ¢,/ and ¢,’ terms in £». 
‘Moreover, in addition to Eqs. (3) our assumption is that 


any two of distinct spinor fields anticommute with each (4) 
other at the same instant of time. 


The above statement are not derived from the Lagrangian only but it is the 
necessary condition for the consistency of the present theory.* | 

Now, the next step to go on our discussion is to transform the total system 
from the Heisenberg representation to the interaction representation, through 
a pseudo-unitary operator S(t). Any state vector P(t) and any operator 2(x) 
of the interaction representation are obtained by the equations 


P(t) =S(t)®, 2(2) =S(t)Q(xz) S(t), (5) 


where the bold face letters denote the state vector and the operator of the 
Heisenberg representation respectively. In the equation of motion for S(t) 


i S(t) =H(t) S(2), H(t) =\%6 (2) dx, (6) 


Uo=l 
it will be shown that the desirable transformation is obtained with 3 (2x) 


chosen as 


6 (x) =H (2) +36 (2) +6a(2), 

(2) =f: A!) (Ata A, 

6 ( 2) = —9¢ (G2— 02) + adjoint conj., 
(2) =—9 Grdr— Gr G2!) + adjoint conj. 


Of course, 26(x) is self-adjoint and this fact guarantees our S(t) to be 


(7) 


* The statement (4) is necessary in. order that the theory may be invariant under the space- 


rad Mf 5 — 
time reflection, too. In this respect, for example, see references 13)—15). 
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pseudo-unitary, that is, 
SAE) es iSienL a (8) 
By the usual procedure using (2)—(8), we see at once that all fields of the 
interaction representation satisfy their free-field equations of motion and free- 
field commutation or anticommutation relations with their respective masses 
given in the free Lagrangian £, in (1), that is, 
(7O+K)¢=0, (J--#’)A=0, 
(79 +M)gi= (79+ M) ¢1'=0, (9) 
(7O-+m) G.= (79 +m) Go =0, 


and 


(h(x), P(x!) =" S(a—2' 5 €), 


{9x(x), G:(2')} =— {91 (x), Fi (2')} = —S(2— z';M), 
(10) 
{G.(x), Po(x’)} = — { Ga! (x), Ga’ (2')} =" S(a—2z';m), 


[A(x), A(z’) ]=4(2—2’ ; 2). 


The S-matrix including all of physical and unphysical particles are also 
given as usual by 


S=S() = — "| TI (iy 006 (a) Vath das (11) 
which is of course pseudo-unitary on account of the self-adjointness of 26(2). 
It is our next problem to show that the S in (11) is also unitary in the 
partial space composed of physical particle states only. 
For this purpose, however, since it is more convenient to have the solutions 
only for the interactions £, and £; beforehand, we deal with this problem in 
the next section. 


§ 3. Solutions for the interactions 2, and 2, 


In this section we deal with the case where only interactions <, and fe 
exist. This is a problem to be solved exactly without use of the perturbation 
method. 

For the sake of simplicity, let us first consider the system in which 9, (2x) 
and ¢,(2) interact with each other only through the interaction <3. Then the 
€quations of motion for them become 


(79+M)G.=9' $2, 
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(FO+m) P2=9' $1. (12) 
By simple calculations using the canonical anticommutation relations 
{P1,a(r, ie CAGe t)7s) a} ae {Po,a(T, t), (G2(r’, t)ys) et =0,,0(r—r’), 


we obtain the relations between the vacuum expectation values of two field 


operators, * 
(79 +M)(0!, Tei(x)Fi(x")0) =9'(0", Teax)G.(x')0) —10(2— 2’), 
(7-+m) (0", Tes(2)x(2")0) =9' (0', Tex) FC 2!)0), ie 
and 
(79 -++m) (0', T¢.(x)$2(x")0) =9' (0'", Ter(x)G.(2')0) —10(2—-2'), re 
(70+ M) (0, Te, (x) G22’) 0) =9'(0'", Te2(x)G2(2') 0). 
Going into the momentum representation such that 
(0', Te.(2),(2')0) =) Sy(e—2"), 
21 area ae oe 
Sy(@— 2) =— 74 | Su(boe* “dk, i, j=1, 2, 
the relations (13) and (13)’ reduce to 
(irk +M) Su(k) =9' Salk) —1, (15) 
(izk+m) Sn(k) =9' Suk), 
and 
(izk+m) So(k) =9' Six(k) — 1, Bese 
(iyk + M) S12(k) =9' Sunk), 
which give the solutions 
oN Boa Venere 
oes mien —g" see 


q/ 


Sul) = Sul) =~ Ca aay Cirk-tm) — 9 


Similarly for the system of ¢,' and ¢,’ only, we obtain the same relations 


as (12) with their canonical anticommutation relations 


toh a(r, )) GiC, )rda) = {Phas Os Pl, Dra} =~ Fa9 FPP). 


* The vacuum is taken as that of the total system given in (1). 
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Thus the solutions $,{, 5, 5,3 and S21, for them become 
Sy(k) = — Sis(R). (17) 


With the aid of (16) and (17), the contributions from the diagrams de- 
scribing. one-body processes (Fig. 1) are easily obtained to give the results 


Fy (k) =9” Sa(k), 
Fn(k) =9" Su(k), (18) 


g' (i7k+M) (irk+m) 
(izk+M) (izk+m)—g” 


Fy.(k) = Fu(k) =9” Su(k) — 9 = — 


and 
Fi,(k) =— Fi;(). (18)’ 


In Fig. 1, each line for all of unphysical fields is described by the wavy 
line with each index. Hereafter, in this paper, all unphysical lines are denoted 
by the wavy lines whether they are internal or external. 

Now, returning to the system where all spinor fields interact through the 
interactions £, and £3, we again consider their one-body processes as shown 
in Fig. 2. In Fig. 2, the real lines denote the physical spinor lines for ¢. 


1—iFi1 1) iFM 1 porte Taf Beans iG 
La — 
WII YS 
Beet oo 2 2’ —1F'2 2! Dewi SEEN Mee & 
SPINE ae SE 80 ae 
1 —2?F\2 2 1’ —iF 2 9 a) b) c) 
Fig. 1. Fig. 2. 


Suppose first that the G in Fig. 2, c) is constructed only through the in- 
teraction £; except at the terminal points at both ends, then from the relations. 
(18) it is clear that the G vanishes exactly, that is, 


G(k) =9" Sa(k) +9° Sao(k) =0. (19) 
Thus the above expression holds also in the case where the G is constructed 
-by both €, and &3. 5 
Moreover, Eq. (19) tells us that all the G’s in Fig. 2, a) and b) are con- 


structed through the interaction £, only, except at their terminals. Then from 
(16) or (18), G’s are easily obtained as follows: 


G.(k)=99! Suk) =—Y Sp(b) Fn(k) = —— 90. Rt M) 
(i7k+M) (iyk+m)—g” 


G,(k) =—9+99' Su(k) 20). 


= —9—9 8,(k) Fx(k) = ——L REM) (ik +m) 
(i7k+M) (i7k+m) weg 
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and 
G/(k)=—Gi(k),  G,'(k) =—G,(R), (20)" 
where 
Sie en ie Se 


+m?—ie -irk+m 
These relations are clear in Fig. 3. 
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Fig. 3. 


Eqs. (18), (18)’, (19), (20), and (20)’ are important for the discussions 
in the next section. 


§4. Unitarity of the S-matrix and the convergency of the results 


In this section we first show that the S in (11) is unitary in the partial 
space composed of physical particle states only, that is, we show 


~ ~ ~ 


S*t=S™, S= psp, (21) 


where p denotes the projection operator to physical states. 

For this purpose, it is convenient to go into the usual graphical consider- 
ation in perturbation expansions. 

With respect to S in (11), we can use the usual procedure to divide the 
T-products of interaction Hamiltonians in S into the combinations of the con- 
tractions and normal products of all fields in the application of Wick’s theorem. 

The difference from the usual theory, in this case, is no more than that 
there appear the negative propagators for ¢,' and ¢,’ fields. 

From the form of the interaction Hamiltonian (7), all kinds of vertices in 
any Feynman diagram are as given in Fig. 4. From Fig. 4, it goes without: 
saying that there occurs no direct connection between ¢- and A-lines. 

For the sake of convenience, each vertex in Fig. 4, a), b), andc) is called. 


| A-line | A-line A-line 
Race ie) aed aie es Nae) a 
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an “f-vertex” while each vertex in Fig. 4, d), e), f), and g) is called a 
““ g-vertex”’. 

Now let us consider the contributions from all possible diagrams connecting 
two f-vertices by way of g-vertices only. Then from (18) and (18)’, it is clear 
that the connection containing no ¢-line in its composition vanishes exactly by 
the cancellation between F, and Fy, that is, 


ite Salk) Fy,(k) Suk) aot Sa! (Rk) Fu’ (k) Su’ (Rk) =0, 
where 


Wee teaehe a tes! ae 
k? + M*—i€ iyrk+ M 


Su(k)= — Sx! (hk) = 


This circumstance is also clear in the consideration that there always exist two 
kinds of diagrams in question in which the signs of propagators and coupling 
constants are all opposite to each other and the total number of the sign change 
is surely odd. 

Thus, non-vanishing connections between two /-vertices, in which no 
f-vertex is included except at both ends, are restricted to the diagrams of such 
a type as shown in Fig. 5. In Fig. 5, it should be noted that there ‘exists one 


\ \ ed? rai 
~~. L777) * watin—_—_<izao ~~ 
ey =f eal al 
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l ey 
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Fig. 5. 


and only one ¢-line between two f-vertices because of Eq. (19) in the preceding 
section. The /’ in Fig. 5 becomes from Eqs. (20) and (20)’ 


uo Nol ru Se DOSER is 
A ea (izyk+M) (iyk+m)—g" er 

After all, as far as the internal connections between any two of fvertices 
are concerned, the graphical contents in the present model is just that every 
vertex in the usual theory is exactly replaced with the extended vertex given by 
the /’(k) in (22), and in spite of the appearing complexity of the interaction 
Hamiltonian (7), we can deal with this model rather simply. 

We are now in a position to show that the unitarity condition (21) strictly 
holds. For this purpose, let us investigate the behaviours of unphysical external 
lines. ; 

From Eqs. (18), (18)’, (20) and (20)’ it is clear that every real one-body 
process for unphysical particles through g-vertices only vanishes exactly, that 
is, for the processes containing no ¢-line except their terminals it holds that 
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Fu(k) =Fy(k)=Gi(k)=0 for wzwk+M=0, 


F(k) =F (k) =G.(k) =0 for i7k+m=0, ce 


and for the processes containing a single ¢-line except their terminals (Fig. 6) 


it holds that 
1 2 : 
G;(k) sy err bet os =0 for iyk+a,=0 ‘Or irk +a,=0, (24) 
i,j7=1,2, @=M, a,=m. 


i —iG; —iG; j i 1G, —iG;’ j! 
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Fig. 6. 
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Moreover outputs (inputs) for unphysical lines from (to) any f-vertex 
(Fig. 7) are also obtained to give the vanishing results as follows: From Fig. 


7, it holds that for ¢, and ¢ 


_ . (i7k+M) (izk+m) 
Js k ilk Ss k ia k = ’ 
Cae 2) Eats) (izk+M) (izk+m)—9” 
g' (irk +m) ae 
(2) = Sx( 2) F(R) = : , 
Fy(k) = Su(k) Pal) = nay (ipk-+m) —9" 
and similarly for ¢,’ and ¢,’ 
Fy (k) =Fi(k), Fi (k) = F(R). (25)% 
Then 
F,(k) =F (2) =0 for irk + M=0, 
(26) 


F,(k) =F! (k) =0 for irk +m=0. 


For the processes shown in Fig. 8 which are similar to Fig. 6, it holds that 


Sul) G(R) 2 —Gi(R)=0 for izkta=0. (27) 
iykR+K 


Thus Eqs. (23), (24), (26) and (27) just show that no unphysical particle 
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appears from the total S-matrix given by (11) as a real process and then Eq. 
(21) holds strictly without use of any further condition. 

Thus, if we postulate that there is no unphysical particle in the initial 
states of the scattering, there never appears any unphysical particle in the final 
states of the scattering and we have been able to get a kind of desirable unitary 
S-matrix. 

Turning to any physical’ process described by S in (21), it is now clear 
that there appears no divergent result’ in the present model because of the ex- 
tended vertex given by [’(k) in (22) which behaves for the large momentum 
value as 
#: 


HO 


(28) 

and prepares the sufficient convergency for all results. For example, the self- 
energy parts of ¢ and A fields and the closed vertex part are given by the 
diagrams shown in Fig. 9 in their lowest order calculations with respect 


Peis wh 


Cc) 


' Fig. 9. 


Moreover, if the present model is applicable to any cases of the current 
physics (e.g. quantum electrodynamics, meson theory, etc.) through some suitable 
modifications, we should further deal with the expectation values of many observa- 
bles, which will probably contain the bi-linear forms of physical spinor fields in 
order to hold the analogous results as those of the usual ones. This fact shows that 
there are many diagrams of such a type as shown in Fig. 10, and in order to 
get the convergent results not only for the transition amplitudes but also for 
such expectation values; at least the asymptotic behaviour of /’(k) shown by (28) 
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is necessary. 
Such good property of /’(k) comes from the 
total interaction Lagrangian <’ in (1), and we have Cy 
here understood that the unitarity of the S-matrix ei 
and the convergency of the theory are never in- 
dependent of each other. Fig. 10. 
On the other hand, however, there exist some 


troublesome problems in the form of [’(k), which come from its singularities at 
the momentum values 


(i7k+M) (izk+m)—g?=0. (29) 


This fact seems to give rise to several new possibilities about the mass levels 
of the physical particle described by ¢(x). The discussion about this problem 
will be given in the next section. 

Finally, the present model has its local limit, when we take the limit 


M>0, m>o, 
in (22), keeping the relation 
g?+299'—Mm=0 
which has always real solutions. 
Thus in the application of the present model to any of the current physics, 
if it is possible, we will be able to obtain the consistent results with experi- 


ments for low energy problems, by choosing Mand m suitably large under the 
condition such as the above expression. . 


§5. Discussions and further remarks 


In this section we mainly discuss the possible variable ranges of the singular 
points of [’(k), on which the real stable mass levels of (2x) depend. 
- First, suppose the mass operator of the physical spinor field ¢(2x), Wt(—i7k), 
which is obtained from the self-energy diagrams such as Fig. 9, a). Then the 
actual propagator Si(k) for ¢(x) including all higher order corrections must 


satisfy the equation | 
i(izk te +M(—irk)) Se(k) =1. | (30), 
Thus, the mass values of the stable particle described by (2) are given 
by the discrete roots of the equation 
a—K—M(a)=0 (31) 


in the domain 
a a K-> BP, 


where we have assumed «>¥. 
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From the form of I’(k), MN(a@) in (31) takes the form 
Ma) =—_—_ (32) 


(a—/,)?(@—A2)? 


where (a) is some function of @ and /’s are given by the equation 
(A— M) (A—m) —9”=0 


or 


coos (M+m) +—v (M—m)*+49" 


dole 


(33) 


i= (M+ m) —+-\/ (M=m) 49" - 


Do eH 


Although the roots of Eq. (31) are 
not always real, it is conjectured for the 
case of the sufficient large values of 
and /, that there probably exist at least 
four real roots near the values of 7, and 
/,, except a root which is near by the 
mechanical mass « and obtainable by 
the perturbation method, if the property 
of the function ¢(@) in (32) is suitably 
good, and probably these four roots do 
not belong to the stable mass levels of 
¢(2) on account of their large values 


(see Fig. 11). ; pe ‘ Fig. 11. p(a@) is assumed to be nearly unity. 
However, since it is difficult to 


calculate the function (a) rigorously because of the interaction Lagrangian 43, 
it is impossible to give the definite and satisfactory results for the roots of (31) 
at once at this stage of the present investigation. 

Moreover, in some case where the function e(@) has an undesirable be- 
haviour, it may happen that several troublesome problems about the roots of 
(31) occur and consequently it may be rather convenient to have the suitable 
complex values of 4, and A, to avoid the curious unphysical results, if any. 

From these [points of view and, furthermore, in view of the theoretical 
interest about the construction of the present model, we next investigate the 
possibilities of the modifications with respect-to the type of the model and, 
consequently, discuss possible variable ranges of 7, and /, which affect the pro- 
perties of the roots of (31), by manipulating the form of the interaction 
Lagrangian £&’. 

In the following, we confine ourselves to the discussion about this problem : 

a) Case 1. Although it is clear in (33) that 4 can become negative too, 
it is further possible to get the negative values for both of Ay anda date 


On a Convergent Model of Quantum Field Theory 145 


For this purpose, we add the mass term interaction 
Lir=In (0,9,—9,' ¢,') +9o2(Po $.—y ¢,! ) (34) 


to the total interaction Lagrangian 4’ in (1). Then, it is shown through 
the same procedures as those used in the present paper so far that without 
any violations of the unitarity and the convergency we obtain 


9qq' 
Tie er fe 35 
(izkt+al) Gzpkth!) ” ee 


c : ; 
where 7,/ and /./ are roots of the equation 


QA—M+9u) A—m+ 922) —g”’=0 


or 
ROME ope ge Ge CAL Ag? 
Ay 3 Ju— Jr a (M—m—9ut922) +49" > 
it i 9) 
A! = 5 (M+ m—Iu-In) — i V (M—m—9ut9u)? +49" - 


Then under the condition 
M+m< 91+ 922; 


we can get the negative 7,’ and 2,’. Of course, although in this case the ap- 
pearing masses of all unphysical fields become negative, when we renormalize 
the mass terms <, into the free parts £, in (1), this is not troublesome at 
all, if we retain the £, in £', since it is sufficient enough for these unphysical 
fields that some suitable representations for them exist at least in the sense of 
mathematical manipulations. 

Dye tC ase 2, wit As further possible to obtain the complex 7 and 7, in (32). 
It is necessary for this purpose that we set either ¢, or ¢ so as to have the 
negative anticommutator and consequently either ¢,’ or ¢,' so as to have the 
usual anticommutator (the positive anticommutator). 

For example, if we interchange the signs of ¢, and ¢,’ terms in £, with 
each other, then the signs of their own anticommutators are all interchanged 
in all expressions so far, and the equations corresponding to (12) become 


*—(704+M)QA=9' %, 
(70 +m) G2,=9'. 


(37) 


Solving the above equation and again tracing the same procedures as those 


given so far, we arrive at the result that 
, 299" 
CR a (38) 
OO) Greta GR +A) 


f 
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where 2,” and 2,” are given as the roots of the equation 
(A—M)(A—m) —9”" =90 


or 


a 


A= = (M+m) + : V/ (M—m)?—4g" , 


C 
C 


(39) 
(M+m)— 


NOE ol 


V (Mm) 4g" 


bole 


Thus with the condition 


\q’|\> LS |M—m|, 


we have been able to obtain the complex 4,” and /,”. 

Moreover, it goes without saying that the negative real parts of 4,” and Bee 
would be obtained, by adding , in (34) to the total Lagrangian of this case, 
to give the results 


A! =2-(M+m+Iu—Ja) +> (M= m+ + un) —49" » 


, (40) 
i=) (M+mt9u- Jan) —— 


v4 A (M— m+In +9)?— 4g”, 


bo] 


with the conditions 


Jo > M+m4+ 9n, \9’|> = (M—m+ 9ut9o2). 


a 


It should be noted that the coupling constant y connecting ¢(2) and ¢(.2x) 
(¢(2) and ¢,'(a)) does not enter at all in all expressions (30), (36), (39) and 


(40) and consequently we can obtain good approximations in perturbation ex- 


pansions with respect to f by choosing the value of gy suitably in all cases. 

After all, returning to Eq. (31), it has been shown that there remains a 
considerable wide degree of freedom to decide the mass levels of the physical 
particle ¢(2) according to the form of e(k) in (32). The future problems 
about the approaches such as the present model will be focused on the solutions 
of Eq. (31). 
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formulas, figures or tables. 


Operator Equations in Two 


Field Theory Models* 
P. G. Federbush 


Department of Physics and 
Laboratory for Nuclear Science 
Massachusetts Institute of 
Technology, Cambridge 
Massachusetts, U.S.A. 


February 21, 1961 


The field operators in two non-rela- 
tivistic field theory models have. al- 
ready been shown to satisfy local field 
equations.” That is, the operators 
satisfy differential equations depending 
only on the operators and their deri- 
vatives at a single time. This is true 
even if some of the renormalization 
constants are infinite. In this paper 
we show the same result for two rel- 
ativistic field theory models, unfor- 
tunately two-dimensional; however, 
the forms are very suggestive of a 
similar result for more realistic field 
theories. 

The Lagrangians for the two theo- 


ries ars as follows: 


* This work is supported in part through 
AEC Contract AT (30-1) -2098, by funds provided 
by the U.S. Atomic Energy Commission, the 
Office of Naval Research and the Air Force 
Office of Scientific Research. 


Do not forget to count in enough space for 


Lees (o. tia, 3 +M) i 
FY Ses ey ee ae 
S75) Me — 2 
Oa" Re TS BES 2 es yy é 
(1) 
L=h*?o,(a, 0 +10, 0 +M,) py 
z Or 
fe) Sal (6 
+ fo*? oy (<. ap ae eke ey +M,) Po 
—AJ," J,’ E,,, | (2) 
J*=id** o,7* ¢, yee ae pisicy, 
€o=—Fa =1, Ey, =E=0. 


The o-matrices are the usual 2x2 
The first model 
is the derivative coupling type (be- 


Pauli spin matrices. 


tween a Boson and a Fermion field) 
that leads to no scattering in any 
dimension. All vacuum matrix ele- 
ments are easily expressible, but in 
four dimensions the theory is non- 
renormalizable and the singularities 
too strong to be satisfactory. The 
second model leads to a non-trivial 
Both models 
have infinite wave function renorma- 
The results for the two 
models are similar and for model 1 
can be checked trivially. 


but soluble S-matrix.” 


lization. 


First we produce the expressions 
for the current operators : 
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(5) 


The subscript (0) indicates the free 
field value of the matrix element. 
Eqs. (4) and (5) are from reference 
2). In all cases the equations repre- 
sent the operator expressions for the 
current operator as conventionally de- 
fined. It is interesting to note that 


these expressions would all be zero 
evaluated in a vacuum expectation 
value to any finite order in pertur- 
bation theory. 

The differential equations satisfied 


by the operators follow : 


(PL) 6= 0, 
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It is seen that all the expressions (3) 
through (9) have a great similarity to 
the naive expressions one would get 
for finite renormalization. However, 


the differences would seem to be hard 
to guess for an arbitrary theory. In 
addition the expressions involve func- 
tions such as (0|¢*7(x)¢Cy) 10> not 
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known until the theory is solved. 
The interesting question is whether 

any similar results in realistic field 

theories could prove useful: either in 


formulating high energy approxi- 
mations, or renormalizing presently 


non-renormalizable interactions, for 
example. In any case such expressions 
increase one’s understanding of local 


field theory. 


1) R. Haag and G. Luzzatto, Nuovo Cimento 
13 (1959), 415. 
2) P.G. Federbush, Phys. Rev. 121 (1961), 1247. 


A New Model for the High Energy 
Nuclear Interaction 


Shun-ichi Hasegawa 


Institute for Nuclear Study 
Tokyo University, Tanashi, Tokyo 


April 17, 1961 


The data on a large number of jet 
showers recently observed in nuclear 
emulsions and emulsion chambers have 
revealed the existence of a wide varie- 
ty in the angular distribution and the 
energy spectrum of secondary parti- 
cles.”*?»®)}® From an analysis of this 
wide variety of jet showers, one can 
find striking properties of the multi- 
ple meson production, which, conse- 
quently, suggest a new model which 
seems to indicate a fundamental feature 
of the elementary particles. 

Fig. 1 illustrates several typical ex- 
amples of the log-tan@ plots of the 
angular distributions of jet showers 


observed by the Bristol group’ and 
the Chicago group.””® Let us look for 
some kind of unit constituting the 
wide variety of the angular distri- 
bution observed. In the event 0+6p 
observed by the Bristol group, one 
notices that all shower particles are 
grouped in a narrow region of the 
log-tan# plot; it suggests a strong 
correlation of secondary particles. Let 
us assume this grouping of secondary 
particles found in the event 0+6p as 
the typical example of the units which 
construct the angular distribution ob- 
served. Then, the distribution found 
in the other events in Fig. 1 is now 


interpreted as a composition of several 


groups of shower particles. More quan- 
titatively, we define the unit according 
to the following criterion, a group of 
secondary particles distributing in a 
narrow region of about a factor of 
3~5 in the log-tan@ plot of the 
angular distribution. Fig. 1 shows 
identification of the unit made in this 
way. 

On the basis of this grouping of 
secondary particles of the jet showers, 
features of the 

There 


various unit are 
studied.* 
blance between the prong number dis- 
tribution of the unit and of P-P an- 
nihilation events,” though the unit has 
a slightly longer tail in the distribution. 
The angular distribution of the shower 
particles in the rest system of the unit 
shows roughly the dipole-type  radi- 
ation, sin’d* dcos* in the examination 


is a close resem- 


* For the experimental data adopted for our 
analysis and the detailed results, see S. Hase- 


gawa. INSJ No, 38. (1961) (Tokyo University). 


Fa 


10“ 
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Big 
the “ quantum ”. 


Some interesting examples of the ang 


ular distribution which suggest the existence of 


ne: Half angle determined with Castagonoli’s method by each author. 


No: Determinat 
of the “ quantum”. 


by the method of F-plot,” where 4* 
is the angle in the rest system of the 
unit ; this shows the polarization char- 
acter of the unit with respect to the 
incident direction. One can also find 
that the distribution of the transverse 
momentum of secondary pions””” in jet 
showers is similar to the momentum 
spectrum of P-P annihilation events.” 

The above considerations suggest 
the “quantum ” hypothesis of the unit 
in log-tan@ plot. An energy estimate 
for the mean internal energy of the 
“quantum” can be made by using 
the mean value of the tramsverse mo- 


‘on of the half-angle from the hypothesis of the symmetrical emission 


mentum observed, 0.3 Bev/c, and the 


mean prong number of a ‘QuantUlienge 


The mean prong number in a “ quan- 
tum” is found as 4.7. Correcting for 
missing 7’-mesons, we estimate that 
the mean number of emitted z-mesons. 
froma “quantum” is about 6. There- 
fore, the mean internal energy of the 
“quantum ” is about 2Mc’?—M is the 
nucleon rest mass. Thus the “quan- 
tum” may be considered to be com- 
posed of a baryon and an anti-baryon. 
The experimental evidence that about 
200, of the shower particles in jet 
showers are not pions’ shows that this 
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baryon is not always a nucleon but 
sometimes. a hyperon. 

Thus, we can consider the following 
mechanism of the explosive meson 
production; at the moment of a violent 
collision of high energy, the emission 


> 


of several polarized “ quanta’ takes 
place. This “ quantum ”’ can be identi- 
fied as a composite of a fundamental 
Later the 
“quantum” will turn into several 
pions and possibly to K-mesons. 


For the further study of the pro- 


« 


baryon and an anti-baryon. 


> 


duction mechanism of the “ quantum’ 
at a violent collision, one finds im- 
portant information from the Lorentz 
factor of the “quantum”. The sym- 
metrical emission of “quanta” in 
forward and backward directions re- 
ferring to the C.M. system is found 
for most of the experimental data. 
The overall distribution of Lorentz- 
factor of the “quantum” in the C.M. 
system, 7,, 1s expressed approximately 
as 1/7). 

This relation is consistent with our 
knowledge that the angular distribution 
of secondary particles averaged over 
all jet showers is dcos4/sin 0,9"? where 
# is the emission angle in the C.M. 
system. The fine structure of the 
distribution of Lorentz-factor of the 
“quantum” will reveal some interest- 
ing unknown dynamics of the elemen- 
tary particles. 

Lastly, we examine the critical ener- 
gy at which the emission of the po- 
larized “quantum” takes place. A 
rough estimate shows that this critical 
energy is about 7,~5. We remember 
that the change of normalized multi- 


plicity of secondary particles occurs 


at 7,~8, as studied by Kaneko and 
Okazaki. Detailed discussions of this 
new model will be published succesi- 
vely. 

In conclusion, the author wishes to 
express his sincere thanks to Prof. Y. 
Fujimoto, Prof. G. Takeda, Prof. J. 
Nishimura, Dr. K. Niu and Dr. K. 
Yokoi for their helpful discussions 
and criticisms throughout this work. 
Especially, the author is much _ in- 
debted to Dr. K. Yokoi for his various 
contributions to this work. 
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Hard Core and Shape Parameter in 
the Effective Range Expansion 


T. Hamada and I. D. Johnston 


The Daily Telegraph Theoretical 
Department, School of Physics 
University of Sydney, Sydney 

N.S.W., Australia 


May 9, 1961 


The effective range expansion for 
the 1S, nuclear scattering phase shift 
reads 


k cot'0)= ee Wake oe Pee tae 
a % 
(1) 


The shape parameter P has recently 
received some attention in connection 
with the hard core hypothesis in the 
singlet even parity nucleon-nucleon 
interaction. Gammel and Thaler” have 
stated that a potential with a hard 
core of radius greater than 0.3 f, which 
seems to be required in fitting the '% 
at 310 Mev,” necessarily has a negative 
P. It follows then that the hard core 
hypothesis must be rejected if the 
experimental results show that P 1s 
positive, which is likely to be the 
case.” 

Gammel and Thaler’s statement is 
based on the work by Preston and 
Preston.» The latter authors consider 
four conventional purely phenomenolo- 
gical potential models, square well, 
Gaussian, exponential and Yukawa. 
It is not clear whether the statement 
holds for more potential 
models. Indeed, Perring and Phillips” 
disprove Gammel and Thaler’s state- 
ment by presenting several examples 


realistic 


of potentials with the hard core radii 
>0.4f and still have positive P. In 
the present short note we wish to add 
one more example to Perring and 
Phillips’ and discuss its significance. 

The singlet even parity potential we 
have considered is 


V (2) =— (97/42) pe" / 2) 
x[1+10(e7?/x) +8 (eo ae) 


with the hard core radius 7=0.4769 f, 
g?/4x=0.08 and x=internucleon dis- 
tance measured in the pion Compton 
wavelength #-?=1.415 f. The potenti- 
al (2) has been successfully applied 
in a recent work on the proton-proton 
scattering below 310 Mev.”* The zero 


energy scattering parameters given by » 


(ay rare? 
a=—18.41 f, r-=2.853F. (3) 


We have calculated ‘3, over the energy 
range 2.5 to 6.0 Mev and analysed 
according to (1) and (3). Only the 
frst three terms of the expansion (1) 
have been kept. The results are shown 
in Table I. It is clear that the poten- 
tial (2) has a small but positive P in 
spite of its large hard core radius. 
This is in agreement with Perring 
and’ Phillips.” » Table I also shows 


* A weak potential proportional to L? has 


. been added to (2) im reference 5). Such a 


potential has no effect on the 1S) scattering and 
hence is not considered in the present note. 
** No account has been taken of the Coulomb 
effect in the present calculation. The scattering 
length given here is slightly smaller than that 
published in reference 5). The difference is 
due to the round-off error in the published 
The scattering length is extremely 
sensitive to 7. For the potential (2) the change 
of.0.001 f in 7 produces the change of 2.2f ina. 


value of 7. 
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that the fourth term in the expansion 
(1) is positive. The phase shifts at 
higher energies predicted by (2) are 
given in reference 5). 


Table I. The 4S) phase shift and shape 
parameter calculated from (2). 


E (Mev) 199 ie! 
2.482 1.0613 0.0158 
aS10 | 1.0650 0.0158 
3.748 | 1.0640 0.0156 
Baie) 2-10620° ~ 0.0153 
4561 | 1.0591 0.0150 
4976 | 1.0557 0.0147 
5.137 1.0543 0.0145 
5.391 1.0519. | 0.0143 
6.000 | 1.0457 0.0137 


It is clear now that the hard core 
hypothesis is not necessarily incon- 
sistent with P>0O. The hard core 
hypothesis appears to be the only way 
to reconcile zero energy scattering 
parameters with the behaviour of ‘0, 
at higher energies unless strong energy 
dependence of the potential is invoked. 
If P>0 is proved experimentally, then, 
what must be rejected is not the hard 
core hypothesis but the four purely 
phenomenological models considered 
by Preston and Preston.*) The Gam- 
mel-Thaler potential” belongs to this 
category. 


Another, more important, point is 
that all potential models considered in 
reference 4) and the present work 
have the form: one pion exchange 
potential + short ranged _ singular 
phenomenological potential. In both 
cases the phenomenological parts are 
in qualitative agreement with the pion 
theoretical predictions.”’* Further, the 
phenomenological parts of the poten- 
tials contain, in all examples, only two 
adjustable parameters—the same num- 
ber of parameters as in four potential 
models considered by Preston and 
Preston.” It seems to us, then, that 
P>0O, if proved experimentally, may 
be taken as another support for the 
pion theory of nuclear forces. 
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Dynamical Theory of Ultrasonic Attenuation in Metals 
Noboru TAKIMOTO 
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6o(«) and 6,(«) should read 6)(—«) and 4,(—«) respectively. 
37x G2 U,? 

Cehcuaas 

pal Creshouldexeadi gps Sool e 

The right hand side of Eq. (7-8b) should be multiplied by o. 

The left hand side should be multiplied by —1. 

The right hand side should be multiplied by —1. 

““(5-6a)” should read “(5-6b)”. 

“(4-1)” should read “(4-7)”. ; 

The last expression should read 3f)(04ExK/0K,70K,). 

K,;(«, @) in the equations should be multiplied by —1. 


3zmq;4 u,4 


- should read a,= BM oF v 
0 


The equation should be corrected to 


Vie ta Ne ARPA TE 
ae see Lx +} 
w(K) =Wp 1+2(-) 175 ae i : 
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Fixation of Physical Space-Time Coordinates 
and Equation of Motion of Two-Body Problem 


Toshiei KIMURA 


Research Institute for Theoretical Physics, Hiroshima University 
Takehara, Hiroshima-ken 


(Received January 28, 1961) 


The consistency of the canonical reduction of gravitational field coupled with point 
particles is investigated. It is shown that the Hamiltonian, obtained by eliminating constraints 
and imposing coordinate condition, gives exactly the same equations of motion as obtained 
by Einstein, Infeld and Hoffmann. Furthermore, the derivation of the approximate (up to 
the fourth order of velocity of particle) equation of motion is presented without tedious 
calculation. 


§ 1. Introduction 


The theory of relativity differs from any other usual field theory in that 
the energy momentum tensor vanishes identically by virtue of the differential 
constraint equations. Physically, the origin of this phenomenon is related to 
the general covariance of the theory. That is, the generator of translations 
with respect to the arbitrary time coordinate is indeed expected to vanish since 
any apparent “time” translation can be removed by a mere relabeling. This does 
not mean that the physical energy and momentum of the gravitational field is 
zero. Real motion is to be expressed only in terms of physically meaningful 
space-time coordinates which must be functional of the metric tensor. Recently, . 
in order to obtain the correct non-vanishing energy-momentum vector, Arnowitt, 
Deser and Misner” (hereafter referred to as ADM) have put the general rela- 
tivity into a canonical form. They started a series of investigation with the 
Palatini Lagrangian and (3+1) dimensional form. If the constraint variables 
are eliminated from the Lagrangian by means of the constraint equation, there 
results a new structure which depends upon four dynamical variables and four 
undetermined quantities. The specification of these arbitrary quantities as the 
coordinates corresponds to the definition of a coordinate frame. In this form, 
a new non-vanishing Hamiltonian density, which will represent the physical 
energy density of the system, arises in the Lagrangian. At first sight, the 
formalism of ADM seems to impair the general covariance of the theory. 
However, this is not the case, since it can be seen that the action of general 
relativity is in the “* already parameterized” form where a theory is invariant 
under an arbitrary re-parametrization. By using this canonical form, ADM have 
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investigated several interesting problems such as the criteria for gravitational 
radiation, classical self-energy question, etc. However, the problem of the equa- 
tion of motion (Einstein, Infeld and Hoffmann analysis”) has not been investi- 
gated from their viewpoint. This should be one of the major topics of interest 
in the classical theory. 

The equations of the two-body problem in general relativity were derived 
long ago by Einstein and his co-workers (hereafter referred to as EIH) from 
the assumption that the bodies can be regarded as singularities of the gravita- 
tional field. They used the field equation in empty space, 


‘R,— + 49,,4R=0, (1-1) 
Ye 
instead of 
1 ae 
Rasa see aaalen (1-2) 


where T,,, is the energy-momentum tensor of matter.* They obtained the well- 
known equation (EIH Eq.) of the two-body problem within the approximation 
up to fourth order term of the velocity of particle, 


#=Gm 1422+ 3 e412 P—4Gm/r—5Gm/r |(1/r), 
iF fen DP I3.5 2 : 


a Ae 
+|42"(e'—29 43a" 4a |/r) tae ranks (1-3) 
i} 2 1 fy 22 ae | 


where the index a written as m and x is used to distinguish between the par- 
ticles, r= {(2" — 2") (x* 2)", ¢ = 39/92", t ‘=da'/dt and m is the constant 


rest mass e ath peehele: On the Shek Rett Rack and Rananserou® have 
deduced the same equation from Eq. (1-2) using definite expressions for T’,,. 

By using Eq. (1-2) with 7,, proportional to the three-dimensional 6 func- 
tion, Infeld has linked the two methods.) He started with the integral of the 
equation (,/—‘g7T”’);,=0 over the three-dimensional region surrounding the 
first singularity, and found a ae 


a a a 


2 : 
—L=—)} {5 _ ma" a ae —m (2 2") ‘| Gm m\—1/r+2 Gm+m)/r? 
a=1 8 us 2 1 2 


— S-Di al/r +4 Z'/r— iy util, (1-4) 


al a 


* Latin indices run from 1 to 3, Greek from 0 to 3, and x°=¢, All tensors and covariant 
operations are three-dimensional unless specified such as 49,,- Ordinary differentiation is denoted 
by comma. The vertical bar “|” indicates three-dimensional covariant differentiation, while the 
semicolon four-dimensional one. We use units such that c=16xGc-4=1=c where G is Newton’s 
gravitational constant, and summation convention for all repeated tensor indices. 
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which yields the EIH Eq. (1-3) by varying with respect to 2’. Though his 
. . 4 

method is less tedious than the original EIH one, it is necessary to impose 

the following superfluous condition in order to ensure the internal consistency : 


(0°9,,/0x') =0'9,,/3x', 949,,/3a'=0 (1-5) 
ee 1 
where 
P= |d*xd (x—a)¢. (1-6) 
ut 


In the above equation and in the following discussion we narrow the definition 
of 0 function, following Infeld,® so that Eq. (1-6) remains true even if ¢ has 
a singularity, and that @ represents only regular part of the function of the 
er andes 
Since these features are extremely complicated, it seems that there is still 
room for an alternative simplified derivation. Following the line of Gupta’s 
approach to gravitation, the present author” and independently Corinaldesi® 
have obtained in a straightforward way exactly the same equation as that of 
EIH. Though Corinaldesi treated every component of the gravitational field 
symmetrically, the author showed that only the potential, obtained by eliminating 
the longitudinal and scalar parts of gravitational field with the aid of the sup- 
plementary condition, contributes to the EIH Eq. 
Thus, the fact that the transverse traceless part of the gravitational field 
plays no role in the EIH approximation method shows that the equation of 
two-body problem may be obtained reasonably by the Arnowitt, Deser and 
Misner formalism where a precise determination of the independent dynamical 
modes is arrived at. Since the Lagrangian densities in the usual methods®”” 
are determined so as to deduce the EJH Eq. derived from the equation 
G/—9T”) ,.=9, we cannot give explicit expressions for the Lagrangian 
densities from the beginning. Therefore, if we start with the Lagrangian 


density 
L=—m (ds/dt) = —m(—"9,,£" 2") 1/2 (=1), (Ladys 
ik 2! 


it is necessary to impose the superfluous condition (1-5). This may be due 
to the fact that the Hamiltonian does not exist in the usual formalism of general 
relativity. It will be shown in this paper that the canonical method of ADM 
is very useful from a practical point of view, and further that Infeld’s condi- 
tion (1-5) is needless, because our Hamiltonian is not directly related with 


H=p,2'-L, (1-7’) 
10 


where L is, given by (1-7). 
In § 2, it will be shown that the equation of motion derived by the reduced 


ne £ 


> TT! te 


SP tS OT GF ee. 
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canonical method is identical with that of EIH irrespective of approximation 
method. It should be valuable for the practical use to show the approximation 
method explicitly, as done by EIH. Since the feature of our method based on 
the reduced canonical formalism is different from that of the usual one, we 
present an approximation procedure in §3. The Hamiltonian is obtained ex- 
plicitly by approximation and the EIH Eq. (1-3) is derived without tedious 
calculation. Some remarks on the quantization of physical space-time coordinates 


are given in § 4. 
§ 2. Consistency of the canoical reduction 


The question of consistency of the canonical reduction of general relativity 
(obtained by eliminating constraints and also imposing coordinate conditions 
in the action or generator) has been examined by ADM.” That is, it has been 
shown that the equations of motion obtained from the “reduced” formalism 
agree with the original Einstein equations. But their demonstration is confined 
only to the uncoupled gravitational field. We are interested in the dynamics 
of point particles coupled with the gravitational field. In the first place, we 
shall briefly sketch the relevant parts of ADM’s canonical formalism for the 
coupled system. We start with the total action of the system: 


ee \ V —*9 9” *R,, CLE) dtx + [Le d*x, (2-1) 


where 
Ee x \ ds \?. (s) [dx* (x) /ds|— — , (s) Lp, (s)p (s)*g”"(a) + m')| O*(a—2(s)). 


By putting Pecan can multiplier A(s) =m ‘ and eliminating arbitrary parameter 


s by performing the indicated s integration ADM have shown that Eq. (2:1) 
can be reduced to the following form (ADM-V) : 


T= | d*x fa" 894+ DS Leider’ (0) /dt]o(x—x() +N*R,t, (2-2) 
where > 
Ne=(—9")—", Ne Go, 
acon zz? — 24 x, ,)- xu (pip ‘+ m?)'?6(x—x(t)), 
R,=2ai,,+ Li pi9(x—x(t)), 
a= (— 9) (Tn —Jre LOG, naga nY, 


and R means the three-dimensional curvature scalar formed from g;; and 
g” (=‘g + N'N!/(N*)’), Here, in the action (2-1) the divergence terms are 
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discarded. This is essential to the establishment of consistency. Varying 
Eq. (2-2) with respect to N*, we obtain the constraint equations : 


ye th ; 
Ross (gR+ maya!) — 3 (pep tm)" (e—2() =0, (23a) 
R,=2a/ y+ Li pid (x—x(Z)) =0. (2-3b) 


We now make use of an orthogonal decomposition of 9,, and 2” according 
to the following scheme :* 


5 Gig= — 9G +9 +95+ (Gig +97,0), (2- 4a) 
goa gtiTT 4 git (z',+2!,). (2- 4b) 
Here g%” and x?” mean the transverse traceless part of 9; and 2‘, respectively, 
and 
ge (pty ge) | 
df ct ime Gis Te | 2:9 
Gis 5 J %; 7 9 a (2-5a) 
ro 1 
g =Gu-— Gs.9 9» (2-5b) 
1 eee 
n= (9us— 4 Jussi) (2-5c) 


where 1/4 is the inverse of the Laplacian operator 4=0?/dx‘dx" with appropri- 
ate boundary conditions. Also 2”, etc., have the similar forms though the term 
—3 on the right-hand side of (2-5b) does not appear. 

The total generator (obtained from variations at the end point) 


G= Dp d2') + | dt" dau, (2-6) 
in which the constraint equations (2-3) are taken into account, becomes 
G= Spdnoat(o + [ata fav agtt —(—49") | — 5-5 (4G "x | 
fl aS 
— oni! a] Sa “|| 2.6! 
SPs m4) 0) I Toa, g, ( ) 


on inserting the orthogonal decomposition of g;,; and 7”. 
The JI, defined by 
I= 497, I= —2n"; (2-7) 


* We use a different decomposition from that of ADM. The negative sign of the first 


term on the right-hand side of Eq. (2-4a) plays an important role in our discussions. 
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can be expressed in terms of the canonical variables eke sept x*(t) and pi 
by solving the constraint Eqs. (2-3) : 
INh= ol9a'> get es # (ty, Pp.) =A, (2-8a) 
=T genes, ele Pe: (2-8b) 


We shall now fix the frame of the physical space-time coordinates. For 
this purpose, we impose the following coordinate conditions (ADM-—V) : 


g=t=—+ } (at-+ 2%) =-- alt (2-9a) 
a= 9, a oi. (2-9b) 


_ Now, the generator can be written in canonical form : 
C= Dp Mea) +|d*alaag7 +702"), (2-10) 


Thus, H is the Hamiltonian density of the entire coupled system and T;,° is 
the total momentum density. 

Returning now to the action integral, we see that Eq. (2-2) can be reduced 
to 


by eliminating constraints (2-3) and imposing coordinate conditions (2-9). 
On the other hand, in our coordinate system (2-9), the metric g;; takes on 
the form 


Iu=Ig + (1 +- st g ") b:4, (2-12) 


with the boundary condition g70 as roo. 


Now that we have recapitulated the theory of ADM, we shall show ‘that 
the equations of motion obtained from this “ reduced” formalism agree with 
the equations of motion obtained by EIH. 


Varying the original action integral (2-2) with respect to ps x‘, we obtain 
a a 


the equations of motion 
dx'(t)/dt=—\ d*y N*(y)9R, (9) /Op.(0) (2-13a) 


=| d*y {N*p'(p.p'+m'y-"@—N4 a(y—2), (2-14a) 


and 
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dp(t)/dt=+ \aty N*(y)OR, (y) /dx'(t) (2-13b) 


=—|d°y{ (pip my? NA+ pips (ppm) AN” 


—pNibea(y—x(). (2+14b) 
In the Appendix, we show that Eqs. (2-14) yield 
#4 Tita’ (ogl)#'=0, (2-15) 
where 
L=—m ds/dt=—m(—'9,,x"° 2)”, (2-16) 


A mt hee aay J 


The definition of @ is already given by (1-6) :* 
G= | d*xgd(x—x(0), 


As mentioned already in $1, our three-dimensional ¢ function have properties 
that the x* are introduced for x* and that the singularity of ¢ are ignored. The 


latter property distinguishes our function from the usual one, and makes it 
difficult to guarantee the existence of such 6 function. If we admit ADM’s 
argument about the existence of a compensating effect of the gravitational field 
on the divergent self-energies due to other fields, it may be possible to admit 
the ignoring of the singular part, although higher and higher infinities will 
arise in a perturbation analysis. 

From the analysis of Infeld, it is easily seen that Eq. (2-15) is nothing 
but the EIH Eq. derived from 


(dt/ds) [a%20/—9T"),,9@—a) =a (2-17) 
with 
/ —9T’ = Mz’ 2’ 0 (x—x) 
in which 


M/m=dt/ds. 


On the other hand, we shall now extend ADM’s argument about the con- 
sistency of the canonical reduction of uncoupled gravitational field to the case 


* In this paper, we assume Qv=o%. This will be true if ¢ and ¢ are expressed in terms of 
odd powers of r. See reference 4). 
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of point particle coupled with gravitational field. Using the functional Taylor 
series about the point //,=T," 


R.(9) = | dte[M(2) —Te@) OR, (9) (8M Yn ts 
and the relation 
| diy N*()[AR, (9) /A1.(2) = 8.0 
which can be obtained from 


[4 a/a (27+ ata) | =— | atone) OR, (9)/8H(2)] 


by imposing the coordinate condition (2-9a), we can reduce Eq. (2-13) to 
az'=0H/9p,, 
. s (2-18) 
p= —0H/dz", 

with 
H= | d*2H. . 


As is easily seen, Eqs. (2-18) are simply the Hamiltonian equations obtained 
from the reduced action integral (2-11). 

Thus we have shown that the equation of motion of point particles obtained 
from the reduced canonical formalism is equivalent to the EIH Eq. Our Hamil- 
tonian density H for each particle has quite a different form from 


H'=p,2°—L= (pip' +m)? N°—p,N, 


where L is defined by Eq. (2-16) and p,=9L/0z*. Therefore we need not 
impose the conditions (1-5) by which Infeld deduced the EIH Eq. from L. 


§ 3. Approximate form of the Hamiltonian 


We shall now get the explicit expression for the Hamiltonian density 
H=-— 4g" by using the approximation method which consists in disregarding 
the terms beyond the fourth order of the velocities of particles, as EIH did. 

We shall first rewrite Eq. (2-3a). The relevant part of g'?R is: 


1 1 
g?#R=— 4g? +— —Jin,mGim,n— nt Onn (eee gage nJit,n- 
a 4 we 4 ae} 
(3-1) 
It should be noticed that in our coordinate system g;; can be expressed in the 


form (2-12), and that the transverse traceless parts 977, 277 can be neglected, 
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because they have no effect on the EIH approximation as mentioned in § 1. 
Hence Eq. (3-1) can be written as 


fed ee dg’, (3-1) 


--where divergence terms are discarded. 


For our purposes, the differentiated forms of the coordinate conditions 


(2-9) are more relevant. If we express the right-hand side in terms of 2” and 
Itz, WE find 


Tae), (3-2a) 


il 
9 4, 2 Pras 89 144=0. (3-2b) 


Accordingly, in our approximation the term 2? in the constraint Eq. (2-3a) is 
reduced to 


a0 Ne. (3-3) 
And, also, 
2 ce md Teor 1 j= mt gar Qn a = a8 = an — one, Te (3 ° 4) 
Thus our H=—4dg" is determined, in our approximation, from the following 
simultaneous equations : 
— Ag? = 9" Mg? —2n4 x’ + ; rl 5 7” ant uo (pip +m’) 70(%— x), 
(3-5a) 
— 22 ,= —2 (da +23) = Dy pd (wx). (3-5b) 


‘The last term on the right-hand side of (3-5a) has a form 
1/2 
(pipttm') =m 1 + pip (1—4-9")/m| 


amit ee(i- sayin = goat}. O89 
Let us expand g” in a power series of the velocity v= of particle : 


g=9 92+ (3-7) 


where the indices written as left subscripts indicate the order of v absorbed 
by the g7’s.* The lowest order approximation of Eq. (3-5a) is 


=4,07 =) moe —2). (3-8) 


” 


two . 


a“ 


* x is of the order “one” and x (hence 1/7) of the order 


= 


ap lik in Soe tee 


r 


AR oe at 


eee ae ee 


OF oP ©. 
” yom Se 


ees 


enue 7% 


Seay, eee 


Rl ae Pe ese Le Se ee 


sa 


ee ee en 
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A solution of this equation is 
a = tS AR Ty (3-9) 
with 


pe {(2*— 2") (x*¥— x") }4?, 


On inserting Eq. (3-9) into the first term on the right-hand side of Eq. (3-5a) 
and adopting the second term of Eq. (3-6) for the factor ( pip'+m’)*” of the 


last term in Eq. (3-5a), we have for 4.” 
—4g97=— (mm /327) {0(x—x)/r+0(x—x)/r} ~ Li pipid (x—x)/2m. 
(3-10) 
Here the term corresponding to the self-energy is discarded. The solution of 
Eq. (3-10) is 
AOE x {—mm/1287'rr-+pipi/82mr}, (3-11) 


with 
r={(2*— 2") (at at) }", 
1 2 1 2 
Therefore, we have 
2 \9?-dg?dte= | d*x tg" dg? +" dg" +9749") 
=—mm/162r+mm(m+m) /2(16 2)? r? 
aA rk Da 1 2 
— {(m/m) Pipi (m/m) pips /2(162) r. (3-12) 


The lowest order solution (which is of order v') of Eq. (3-5b) for z* is 


m= — dX (p"/2) (a%/4—1_0,,/ 2) 0(x—x) = dX (pi/8 27 — per, s2/327}, 


(3-13) 
where we have used the relation 
(1/4) 0(x—x) =—r/872. 
On the other hand, we have in our approximation 
(1/2) 2" n= pr ru/162. (3-14): 
Therefore, 
12 ye ; 
jaz| Zn", Tote ee 7 ——— n wu |=4 pcp/16ar—3 pupy [a 1y/327. (3- 15) 
2 af 1 2 in'2 ae 
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Caieune the results (3-12), (3-15) and (3-6), we find 
Bit eae 20a Coen /Sra) Crile rie +0) 2 
—5-Gi(m/ m)pipit (n/m) pipis (7 + 4Gpipi/ r—— Gpipiry. (3-16) 


From this Hamiltonian, the Poisson bracket equation of motion follows. 
If we express: this equation in terms of x, * and x, the EIH Eq. (1-3) may be 
obtained. In addition to this direct method, now we show that our Hamil- 
tonian is nothing but the one obtained from Infeld’s Lagrangian (1-4). 
From Eq. (2-14a), p° is written as 
pi= (1/N°) (pip' +m)? gi (ZI +N’). (3-17) 
We shall now express N“ in terms of x, and p;. The field equation obtained 


from varying Eq. (2:2) with respect to 2 reads 


Gy~aeN Gg (ty— 9 n) + Nig +Ny- (3-18) 


a 


The coordinate conditions (3-2) must be compatible with this equation. In 
our approximation procedure, we can put on the right-hand side of Eq. (3-18) 


N°=g=1, 2=0, Nij=Ni,3- 
If we substitute Eq. (3-18) in (3-2b), it follows that 


ANH = (24, ——— (1/4) an) (3-19) 


which has the solution 
Nie >» {—p,/4ar+p,; 744/32}. (3 -20) 
Since it is sufficient to use only the static part of N° in our approximation, 
we adopt the result of ADM (ADM-Va (3-16a)) for Ns 
N°=1— >) m/162r. (3-21) 


Thus, up to the fourth order of velocity v, 
ip Daten Se > miata +g? aah +b t'/ (N°)? +22°N + agen ssi 
Ie Wins Cae 2 “@@ ae a@ a ae a a @ 
1. “i “tb oF a pe in i Ds, it 
ab im (aa + (EA + EGER 8G ERI EEE Te 
. (3-22) 
In our approximation procedure, it does not affect our result to replace pi by 


mz‘ in the other terms of Eq. (3-16). Finally, we have 


aa 


a ee ee 
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H= > {= mia! + 2m ate} +Gmm |—1/r+—-Glm-tm) (7 


9 
2 a6 


Accordingly, 


is nothing but the Infeld’s Lagrangian (1-4). 
Thus, we have shown that our equation of motion of particles, derived 
from the reduced canonical formalism, is identical with the original EIH Eq. 


§ 4. Concluding remarks 


In the preceding sections we have seen that the reduced Hamiltonian 


e 


H=\Ihd’x, (4-1) 


derived from the original Lagrangian by inserting the solutions of the con- 
straint equations (2-8) and the coordinate condition (2-9), gives the equation 
of motion of two-body problem proposed by EIH. 

In the last section we have obtained the Hamiltonian which contains the 
terms up to the fourth order of velocity of particle. It has also been shown 
that this Hamiltonian is identical with that of Infeld. Our formalism will be 
generalized to the higher order approximation. Since we hardly see any physi- 
cal meaning in developing the calculations one further step, such a general 
formulation will be of little practical value. Further, we have not known any- 
thing about the convergency of approximation procedure. These are the reasons 
why we have not entered into the formal generalization of our approximation 
procedure beyond the fourth order. 

Finally, we shall discuss some problems related with the quantization of 
space-time coordinates. In connection with the divergence difficulty encountered 
in the quantum field theory, some investigators have conjectured that it may 
be removed by quantizing the space-time coordinates which are treated as c- 
number parameters in the conventional field theory. In spite of such attempts 
at the quantization of space-time coordinates, it seems to us that neither guiding 
principles nor promising procedures have been discovered. In the canonical 
formalism of gravitational field developed in this paper, our physical space 
coordinates are identified with some components of metric tensor. Therefore, 
it will be natural to quantize physical space-time coordinates when the gravi- 
tational field is subjected to quantization. We can see this from the analogy of 
quantum electrodynamics where the scalar and longitudinal parts of electromag- 
netic four potential mix with the transverse part when a Lorentz transformation 
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is made. In quantum electrodynamics, therefore, in order to explicitly exhibit 
Lorentz invariancy it was desirable to quantize all components of four potential 
symmetrically. Similarly, for the purpose of exhibiting the covariancy mani- 
festly it will be natural to treat the physical space-time coordinates as dynamical 
operators. 

In order to treat the physical space-time coordinates as dynamical variables 
it is necessary to deny the coordinate condition (2-9). In so far as this condi- 
tion holds, the dynamical equation for physical space-time coordinates does not 
follow from the action integral (2-11). Similar situation has already appeared 
in the quantum electrodynamics whose Lagrangian density is 


: eee = [A,F* ,—A,,,F?} ar F,, F, (4-2) 


from which dynamical equation for A, cannot be obtained. Now we put 


pxae ca ee ist ey icin 
(*) 2 A 
(4-3) 
Xa) =9:(2) — 
coiee 


instead of Eq. (2-9). Hence the action integral (2-2) can be written as 
I= | d*ax{ Lu a) +077 ,g7F + M,C) 3.X" (a) +N Ry, (4-4) 


where Lx is the Lagrangian density for matter fields. Thus we can treat and 
then quantize X*(2) on an equal footing as gj. So far we have mentioned 
only the advantage of denying the coordinate condition (2:9). However, we 
must touch upon a disadvantageous point. The canonical theory of general 
relativity does not directly determine N*. As has been shown in § 3, the 
consistency of the coordinate condition (2-9) and the gravitational equation 
has played a role of determining N’. This is due to the following reason. 
When gravitational field is not coupled with the matter field, the dynamical 
equation for X* derived from (4-4), 


4X" (2) ans | dty NLR.) /911,@)], 


can be written in the lowest order approximation 


OX? 
Pen ees 0): (4-5) 

g at 
Since both N“ and X* are undetermined, we cannot regard Eq. (4-5) as a true 
dynamical equation. Therefore, unless we have not taken account of the co- 
ordinate condition, we must either regard Eq. (4:5) as a supplementary condi- 
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a eee 
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tion* or assign some suitable values such as (3-20) and (3-21) to N* from 
the beginning. 

In the above we have discussed only the formal point of quantizing physi- 
cal space-time coordinates. There still remains several important problems to 
be solved, such as the meaning of measurements in the quantized space-time, 
and the dependency of field variable on the quantized physical space-time co- 
ordinates. Especially, unless the meaning of measurements is clarified, our 
approach will be criticized as being merely a formal approach. However, we 
stress here that the problem of quantizing the physical space-time coordinates 
can be neither separated from, nor discussed’ independently of, the quantum 
theory of gravitational field. 


Appendix 
Derivation of Eq. (2-15) 


We start with Eqs. (2-14a) and (2-14b). For the sake of simplicity we 


here pay attention to one particular particle. Accordingly, we drop the index 
a. 


Pi=(1/N°) (pips? +m) "2G! +N), (Axi) 
— b= | d*x {NC p.p' +m) +2 NC ppm?) pi bat — PN. 


(A-2) 
We define L by 
—L/m?= (ds/dt)/m=N* (pi p' +m?) 2, (A -3) 
where ds=(—g,,dx"dx")"*. The insertion of (A-1) into the left-hand side 
of (A-2) yields 


p= --2 {— (m*/L) 94 (2! +N) 


= (mi/T) {L £ (1/L) Fst! +9 nd" 4! 4Gy,00! +9, 


gy as , 
+L (1/D) Ga t+Go0+ Fatt (A-4) 


Here we have used the formula 


n ; : b 
Recently, I. Watanabe have attempted to quantize the space-time coordinates starting with 


‘the parametrized formalism for the system of ordinary matter fields (Prog. Theor. Phys. 24 (1960) 


465). He used also Eq. (4:5) as a supplementary condition and added Inv #4” to the original 
Lagrangian density on analogy of quantum electrodynamics where (A*“,)2 thea been added to E 
(4-2). In his formulation, contrary to our case, gravitational field id not play any role The 
meaning of Eq. (4-5) may be clarified only from the viewpoint of our formalism. 


/ 
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MEL ver eee 

| ae PP rot byte : 

On the other hand, the terms on the right-hand side of (A-2) are written as 
Cpept--m') "NA Cnt/L) {2 OV) I age — NYP" Iams Fons 


= N% pip’ +m)? p, PI an (L/m') p” P" I mnt (A-5) 


—p,Ni= =p" Jomi tp N” Jimi: 


Taking into account Eq. (3-18) and the relation 


—£ logh= CNY > {Ky 2! 2!—22'(Ni— Ki, N’) —Ni—NiN‘+N'N! Kij} 


(A+6) 


with K,,=—N°‘I’j, which corresponds to 
s. (dt/ds) =—"P a" &" (dt/ds)?, 
s 
we can rewrite (A-2) in a form 


= (log) it+ Pi até! —2N°Kj a! +2N°NYN) yt! t2N NIK n/N? 
t 


4 N°GF(N, IND o- NG NINN + NNN Kn/N° +9 (NY NN 1 =0- 
(A-7) 
With the aid of the relations: 


aN { —Kji+ (N‘/N°*) ytN* N*® Ky/ (N°)*} ; 
Pf NOG (Ni/N) +I NY NENG °N*NI/N°+ N'N! N*Ky/ N°, 
(A:8) 
Eq.(A-7) can be written as 


e+ Tiare’ —< (log])i*=0 


which is nothing but Eq.(2-15). 
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Note added in proof: After the manuscript of the present paper was submitted to the editors, 
the author had a chance to see Infeld-Plebasnki’s book “Motion and Relativity” (Pergamon Press, 
1961) in which their recent works on the problem of motion in gravitational theory are collected. 
The present author is informed by this book that recently Infeld found the reasonable Lagrangian. 
for two-body problem without imposing the superfluous condition (1-5). While his treatment is. 
confined only to the Lagrangian formalism, the method in the present paper is based on the Hamil- 
tonian formalism which is useful to treat the dynamical problems and to represent the energy of 


system. 
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The theory in the previous paper II, which has dealt with the two-phase separation in 
condensing systems on the basis of the “cluster” concept and by means of a mathematically 
rigorous method, is generalized to the case of systems with volume-dependent cluster integrals. 

The cluster integrals are assumed to satisfy several mathematical conditions, which are 
considered to represent the essential features of the real systems. One of these conditions 
is concerned with the effects of the volume dependence of the cluster integrals composed 
of a comparatively small number of molecules. Another essential condition is that the 
contribution, per molecule, to a cluster integral in which the number / of the constituent 
molecules is infinitely large and of the same order as the volume V of the system, should 
be definite, finite, and independent of the volume per molecule, V//, in a certain range. 

By means of a function I*(N) which satisfies certain conditions, the sizes of clusters are 
classified into “ large” [J>/*(N)] and “ small” [J</*(N)]. The “ small” cluster part of the 
system in consideration and that of the “ (0)-system ” (i.e. a system with volume-independent 
cluster integrals) are proved to be practically equivalent. Then, after some discussions of 
the “large” clusters, it is proved that, in a certain range of the specific volume, the isotherm 
is horizontal and a “ huge” cluster (ie. a cluster of size comparable to the volume of the 
system) coexists with the saturated set of “small” clusters. This corresponds to the liquid- 
vapour coexistence range. And it is proved that, in the gas range, the system is thermo- 
dynamically equivalent to the (0)-system and has practically no “ large” clusters. 

A remark is given on the analytical properties of the singularity representing the con- 
densation. It is noted that the present theory applies to both the cases of “ analytical ” 
singularity and of “ non-analytical ” singularity. 

A non-rigorous treatment which leads to the same results as those in the text, is given 


in the Appendix. 
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Appendix A: Non-rigorous treatment. 
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§ A2. Method of treatment. 

§ A3. Remarks and conclusions. 


Appendix B: Comparison of notations. 


§ 1. Introduction ; the G-system 


§ 1-1. In the present paper, a generalization is given of the cluster theory 
of condensing systems developed in the author’s previous paper” (which will 
be referred to as II). 

§ 1-2. The configurational partition function 2, of a system of N inter- 
acting particles (each of mass m) in a volume V at a temperature 7’, is given 


by 
Oy (V, T) =®"Qy(V, T) “all | Wath} ; (1) 


where Qy is the partition function of the system and 4=h-(2amkT)~"?; and 
where, for classical systems, 


Wy{N} =exp(—Uy{N}/kT), (2) 
Uy{N} being the total potential energy; and, for quantum mechanical systems, 
WyiN} =N! 2% D1 gn* {N} e-7nl*? 0, {N}, (3) 


¢n{N} being the mth energy-eigenfunction (with eigenvalue F,). 
The cluster integrals” }, (composed of / particles) are defined by 


b(V, T) =F || Sle teh ay" 
where, for classical systems with two-body forces, 
Si{2Z}= VU fy (5) 
ISi> Jal 
sum over all products consistent with cluster 
Sis=S (ry) =exp { —u(riy)/kT} —1, (6) 


-u(riy) being the pair potential, [Uy{N} = Lda (riy)]; and, for general systems 
pacivding genio mechanical systems), 


t {N}=(n, r2°*, Ty); 4{N}=dr, dry:--dry. 
tt by —= js 


Pa 
Lk 


Generalized Theory of Condensing Systems 175 


SiiZ} = DL (— (eI) Wa est (7) 
sum over all sets {{v,}, {vy}, ---, {v,$} (for various values of «) of 
unconnected sets {»,}, {vo}, ---, {v,$ whose union is the set {/}. 


Then we have the following expansion due to Ursell and Mayer et al.” 


N N my, 
Qy(V, T) = 2 CS bm=N) Tt AVY PD (8) 
myz0 l=1 l=1 m,! 
sum over all sets {7, ms, ---, my} of non-negative integers mm, satisfying 


the condition stated in the parentheses. 


§1-3. In II,” starting from 1-2(8),* we discussed a condensing system 
(classical or quantum mechanical) [in which the total number of molecules N 
tends to infinity with v=V/N (volume per molecule) fixed] especially in the 
state of vapour-liquid coexistence :—we proved, by a mathematically rigorous 
method, the appearance of the liquid phase, i.e. the separation of the gaseous 
and liquid phases. The theory in II was based on the following assumptions 
about the cluster integrals },(V) : 

(a) One may use the limiting value** b =lim b,(V) in place of b,(V) ;— 
in other words, one may neglect the volume dependence of the cluster integrals. 

(hs G7> 0 for every. 

(c) lim (b,) "=o exists and 0<b)°<+™. 

ESS 


(d) The series > 1b, (bo) —' is convergent. 
~§1-4. In the Brent paper, we adopt instead of (a)—(d) the following 
assumptions (G-1)—(G:6) which are more general than (a)—(d). 

(G-1)  |B(V)—&° |Sco9 (2) P/V" whenever P/V Sc; where BOC 1s an 
dependent of V; and where Co Cy 0, 7, © and s are constants, independent of 
l and V, such that 20, «>9, p20, r=20, o>0, s>0; and where O(1) is a 
function (of L but not of V) which is 20 for every Land for which there ex- 
ists a constant G(>0), independent of L and V, such that {0(1)}"SG for every 


i 
(G-2) b,(V) > 0 whenever Vo>max{Vo, luo}, *** where Vo(20) and v» (0) 


are constants independent of 1 and V. 


* Formula (8) of §1-2 is referred to as 1-2(8). 
** Or better, 6,0 [=b,(T)] is defined) as 


6,0=a/l!) \ Se \ S{Qd{l-1}. 
t, the integration, with respect to 


The /th particle being fixed at a poin 
nfinite 


each of the other /—1 particles, is extended over the whole i 

space (with no boundary). 
We must assume the potentials between the 
molecules separate in space, in order that 4, 
*“ max{a, B} means the larger of @ and 8. 


molecules to tend sufficiently rapidly to zero as the 
© may be definite and finite. 


176 K. Ikeda 


(G-3) As Loc, {h,(lu)}"" converges to bi uniformly in every interval 
interior to the interval u4<u<+o ,* where by) and wu are constants, inde- 
pendent of l and u (and V), such that 0<&t<+o and wSumy<+. 

(G-4) Given any €>0, there exist an integer l=I'(€)[ >0] and a real number 
Vi=V'(e)[=Vi], depending on €, such that {b,(V)}"" <b +€ whenever lal’ 
and V>max{V’, lu}, where wu is a constant, independent of 1 and V, such 
that mu V>. 

(G-5) The series Silbi” (by!) is convergent and is <u. 

(G-6) lim (, OM © ezists and 0<h°?<+o. 

§1- A401, (Remark) In the statements of (G-1)—(G-6), and throughout 
the present paper, the temperature T is considered to be fixed at a certain 
value. In Ey the constants co, G1, P, 7, % 5, G, Vos Vo, bo', wa, Uo, and by” 
[and also g, G, in § 3-1] may depend on T; and 4,° and 6(Z) [and also 6@(Z) 
defined in § 2-1] may depend on T besides on 7; and /’ and V’ may depend 
on T besides on €. 

§ 1-402. Here we shall give a few lemmas resulting immediately from 
the assumptions in § 1-4. 

Lemma la. b° =lim h(V) with l fixed. 

[This follows boat ‘(Gs 1).] 

Lemma lb. 4,°>0 for every 1. 

[This follows from Lemma la and (G-2).] 

Lemma le. lim (2; baal bates NE 


psa (G4) we make V->co with / fixed, then we have by Lemma la 
lim {b,(V)}¥"= hi)" SI +e (1) 
V+ 


for /=l' (i.e. for almost** every J). Here €>0 is arbitrary. Hence 


lim sup (h,)""’ <b. (2) 
l>o ” 


From this and (G-6) we have the lemma. | 
§ 1-403. (Remark) If we put V=Nv and regard {b,(Nv)}"" (for all posi- 
tive integers 7 and N such that Nu >max{Vo, leo}) as a double sequence, then 
(G-4) means that 
lim sup {b,(Nv) }"' <3. (1) Se 


N-> co 


“As loo, f,(u) ORVEL Res uniformly in every interval interior to the interval (uy, ug)” 


is often expressed as: “As /-00, f,(u) converges uniformly in the wider sense in the interval 
(uy, Uy)”. 

** By “almost every (any) 2” we mean “every (any) value of / except at most a finite 
number of values of /,” —in other words, “every (any) sufficiently large value of 1”. 


OK 


book. 


For the definition of the greatest limit (lim sup) of a double Sequence, see a mathematical 


Pe 
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From this, if we take (G-3) into account, we have 


lim sup {b, (Nv) }"' =)". (2) 
N>o 

§ 1-41. The set of generalized assumptions (G-1)—(G-6) will be called 
the “G-condition ”, while the old set of assumptions (a)—(d) will be called 
the “ (0)-condition””. A system satisfying the G-condition may be called a “G- 
system”. 

§ 1-411. It is easy to see that the (0)-condition is a sufficient (but not 
necessary) condition for the G-condition. 

In fact, we can show that the (0)-condition is a special case of the G-con- 
dition. First, (G-1), with c=0 and a=+, is reduced to (a); and then 
(G-2), with v=Vo=0, becomes (b) [(b) is also given by Lemma 1b]. Then, 
(G-3), considered together with (a), leads to (c) if one writes & ° in place 
of b' ; and (G-4), considered together with (a), is consistent with (c). Then, 
(G-5), with &° in place of 4° and with w=0, becomes (d).. Lastly, (G*6) 
is nothing but (c). 

§ 1-412. It should be remarked that the G-condition does not demand the 
neglect of the volume dependence of the cluster integrals. Namely, in general, 
the G-system, which we shall treat in the present paper, is a system for which 
the cluster integrals depend on the volume V, while the (0)-system, which 
satisfies the (0)-condition and was treated in IJ, is a system for which the 
cluster integrals are independent of the volume V. 

§ 1-42. At this point we should mention the relation between the G-system 
and the real system. Indeed the G-system has been purely mathematically de- 
fined as any system which satisfies the G-condition; (it does not matter whether 
the system is classical or quantum mechanical). But the G-condition may be 
considered as a mathematical representation of the essential features of the cluster 
integrals of the physical real systems (classical or quantum mechanical) having 
the ordinary potential energy function, though we shall leave it to another paper 
to make the rigorous proof that the G-condition is satisfied by the real systems 
having some usual type of interaction forces. 

§ 1-421. The assumption (G-1) shows to what extent the cluster integrals 
for comparatively small clusters can deviate from },°’s by virtue of their de- 
pendence on V. [Note that we may take c, and s/r as small as we please, and 
Co, p/e, and G as large as we please. | 

As will be seen in the present paper, an assumption of the form (G-1) is 
essential for us to be able to fnd a border-line /*(.N) (between “large” and 
“ small’ clusters) which satisfies the conditions 1°—5° in Lemma 3 and which 
therefore validates Lemma 6 of the paper I” and Lemma 4 of the present 
paper, both of which are necessary in order that the limiting thermo- 
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dynamical functions for the gaseous state (i.e. for V—=Veona) * Of the G-system may 
be equal to the corresponding functions of the (0)-system [see Theorem 2(i) ]. 

Here we must remark that (G-1) is a generalization of the following condi- 
tion: |2,(V)—)°|S8 r.9(2)l/V** (whenever 1U/V'®S1/(2re)), which has, in 
Lemma 1 of I, been proved to hold for the classical real systems with two- 
body forces of finite range 7». 

§ 1-422. The assumption (G-2) means that, for a cluster in a volume 
large enough** (i.e. V>V>) [note that we may take V as large as we please |, 
the cluster integral should be positive except when the volume per molecule, 
V/l, is sufficiently small (V//Sw). 

For the reason stated in the footnote on p. 658 of II, the positiveness of 
the cluster integrals is essential to the validity of the physical interpretation 
of the clusters (and, therefore, to the proof of the two-phase separation in terms. 
of a “ huge” cluster). | 

(G-2) may be valid for sufficiently low temperatures, i.e. for all temperatures 
lower than some temperature which may be a little below the critical temper- 
ature, because*** at such temperatures the positive part’ (7;,;>a) of the func- 
tion f(7i;) in the integrand of the cluster integral plays a predominant role” 
except when the volume per molecule, V/J, is small enough to make the average 
distance between each pair of molecules so small that the negative part! 
(ry<a) of f(rij) becomes relatively effective in the integration over the volume 
V. [The behaviour of the cluster integral for sufficiently small V/Z may in 
general be very irregular; it may be positive or negative according as the 
number of effective negative factors (f-bonds) is even or odd.] 

§ 1-423. The assumption (G-3) means that the contribution, per mole- 
cule, to a cluster integral in which the number of the constituent molecules is. 
infinitely large and of the same order as the volume V, should be definite, 
finite, positive, and independent of the volume per molecule, V//, in a certain 
range. 

As will be seen in the present paper, this is essential to the appearance 
of the liquid phase coexisting with the saturated vapour and to the existence 
of a horizontal part of the isotherm. 

It is to be noted here that (G-3) never requires the independence on 
V, in a certain range, of the cluster integrals themselves, which is true of the 


The subscript “cond” stands for “ condensation ”. 
Probably, of macroscopic size. 


Here stated specifically for the case of classical systems with two-body forces. [See 1.2(5) 
and 1.2(6)]. 


* Due to the intermolecular attraction. 
In the range V//>vo, in which the positive part is predominant in integration, the cluster 


integral will be steadily increasing with V, on account of the monotonous increase of the 
integration domain. 


s 
MT Due to the intermolecular repulsion. 


> 
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(0)-system, but only requires the independence on V/J, in a certain range, of 
the limit of {b,(V)}*" for 2 and V infinitely large and of the same order ; the 
latter requirement is very moderate as compared with the former, and may be 
much more easily satisfied by the real systems; in fact, there is good reason 
to believe that the deviation of {b,(lu)}"" from the constant %', in a certain 
range, is at most of the order of magnitude of the surface effects, which will 
vanish in the infinite system. 

§ 1-424. The assumption (G-4) means that, for 7 and V large enough 
but not necessarily of the same order, the contribution, per molecule, to a 
cluster integral should not practically exceed the constant 4)’ defined in (G-3). 
This is essential as an assumption auxiliary to (G-3), and may be valid in view 
of (G-3) if the functional relation between }, and V is not so extraordinary. 
[For some usual physical cases we may assume that wz=v); but we have dis- 
tinguished ~)(=v.) from v) in order to make the statements of our assumptions 
more general ]. 

§ 1-425. The assumption (G-5) is necessary in order that the conden- 
sation may occur at a finite density, [see also the first footnote (+) in § 8-1]. This 
is analogous to the assumption (d) in IL. : 

§ 1-426. The assumption (G-6) is nothing but the assumption (c) in the 
paper II [see also Eq. (II) on p. 359 in the paper I], which is considered to 
be valid for the (0)-system. 

§ 1-427. Thus the G-system, which is far more general than the (0)- 
system, may be said to be a mathematical model representing the essential 
features of the real system. 

§ 1-5. In the present paper the (0)-system, whose structure is relatively 
simple, will be used as a theoretical medium; the G-system will often be dis- 
cussed by comparison with the (0)-system. The symbols with superscript (0) 
concern the (0)-system, while the symbols for the G-system have no superscript. 

§ 1-6. The contents of §§ 2—10 may be summarized as follows : 

[§ 2.] Some discussions are given of the volume dependence of the cluster 
integrals for comparatively small clusters (Lemmas 2a, 2b, 2c). 

[§3.] A function /*(N) satisfying certain conditions is proved to exist 
(Lemma 3), and is used to discriminate between “small” clusters (/S/*(N)) 
and “large” clusters (Z>J*(N)) in both the G-system and the (0)-system. 
Then the infinite sequences of G-systems and of (0)-systems (N=1, 2, °° to co) 
for any fixed v are considered, and the partition function of each system is ex- 
pressed in terms of the functions containing “small” clusters only and the 
functions containing “ large ” clusters only. 

[§ 4.] It is proved that, as far as the “small” clusters are concerned, 
there is no difference between the G-system and the (0)-system from a thermo- 
dynamical viewpoint (Lemma 4). . 

[§ 5.] Some properties of the “large » clusters in the G-system are discussed 
(Lemma 5). 
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[§ 6.] A discussion is given of the maximum term in the partition function 
of the G-system (Lemma 6). 

[§ 7.] An assumptive system—the /’-system—which is relatively simple from 
a mathematical viewpoint, is introduced as a second theoretical medium, and 
its relation with the G-system is discussed (Lemma 7). 

[§ 8.] Making use of the results of §§2—7, it is proved that, in the G- 
system, for v*<v<Vena, a “ huge” cluster (representing the liquid phase) exists 
in thermodynamical equilibrium and the isotherm is horizontal (Theorems 1, 1a; 
Corollaries 1,2). This corresponds to the range of two-phase coexistence. 

[§ 9.] It is proved that, for v2Vena, the G-system is thermodynamically 
equivalent to the (0)-system, and no “large” clusters exist in thermodynamical 
equilibrium (Theorems 2, 2a; Corollary). This corresponds to the gas range. 

[§10.] A remark is given on the analytical properties of the singularity 
representing the condensation. 

§ 1-7. At the end of this introduction we must remark that the present 
paper gives a generalized theory which has both the character of the theory in 
Il” treating the two-phase separation for the (0)-system and the character of 
the theory in Ja and I” treating the condensation phenomena (especially the 
analytical properties of the singularities) for imperfect gases with volume- 
dependent cluster integrals. 


§2. A few lemmas on the volume dependence of the cluster integrals 


§ 2-0. In this section, for the convenience of our later arguments, we 
make further discussions of the volume dependence of the cluster integrals for 
comparatively small clusters, on the basis of the assumption (G-1). 

§ 2-1. The following lemma follows from (G-1) and Lemma 1b. 

Lemma 2a. I[f 


b/V8Sa (1) 
and 
of9(DLP/V"’ Sa, (2) 
where 
6(L) =O (1) /b,, (3) 


and where co, (, ?, Tr, 7, s,and O(1) are given in (G:1), and where a is a 
constant such that 0<a@<1, then we have 


(i) 0<1—aSb,(V) /b,% S1+a<2 


oy 1 b(V) a 1 
ty ee ara (egies witski FE alba 
(11) 7 n »,0 COAL 1 rage Nap 
«Proof »—Put 


: 
a, 
Sd ial at 
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9 (2, V) =6,(V) /b,% -1. (4) 
Then, by (G:1) and Lemma 1b, we have from (1) 
In(Z, V)|\ Sood (DL1°/V". (5) 
Hence by (2) 
py Votsex, (6) 


‘whence (i) is obvious. Since In(1 4-9) =>(—)* 9" /n(—1 <7<1), we have by 
(6) and (5) 35 


lInfl+n(, V)} |< Tin vy tS C9 (1) 1° /V° | 
n{l+y ISR VES ad (DE/Ve’ (7) 


which proves (ii), by (2). 
§ 2-2. We define a function OCD Aol 1s 2505-4) pS 
6(1) = max O(/'), (1) 
y 1<U'<1 
where @(1) is defined by 2-1(3). 


§ 2-3. Then we have the following lemma. 
Lemma 2b. 


(i) @(L) is a monotonically increasing function of 1; hence lim @(2) 
I>a0 
exists and is finite or +. 
(ii) (a) (DLA) for Pele! 
(b) F(Y)LA(L) for 121. 
Gin) 4a) lim 6(2)=L.u.b. 6d). 
> oO wl 
(b) 1. u,b. {0(1)/0(D)} =1, 
awhere ly is the least 1 for which G(1)>0. 
[For the proof, see Appendix 1 of 1] 


§ 2-4. By Lemmas 2a and 2b we have: 
Lemma 2c. If we take a positive integer l* such that 


P/V Se, (1) 
and 
69 (1*) 8° / V7 Sal mt); (2) 
then we have for every ISI* 
Gi) 0<1-aSh(V)/b S1+e<2 


. Tet: ules aa S45 eee eS 
(ii) fi, no < cy (1*) max {**™*, 1} ede). 


«Proof y—By (1) we have 


182 K. Ikeda 


F/Vise, for every I1S/*. (3) 
By Lemma 2b(ii), we have . 
6(1) <O(i*) for every I1S/*. (4) 
Hence by (2) 
CoO (1) /V7Sa(<1) for every 1S/. (5) 


Applying Lemma 2a in view of (3) and (5), we obtain (i) and then (ii), by 
(4). 


§ 3. Discrimination between “large ” and “small” clusters 
(in the G- and (0)-systems) 


§ 3-0. In this section we make discrmination between “large” and “small’” 
clusters. First (§§ 3-1 & 3-2) we prove the existence of a function /*(N) 
satisfying certain conditions, which is to be used as a border-line between 
“large” and “small”. Then (§ 3-3), using /*(N), we define the “large” cluster 
part and the “small” cluster part of the partition functions of the G- and (0)- 
systems. (This definition will play an important role in the present theory.) 
Finally (§ 3-4), we discuss the relation among the /*(N)’s of I, I, and the 
present paper. 

§ 3-1. With the use of (G-1), (G-6), and Lemmas 1b and 2b, we shall now 
establish the following lemma, which is analogous to Lemma 4 of I’ and to. 
the statement on pp. 661—662 in II.” 

Lemma 3. For any v(>0), there exists a function l*(N) of N(=1, 2, 
3,-::) which satisfies the following six conditions simultaneously : 


1° I*(N) assumes a positive integral value for every N; 
2° {1*(N)}"/N'v' Sc, for almost every N; 
3° there exists a constant a(0<@<1) such that 
co (L* (N)) {1*(N)}°/N°v’ <a for almost every N; 
4° there exists a number K(>0), independent of N, such that 
(In N)/l*(.N) SK for every N; 
5° lim O(2*(N)) max{(J*(N))°-, 1} /N°=0 ; 


6° lim /*(N)/N™?=0; 


N->o 
where c, G, P, r, ©, and s are given in (G:1) and @ is defined in § 2-2. 
(Proof)}—Case 1: the case in which the sequence {6@(J)}@, is bounded. 


In this case the sequence {6(/)}2, is bounded, by Lemma 2b(iii). Hence, for 
example, put 
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i*(N) =[N’]+1, ap» 
where v is a constant, independent of N, such that 
0<v<min{s/r, o/p, 1/2}. (2) 


Then the conditions 1°—6° are satisfied. 

Case 2: the case in which the sequence {#(/)}#, is unbounded. In this 
case the sequence {6(Z)}2, is unbounded, by Lemma 2b (iii). 

By the assumption (G-1) we have for every / 


Ore (6 G1) Gr Aly (3) 


where G is a positive constant independent of J. In virtue of Lemma 1b and 
of (G-6), we have 


g. |. b. (Ge Oe (4) 
that is, we have for every / i 
(BO) = o> 0, (5) 
where g is a positive constant independent of J. From 2-1(3) we have by 
(3) and (5) 
0S (O())" SG/9[=Gr, say] (6) 


for all 7, where G, is a positive constant independent of 7. That is, the 
sequence {(0(Z))™}2, is bounded. And here 


Gul; (7) 
for, if we suppose that G)S1, we have by (6) 
00) SG), (8) 


contrary to the assumption that the sequence {4(J)}21 is unbounded. 

By 2-2(1), for every 7 we can find at least one positive integer J’ such 
that ’<J and 6(l’)=9(1). Hence, for every / such that 4(J) >1, we can find 
at least one positive integer l’ such that 


OSES DV AAO OD vile (9) 


And, for every / such that @(1) <1, we have 
G0)" Su (10) 


From (9), (10), (6), and (7), we have for all / 
| 0<G(D)"'Smax (Go, 1} =Go(> 0). (11) 


That is, the sequence {(@(2))*"} 21 is bounded. 


t Throughout the present paper, [z] means the largest integer not exceeding x, except that 
square brackets following a bold-faced letter have another meaning, e.g i[N—No}. 
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Now put 
1*(N) =[« In N]+1, (12) 
where « is a constant, independent of N, such that 


0<«<o/(InG,). (13) 


Then the condition 2°, as well as 1°, is satisfied; for there exists an integer — 


my(>0) such that 
([« ln N]+1)"/N*Xaqv' (for every NZ), (14) 


since the left-hand side tends to zero as N>o(r=0,s>0). Next, the condi- 
tion 3° is satisfied: ‘By (11) and (7) we have for all N 


0 <8 ([« InN]+1)/N7<Gy"*}4/N° <G, NM, (15) 
and by (13) we have 
lim ([e In N]+1)*/N*""=0 (920, o—x« In Gy>0). (16) 
By (15) and (16) we have 
lim 6 ([« In NJ]+1) ((« nN]+1)’/N’=0, (17) 
whence there exists an integer 7,(>0) such that 
@([« In N]+1) ([« InN]+1)’/N* Sav’/c, (for every Nm). (18) 
Next, the condition 4° is satisfied : 
(InN) /([«lnN]+1) <1/« (for all N). (19) 
Next, the condition 5° is satisfied: We have for all N 
0<6({« InN]+1) max{([« InNJ]+1)’>, 1} /N* 
<6 ((e InNJ4+1) (ie InN] +1)*/N*, (20) 
whence, by (17), 
lim 0 ((« In NJ]+1) max{([« In N]+1)°"!, 1}/N7=0. (21) 


Lastly, it is obvious that the condition 6° is satisfied. Thus the proof is com- 
pleted. 
§ 3-2. In general there exist many functions /*(N) having the above pro- 


perties. But we take any one! of these /*(N)’s, and denote it by /*(N), the 
same symbol as above. 


* It can be proved that all our results in the: followin i i 
wing are independent of which 
these /*(N)’s has been taken. rf beta 3 
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We shall use this 7*(N) as the border-line between “large” and “small” 
clusters [large 7>/*(.N) ; small 7</*(N)] in both the G-system and the (0)- 
system, just as in I and II. 

§ 3-3. If we put V=Nv (so that v is the volume per molecule), then 
[from 1-2(8)] the configurational partition functions of the G-system and the 
(0)-system are given by 


y= eu ( x lm=N) u Ae Oe ae 
u 
(0) (Nvb,)™ 
Qy a (lm =N) i oa es 
respectively. 
Then we consider the infinite sequences of 2y and 0%, N=1,2,3, ---, to ©, 


(and, therefore, those of systems defined by 2y and 2%) for any fixed sale of 
v(>0) (of course, for a given temperature and for given intermolecular forces). 
By the condition 6° of Lemma 4 we have for almost every N 


PECUN) AN. (3) 


Hence, with the use of /*(N), we may give the following expressions to 2y and 
Q© for almost every N. 


Oy= SyoG{ND + Ni zwGIND (4) 
= Sex GIND + SS oy (LN-ND) Dy Pw (5) 


Ny=l eh: é(N—Ne] 


OY = SoM GIND + HP GIND (6) 
= or o® (i N]) + Beta nom o® (i. N— No) pas @P(KLN]). 
Here we have defined 
tvGLN) = 1 ae Nu (8) 
m! 
wotNp=T ABO”, (9) 
m,! 


where j[.N] represents a set {7, M2, °**, My} of non-negative integers 72 such 


that 
1° x lm=N, (10) 
2° m,=1 for at least one Z such that NZ=l2WN) +1; 


and the m,’s given on the right-hand side of (8) [and (9)] are the set of 7 


SS See ee ee 


186 K. Ikeda 
represented by j[.N] on the left-hand side. The symbol }$)jcy; indicates sum- 
mation over all sets j[N] for a given N. And we have defined 


px GM) = 1 Neeser - (11) 


my! 


1*(N) h (0) my 

° VU 

evita =n ee (12) 
t=1 m,! 

where i[M/] represents a set {772, 7722, -*+, m:xy} Of non-negative integers mm, such 


that 
1#(N) 


i ye (13) 
d=1 


(where M is a non-negative integer) ; and the m,’s given on the right-hand 
side of (11) [and (12)] are the set of m, represented by i[M] on the left-hand 
side. The symbol } ic, indicates summation over all sets i[]M] for a given M. 
[In (5) and (7), we have put M=N and M=N—N,.] Especially for M=0 
we have 


¢yv(i[0]) =1, 9 (é[0]) =1, i[0]= {0, 0, ---, O}. (14) 
We have also defined 
N J, ) ™, 
Oy (k[ No) Le TT {Nvb, (Nv) }™ ' (15) 
Lal*(V) +1 m,! 
oP(RIN) = 1 —Nebl)™ (16) 
% l=l*(N) +1 M1, ! ¢ 
where k[N.] represents a set {ymuyai, Mucyy+2, °°, My} Of non-negative integers 
m, such that 
>! lm=M,, (17) 
l=lEQV) +1 


(where N, is an integer such that 7*(N)+1<N,<N or N,=0); and the my’S 
given on the right-hand side of (15) [and (16)] are the set of m, represented 
by ALN] on the left-hand side. The symbol )‘y;y,; indicates summation over 
all sets kLN,] for a given N,. Especially for N,=0 we have 


Px(k[0]) =1, OY (k[O}) =1, k&[0]= {0, 0, --, 0}. (18) 


§ 3-31. Here, as in I, we have divided each of @y and 2 (for almost 
every N for any fixed T and v) into the part each term of which contains 
“small” clusters only and the part each term of which contains at least one 
“large” cluster [see 3-3(4) and 3-3(6)]. Moreover, because the present paper 
involves discussions of the condensation range (in which the latter part may not be 
negligible but may play an important role), we have given to the latter part a 
more detailed expression [see 3-3(5) and 3-3(7)] in terms of the functions (y's, 


pen 
(o) 
~ 
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¢?’s) containing “small” clusters only and the functions (y's, @’s) contain- 
ing “large” clusters only, as we did for the (0)-system in II. 
. § 3-4. At this point we may give a remark on the relation among the 
function 7*(N) in I, that in II, and that in the present paper. 

[*(N) in I has been so chosen that, if N is large enough, the effects of 
the volume dependence of the cluster integrals upon the “small” cluster part are as 
small as we please [Lemma 5 of I] and at the same time the entire partition func- 
tion in the gas range may, with an error as small as we please, be represented by the 
“small ” cluster part alone [Lemma 6 of I]; while 7*(N) in II has been so chosen 
that, if N is large enough, the “small” clusters may, with errors as small as we 
please, be treated by means of the Stirling approximation and the continuum ap- 
proximation (0/07,) and at the same time the “large” clusters may, with er- 
rors as small as we please, be treated by means of the concept of a “ huge ” 
cluster. 

Now, 7*(N) in the present paper has both the character of 7*(N) in I and 
that in IJ, because the present paper attempts to prove the appearance of a 
“huge” cluster in a system with volume-dependent cluster integrals. In fact, 
the conditions 1°—5° in Lemma 3 are analogous to the conditions 1°—5° in 
Lemma 4 of I, and the conditions 1°, 6°, and 4° in Lemma 3 are identical with 
the conditions 1°, 2°, and 3° on p. 662 of IL. 


§ 4. Relation between the “small” clusters in the G-system 
and those in the (0)-system 


§ 4-1. By Lemmas 1b, 2c, and 3 we obtain the following lemma, which states 
the thermodynamical equivalence between a set of “small” clusters in the G- 
system and that in the (0)-system and will be employed in the later arguments. 

Lemma 4. For any v>0, the following are true - 

(i) We have for almost every N 


gy (iLN—N2)) >0 (1) 
for every i[N—N,] for every IN, GN.= 00g 2 GN) +1<N,3N). 
(ii) For any given €>0, we have for almost every N 
4 | 
— Ingy(G[N—) <= Ing? G@[N-M) <é (2) 
for every i[ N—N.] for every N,(N,=0 or I*(N) +1SN;=N). 
(Proof »— First, we note that, by Lemma 1b, we have 
yg iLN—N,]) > 0 (3) 


for every i[N—N,]. Now, in view of the conditions 2° and 3° (of Lemma 
3) satisfied by I*(N), we can apply Lemma 2c, putting V=Nv. Then, for 
almost every N, we have 
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0<1—a<b,(Nv)/h°S1+a@<2 USN)), (4) 
whence, by Lemma 1b, 
b(Nv) >0 (USI*(N)). (5) 


Hence (i) is proved. Again, by Lemma 2c we have for almost every N 


(SI (N))- 


1 b, (Nv) | a (7% * p-1 1 
Zin Fo | S608 (N)) max{ EN) Vag ap 


(6) 


Hence we have the following for every i[N—N,] for every N, (N,=0 or 
I*(N) +1<NS<N,) for. almost every N. 


0 | 1 
Ings ([N— N) ——— Ing? G[N— N; Sh ec 2 me 
9 1 
<c GI" » (IND) JOR AT) eet 7 
Sc, (1* (N)) max { (Z* (IN) )?™, 1} New (=a) (7) 
since 
a lm=N—N,<N (for every if[N—N,])- (8) 


By (7) and by the condition 5° (of Lemma 3) satisfied by /*(N), we prove 
(ii). 

§ 4-2. This lemma states the asymptotical equivalence (in the limit of 
infinite systems) between a term ¢y (containing “small” clusters only) for 
the G-system and the corresponding term ¢ for the (0)-system. 

§ 4-3. The special case of this lemma, in which N,=0, leads to Lemma 5: 
el) 


§5. “Large” clusters in the G-system 


§5-1. The following lemma, which is a consequence of (G-2), (G-4), 
and Lemma 3, teaches us some properties of the “large” clusters in the 
G-system and will be useful in the proof of the appearance of the liquid 
phase (§ 8). 

Lemma 5. If 

v>wuo [where w is given in (G-4)], (1) 
then the following are true: 

(1) For any given €>0, we have for almost every N 


sn a ya Pv (kLNa) — ™ Ind! <€ (2) 


for every N,(I*(N) +1 a 
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(ii) For any given €>0, we have for almost every N 


1 . 
In 3) Oy (BENS) — S** In 


= 5 Indy, (Nv) + Inbal re a) 
for every N,(I*(N) +15N3N). 
<Proof)>—From (1) we have 
V[=Nv]> Neto = ly = lv (4): 
for every N and 1(<N) ; and, obviously, we have 
V[=Nv]>V, (for almost every N), (5): 
where V, is given in (G-2). Thus by (G-2) we have 


b,(Nv) >0 (for every ZN for almost every N). (6): 
Now let ; 
N 
Fy(k[Na])) = Il {b,(Nv)}™, (7): 
l=l*(Y) +1 
Ni ™m 
Gea) eee le (3) 
t=) +1 1, } 


a 


Then we have 


— Ox (kLN2]) =Fy (kLNz |) Gy(kLN2)); a9} 
and by (6) we have for almost every N 
max Fy (kLN2]) min Gy(kLNa)) —pe Py (kLN2]) 


k (Nel 


<q(N, N2) max Fy (k[.N2]) max Gy(kLN2)), (10) 
ka) IL Nol 


where g(N, N2) is the number of terms in the sum diwx.j-) Lf wei letetay be 


the partitio numerorum of N, we have 


qn, Nz) < Pw (11) 


for every N and N,; and we have asymptotically 
In Py ~ 2(2N/3)™” (12) 


as N->co. Hence, for any given €>0, we have for almost every N 


05 Ing(N, Ns) << (13) 


for every N,(/*(N) a NjeN 
Now, by the condition 4° of Lemma 3, 


lim /*(N) =+ ©. (14) 


N->o 


oa en 
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Hence, for almost every N, we have 
TE GN) eet, ° (15) 
and 
Vis=Nule vs (16) 
where V’ and /' (corresponding to any €>0) are given in (G-4). In virtue 


of (G-4), it follows from (15), (16), and (4) that, for any given €>0, 
In Fy (kLN2]) <In i { (bo +€)}™=Nz In(b'+€) <Nz Indo + No €/by (17) 


(V)+1 


for every k[N,] for every N,(/*(N)+15N,SN) for almost every N. Con- 
sequently, we have for almost every N 


Inby,(Nv) <In max Fy (k[.N2]) < No Inbo' + No €/d0' (18) 
for every N,(/*(N) +15N,3N). 


Now, according to the Stirling theorem, we have 
In 2,! =, (Inm,—1) i In 72, +7 (7711) (19) 


for every positive integer m,, where y(m,) is bounded; that is, there exists 4 
positive absolute? constant K, such that 


|7 (1) |<.K, (for every 7). (20) 
Hence by (8) 
N 
InGy(k[N.) =, SY {mn (1 Hino) -= Inm—y (mm) +m In (N/m:)} ete)) 


where the prime denotes that the terms in which 7,0 are omitted.tt In virtue 
of (14), we can put 4(N) =/*(N) +1 and v=N, in Lemma 1 of IL. Thus for 
any given €>Q0 we have the following relations for every k{N,] for every 
N,(/* (N) +1SN,SN) for almost every N. 


me “As 


0<— mm, <—_——_—————— 
ee orinaaer (22a) 
o<} a lneeece (22b) 
ON tathO) +1 : 2 
1 Na € 
0<— Goes 
N Leh , 4K, (22c) 


{ An absolute constant means a numerical constant independent of any physical quantity and 
of any property of the system. 


tt Throughout the present paper, the prime of SV has the same meaning as here, unless 
otherwise stated. 
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Na 
yy. my ln HET ghee (22d) 


(ESA apa 
~. IN t= Gv) +1 mi 4 


From (21), by (20) and (22) we have for any given «>0 
| 
bar InGy(KLNs) | ce (23) 
Ain 
for every k[.N,] for every N,(J*(N) +15N,<N) for almost every N. Hence 


RS EE CGNs 


din minGy (kLN:) | <¢ (24) 


for every N,(/*(N) +1<N.<N) for almost every N. 
By (10), (13), (18), and (24), we have for almost every N 


Bi é i 
<7 Inbx,(No) — Ne ind) — ¢< In 3) Ox (RLNSD — ind) < (2+) ¢ 


(25) 
for every N,(I*(N) +15M,SN). If, in (25), we replace € by €/(2+1/by'), the 
lemma is proved. [If €>€’>0 and b—€’<a<eé, then |a|<max {/b—€'|, €}<|b| +€.] 

§5-2. Lemma 5 (i) shows that (1/N) In > Py(kLN2]) [which contains 
“large” clusters only] does not practically exceed (N,/N)Inb,' if N is large 
enough ;’and Lemma 5 (ii) shows that the difference between the above two 
quantities does not practically exceed the difference between (1/N) Inby, (Nv) 
[which corresponds to one “large” cluster composed of N, molecules] and 


(N,/N) Indo! if N is large enough. 


§6. Maximum term in the G-system 


§ 6-1. In virtue of (G-2) we have now the following lemma, which is con- 
cerned with the maximum term in the partition function of the G-system and will 
often be used in the proofs of the theorems in §§ 8 and 9. 

Lemma 6. I[f 

U> WV) [where v is given in (G-2)\5 (1) 


then, for any given €>0, we have for almost every N 


— Indy = ymax, Jn ty(N:, LN—N:) | <€, (2) 
where 
cy (No, iLN—Na]) =¢n GL N— Na) 2 Py (RINE) ; (3) 


in which N,=0 or I*(N) SE ESA SSING 
[For the proof, note that by (1) we have for every N and 1(SN) 


V=Nv>Nw= lv, (4) 
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; hence by 5-1(5) and (G-2) we have 5-1(6); thus ty (Ns, i{ N—N,]) > 0 for every 


i and N,, for almost every N. See the proof of Lemma 2 of II.] 

§ 6-2. This lemma shows that, if we define the terms ty [each of which 
is determined by the total number (N.) of molecules composing “ large” 
clusters and the manner (i[ N—N,]) of grouping the remaining molecules (W— N;) 
into “small” clusters], then, for N large enough, (1/N)In 2, may, with an 
error as small as we please, be replaced by the largest of (1/N)Inty. 


§7. The I-system; its relation with the G-system 


§ 7-1. By Lemmas 3, 4, and 5 we obtain the following lemma, which deals 
with an assumptive simple system, called the “ /’-system”, and will be useful 
in the proofs of the theorems in §§ 8 and 9. 

Lemma 7. If 


vU>uy [where u is given in (G-4)], (1) 


then the following are true: 
(i). For any given €>0, we have for almost every N 


— Inew(Ns, i[N—N,]) — = i[N—N;]) <e (2) 
for every i[N—N,] for every N,(I*(N) +15N,SN or N,=0), where 
Inth(N2, tL N—N,]) = uy my, {In (Nvb,) —Inm,+1} +N, Indy. (3) 
(ii) For any given €>0, we have for almost every N 


1 
ay Inry(Ny, é[N—N,]) — 5 Inch(Ny, i[N—N,]) 


| 


1 
Sa N Indy, (Nv) —~ ~ Indy’) <€ (4) 


for every i[N—N,] for every N,(I*(N) +1S5N,SN or N,=0). Here we 
agree : by,(Nv)=1 for N.=0. 
(Proof )>—Using the Stirling theorem [5-1(19)], we have 


uo : eC) 
In g} (iL N—N,]) — “ pay my, {In (Nvb,™) —Inm,+1} 
d =) 
L#( N) 
S Ss) si In + a |x (mz) |. (5) 
Since 
mS N (l= Tie 9" 5 ARB (6) 


we have 
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il te) [* N 
> Yin SEXO ta. (7) 
By 5-1(20) we have 
jae) L*(N) 
ae , gt 
a a lrom)|S € Ky, (8) 


where K, is a positive absolute constant. By the condition 6° of Lemma 3, for 
any given €>0 we have for almost every N 


0</*(N) (InN)/N<e (9) 
0</*(N)/N<eE, (10) 
since we have for almost every N 
0<1*(N)/N<i*(N) (InN) /N<I*(N)/N™. (11) 
Now we have by (3) and 6-1(3) 


Be Inty(No, iL[N—Nj) rip Din eee dT NONG |) 


1#() 
— 1 ingy(é[N—N,) — XY mi {ln Nob.) —Inm, + 1} 
N N & 


1 _wN, 
ty ngage elMD — 


In virtue of (5), (7), (8), (9) [in which € is replaced by €/2], (10) [in which 


Indy. (12) 


€ is replaced by €/(4K:)], and (12), the lemma is proved if we use Lemma — 


4 (ii) Jin which € is replaced by ¢/4] and if we employ (as we can in virtue 
of (1)) Lemma 5 [in which € is replaced by €/4]. [When N,=0, employ 3-3 (18).] 

§ 7-2. In this lemma we have introduced an assumptive system—the [’- 
system, which is defined by the relatively simple expression 7-1(3) for ty—, 
and have established some relations between the G-system and the J’-system. 
The J’-system will be used as a theoretical medium in the proofs of the theorems 
in §§ 8 and 9. 

§ 7-3. It may be noted that the d-system introduced in Lemma 3 of II 
corresponds to the special case of the I’-system, in which )'=dy"”. 


§ 8. Appearance of a “ huge ” cluster (i.e. the two-phase separation) 
in the G-system. 


§ 8-1. With the aid of the lemmas so far given, and on the basis of the 


assumptions given in § 1-4, we shall now prove the following theorems (and 
corollaries) concerning the appearance of the liquid phase in the G-system and 
the existence of a horizontal part of the isotherm for the G-system. (The 


physical interpretation of the theorems will be given in § 8-2.) 


ee oe 7 ee 
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Theorem 1. Let 


cord == (bo') me (1) 
Vcond == ( x lb, epee ae (2) 
l=1 
v* =maxiu, (ui +Vena) }- | (3) 
Then, if 
U* LU <V¢0nd> (4) 


the following are true: 
(1) For any given €>0, there exists, for almost any N, at least one 


set {N,,i[N—N,]} for which 


oa Inty(N,, i[ N—N,]) —— 2 wae In ty(N,, (iL N—Na]) | <€ (a) 
and 
| Clie ys lob; Seen) | <€ (8), 


are simultaneously satisfied. 
(ii) The statement (i) still holds if we replace (a) by 


> Inty(N;, i[N—No) “+ In Qy ee (a’) 


(iii) The statement (i) still holds if we replace (a) by 
co | 
| In ty(N2, i[ N— Nz) mG ( pa vb, Zona — In Sond) | << Ce (@’’) 


(iv) The statements (i), (11), and (iii) still hold if we replace the first 
term (1/N) Inty(N2, i[N—N,]) in (a), (@’), and (a!) by (1/N) In ch(N,, 
i[N—N,)). 

(v) For any sufficiently small €>0, we have for almost any N 
il 


ny A Pv ENED —— In by,(Nv) | <« Gp) 
and 
2. In yi [N— N>]}) = ( yb,” 2 0d In Zeon SCE (0) 
Ucond 


for every set {Nz,i[N—N,]} which satisfies both (a) and (). (Here c is a 
constant independent of €, N, and v.) 
(Proof of (i )>—We now consider max’ In7ch(N,, i[ N—N,]), where the 


Na, iLN-No] 
prime denotes that (when the maximum is taken) N,, 4, ms», ©: ‘, Mwy) are as- 


t By (G-5), veona>uo; hence veona>v*. 
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sumed to be continuous variables which take real non-negative values and, of 
course, satisfy the condition 


1 (N) 
do lm+N,=N. (5) 
=1 
Between this max’ and the (actual) max, there is the following obvious relation : 
max’ Inzt¥(N2, i[ N—Ns]) = ae max, Inta(M, i[ N—N,)). (6) 
No, t[N—Ne] sO LN 


Using the undetermined multiplier In z, we see that the set (of real numbers) 
{No, 1, M2 °**; Mum} which gives max’ must satisfy the equations 


1e(N) 
=P tins, LN NS) + (Slt N)Inz} =0 C1, 2, ON) (7a) 
My =1 


and 
3 1*(N) 
ae {Inch(N,, tLN—N,]) + ¢ Ds lm, +N.) Inz} =0. (7b) 
2 =a 
By 7-1(3) we obtain, from (7a), 
m=Nvb,%z' (1=1, 2, ---, (N)) (8a) 
and, from (7b), 
z= (bo) [=2Zeona, by (1) ]. (8b) 
Hence by (5) we have, for the set giving max’, 
m=, = Nob,” zrona (Z=1, 2, +, CN) (9a) 
N2= m= N- Da Wir=N-NE lob,° Yer ad (9b) 


In virtue of Lemma 1b, we have 


eS ep) 
Leone =] a Lo” Qhona > pm 1b, Deena (10) 
l=1 =1 
By this we have from (9b) 
| M>N(—v/Vena) > 0 (11) 
[by (4)]; and from (9a) we have 
m>0 (l=1, 2, +, PX(N)). (12) 


These are consistent with the assumption that No, 721, 72, °°7, Mx) are real non- 
negative numbers. Therefore 


max’ Inty (Ne, i[ N—N2]) =NS; ‘vb ie N In Zeona +2 Indy! ? (13) 


Nast, [NV—Ne] » 


where 
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_ ) mY *(N) 
yes 6 lm, = NS lvb,” ppb (14) 
l=1 l=1 
that is, 
N+M=N. (15) 
By (1) and (15), (13) becomes 
iN) 
max’ Inzt¥(N2, i[ N—Ns]) = = NY Vb, zona N In Zona: (16) 
No, tL N—No) _ 
Now, for each N, we take the set (of integers) {N;, My, Me, °**, Mux}: 
thy =[m,]=[Nvb,. zona] (l=1, 2, +++, ECN)) (17a) 
l*(N) (N) 
N,=N- li =N— od IL Nvb,.” zhonal. (17b) 
‘Then we have 
(NY) 
> A+ N= N, (18) 


t=1 

and, by (9b), (11), and the condition 6° of Lemma 3, we have for almost 
every N 
| N,N, > T*(N) (19) 
and, by (12), we have 

Wie L221, Sy ere t UN (20) 
By (18), (19), and (20), for almost every N this set {N,, mm} satisfies the con- 
ditions of {N,, i[N—N,]} (that is, this set is one of the Sets {Na, i[N—N,}}). 
Hence for almost every N we shall denote this set by {N,, i[N—N,]}. 


Then, introducing this set into 7-1(3) for almost every N, and using (16) 
and (1), we have 


oy neh, iLN—Na) ——— ymax’ Inch(N,, iLN— Ni) =A(N) +B), 
(21) 
where 
ae a4 (0) 92 (0) 2 (0) ot 
A(N) four UNA pa [| Nvbx Peond'l In ([Nvb,' zona Nob; Zeond (22) 


(where the prime denotes that the terms in which [LNv0b; zona] = 055 It: 


Nob, ziona<1, are omitted) and 


lk) , 
BIN) 7 oe = pe (Nvb,” Zona — [Nvb; e Zona) * (23) 


Hence we have [by the lemma in the footnote] 


{ Lemma. The function [x] In ({x]/x) is bounded in the half-open interval 1<2< +00, 


[For the proof, see p, 672 of II.] 


\ 
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AN) SSK SK, EO) (24) 


(where K, is a positive absolute constant), and we have 
|IB(N)|<2*(N)/N. (25) 


From (21), (24), and (25), using 7-1(10) [in which € is replaced by €/(6Ko) 
and by ¢/6], we have for any given €>0 


€ 


Fim OS iIW-MD)—— max’ inex (Na, 1LN— M)|< a  (2G6)) 
No,t(N—-Ne] | 3 
‘for almost every N. 
It is obvious that, for almost every N, 
gmax in th(N,, tL N—N2]) In oh(N,, i[N—N,]). (27) 
From (6), (26), and (27), we have for any given €«>0 
in ch (Ny, i[N— Nr) re iene Inz Go; i[ N— N,]) MS (28) 
for almost every N. 
Now by (17b) we have 
ie(N) oo 
Bn -» lub, Zona) = oe L(Nvb,” Zona —LNvb,” Zona |) + Se POOt Zeona . 
(29) 
Hence 
N. TEN [oe] 
o< is a abe oz lob, Zeona) eae te lt ‘= maa tabs Zeondt (30) 
By the condition 6° of Lemma 3 we have for any given «€>0 
i*(N) it 2, 
ae [F(N) @FWN) +) <-—S6 31)t 
[o< 2 r= | ranean + <3 (31) 


for almost every N. 


Since by (G-5) the series Si 1b; de! is convergent, there exists an integer — 


M(e)>0, corresponding to any given €>0, such that 


[0 << x vb,” Died <] x} lob zona < oe whenever l* 2 M(é) (32) 
=1¥4+1 


Tal*+1 


By the condition 4° of Lemma 3 we have lim 1*(N) =+o ; hence 


*(N) = M(é) (83) 


+ Note that /*(N) (*(N) +1) [2NSI(N) NPY for every N. 
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for almost every N. Hence by (32) we have 


[0< x vb,” x Poona <] >» bob, zon ee (34) 


ee =1F(V) +1 
for almost every N. 
By (30), (31), and (34), we have for any given €>0 


a -™ lub, zhona) | <€ (35) 


for almost every N. 

Now by (G-3), if any €>0 is given, then in amy interval (u’ Su<w", say) 
interior to the interval 1<u< +00, there exists a positive integer /,(€; w’, w’’) 
[>V,/z'], independent of uw, such that 


— Inbu(lu) —Inb$ <€ whenever 1> M,(e; w’, u”). (36) 
Now put 
N,u=Nov. (37) 


Then, if we take (as we can in virtue of (4) and (3)) any @ such that 


0<d<min {uz'+Vena—U~ > U7 — Vena} > (38) 


then, by (35) [where we choose €=vd] and (37), there exists a positive 
integer N,(0) such that 


u’<u<u” whenever N= N,(0), | (39) 

where 
u! = (v*—vehat9) > uy (39a) 
ul = (vt vila 0) t< +0. (39b) 


Thus w is in an interval (w’, w’’) interior to the open interval (zw, +0), when- 
ever N=N,(0). By (37) and (39), 


N,w’> No whenever N=N,(0). (40) 
Hence, for any given integer 1/(>0), we have 
N,>M whenever N>max{N,(0), Mw’'/v}. (41) 
By (36) [with 1=Ny], (37), (39), and (41), we have for any given ¢€>0 


re In bs, (Nv) —Indy'| <€ whenever N= max{N,(0), Mo(€; w’, wu’) u!’/v}. (42): 
LN2 


Thus (since M<N) we have for almost every N 


4. In dz, (Nv) — X, In by! (43) 
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Now, from (4) and (3) we have 
D> Uy Vol (44) 


If we apply (as we can in virtue of (44)) Lemma 7 (ii) [in which € is replaced 
by €/6] to the set {N,, i[ N—N,]}, we have for any given «>0 


1 n 4 nw “~ A ~. 
a Intw(%, iLN— Na) — 2 Inch, LVN) 


— re In bg, (Nv) = In by! — (45) 


for almost every N. By this and (43) [in which € is replaced by €/6] we have 
for any given «€>0 


2 tnew(®t, iLN-M) — Inch, §LN-Ne) |< (48) 
| 


ots 
N 
for almost every N. i 

Now let {Ns, i/N—N,]} be the set for which zy(N2, i[ N—M,]) is largest. 
Then obviously 


ty(Ns, i] N—N,]) Stw(No, iLN—N)). (47) 


If we apply (as we can in virtue of (44)) Lemma 7(i) [in which € is replaced 
by €/3] to the set {N2, i[N—Na]}, we have for any given €>0 


ae Inty(Na, iLN—Ni) oe Inch (Ng, iLN—Ni) fess (48) 


for almost every N. Let {N, i’ [N—N1Z]} be the set for which ch(N;, iLN— N,]) 
is largest. Then obviously 


rh(Na, 1N—Na]) Seh(NE, #[N—N,"). (49) 
By (28), (46), (47), (48), and (49), we have for any given «>0 


Inex(Ne iL[N—N.) —— max, Jn a A(NG LLIN Nal): en 0) 
for almost every N. [For, if |6—b.| <€/3, \a—b| <€/3, aa, a—b,<€/3, and 
b, <b», then 0 4@—a, = (4-4) 4+ (6=b,) —(m—bi) > —¢/3—€/3—€/3 = —€.] 
From (50) and (35) we see that, for any given €>0, the set {N,, i[N—Ni}, 
for almost any N, satisfies both (@) and (3). Thus the proof of (i) is com- 
pleted. 
(Proof of (ii)>}—From (50) [in which € is replaced by €/2], if we use 
(as we can in virtue of (44)) Lemma 6 [in which € is replaced by €/2], we see 
that the set {N,, i[N—WNal}, for almost every N, satisfies (a’). Thus (ii) is 


proved. 
(Proof of (iii)>—From (16) and (34), we have for any given €>0 


200 K. Ikeda 


| 
Be rhax’ ant T(N,, iL N—Na]) — ¢ pa vb Zeon Zoona) | 
N ¥o,i(¥-NaI 


Laie . Zona] = rai ay 

for almost every N. From (26), (46), and (51), we see that the set ‘Na, i[N 
SNE; for almost every N, satisfies (a). Thus (iii) is proved. 

«Proof of (iv)>}—Use (46). 

<Proof of (v))—We shall now prove that, if any sufficiently smallit e>0 
is given, then, for almost any N, every set {N2, i1 N—JN,]} which satisfies (a) 
and (2), satisfies (7) and (0). From (3), we have, for every such N, for almost 
any N, 


| + Indy, (Nv) — ~ In byt < 7 (52) 


by means of the same argument (with N,,i in place of N,, i) as in (35)— 
(43).tt Hence by Lemma 5(ii) [in which € is replaced by €/3], we have for 
every such N, for almost any N, 

|. U In 5) Ox (KLNs) — 2 In by" <2. (53) 


Hence by (52) we obtain Ar). 
Next, eliminating N;, i from (26), (46), and (50) [in which € is replaced 
by €/3], we have for almost every N 


; 
> max Inty(N2, i] N— N2]) — max’ Inz4(N2, iL N—Ne})|\<€. (54) 


Using this and (16), from (@) we have for almost any N 
CN) | 
- Inty(N,, i[N— N;]) - ( Dm VO, zona — 1 Zona) os 2€ (55) 
=1 | 


for every set {N,,i[N—N,]} which satisfies (a) and (8). By 6-1(3), (53), 
(55), and (3), we obtain (0) if we take c23+|Ind}|. This completes the 
proof. 


Theorem la I[f v* Cu <veya, then lim (1/N) In Qy(Nv, T) exists and 


lim 4 ao 2y(Nv, T)= Das vb” Zeona— In Z cond: (56) 
=F ' N 


N>o 


«Proof )—Use (50), 6-1(2), (26), (46) and (51). 
Corollary 1. [f v*¥<u<vena then for any given €>0, there exists, for 
almost any N, at least one N, for which 


{ This condition means: €< vd in (8). [See (38) J 
tt In (36), € is replaced by €/3. 
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= : 1 
| N Spans: ACNE i[ N— N,)) NT In 2y| eG (57) 
and (8) are simultaneously satisfied. 

(Proof »—By Theorem 1(ii) there exists, for almost any WN, at least one set 
{N,, iLN—N,]} for which (a@’) and (3) are simultaneously satisfied. Since this 
N, satisfies (a’), it satisfies (57) in virtue of the relation: 


tw(N2, iLN—N,)) Sek Fy(Na, i[N—N,]) S2y (58) 


which holds for almost every N since by (44), 5-1(5), and (G-2) we have 
5-1(6). Thus the corollary is proved. 
Corollary 2. If v¥<v<vena, we have for any given €>0 


In te jIND — In Qyl <€ (59) 
for almost every N. 

<Proof)—By Theorem 1 (ii) there exists, for almost any N, at least one set 
{N,, iL N—N,]} for which (@’) and (@) are simultaneously satisfied. For almost 
every N we have N,>0 by (8) (since v <Veona). Hence ty(M,, i] N—N,]) given 
by this set {N,, iL N—J,]} is a part of the sum >) %y(jLN)). Therefore, since 
by (44), 5-1(5), and (G-2) we have 5-1(6), beh ir for almost every N 


ty (No, i{ N—N2]) S eG) < Oy. (60) 


By this and (a’), we have (59). Hence the corollary. 

§ 8-2. Physical meaning of the theorems and the corollaries 

§ 8-21. Theorem 1 shows that for the G-system in the interval v*<v 
<Vema; if N is large. enough, there exists a set {No i[N—M,]} for which 
ty(N,, iL N—N2]) is practically maximum [see 8-1(@) ]—1.e. tw(Na2, i[ N—WN,]) re- 
presents practically the entire partition function Qy{see 8-1(a’) |—and for which, 
at the same time, N,/N is as near as we please to a finite positive number 
(1—v/Veona) (independent of N but dependent on v and T) [see 8-1(9) ]. Such 
an N, is called “huge”.' In physical words, such a set {N,, iL N—N2]} gives 
the equilibrium state and such an N;is comparable to N or is of a macroscopic 
magnitude. For our equilibrium-state term Ty, we have 


Inty(No, tLN—No]) =Ingr@ [N—Na2}) +In Ox (k[.No])- (1) 
Here by 8-1(7), if N is large enough, In 30, (k[N,]) [which represents the 


situations where a “ huge ” number (N,) of molecules are grouped into “large” 
clusters in various manners] may, with an error as small as we please, be re- 


? 


+ If a number is of the same order of infinity as N(->09), it is called “ huge”. Every “ huge’ 


number is “large”, the converse being not true. 


a eS 
Te 
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placed by In by,(V) [which represents the situation where the molecules together 
compose only one “ huge” cluster] ;—in other words, in a macroscopic G-system, 
the N, molecules, which are destined to form “large” clusters in an arbitrary 
manner, should be expected to form one “huge” cluster. Thus we have rigor- 
ously deduced that, in thermodynamical equilibrium, whenever v* <v < Vconas there 
exists one “huge” (or macroscopic) cluster’ [In by,(V)]; it should (according 
to the physical interpretation of a cluster) be regarded as representing the liquid 
phase which has appeared by the two-phase separation in the condensation pro- 
cess and which coexists with the saturated vapour—represented by a set of 
“‘small” clusters: In gy (i[ N—N,]) in (1) [see 8-1(6)]—in the condensation 
range. [We thus see that 1/vc.q represents the density of the saturated vapour, 
and also we see from 8-1(j3) that the “ huge’ 
vy decreases in the interval veona>v>v*.] 


>? 


cluster steadily grows large as 


§ 8-22. By Theorem la we can know all the limiting thermodynamical 
functions (for Noo with v=V/N fixed) of the G-system for v*<v<veona. The 
argument (based on the Weierstrass theorem about uniform convergence and double 
sequence) given in the footnote on p. 382 of I is also true in the present 
case; hence we have for the pressure p.. of the G-system 


Po/kT =— (1/kT) lim {9A/AV}"" 
=lim {(/dv) (In x) /N} = (3/4v) lim { (In @x) /N}, (1) 


where lim is taken for No (and V->oo) with v=V/N fixed. Thus by 
Theorem la we have (for v*<v< Veona) 


Pal RL = a by Ah Zona ( Pomp eis say) 5) (2) 


which is independent of v; that is, the isothermal p-v curve of the G-system 


is horizontalf for v*<vu<veuq. And we have for the Gibbs free energy G of 
the G-system 


lim (G/N) =lim{(A+pV)/N} =hT In (2 Zona) (3) 


(for v* <v<Ve0ua) ; hence the activitytt of the G-system for v* <v<Vcona iS Zoonds 
and is independent of v. 


§ 8-23. Corollary 1 shows that z), in Theorem 1 may be replaced by the 
sum of ty over i[N—N,]. That is, here we have given the equilibrium state 


' It does not exist for v=voona[see § 9-22]. 

TY A detailed account of this argument showing the commutability of the operations lim and 
(0/0v) in (1), is given in another place by the present author and Nakazawa.®) 

it Here A is the Helmholtz free energy, given by : 

A=NkT |In8—&T In Qy, where A=h- (22mkT)71/2, 

t It is not horizontal for v=veona [see § 9-23]. 

tt The activity z (which is sometimes called “ fugacity” or “active number density ”) is 
defined as: z=a/A, where a[=exp {G/(NkT)}] is the absolute activity. 
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by determining only the number N, of molecules composing the liquid phase, 
with no specification of the manner i[ N—N,] of grouping N—N, molecules into 
“small” clusters (i.e. of the detailed state of the vapour phase). 

§ 8-24. Corollary 2 shows that, when y is expressed as 3-3(4), 2y may 
practically be represented by the second part alone. 


§9. Gaseous state of the G-system 


§9-1. We shall now prove the following theorems (and corollary) con- 
cerning the thermodynamical properties of the G-system in gaseous state. (The 
physical interpretation of the theorems will be given in § 9-2.) 

Theorem 2. If 

Ue Vena (cf. 8°1(2)], (1) 
the following are true: 

(i) lim (1/N) In Qy(Nv, T) =lim (1/N) In2Y (Nv, T). 

(i1) For any given €>0, Mere enists. for almost any N, at least one set 


i[N] for which 


No,tLN-Na 


aa Inge (iN) —2- max, Inzw(Nz, #[N—Ns) | ce (a) 


zs satisfied. 
(iii) The statement (ii) still holds if we replace (a) by 


eh (a’) 


wee TNT = _in@ 
| 1 ingy(iLN) — Ins 


(iv) The statement (ii) still holds if we replace (a) by 


| ng GLND — 32h 2'—In2)| <¢, (a”) 
l=1 
where z is the least real positive root of the equation 
31 lob 2t=1. (2) 
t=1 


(v) The statements (ii), (iii), and (iv) still hold if we replace gy (LN ]) 


by oh LN) [=r5(0, tL) J. 
(Proof of (i))—To prove this, we shall use the following theorem! estab- 


lished in I: es 
Ifo 20. = ( 1b, z,'), where &y==(b)) 1," the necessary and sufficient 
ae 2 . 
condition that lim (1/N) In Qy(Nv, T) should exist and 
Nao 


t Theorems [I] and [1] in the paper I. 
- tt v. is the volume per molecule of the saturated vapour for the (0)-system; and 2, is the 
+ . . . 
activity of the (0)-system at the condensation point (and, therefore, in the condensation range). 
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555i 
lim — In 2y(Nv, T) =lim— In.2? (No, T) 


is that: 


HEEB re tin. 7 tv (jLN)) —In yey eo GND} S0 (A) 


we) 


when the set E,.,,=E{N(positive integers) ; peer ILD) >O} ts an infinite 
set, and 
We ty GLN]) 
a3) gn (iLN)) 


when the set E,-,=E{N (positive Rien peer IN) SO} is an infinite set. 

In proving this theorem in I, we have toed Lemmas 5 and 6 of I, which 
' are valid also in the case of the present paper ;' hence we may apply this. 
theorem to the proof of the present theorem 2 (for v= vVoona), since by Lemmas. 
1b and 1c we have 


In 


=o(N) for N€E,y (B) 


Vcond = = Us. (3). 


Now, by Lemma 6 of I, we have for vv, (and, thus, for v= vena) 
lim—— In pay oY (iL N]) lim ales 2P[= 3 wb by z*—Inz].7 (A) 


‘Phat: is, for any given €>0 we have for almost every N 


+ In 7 9 GND — ( ¥ vb 2 —Inz) | <<. (5) 
From (G-5) and (1), we have 
v> wel =v], (6) 
hence by 5-1(5) and (G-2) we have 5-1(6); thus 
Ov = SX trGIND (7) 


‘for almost every N. 

We now employ the symbol max’ defined in the proof of Theorem 1. Then, 
using (5), (7), Lemma 61 [in which € is replaced by €/3], 8-1(48),! 8-1(49),, 
and 8-1(6), we have for any given €>0 


' Lemma 5 of I follows also from Lemma 4 of the present paper; and Lemma 6 of I, con- 
cerning the (0)-system only, holds also in the present case in virtue of Lemma 1b and (G-6) of: 
the present paper. 

tt z is determined by (2), and represents the activity of the (0)-system for vz,.. 

{ Lemma 6 and 8-1(48) can be used in virtue of (6). 
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ed tla *2, tx GIN) —In > gy GLN])} 


1 
<2. max’ Inrh(Ns, i[N—Ny) —( Bi vbi%z'—Ine) +e) 


for almost every N. 
Equation 8-1(9b) may be written as 
=N(1—v/Vcona+ 5 Tope Ztona) . (9) 
l=l*(N)+1 
Now if v>veonay then by 8-1(34) [in which we take ¢/3 smaller than v/Veona— 1} 
we have 
N,<0 (10) 

for almost every N. Hence, for max’ In c5(No, iLN—N,]) in which N,, mm, 


Nay il N—-No} 
Ms, °°; Mwy are real and non-negative and satisfy the condition }}/m+M=N, 


we have for almost every N 


max’ Inth(N2, iL N—M]) = max 'Inz%(0, iL N'])- (11) 


No, tL N—Na] 
With the use of the undetermined multiplier In ¢, the set i[.N] giving max’ must 
satisfy 


, LN) + Sm ing} =0: (=1, 2, 5 #CN)). G2) 


From this we have 


m= Nvb,” ie (Z=1, 2, pie i* (N)), (13) 
where ¢[=C(N)] is determined by 
rN) 
31 fyb C=1. (14) 
l=1 
Thus 
te) 
max’ Inz%(0, iL N]) =ND., vb, C'—NIn€. (15) 
ity] = 


By (11) and (15) we have for almost every N 


J max’ Inch (Na, 7LN—Na) — Ch ps vb,” z'—Inz) 


N ¥2,é£N-Nal 


— SS ob,” (c—2") — > vb, ot (In¢—Inz) 
t=1 


1=l#(V) + 


< lv (cc—2')= 5! Job, Pan (16) 
l=1 


1=0k(N) + 


Here we have used Lemma 1b and the fact that, by (2) and (14), ¢>z for 


, Jans <n 3 
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every N. Now by (8) [in which € is replaced by (2/3)€] and (16) and 8-1(34), 


we have for any ae e>0 
as xy (in, pm tex GND —In Pay gf Gi[N])} <€ (17) 


for almost every N. Hence the condition (A) is satisfied. 
Now if v=Veona, then (9) becomes 
M=N 1 lo zhna>0. (18) 
l=l#(N) +1 
Hence 8-1(16) holds. Thus 


21! max’ Inth&(N,, iLN— ND = (3) vb, et Ingy=— >! vb zhna<0. 
N Nita) rae) +1 
(19) 


. Here we have used the fact that z=Zeona if v=Veonae By (8) and (19), we have 


(17) for almost every N. Hence, also in this case, the condition (A) is satis- 
fied. The set E,_) is at most a finite set, since by (6), 5-1(5), and (G-2) 
we have 5-1(6). Thus the proof of (i) is completed. 

«Proof of (i), (iii), and (iv)>—Now it is seen from the proof of Lemma 6 
of I that if v[ vena] v,, then for any given €>0 there exists, for almost every 
N, at least one set i[N] for which . 


ing? GN) — (3 vb: 2!—Ine) | << (20) 
By Lemma 4(ii) [with N,=0], we have for this i[N] 
1 : Mas: a ee € 
re In gw (LN) —— Ing? GN) |< (21) 


for almost every N. By (20) and (21) this i[.N] satisfies (a). By (i) of the 


present theorem, we have for almost every N 


1 = ( € 
ee In Qy—( do vb, z'—Inz)| < en (22) 


By (a@’’) [in which € is replaced by €/2] and (22), we have (a’). By Lemma 


6' [in which € is replaced by €/2] and (a’) [in which € is replaced by €/2], 
we have (a). 


(Proof of (v)>—Use Lemma 7(ii)* [with mani’ 
Theorem 2a. If vvoeona, we have 


lim In Qy(Nv, T) = pa vb, z'—Inz. (23) 


t Lemmas 6 and 7 can be used in virtue of (6). 


a 
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«Proof »—Use Theorem 2(i) or (22). 
Corollary. Jf v=Veona, we have for any given €>0 


fd ‘4 il 
ees In} or GL) ene In.Q ye (24) 
for almost every N. 

<Proof »—Note that, by (6), 5-1(5), and (G-2), 


gv (i[N]}) Sper GN) Sy 


for almost every N, and use Theorem 2(ii). 

§ 9-2. Physical meaning of the theorems and the corollary 

§ 9-21. Theorem 2(i) shows that, when v= -Veona, the limiting thermo- 
dynamical functions (for N->c with v=V/N fixed) of the G-system are equal 
to those of the (0)-system. 

§ 9-22. Theorem 2(ii) shows that for the G-system in the range v= Veona, 
if N is large enough, there is a set i[N] for which ¢y(i[N]) is practically 
the largest ty [i.e. y(i| N]) represents practically the entire partition function 2y|. 
Thus such a set i[N], which of course contains no “ large” cluster, gives the 
equilibrium state ; hence, in thermodynamical equilibrium, there are only “ small ” 
clusters in the G-system for v2 Veona This corresponds to the gaseous state. 

§ 9.23. By Theorem 2a we can know all the limiting thermodynamical func- 
tions (for N>o with v=V/N fixed) of the G-system for v= Veona. Since the 
argument (using the Weierstrass theorem on uniform convergence and double 


sequence) * given in the footnote on p. 382 of I holds also in the present case 


[cf. 8-22(1)], it is shown (by Theorem 2a) that the pressure po of the G-system 
for v= Veona iS given by 


pa/kT = 1b () 


and hence it follows that the activity of the G-system for v= Veona 18 2. Thus 
in virtue of 9-1(2) the specific volume v of the G-system is given by 


1/v= » Ib, 2! (2) 
=1 


as a function of the activity z of the G-system, provided that D a Uoaiae 2 
$9.24. Corollary shows that, if N is large enough, 2, may practically be 
represented by the “ small” cluster part [in 3-3(4)] alone. 


§ 10. Concluding remarks 


§ 10-1. The most essential results of the present paper are as follows : 


* See the first footnote TT in § 8-22. 


ie 
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We have mathematically discussed the thermodynamical behaviour of the 
G-system, defined in §1, and especially we have proved the two-phase separa- 
tion in the G-system; that is, we have demonstrated that, as soon as the density 
of the system exceeds 1/Veona given by 


1/Vema= s Lh, 2 Pad [where cond — (d,') male (1) 
l=1 
the logarithm of the “huge” cluster integral, which is given by 
Indy, ~In 3) O~N, Indy (2)* 
[where 
N,=N—N,=N— SA 1Vb ei L (3)* 


appears as a term of the logarithm of the partition function, namely 
In Q= max Int ~ Int==In¢+ln S) 9~ InG+ Indy, (4)* 


and In dx, describes the liquid phase which coexists with the saturated vapour 
represented by 


Ing == V DS b Bete —N, In cond + (5) Es 


§ 10-2. Analytical properties of the singularity : Now let R be the radius 
of convergence of the power series 9-23(1) and 9-23(2). Then according to 
the Cauchy-Hadamard theorem we have 


1/R=lim sup (°)"". (1) 


If we use z, to denote the first singularity (on the real positive axis of z) of 
the analytic functions defined by 9-23(1) and 9-23(2), then by Lemma 1b we 
have 

z.=R[=())—, by (G-6)]. (2) 


Hence [by Lemma Ic], between z, and emnq[==activity at the condensation 
point of the G-system, cf. 8-1(1)], there is only the following relation: 


Zs = Zeond + (3) 


Thus, about the problem of the analytical properties of the singularity repre- 
senting the condensation of the G-system, two different conclusions are deduced 
according aS z,=Zeona OF Zs > Zana (see Fig. 1): 


Case 1: 2%,=Zema. In this case the condensation point for the G-system 


* Here we use concise notations and expressions, and we write b, for &(V). The bar means 
the “equilibrium state” (cf. § 8-2). 

For (2), see 8-1(y) and 8-1(43). 

Nz given by (3) is practically equal to Ng in 8-1 (8), N, in 8-1(9b), and Ny in 8-1(17b). 

For (4), see 6-1(2), 8-1(a@), 8-1(a’), and 8-21(1). 

For (5), see 8-1(6). 
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O ; 
Case 1. Case 2. 

Fig. 1. [Analytical behaviour of the condensing systems at a 
sufficiently low temperature.] Case 1 [(a), (bi), (c,)]; Case 2 
[(ay), (be), (co) ]. 

The solid curves (or lines) represent the isotherms of the 
G-system. The broken curves (or lines) represent those parts of 
the isotherms of the (0)-system which have deviated from the 
isotherms of the G-system. 


Us Ucond 


corresponds to the first “ analytical” singularity z, (on the real positive axis 
of z) of the gaseous functions p/kT [9-23(1)] and 1/v [9-23(2)], the word 
“ analytical ”* being used in the sense defined in Ia and I”. Thus the G-system 


and the (0)-system begin to condense at the same density 1/Vooma=1/vs= 21h. 24 - 
(=i 


* See p. 550 of Ia; p. 377 of I. An “analytical” singularity means a singularity defined in 
the theory of functions of a complex variable; i.e. a singularity which an analytic function has; 
e.g. a pole, a branch-point, an essential singularity, etc. Any other kind of singularity is called 
“ non-analytical ”; e.g. a point of intersection of two different analytic functions, and a point of 
intersection of two different branches of one analytic function [Fig. 2 of Ta}. 
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Case 2: 2% >Zcona. In this case the condensation point for the G-system 
corresponds to the “non-analytical”’ singularity Zeondl <Ze] (on eS real positive 
axis of z) of the gaseous functions p/&T and 1/v, the word “non- analytical ”” 
being used in the sense defined in Ia and I. Thus, when the density exceeds 1/Vevna; 
the behaviour of the G-system deviates from that of the (0)-system ; the latter 
continues to be in gaseous state up to the density Lib,” 2 :[=1/v,, say], which 
(if it is finite) represents the density at the startin point of the condensation 
of the (0)-system [see II” ]. 

§ 10-201. The above cases 1 and 2 correspond to the cases of §3-12 
and § 3-13 in I, respectively. 

§ 10-202. The case in which zeo.a>2;, is impossible in principle; for z, 
is an “analytical” singularity of an analytic function, so that the function cannot 
be smoothly (in an analytical sense) continued beyond 2z, [cf. p. 386 of I]. In 
the present paper this case is, in fact, avoided in virtue of (G. 4). 

§ 10-21. It has not been a purpose of the present paper to discuss the 
problem as to which of the cases 1 and 2 [§ 10-2] is realized in the physical 
real systems. About this problem we argued in detail in Ia and I. It should 
be emphasized that the present paper gives a generalized theory of two-phase 
separation which is comprehensive of the two cases 1 and 2; that is to say, 


_ we have been able to discuss the problem of two-phase separation independently 


of the problem of the analytical properties of the singularity. Thus, at least 
in this sense, our G-system may also be said to be more general than the real 


- system itself. In another paper we shall give a more detailed comparison be- 
_ tween the G-system and the real system. 


§ 10-3. For the G-system we have restricted the validity of (G-2), (G-3), 
and (G-4) within the specified ranges, and, as a result, the horizontality of the 
isotherm has been proved [§ 8-22] for (O<) v*<u<veong instead of for O<v 
<Veuna [note that if vo, wa, and w are all zero, as is the case with the (0)-system, 
then we have v*=0O]. Thus it is possible for the G-system to have a non- 
horizontal part of the isotherm for sufficiently small v [which corresponds to 
the range of pure liquid phase] owing to the invalidity of (G-2) and/or (G-3) 
and/or (G-4) for such values of v. For the G-system, however, the detailed 
behaviours of the cluster integrals for small volumes have not been described, 
so that the thermodynamical properties of the G-system for sufficiently small v 
have not been discussed. In another paper, we shall have an opportunity to 
enter into a detailed discussion of this problem. 

§ 10-4. At the end of the present paper, we must add that the theory 
given in § A5 of II (concerning the expression of the “huge” cluster integral 
in terms of the irreducible cluster integrals 8,) and its rigorous mathematical 
proof (whose description we have omitted in II) can also be generalized by the 
Same arguments as those in the present paper. 


— 
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Some applications of the present theory to quantum mechanical many-body 
systems, such as liquid helium, will be given in another place. 
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Appendix A 
Non-rigorous treatment 
§ Al. Introduction 


In this appendix we shall give a non-rigorous method of treatment which 
leads to the same results as those obtained by the rigorous method in the text. 

In this appendix, just as in Appendix A of I,” we first classify the sizes 
of the clusters (i.e. the numbers 7 of molecules composing the clusters) into 
three kinds,’ viz., “large” (i.e. of the same order of magnitude as N[=the 
total number of molecules in the system], where N is assumed to be very large ; 
N~10" say), “small” (i.e. of the same order of magnitude as 1), and “ inter- 
mediate” (i.e. neither “large” nor “small’’), and then treat the clusters by 
different suitable methods according as their sizes are “large” or not. 

As mentioned in Appendix A (§ A7) of II, the above classification is rather 
ambiguous from the pure mathematical viewpoint; that is, it is not based on 


any definite border-lines such as the function /*(N) in the text. However, this. 


non-rigorous treatment is shown to give the same results as those in the text, 
hence it may be utilized (especially in applications to physical problems) as a 
convenient method which is rather simple (though not rigorous) in arguments 


and is rigorous in results. 
We shall denote “small” J, “large” J, and J “of intermediate magnitude ”, 


respectively, by /~1, /~N, and 1<1<N. The classification is also applied to 
any other quantity q; g~1, g~ WN, and 1<q<N. [Note that, for example, by /<N 
we shall mean Z such that 7~1 or 1<l1<N.| 

Because of the relation 


(where m, is the number of clusters of size 1), we have: 


m,~1 (if not zero) for i~N, (2) 


> and “small” in this appendix are different from those 


+ The definitions of the words “ large’ 
ivalent to “ huge” in the text, 


in the text [cf. §3-2];, “large” in this appendix may be said to be equ 
though the former is only roughly defined. 
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and 
m,>1 or m~1 (if not zero) for 1<N. (3) 


Hereafter we shall write L for “large” J, and simply write 7 for other 7. 

As stated in Appendix A of Il, the Stirling approximation (Inm!= 
m, In m,—m) and the continuum approximation (in which one ‘assumes m, to 
be continuous and performs the differentiation with respect to 7) are considered 
to be valid* for m,1 and invalid for m,~1. Hence, because of (2), to a 
set of “large” clusters these approximations cannot be applied but a new 
method of treatment should be applied, while, because of (3), to a set of 
clusters which are not “large”, these approximations may be applicable, with 
the exception of the case: ,~1 for 1<N, which case, however, is negligible 
since lm,<Lmz. 

We may regard this applicability of the approximations as a standard of 
distinction between 1(<N) and.L(~N). This standard is adopted in Appendix 
A of Il, and is expressed rigorously by the conditions 1°, 4°, and 6° in Lemma 
3 of the text of the present paper (that is, the conditions 1°, 2°, and 3° in II). 
In the present paper, however, the volume dependence of the cluster integrals 
is taken into account so that one more standard of distinction between 7 and L 
is required; that is, we must consider a distinction such that 5,(/<N) are 
almost volume-independent and 6, are volume-dependent in some _ specified 
manner. This standard is expressed rigorously by the conditions 1°, 2°, 3°, 4°, 
and 5° in Lemma 3 together with the assumptions (G-1) and (G-3). Con- 
sequently, in the problem of the present paper we should adopt an appropriate 
standard consistent with the above two standards. Such a standard is expressed 
rigorously by the conditions 1°—6° in Lemma 4. [See also §3-4 of the text.] 

The treatment in this appendix starts from a rather ambiguous distinction 
between J and L, so that the problems as to the delicate difference and mathe- 
matical consistency between the above-mentioned standards are not so carefully 
discussed as in the text, and these standards are simply assumed to give dis- 
tinctions which are roughly the same. Thus the assumptions (G-1), (G-2), 
{G-3), and (G-4) may be replaced by the following less rigorous expressions, 
respectively : 

(g-1) If Z<N, b,(V) may be replaced by },”. 

(g°2) b:(V)>0 Gif V/L>w), b(V)>0 (for 1<N).** 

(g-3) Indz;(V) SL Ind! Gf V/L> ml m= v)). 

(g-4) ie Wee SL Indy! (if V/L> ul = vo)) 

Ind,(V) Sind (if 1<l/<N). 


* A set of very large integers m’s may be regarded as almost continuous, for there is a dif- 
ference 4m between integers such that 4m<m, and thus one can take a differential dm=4m, This 
is not the case with small integers. [See p. 680 of II]. 

** By (g-1) and (g-2) we have b,>0, 
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Here the equality symbol XY, defined in II [see p. 682 of II], means that X 
and Y are both “large” and the difference between X and Y is <N; and the 
inequality symbol XY, which is newly introduced in the preesnt paper, means 
that Y is “large” and X does not exceed Y or exceeds Y at most by an amount 
which is <N; and the inequality symbol A<B means that A does not exceed 
B or exceeds B at most by an amount which is small compared with B; (thus 
<< corresponds to the special case of S, in which B is “ large ”.) 

The assumptions (G-5) and (G-6) will be adopted in the unaltered forms, 
though the latter will not be explicitly used in this appendix. 


(G-5) The series sz 1b, (bt )- is convergent and is <2". 
(G-6) lim (9) =o", 0<h°< +o. 


§ A2. Method of treatment* 


Let N, be the total number of those molecules which compose “ small ” 
clusters and clusters “of intermediate size”, and let N, be the total number 
of those molecules which compose “large” clusters. Then we have 


L=N 


len 
NEE lm=N., Pa bmi=Na, NitM=N. (1) 


t=1 


Here we may note that N, is “large” or else zero, while N, may have any 
kind of magnitude. 
Consequently we may write 1-2(8) [with V=Nv] of the text as 
len L=N 1eN my L=N { Nuh, (Ni my, 
a= > (3) dat Y1 Lmt=N) tt {Nvb, (Nv) } ll {Nvbz(Nv)} 


my UL, l=1 


m,! L~N my! 


ss 1<Y { Nvb,( Nv) }™ il Ata. (Nob, Ne) ae 
= 5) (Sam +=) ft eS en ND al 


Na, mL t=1 


(2) 


Now, if Nv/Ns>w (whence No/L>% since L<N,), then by (g-3) the 
logarithm of any term in y1 in (2) becomes 
mL, 


ih {Neds (No) 35" Lm, Indo = Ns Indu, (3) 
GD My: L~N 


and in particular the logarithm of the term for which my,=1 and m,=0 (LAN:2) 
becomes 
In {Nvbx, (Nv) } =lnb», (Nv) SN, Indy’. (4) 


L=N 
In deriving (3) and (4), we have used the fact that m:z~1, gain In(Nv) <N. 


* The number of a formula in this section is the same as that of the corresponding formula 
in § A3 of II,” with the only exceptions of (5) and (6). 


ee ae 


fy 
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If v>w (whence Nv/L>w since LN), then by (g-4) we have for any 
term in >} for any N,(SN) 
mT 


tt, Wovbz (Nv) } ST ais In by! ve In by’, (5) 
L~N my! L=N 
In {Nvby, (Nv) } SN Indy. (6) 
Then we have by (3) and (4) 
= L=N ™ 
Ind (Si eeND Ul {Nobs (Nv) "in {Nubwx,(Nv)} 
my, L~N L~N LF, 
—=In by, (Nv) SN, Indy, C35 
provided that Nv/N,>t,; and we have by (5) and (6) 
L=N L=N ™m 

In (YL, =N,) 0 Nebz No) i"" < ny indy, (7a) 

my, L~N L~N my! 


provided that v >a. For, the logarithm of the total number of terms in >) is <N. 


Now, for a set of clusters which are not “large”, we have ”“” 
leN m lEN 
In U ALTE a 3S) m {In (Nvb,) —Inm,+1}. (8) 
é=1 my. i=1 


Here we have used (g-1) and applied the Stirling approximation to m, (but 


not to m,[~1)). 
We now write (2) in the following form: 


1EN 
2Qy= om (>) lm+N,=N)T (No, m1). (9) 
Ne2, ml t=] 


Then we have by (7) and (8) 


l<eN 
InT (Ne, m1) S >) m{ln(Nvb)) —In m, +1} +Inby, (Nv) 
t=1 


= InT’(Ne, 2), ek: 
provided that Nv/N,>m; and we have by (7a) and (8) 
InT (N2, m1) SInT’ (Nz, m), (10a) 


provided that v>w. Here we have defined: 


len 
InT’ (No, mm) = Da mi {In(Nvb,) —Inm,+1} +N, Indy. (10’) 


“: The range (Nv>Nou) of validity of (7) can, in fact, be extended to Nu>Neuo, because everr 
in this extended range the logarithms of the largest terms in J in (7) are = Nelndo' . In this way 
™ 


the horizontal part of the isotherm will be extended. The same is true of the rigorous arguments. 
in the text. About this point we shall give detailed arguments in another paper. 


ey 


; 
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Since the logarithm of the total number of terms in 5} in (9) is <N, we have 


Nog, mj 


by (g-2) that if v>w, 
In y= Max InT (N,, 77). (11) 


We now calculate the maximum of In T’ (Np, ™,) [(10’) ] under the condition : 
1EN 
m+ N= N (12) 
=1 
and m,=20 and N,=0. Using the undetermined multiplier In z, we obtain* 
Pao) Chinas SAY) (13) 
1éN 
from (0/0N,) {In T’(N2, mi) + (3 lm, + N,)|n z} =0, and obtain 
(mel 
m=m,= Nvb,z Koge = Nvb,” 5 sane (Use . 3, bark <N) (14) 7% 


from (0/8m) {7}=0 (/=1, 2, 3, ---, <N). Thus the values of N, and N, for 


the maximum are 


1<€N 1EN 
= ps m= Nd lob, 9 ee (15) 
=1 = 
aan 

Fie lEeN 
Na NorN os lub, Rona (16) 

=1 

respectively. 


Then in order. that the solution just now obtained may have a meaning, it 
is necessary that - Lub, zbonq Should be definite and finite and lob, zoona L 
(since N; Should. art be negative). In order that this may bas so, firstly, the 
series 311d, gl, should be convergent (since some of the 7’s “ of intermediate 
magnitude ” are very large compared with 1), unless v js infinitesimal. This 
convergence 1s ensured by (G-5). In this case we have Sua” hana = 328, ae 


(with a negligible error), and yb,” ziong is convergent and equal to 2° ode 


(with a negligible error). Steondly the following should hold: 


1/v= = Ib; Zoona (= 1/Veina, SAY). (17) 


Now suppose that No/N.> wu and v>wm and (17) hold simultaneously ; 
that is, 


* The application of the continuum appro 


pnd Wes “oe ” “ae 29 
** From this it is seen that 7 is large” for “small 


“ta 


Sct Pr es ge fe 


é Siti : a 
ximation to N, and’ m, is valid since Ng is ~ large 
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Vcona a V > Max {up, (Uz*+Vena) ~'} ( =v*, say).} (17a) 


Then by (10) we have InT(N,, m)=1nT’ (No, 77) ; hence by (10a) we 
have InT (No, 7m) =, InT(N,, m) for any Nz, and {my} [since In T’ (No, 71) 
= Max In T’(Ng, 7) => In T’(Na, mm) ]. Thus 


Max In T' (Ny, m)=1n T (No, 7) In T’ (No, 1). (18a) 
Hence by (11), (10), and (14) we obtain, under the condition (17a), 


1eN ae 
In (Da N ot vb” ied i Ni In Zeond =5 In bx, (Nv) (18) 
t=1 


with (15) and (16). Here we may (with a negligible error) replace the upper 
limit 7<N of the sum by J=oo, since some of the 7’s “ of intermediate magni- 
tude” are very large compared with 1. Thus (18) becomes, with the use of 
Zene== (04) and»(4), 


In Qy SNS) vb,” 2hna—N In Zeon (19) 
Hence the pressure p of the system is given by 
p/kT = (8/8V) In Qy= > by 2! na (= Poona/ kT, say), (20) 
which is independent of v. That is, the isothermal p-v curve is horizontal in 
this range (v*¥<vXvena). The Gibbs free energy G is given by 
G=A+pVN&T In (2 zona): (21) 


Hence zea is the activity of the system, which is independent of v. This 
corresponds to the condensation range. 
On the other hand, if v is so given that 


oo 
1/v < da Lb Zeona ( = Ly Veea) > (22) = 


then we have N,<0 in (16), and so we should have N,=0 for the largest value 
of In T’(N,, m,) that has a meaning. In this case we have 


“= 


In 2y'= Max In T (0, 2) = Max InT’ (0, 2) [=InT’ (0, m,), say] (23) 


with the condition 
len 
e pz lm,=N; (24) 
for, by (8), (10), and (10a), we have, for any N,(O<N,<N) and {m,}, 
InT (0, m,) =1nT’ (0, m,) =InT’(N2, m) = InT (No, m)- 
Using the undetermined multiplier In z, we obtainttt from (9/8m,) {In T’ (0, m,) 


t By (G-5) we have: veona > v*. 
ae Note that Venod > vt ju. 
t{{ The continuum approximation is applied to m,(>1). 


—————— 
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len 
ae pa lm) |nz} =0 


Wi NOU ee 1k, op, = N), (25) 
where z is determined by 
EN 
No lob, 2 =N. (26) 
t=1 
Hence, unless v0, we have 
LEN oo 
[1/vo=] 2 1b, 2’ = 2 lb, z'=convergent (26’) 
= =1 


and 


I ah “ 0 
513, 2'= 3), 2’ =convergent. 
t=1 l=1 


Thus from (23) and (25) we obtain 


In Qy SN 3) vb, 2'—NInz (27) 

and 
p/kT = a bz" (28) 

and 
G= NBT |n(4*z), (29) 


which shows that z is the activity of the system. This corresponds to the 
gaseous state. . 

The statements, printed in small type on pp. 686-687 of II,” concerning a 
more intelligible method for calculating the maximum term, hold also in the 
present case if we make the following replacements : 

First, we replace “Now we have, by (A3-9) and CAS*10) fo rsee* , subject 
to the condition Lilm + N= N. ” [p. 686, lines 10 ff.] by the following : 


Now we have, by (9) and (11), 


Qy= 2B (Bl +Na=N)T (Na, mv) (30) 
Na, mi 
and (if v > v9) 
In @y=Max In T(Ne, ™).- (30a) 
Defining 
In T’ (No, ™) = pa m, {In(Nvb,) —In m,+1}+ Np In dof, (31) 
we shall now calculate 
Max In T’ (No, ™) [=InT/ (No, 7%), say] (32) 


subject to the condition 
lm + Na=N. (33) 
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Next, in all the formulas (A3-34)—(A3-52), in all sentences, and in Figs. 
1, 2, and 3, we replace T, ti, bo, %s, and vs by Tbe bi ++ ennds and Ucona, Fe- 


spectively. ee 
Next, we replace “thus we have” before Eq. (A3-49) by the following: 


thus, if veona > v > max {uo, (4) 14ur a) 1h (=%, say), then we have by (18a) and (30a) 
Finally, after Eq. (A3-52), we insert the following : 
For, by (8), (10), and (10a), we have 


In T(0, mt (0)) = In T’(0, mt (0)) =1n T/(Ne, 7) SInT (Ne, ™). 


§ A3. Remarks and conclusions 


By (g-1) and the second part of (g-4), we have: 
Ind, Sind. (for 1<l<N). (1) 
Hence, using (G-6), we have: 


lim (b,™)1" She (2) 
l+>o 


which is nothing but Lemma Ic in the text. Thus the statements in § 10-2 of 
the text, concerning the analytical properties of the singularity representing the 
condensation, are also true of the treatment in this appendix; here it should 
be noted that the power series 9-23(1) and 9-23(2) in the text correspond to 
A2(26’) and A2(28) in this appendix. 

The physical. conclusions deduced from § A2 are the following: 

If v>veona, we obtain the activity z from A2(26), and In Qy from A2(27) ; 


and the system in thermodynamical equilibrium consists of a “large” number 


of “small” and “ medium ”’t clusters, whose size distribution is given by A2(25); 
and, in determining the pressure, each cluster plays the role played by one 
molecule of a perfect gas ;—(the gaseous state). If v¥<u<veona, the activity 
(Zena) 18 independent of v, and In Qy is obtained from A2(18) or A2(19); and 
in thermodynamical equilibrium the N, molecules [A2(15)] compose a “ large ” 
number of “small” and “medium” clusters, whose size distribution is given 
by A2(14), and the remaining N, molecules [A2(16)] compose one “ large” 
cluster (In by,). When wv decreases, N,/V is constant and equal to 1/vonq and 
Nz (also N./V) increases; (N,=0 when U=Vona); 


N/V=N,/V+N,/V or 1/v=1/v,+1/v, (vy =Veona) (3) 


_ The’ former part is considered as the saturated vapour. The pressure of the 


system takes the constant value PeonalA2(20)] (the saturated vapour pressure) 


{ The adjective “ medium” is an abbreviated expression for “ of intermediate size (magnitude) ”. 
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which arises from the saturated set of “small ” and “ medium ”’ clusters [A2(14) 
A2(15)], each cluster playing the role played by one molecule of a aaa, 
gas; and the “large” cluster Indy, makes no contribution to the pressure. 
This “large” cluster is considered to be the condensed phase which has ap- 
peared by two-phase separation ;—(the condensation range). 


Appendix B 


Comparison of notations 
ET 


paper I paper II this paper 
real system (0) -system (0)-system (0)-system G-system 
bt (V, T) b,© (T) b, b, b(V) 
fs by (T) by by bot 
Qyt (Nv, T) 2y (Nv, T) Qy 2yO Qy 
T yt G|Nv, T) Ty (@i|Nv, T) gn (iN ]) gy G[IN]) gy(ilN]) 
+ (Nv, T (0) : ; ; : 
ed ‘ v, T) (Nv, T) exe) Ber Gy) BerGiN) 
Ty (j\Nv, T) Ty (j|Nv, T) tzy(J LN 1) tv GIN] zw(JIN]) 
Tyt (Nv, T) Py (Nv, T j(N (j[N]) j 
Nv 7 vy.) pad IN ]) Pa GIN]) pad [N]) 
=i ra 0,(k[N]) 0, (k[N]) Oy(k[N]) 


PE ee ee ———— nn 


References 


1) K. Ikeda, Proc. Internat’] Conf. Theor. Phys. Kyoto and Tokyo (1953), p. 544; to be 


2) 


3) 
4) 


5) 


referred to as Ia. 
K. Ikeda, Prog. Theor. Phys. 16 (1956), 341 (containing the complete proofs of the lemmas 


and theorems given in Ia); to be referred to as I. 

K. Ikeda, Prog. Theor. Phys. 11 (1954), 336. 

K. Ikeda, Prog. Theor. Phys. 19 (1958), 653; to be referred to as if, 
H. D. Ursell, Proc. Cambr. Phil. Soc. 23 (1927), 685. 

J. E. Mayer, J. Chem. Phys. 5 (1937), 67. 

J. E. Mayer and Ph. G. Ackermann, J. Chem. Phys. 5 (1937), 74. 

J. E. Mayer and S. F. Harrison, J. Chem. Phys. 6 (1938), 87. 


S. F. Harrison and J. E. Mayer, J. Chem. Phys. 6 (1938), 101. 
J. E. Mayer and M. G. Mayer, Statistical Mechanics (J. Wiley and Sons, New York, 


1940), Chapters 13 and 14. 
M. Born and K. Fuchs, Proc. Roy. Soc. A 166 (1938), 391. 


B. Kahn and G. E. Uhlenbeck, Physica 5 (1938), 399. 
K. Ikeda and T. Nakazawa, a lecture at the meeting of the Physical Society of Japan 


held at Nagoya University on October 18, 1960 [cf. the abstract book of the meeting, 5, 
pur Ls. 


220 


2} ae) Shek kelialeliy tislleh Lows lsik Yel 


PS ete 


K. Ikeda 
Errata 
Cluster Theory of Condensing Systems 
Kazuyosi IKEDA 
Prog. Theor. Phys. 19 (1958), 653-697 

. 653, abstract (line 10) ; “larger” should read 
. 655, line 16; Rk ap. Va 
. 657, line 5; e.i. y 
. 666, (3-19) ; G/N) ln} ” 
. 671, line 16; {N2, 1, Mz, Mewny} Y 
5 AL (Gilbey = Nz t 
. 671, (5-16) ; Ne D 
. 671, line 3 from bottom; {Ng, m} y 
mO12sn (oe 20))s {(N-N,)/N} y 
. 674, line 12; Div, 
. 693, line 4; N.=0 Y 


On the Theory of Condensation 


Kazuyosi IKEDA 


Prog. Theor. Phys. 16 (1956), 341-388 


“Targe” 

U> Us 

1.e. 

\a/N) nd} 

{M., m, Ms Many 
2 

N, 

{No 7m} 

{(N—N,)/N} 

If v<v,. 

N,=0: 


Addition to the errata given at page 698 of Prog. Theor. Phys. 19 (2958). 


. 348, line 10; twenty-six 

. 348, line 14; the last one vanishes 
. 363, footnote (line 1) ; In (N+2) 

. 367, line 22; at (Nv, T) 


. 387, line 4 from bottom; y4>0 
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4, 4,, 49 vanish 
In (N+3) 

ot (v, T) 
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The internal conversion processes in the ¢-mesonic He? atom following nuclear fusion 
reactions by y-mesons at low temperature are analyzed, where the finite size effects of the 
He? nucleus play an important role, so that the »-mesonic irregular solutions outside the 
nucleus are considered. The reaction rates calculated by us can give reasonable agreements. 
with experimental results by Ashmore et al. and Alvarez et al. 


§1. Introduction 


From the practical point of view, the dead-end problem is an important 
process in nuclear catalytic fusion reactions by #-mesons at low temperature. 
In other words, concerning the #-meson moving around the nucleus which has 
finished nuclear fusion reactions, it is an essential problem to compare the fol- 
lowing two probabilities : 

a) The probability that a #-meson completes its life by natural decay. 

b) The probability that a //meson is ejected by an internal conversion. 
in the #-mesonic He* atom and is used again as a catalyzer. 

It is the purpose of our investigation to find the reality of the internal 
conversion process of the pemesonic He* atom exactly and to compare with the 


al results by Alvarez et al» and Ashmore et al.,” though certain 


experiment 
3)-6) 


semi-qualitative estimations have already been given. 

In our theoretical standpoint the following assumptions are proposed : 

i) The meson is considered as the Dirac particle inside and outside the 
nucleus. agar 

ii) Even for a light nucleus, such as He’, nuclear finite size effects should 
be considered as far as the p-meson is concerned. Therefore the irregular as. 
well as the regular solutions in the Coulomb feld are introduced outside the 


nucleus. 
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iii) If the internal conversion takes place as the electric monopole (£0) 
transition, the nuclear wave functions as well as the #-mesonic wave functions 
inside the nucleus play an important role. 

The ;-rays. emitted in the p-d fusion reactions may be regarded as the 
magnetic dipole (M1) radiation based upon the analogy of the mirror-nuclei 
reaction :” n-+d—->H*. The M1 internal conversion coefficient, as mentioned 
in the next section, induces no interesting conclusion. 

On the other hand, we give the general treatment in § 3 for the probability 
that the «meson is ejected by the EO transition in the #mesonic He* atom, 
and we should emphasize the importance of the nuclear structure effects. 
Further, the /«mesonic wave functions inside the nucleus are given in § 4, and 
then these functions should be connected with the extra-nuclear solutions com- 
posed of the irregular as well as the regular solutions. 

In the last section the ejection probability of the “meson is calculated, 
and is compared with the experimental results, where our theoretical calcula- 
tions prove to be justified. 


§2. The magnetic dipole conversion 


In the first place it will be shown that the radiative capture process 
ptd—-He'+y 

can be treated in the same way as the thermal neutron capture process 
n+d—>H?'+y. 


The wave function of the ground state of the #mesonic p-d molecular ion may 
be approximated by” 


Orin ~ /zxex| - 12) | (2-1) 
as the distance between the proton and the deuteron approaches to zero, where 
47=Mhw/m, (M being the reduced mass of the p-d system, h the Planck con- 
stant divided by 2z, w the proper vibrational frequency, and m, the rest mass 
of the #-meson), and x represents the inter-nuclear distance, finally A(a) means 
the barrier penetration factor determined by the W.K.B. method. 


Then the relative velocity v between the proton and the deuteron for 2~0 
becomes 


Bare vid 
us M A a exp| —4-2(2) |=6.2 X 10* cm/sec, (2-2) 


since A(z)~6.0. Therefore this process turns out to be treated based upon 
the analogy of the thermal neutron capture. Thus the initial state of the 
nuclear system may be considered as S;i. or Si, In the former case the M1 
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and £2 transitions, and in the latter case the 1/1 and EO transitions are pos- 
sible. Since it is well known that the #2 transition probability is negligible 
in comparison with the M1 transition probability in the m-d reaction,” we 
first attend to the M1 internal conversion based upon nuclear structure effect. 

Now we point out the following facts : 

i) The energy of the emitted 7 ray is about 5.5 Mey, so its wave number 
k is 0.047 in p-mesonic relativistic units.* 

ii) The velocity of the conversion #-meson is about one third of the light 
velocity. 

iii) The y-ray energy 5.5 Mev is much larger than the binding energy 
(~10 kev) of the #-mesonic atom. 

These facts indicate that Drell’s formula® can almost hold. In consequence 
the M1 conversion coefficient becomes 2.8%107*. The theory of nuclear struc- 
ture effect by Weneser-Church” can extended to the “-mesonic case (Sj). state), 
and the M1 conversion coefficient is given by 

Senge a 


TGe tal 7 O00 0,0 2n* e* DDK: aN ; ‘ 
Bk =B (Sa) {1443 ® (pea? +ffa EVE Se)} > 2-9) 


where /;*(S:.) is the M1 conversion coefficient without nuclear structure effect, 


R the nuclear radius, 2 the ratio of nuclear matrix elements, and f;’, fy, 97 | 


and g,’ the first expansion coefficients of the radial parts of the Dirac wave 
functions, where suffices 7 and f mean initial and final states, respectively. 
The ratio 2 of nuclear matrix elements in the #-mesonic case is of the same 
order of magnitude as in the electronic case (~10). Thus the order of magni- 
tude of the M1 conversion coefficient can be little altered by the nuclear struc- 
ture effect, so we can give no interesting conclusion of the M1 conversion 
process. Therefore the EO conversion will be considered in the following sec- 


tion. 


§ 3. General formula for the electric monopole transition 


We shall give the general formula for the ejection probability of the /- 
meson by the EO transition. In this case the perturbing Hamiltonian in /#- 


mesonic relativistic units is given by 


H’=— Y—*_., (3-1) 


iPeer tal 


where a is the Sommerfeld fine structure constant, and r, and r, represent 
the position vectors of a proton and a #-meson, respectively. Then the matrix 
element of the EO transition is expressed by the following formula: 


* In the y-mesonic relativistic units («r.u.) we take m,=c=h=1. 


a Sn ae 
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(i|H'(L=0)|f) =(A") 


ee mel aeu| 6,552 b¢i+ fas. (de.5,8, 6 dh 


p 


Mma ftnorr( A} ae afasitrg 6 


lp H 


(3-2) 


where i and f represent all quantum numbers of the initial and final states, 
respectively, and 6 means the nuclear wave function, and ¢ the “-mesonic wave 
function. 

The second term of the right-hand side in (3-2) can be separated into the 
product of two parts concerning the #-mesonic and nuclear coordinates, and it 
vanishes due to the orthogonality of the initial and final states. Then (3-2) 
can be written as 


r 


Pp 


(H!)=—a| dea| dr, 6,9, aa Di fi 


0 Pp 


ip 


=—al de,9,(r,)| | d,F,(r,) iio) (rs) |r»). (8-3) 


The integral with respect to the #mesonic coordinates is obviously limited in 
the finite nucleus. Therefore we need only the intra-nuclear part of the p#- 
mesonic wave function. Then we shall find the solutions of the Dirac equation 
in the uniform charge distribution by the series-expansion method, and determine 
the normalization constants by the continuity condition of the internal and 
external solutions. The matrix element can be obtained from (3-3) by making 
use of these wave functions. The /«mesonic wave function may be referred to 
the coordinate system whose origin is the center of gravity of two protons. 
We need only the part of the nuclear wave function concerning two protons 
in contrast with the case of interaction with radiation field. 


§ 4. Solutions of the Dirac equation inside the nucleus 


The potential function for the #meson in the uniform charge distribution 
of the finite nucleus is given by 


P 2 
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where Z is the nuclear charge, and R the nuclear radius. The solutions of 
the Dirac equation in this potential field can be given as follows :” 
: © . \1+l+2n 
Fir) =A, (- Aw (L) 
|r| n=0 R 
«o 14+1+2n (4-2) 
t n ie ; 
Gir =A Ss (- yr (ZL), 


where 


F(R) / 3 (—1)"fale) for e>0, 
A,= n=0 


G.(R)/ >) (—1)"9n(«) for «<0 
n=0 
are the normalization constants, and J, j and « are conventional notations : 


ae ee) 


: alt 
Pee ee ae 
at Ot el 2 


The coefficients f,(«) and g,(«) are all positive, and the following conditions 
hold: 
fice iee Ly opece 0, 


O,(4)— lp orenc— 0, 


The remaining coefficients are determined by the recurrence formula: 


2 n = 9 n-1 + n—2 
nfn(K) =O In—1(K) +39 n-2(«) era ee 
(2n+2|«|+1)Gn(«) =a fn(«) + Bfr-+1(«) 
2 n = 4] n-1 n—2 
NGn(K) =A fn) + Bfn—2(%) | i ae (4-3b) 
(2n+2\«| +1) fir(e) =21In(K) + 29n-1(K) 
where 
a= -aZ+RW-1), 
a= 2 -aZ+R(W+1), (4-4) 
and W is the #-mesonic total energy. 
k-==—1 in the above for- 


So far as the K-conversion is concerned, we take 


mula. Then the expansion coefficients are given in the following: 
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Wiaeeig 1, 4 N40): 4d) (4-5a) 
_ aj‘a,? ( 1 1 3 ( ik er. 1 uf if ata: 
eayeescn <\ qsae 16p0 th \ a560 86a ORO Y ate P 
2 a8” 
eee a5 os) au 180 ’ 
Qo=1, \ 
ot— aa > 
I= ava, ie a,P + a, 9 ; \ (4-5b) . 
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where the nuclear radius R of He® is taken as 1.6 times the z-meson Compton 


11) 


wave-length,” which corresponds to R~1.2 y¢ur.u. 


Next we shall find the normalization constants. As « is equal to —1, A, 
can be determined by the expression 


A,=G.(R)/ > (—1)"ga(«), 


where the denominator can be easily obtained 


© 0.992 for the bound state 
pm (1)? og(«) = 


0.969 for the continuous states, 


and the numerator is expressed by 


G(R) = 22) _GecRy, 


The ratio G,(R)/G,°(R) can be determined by the continuity condition on the 
nuclear surface as follows: 
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(es =(# aes \/( nae ee) 
re: ee G3 Ge oe (4 : 6a) 


for the bound state, and 


G. Se je) eae oe I( Fk ed cl 
=({1-H d—0d ee ba a k 
Ge { cos ( d+ ( GS ae) Gi | (4-6b) 


for the continuous states, where G,’ and F,’ represent regular solutions in the 
Coulomb field, G,° and F~ the irregular solutions, 6 and 6 the phase shifts of 
approximate regular and irregular solutions, respectively, and H/ is given by 
ee Ge fee AY Fe )I( ies i Ee 
en Meee EMEA ZIS ERY eA ah 
Coulomb wave functions on the nuclear surface are given as follows: 
i) For the bound state: 


F(R) VP @rtn' +1) ie OZ -znime, (22. 
G(R} P@rtDv 2! % 4N(N=«) \ Na, © Na, 
| F(—n! +1, Or +1, ae + (N=«) F(=2', one 228) (4-7) 
Na, Na, 
where 
n=n' +k, k=|e|=j+—, 
E=W/Wo=[1+0°2Z?/(n' +7) ™, | ae 
y=V RZ’, ee 


are conventional notations, and a, is the #-mesonic Bohr radius. 


ii) For continuous states” 


Fe(R)) (= W)*? (2pR) et 2" | P'(7 +iaZW/p) | 
Gec(R)) 2 (ap)? P(2r+1) 
[en Ft (7 +iaZW/p) FG +1 +iaZW/p, 27+1; 2ipR) 


+complex conjugate], (4-8) 
where 

et = — («—iaZ/p)/(y+iaZW/p), 
Pr) Tatn). 2" (4-8") 
['(a) = T(o+n) 2! 
The irregular solutions can be obtained by replacing 7 with —7 in (4-7) and 


(4-8). Particularly in the bound state we should replace 7 and x’ by —7 and 
y. As the results of numerical calculations for the 4-mesonic 


F(a,b; x)= 


n' +27, respectivel 
wave functions, we get 
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F2,(R)/G4,(R) = —7.28 X10-; 
F*,(R) /G,(R) = —4.65 X 1073, 
F4,(R)/G4,(R) = —5.78 X 1073 
for the bound state, where A_,=9.81107?, and 
F£,(R) /G4,(R) = —2.64 x 1073, 
F£,(R) /G4,(R) = —2.37 X 1072, 
F4,(R) /G,(R) = —2.50X 107? 


for the continuous states, where A_,;=1.30. 


§5. Ejection probability of ~-mesons and comparison with experiments 
In the matrix element of the EO transition given by (3-3), the bracket 


part is written as 


de.b(r) bee : ) ir.) =I- 0 


Tu 


oe, 


"p "p 
jh . * 7 te 1 
=——| dt, 9;(r,) i (Ty) = dt, $y (r,) ieee a (r,), (5-1) 
pe ‘ Ts 
where 
eae 
T= | dr FOO) FL (1) +C 2 CL OD), (5-2) 
'p 1 
Le \ar, SFR (re) FD (r,) +69 (r,) EP (r,)}- (5-3) 


By transforming to relative coordinates and using the wave functions in the 
preceding section, the matrix element (3-3) is reduced to 


(H!) = ayet| ding, (r) {4.17- 10°) (= J =1.24. ate Gal 


+9.0-1077( 7 Vb blr) (5-4) 


where a=1.28X10~? and r is the relative vector between two protons. 
Then it is noted that the transition probability should be multiplied by 
one third, since the nuclear fusion reactions take place through the state with 


the total spin 1/2. The nuclear wave function of the initial state may be 
chosen as 
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=$(0)- (1-4/7), (5-5) 


where (0) is the #mesonic p-d ion wave function at r=0, and /, the de 
Broglie wave-length of relative motion between the proton and the deuteron. 
Now assuming the nuclear charge of the final state as that distributed on the 


nuclear surface (by the Sliv approximation, which corresponds to r=R in Eq. 
(5-4)), we obtain ; 


2 KH P= 17x10 SE Oras (5-6) 


Let 7, be the nuclear fusion reaction rate vo¢*(0), 4 be the ejection rate 
of #-mesons by the conversion process, and tz, be the lifetime of the #-meson, 
then the results of our evaluations are given by Table I which includes ex- 
perimental results and estimated results by other authors. Our calculated values 
seem to give fairly good agreement for two kinds of experimental results. 


Table I 

4, (sec71) 1075 Ao/ Ay Ag/ (41 + Ag) Reference 
4.7 0.78 0.5 (3) 
0.93 0.17 0.17 (4) 
— 0.14 = (5) 
17 0.17 0.27 (6) 
0.17 0.069 0.035 ours 
_ 0.066+0.014” 0.03P exp. values 


§ 6. Concluding remarks 


While the dead-end process is, as pointed out previously, one of the obsta- 
cles for the practical problem, we may be satisfied with the fact that it is possible 
to explain the experimental results by the EO transition. Internal conversion 
experiments concerning usual atoms have recently been improved up to the 
stage in which nuclear structure effects can be taken into account. In p-mesonic 
cases nuclear structure effects become more important even for light nuclei. 
As the three-body problem is, however, still in the formal stage,” we cannot 
help phenomenologically comparing with experimental results by using a simple 
approximation in order to verify the order of magnitude. 

The approximation of the surface distribution of the nuclear charge in the 
ground state seems to be inconsistent with the fact that we used the potential 
due to the uniform distribution in the case of determining the -mesonic wave 
function. But it may be permitted by the reason that the #-mesonic wave func- 
tion is not so sensitive to details of the nuclear charge distribution. On the 
other hand, Eq. (5-4) is very sensitive to the nuclear wave functions. Then, 


, Tee... 
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for example, if we assume the exponential type wave function” or the unifornr 
nuclear charge distribution in the final state, the calculated value of the EO 
transition probability becomes larger than experimental values by an order of 
magnitude, though there is some arbitrariness even in the nuclear wave func- 
tion of the initial state. 

In conclusion these phenomena would provide usefull probe for the nuclear 
structure, since the matrix element for the EO transition is sensitive to the 
nuclear wave functions, while the nuclear finite size effect would have a sub- 
stantial feature for the #-mesonic function. Hence it seems to be necessary 
for revealing these facts that such processes including other #-mesonic atoms 
are studied thoroughly. 
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Without using strangeness a variant theory of higher symmetry is proposed for the 
strong interactions of baryons. We classify baryons into two groups: (pn & E-) called 
the p-group and (3+S°S~A) called the g-group in terms of a new quantum number x3=% 
for the p-group and x,;=—} for the q-group. p and q make a spinor in the three-dimensional 
k-space. Each group is, in turn, considered to represent a vector in the four-dimensional 
isotopic spin space, called N-space, which can be reduced to define two sets of spin matrices 
rz and ¢, the sum of the third components of which are related to the electric charge of baryons: 
Q.=t3+¢3. In order to give an interaction Hamiltonian symmetric in «-space and also in N- 
space, which are orthogonal to each other, we introduce sixteen kinds of mesons with spin 
0 which mediate the strong interactions of the Yukawa type among baryons. Under the 
requirement of rotational invariance for the interaction Hamiltonian in the N-« space, the 
character of mesons is naturally defined. It is shown that pions correspond to the component 
of x,=0, k=0; strangeness-two mesons to k3=0, e=1; and kaons to c,=+1, «=1. We intro- 
duce two kinds of kaons, one called K-kaons exclusively coupling nucleons with the 5- and 
A-particles and the other called L-kaons coupling the S-particle with the 3- and A-particles. 
It is shown that our scheme covers the current theory of higher symmetry and the strange- 
ness rule, with the additional selection rule 4x3;=0 which enables us to forbid the processes : 
E-+poA+A, D-+pt+pos*+A, etc. A number of experiments in hyperon-meson physics 
are, therefore, proposed which permit a selection between our scheme and the current 


~ theory. 


§ 1. Introduction 


More than thirty kinds of particles have already been confirmed and at 


present we can show a list of particles exibiting a puzzling mass pattern. It 


is believed that the conservation of strangeness and the symmetry of charge 
independence have been well established for the strong interactions between 
baryons and mesons. But theory of the strong interaction has not reached the 
final answer, in explaining the scattering problems of kaons, pions and hyperons. 
It may, therefore, be necessary to investigate the nature of the interactions in 
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a more unified way before studying the problems of the fundamental fields and 
the internal structure of particles. 
We may obtain inference about the kinematical aspect of the structure of 


particles in terms of the symmetry properties of the interactions. At this point 
one may ask the question: Can we define the charge space independently of those 
in the Lorentz space? Several authors have directly connected the charge space 
to the Lorentz space. Such approaches will lead us, however, to a very com- 
plicated situation even at the first stage of the formulation. In order to obtain 
a general perspective, we shall develop a variant way of approach. 

First, let us assume that symmetry in the charge space can be dealt with 
independently of the properties in the Lorentz space. Next, we shall take into 
account all possibilities for their properties in the Lorentz space independently 
of those of the charge space. Lastly, we shall pick up the solution, if any, 
which can be fitted in with the available evidences. Of course, in such a pre- 
scription, the original symmetry in the charge space can not be maintained in 
general. We call the symmetry thus violated “fragile symmetry ”. 

We use fragile symmetry to classify the interactions phenomenologically. 
qa has, however, nothing in common with the theory of symmetry in which the 
existence of a particular type of interactions with ideal symmetry and the viol- 
ation of it in terms of the other interactions with less complete symmetry 
would be responsible for the mass spectrum of particles. On the other hand, 
we start by assuming that ideal symmetry should exist in the charge space for 
all strong interactions. Since it has been revealed that such complete sym- 
metry is incapable of explaining the experiments, we search for its violation by 
utilizing the possibilities for the parities of mesons and the Dirac operators 
in the Lorentz space. It is impressive to find out that the ideal symmetry is 
not realized in nature. Our phenomenological approach may, in turn, be useful 
in obtaining a clue for the deeper understanding of the interactions which should 


reflect the internal structure which should depend on the charge space as well 
as on the Lorentz space. 


§ 2. Fundamental idea 


As is well known, we formulate the interaction among particles in terms 
of their properties of transmutation. It may be instructive to remind the sym- 
metrical meson theory.) Here proton and neutron represent two states of one 
nucleon, and they interchange with each other accompanied by the virtual emis- 
sion of pions which have three components z+, 2°, 2-. The processes of such 
transmutations can be described by the Yukawa interactions with the symmetry 
of charge independence. In order to cover higher symmetry for the strong 
interactions among baryons, let us generalize the idea of the symmetrical meson 
theory and define the “interchangeability ’? of particles in the following: If a 
number of fermions can be considered as different states of one particle, there 
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must be a number of Yukawa processes of the strong interaction with a typical 
symmetry. A number of bosons mediating the Yukawa processes should be 
introduced for establishing the invariant Hamiltonian. 

In order to consider the symmetry of Hamiltonian, let us define the quan- 
tum numbers classifying fermions. First, baryons are distinguished from leptons 
by the baryon number (or baryon charge). Next, four kinds of mass levels 
are divided into three groups (&°, Z-), (3*3°S" A) and (p, 2) by strangeness” 
G2 10). or hyper charge” (-1,0, +1). “As is well known, such classi- 
fication was introduced in view of the selection rules for the interactions of 
baryons with mesons. However, if we lay emphasis on the symmetry proper- 
‘ties of particles, we had better rearrange them into #wo groups; one is made 
of two doublets, (5°, £-) and (p, 7), and the other of one triplet (3*5°S7) and 
one singlet (4). In this respect, we follow the theory of the four-dimensional 
isotopic spin space,””®’® and consider that the (pn&°S-)-group, p-group, and 
the (3*S°S-A)-group, g-group, correspond to the same irreducible represen- 
tation of a four dimensional rotation group. It may be conjectured here 
that a certain type of the interaction among the fundamental constituents of 
particles would be responsible for creating such division into the two groups. 
. Now a number of Yukawa processes are known between the p-group and 
the g-group accompanied by the virtual emission of kaons. According to the 
principle of the “ interchangeability of particles ” just mentioned, we shall con- 
sider that the p-group and the q-group are two states of one particle, i.e. a baryon. 
Just as we classify proton and neutron by the isotopic spin 7’, we shall intro- 
duce a new spin operator «, and assign 


ks=1/2 for the p-group 
=—1/2 for the ¢-group 
and 
Ki, =K,—1Ke, K-=K tik, 
correspond to the operators which lead to the interchange between the p-group 
and the g-group. We can define also “«-charge” by the relation 
OB? + Kg 
(where B is the baryon number), 
just as we describe the electric charge by Q.=B/2+Ts. 
In this assignment, we define «charge independently from the electric charge. 
In other word, we assume that the isotopic spin space is orthogonal to the «- 
space which is introduced to take place of strangeness or hyper charge. Of 


course, we must prove that the experimental evidences which have previously 
been explained by the strangeness law can also be explained by the «-charge 


conservation law (§ 4). 
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Following the idea of the symmetrical meson theory, let us introduce a 
number of the Yukawa processes of the strong interactions with «-charge 
independence between the p-group (Q,= +1) and the g-group (Q,=0). 


piOatK., 

Gy Pe teas 

p12 p.+Ko(Ko), 
qo Go + Ko(Ko’). 


(A) 


Here K., K_, K, and K,’ are mesons with O,=+1, —1, 0 and 0. They should 
have components in the isotopic spin space. 


If we assume that the conservation of the isotopic spin in the ordinary 
sense must hold in (A), components for K, should be an isospinor, and those 
for K,, K,’ should be an isovector and an isoscalar : 


Ky (KeR), els), 
Kose TO Ray, 
Ke (LTDA De 
Kos art Cay wen 


Here the upper suffices denote electric charge, and the lower suffices «-charge. 
K. have two isodoublets; K-kaons and L-kaons, which stand in the formal 
analogy with the two doublets, neucleons and the J5-particles, in the p-group. 
By introducing the four-dimensional isotopic spin space besides «-space, we 
can formulate a Hamiltonian between baryons and mesons as was given in (A). 
It will be shown in § 2 that pions are really described by the «-charge singlet 
state, while the strangeness-two mesons (D*) are involved in the «-charge triplet 
state, including the two kinds of kaons (K and L) as the other members. 

According to the article of Hatsukade and one of the authors (S. N.),! 
the isotopic space was taken as the three-dimensional one. As a result, the in- 
teraction Hamiltonian contains ten coupling constants and we must require the 
following additional conditions, 


ta=b=c=dse. 
iq! =b Sc! =d' =e’: 
in order to obtain the Hamiltonian of the strong interactions which is charge 
independent in the ordinary sense. It is remarkable, however, to note that in 
the present scheme of the four-dimensional isotopic formalism we need only four 
coupling constants 9), %2, 7; and y,, and the additional conditions are found to 
be f= Ja, Is=G4 (§ 2, (6a, 6b) ). 
In our scheme, nine kinds of new particles are introduced : 


1) Dekaons (LY Le, Raye 


os 


Fon peg 


Ne) 
Ww 
ol 
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ii) D*-mesons, 
Lier), LY, 
ghiy) a”) 

The problems of their observation are discussed in view of the selection 
rules and the interaction types (§ 3). 

It must be mentioned here that the excited states of baryons and mesons 
(N*, Y*, K*, etc.) are not originally involved in our scheme. We are in favor 
of the opinion that they might be deduced from consideration about the ‘ internal ’ 
interactions. 

It is readily shown that the existing theory of the higher symmetry (charge 
independence, global symmetry and cosmic symmetry) and the strangeness 
selection rule are involved in our scheme as a special case. Since it becomes 
obvious that the theory of the higher symmetry cannot provide a consistent 
understanding for the experiments about hyperon-kaon physics, we studied other 
possbilities remaining in our scheme. We have broadened the frame of the charge 
space so that all of the strong interactions for baryons can be reviewed in terms 
of higher symmetry. As a result, we have found that the conservation of strange- 
mess and the symmetry of charge independence are not well established, so far 
as the strong interactions involving D-mesons are concerned. We consider, 
therefore, a number of reactions which will provide a crucial test of the strange- 
ness law and charge independence. . 

Symmetry of the weak interaction between baryons and pions is briefly 
discussed by formulating the Hamiltonian in the same charge spaces (§ 5). 


§ 3. Interaction Hamiltonian for the strong interaction of baryon 


In this section, we shall formulate the interaction Hamiltonian of Yukawa 
type for the strong interaction among baryons. First, let us define the properties 


of the wave functions for baryons in the charge space. 
Next, a number of the intermediary bosons will be introduced with which 


the invariant Hamiltonian can be formulated in the charge space. 
According to the reason mentioned in $1, we define for baryons two 


vectors in the four-dimensional isotopic spin space: 
g = (=A Srp. an peers) 
eV HAZE eRe eS 
be (aia 2, ee iA) 
2,=( Von ? iA at > ? : 
In (1), ¢. (#=1, 2, 3, 0), are composed of the two doublets (p, n) and (&”, 
3°S-) and one singlet (A). We introduce a 


(1) 


&-), while ¢, are one triplet (3* 
unitary transformation S, 


$i= Spy; (2) 


jl. oo 
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$n =SQp- 
S will lead us to the well-known multiplets : 
pix (p,m, =, 7), 
Go Gh ceeds 


(3) 
1 
Y°= 2 (A—2"); 
woe 
1 
Y= (A+ 
om 
The explicit form of S is given as follows: 
ee 10) 
eel yee ers» 
| V2 V2 
met ee 
1— 0 0 —1—=| 
v2 V2 | 
a | . (4) 
1 1 
0 — SS SH 0 
Ve we | 
Seal reel 
0 AH —_ 1 = 
\ V2 2 | 
Now we introduce the 2X2 matrices defined by o;=2,, 
; oe ') = ay als a 5 
O71 (° 0 5) O% ? 0 > Oz 0 oy > ( ) 
and assign 
Ks=1/2 for ¢, 
=—1/2 for ¢. 


Then we consider the Yukawa processes of the strong interactions given 
by (A). We require that the interaction Hamiltonian should be described by 
an invariant quantity in the four-dimensional isotopic spin space as well as in 
the three-dimensional «-space. This automatically defines the character of bosons 
which mediate the Yukawa interactions among baryons: i.e. they must be dual 
tensor or scalar in the four-dimensional isotopic spin space, and vector or scalar 
in the three-dimensional «-space. In view of the fact that only the three compo- 
nents 2*, 2°,2~ are known for the pion field, it may be natural to limit ourselves 
to the bosons of self-dual tensor or scalar in the four-dimensional isotopic spin 
space. 

Of course, the baryon field is four-dimensional vector in the isotopic spin 
space and spinor in the «-space. 

Then the expression for the interaction Hamiltonian between baryons through 
mediation of bosons with the spin 0 becomes: 


ee 
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A=: pe T:0).0¢; +9.0* To lb. +h. Ons (6a) 
Hy=9,8* Z,0;8 Of +940" Zo, O) +h. c., (6b) > 
P— Di!5, 1125 $0 2D); 62D}, O/—D50; 0/—Dj,1. (7) 
i 


(i, j=1, 2, 3) 


Here F= (2) , lower suffices refer to the isotopic spin space, and upper suffices. 


to the «space. T; and Z, are given by the Schwinger representation” (7, and. 
¢,; in his notation), 


Fhe RS ES ee te Oh ee et ap ee ee 


‘ 0 —ids 163), 2 oy 
ae ibs 0 ig —id," (8). 
re SACRA Fee MY carers Aa 
ig, ide ids 0 
ras Seay 0 0 a 
‘ 
do 0 0 a 
LS 9): 5 
ie do 0 bef 0 ? ( ) fe 
0 0 dbo 4) i 
; Ge 
0 oe iD! iQ! 10,! ‘ 4 
In 
iD! 0 ae iD,! iD.) i, 
La 0! —- > (10): 4: 
— iD! iD,! 0 iD,! 3 
270,15, =O! 21035 -0 ‘ 
Di 0 0 0 ; 
_ ; (11) ‘ 
2,0 oh | a 


0 0 0 Di! 

If we change the representation by S, we obtain: : 
“(t)ere=(t) 

A y SE Tai 


aT S= (4...) 


1% 


(12) 


(tis given by the 2X2 Pauli matrices, which correspond to the ordinary isotopic 


spin materices.). 
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—l @) 
0 —1 
8"'Z, 8= : (13a) 
=] 0 0 
—1 0 0 
0 0 Z 0 
0 1 
S7Z,8= s (13b) 
7, 0 0 0 
0 —1 0 0 
1 0 0 0 
0 i} 0 0 
SS (18¢) 
0 0 —1 0 
0 0 0) —1 
If we put 
db: =%, Po =%, (14) 
where 
nm + at am —72* 0 or 
==, =—_——., 132%, AT, 15 
Ty V/ 5 To er 3 0 ( ) 


we can show that H, is the interaction Hamiltonian between pions and baryons 
with the global symmetry.” 


Fy 91 (Ma* 14. a+ NG 74 Na tg+ Na™ 7; No + No * 7, Nos) (16) 
+92(M* Ni + Ni* N+ N2* Na+ No* Ns) +h. c. 
vs 0 oh 
M=(2), M=(7), M=($-), M=(Z-). (17) 
From the triplet terms in «-space, we obtain 
PJ —/20,/ 
Zi O=( a : ). (18) 
Here @,’, etc., are given by the 2X2 diagonal matrices. We also have 
0? =< {io Oa" D;'—iP,? —)/ 2 (O,1—i@,?) 
De gt iio, meas —O! 2 O10") — (03-195) 
D3) +1037 —\/ 2 (0,1+i0,”) —,' p72 O45 
—Y 2 (@'+i0") +(O)+103) -. 905 0: 


(19) 
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PD, 0 DP; —i0, 0 
0 0.3 1-2 
ZIG : Uo CANopen (20) 
Rl) —®,° 0 
0 Dy + iD, 0 gi 0; 


If we take 0,3=D", @=D*, 03=D" we have from the «-charge neutral terms 
in (19) and (20): 
H5—293{(M.* Ni— Nit Ni— N,* Nz +.Ns* Nz) D® 
— 1/2 N,* N,D*—V2 NX N,D-+V2N*N;D*+V2N*N,D} (21) 
+94(M.* Ni + N.* N,— No* Nz—N3*Nz) DY +h. c. 
In (21), it is easily seen that D*-mesons behave as the strangeness-two mesons 
for the N,-N, coupling, but they behave as the strangeness-zero mesons for 
the N,N; coupling. On the other hand, D® and D” correspond to the strange- 
ness-zero mesons. D*, D® and D” are all isoscalar in the ordinary sense, with 
regard to multiplets of prE°Z- and +* VEVAaS = 
From the «-charge exchange terms in (19) and (20), we obtain 
Hz N*N, {93(D3'—iP3) +94 (Dy —iD,") } 
==Ni* NiGsy/ 2 (2; 70, )_-N* N29s1/ 2 (@"—iP*) (22) 
—N,* Ns {93(Q;'—iP;’) —94(Dy' —iD,")} +h. c. 
It can be shown that (22) will lead to the kaon-baryon couplings if we 
assume the following correspondence : 


1 0 40 
th BK’), 


KERRY K- = K,, Ky Kia (K+), K=5 


te To 7- oie! 0170 ne Kees is 
L HOS IE g e 9 Ly Ly y= Fe +L"), Lo= 55 b LE); 


QO HF g(K* +L"), O1= 7K +L), Ob =— (Ket La), 
(23) 
03 = (Kile), 02a K), 02= — Fe E), 
Vv 
1 a 
93 = — x (Ko La), O85 Kot Le), 7g EY 


1 r 
Of = 75 (Ket la), 0:= 5 (Ki-L), Pn) = og Hala 


Then, by assuming 
I3= 91 = 9 K> (24) 
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we have 


He->—29n(Mi* N,.K°+N,* N,K*+N.* N,L-—NANL’) +h.c. (25) 


It is interesting to note that in (25) we have two kinds of kaons: One 
is the K-kaon which couples nucleons with the ¥- and /-particles, while the 
other is the L-kaon which couples the J-particles with the 3- and A-particles. 
However, it may be regarded that (25) is a substitute of the kaon-baryon coup- 
lings with the cosmic symmetry.’”*” 

_ We have summarized the quantum number (charge) of baryons and mesons 
in Table [. In our scheme, the electric charge of particles is defined only by 
their quantum numbers in the four-dimensional isotopic space: 


O.=ts+és, Q.=2 +4, (fermion), QO,=«; (meson). (26) 


This can be compared to the relation in the current theory of hypercharge U: 
| U 


Q.=h+—, U= waves 2¢; (fermion). 
2 2 


Table I. Quantum numbers of particles 


T | T3 ¢ 3 x K3 
Pp 3 5] by 3 3 + 
n 3 Te 4 3 3 3 
=0 2 2 3 — 3 3 
ni : ae 4 —4 3 3 
2* 3 5 } 4 es 
yo } A "Tes eles : is 
Zs ! } -4 } “4 
= | 3 is 3 i] 3 —} 
ae i 1 | 0 0 0 0 
ne 1 0 es 0 0 0 
ae 1 we 0 | 0 0 0 
nm” 0 0 0 0 0 0 
Ke 0 0 | 1 1 1 1 
Ko 0 0 1,0 0 T 1 
of Q 0 1 -1 1 1 
Lo 0 0 1,0 0 1 1 
Dt 0 0 1 1 1 0 
Do 0 0 1 0 1 0 
D- 0 0 1 —1 1 0 
Dv 0 0 i a. ; 
, a 0 0 1 1 1 =I 
Ko 0 0 1,0 0 1 uA 
K- 0 0 1 ay 1 = 
Lo 0 0 1,0 0 1 a 
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§ 4. Selection rule 


In this section we shall discuss the consequences of the selection rules 
derived from our scheme, by comparing them with those of the strageness rule. 
A) We have to make sure that we can give a reasonable explanation of the 
forbidden processes which have so far been accounted for by the strangeness 
selection rule. The Hamiltonian given by (6a)—(6b) is rotationally invariant 
in «-space and also in four-dimensional isotopic space. Since the ¢-assignment 
for the neutral kaons, however, violates the full four-dimensional invariance, we 
can infer the five conserved quantities: T, 73, €3, K, Ks. 

As a result, we have the selection rules 


a Os Aga 0> 4e,;=0, Ax=0, Mk,=0. (27) 


In view of the selection rules in our scheme, we find that the following proces- 


ses are forbiddden : 


i) K, bay, D¥mn , Ni, 2,°°° 
K 1 0 4«=1, 
ii) n™® S* +K, 
K3 1/2 —1/2 —1 Liege 
Cs a Vy 2 —1 Wee as 
n 6 S*°o+ L, 
Ks We S724 Ange). 
y? 
111) a +N 70 + K-, 
Kg Oy toa 2 1 Aky= —2, (28) 
12 ‘eee 
y? 
BE Pete” 720 Zoe 
K3 0 Loa Ne Ns Acne Oy 
1 


1/2 wr 
zB Car nila ae Bes eta Lot 


See 2 ae GB ergs te KS, 
K3 O 1/2 —1/2 —] Ainge? = 25 
pica 2 IY aati Buca tess Aaa lobe 


s 
4 tf 
q 
a 
a, 

4 
t 
{ Py 
2 


. = 
SNE Asa s Te 


LOSE eee A ee LS 
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pS yer oleh wl 3 Og 
Kg 0 1/2 -—1/2 1 4x,=0, 
Cree tos 1/24e1/a9 pe) ede 


Thus we see that the main results of the strangeness rule are reproduced by 
the selection rules J«,=0 and Jf;=0. 
B) We shall discuss the processes that are allowed by the strangeness rule 
but are forbidden by the 4d«,=0 rule. 


S- + po A + A, \ 
S — 2 0 — J] 61 4S=0, 
Ks Loe 2 — ae ho dk3=—2, 
DSR TD: espa ae tes 
S —=2, 0 0 ce an te 4S=0, (29) 


Ks 1S Ae 192 aie Oe e Akg= —2. / 


C) We have to consider the processes that are allowed by the d«;=0 rule, 
but are forbidden by the 4¢;=0 rule. 


K- + p # Dt + &, KS thn Say tes 
are 1b 0 ae le =] (02 eee ee 
a Pe OR arene ho: =i Sk/24) ey 2 teeth 
Beet: 1/20!" 1b eae Se 172] ent) oe ee 


It is interesting to note that this process is forbidden by the 4¢;=0 rule, yield- 
ing a result identical with that of the strangeness rule. 


D) We now cite the processes that are forbidden by the strangeness rule but 
are allowed in our scheme. 


K- + p77 D> + 3°, K- +> D~ + Y°, 
S aul 0 rat At Noms t 1 0 oct ea 4S=—2, 
Aone on bh dod 2s oe Le ph <1 = 1/20 Ose S d3=0, 
ies gd 81/2 eel > m1 U1/o* ae oe ec 


Our conclusion that the strangeness rule is, at best, incomplete in defining 
the selection rule for the strong interactions involving strange particles is of 
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great interest, because the experiments with the higher energy will be feasible in 
the near future. 


§5. Break down of higher symmetry 


Now we turn to the difficulties of higher symmetry in view of the observ- 
ation on the kaon-hyperon scattering. First, we mention that our frame of 
(¢, ¢) or (p,q) for the isotopic spin representation is not equivalent to that of 
(&, 3, A, N) which has been used in describing the ordinary charge independ- 
ence (CI). Therefore, we need to investigate how CI comes about in our 
scheme. From the Hamiltonian for D-meson interactions given by (21), the 
D-mesons behave as an isoscalar to the NZD, NND‘, £2D° couplings but as an 
isovector to the YYD, SAD couplings. As a result, from the D-meson contri- 
butions of the higher order we have to break down charge independence for 
the processes in which nucleon (2) and S(A) appear simultaneously in the 
external lines. Second, we see that the observed processes cited in the follow- 
ing are forbidden by the 4d¢;=0 rule. 


I Pore et ee Roe Sa, 
(ge AW ea) 1 -—1/2 4x,=0, 
ice een) tere i/o 4,=1, 
II Keen > Kp, 
Ke y! on eae Acs—0; (30) 
Ss 1 ty) 20 ae te 2 4t;=—1, 
Il Kop SST OL; 
K aoe na he eras ly AP a Ak=0, 
es bel ee — ly oe as=1.  / 


As was pointed out by Pais,” the current scheme of the global symmetry with 
that of the cosmic symmetry stands in the same situation with our scheme. 
Let us try simple examples which break down the symmetry in the charge spaces 
but solve the difficulties mentioned above. 


Example 1. 

It is obvious that the origin of the difficulties for the processes (I) — (III) 
lies in the fact that the intermediary hyperon-lines connecting to the final state 
are Y°(Z°) whereas those to the initial state are Z°(Y°). If we change the 
components of 7 by changing the phase of 4 into—A and denote as ¥’, we obtain 
the following expression instead of (6b), 


ee A lgiey ae Ol +94 B"* Coos P' Ol +h. c. (6b’) 
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On the other hand, we still keep the same representation for H, as is given by 
(6a). In this case, we are led to the representation 


f' =(pn"5-)=¢, 


y(3*—Z2°= Ys7), (31) 


h/ 
p'=( ). 
g 


It is readily seen that the processes s+ ce 5+ 

(1), (II) and (III) will now be 

allowed from the modified repre- ay ff (’) 

sentation, but we have then to 

face other difficuties. yak 
The contributions from the 

processes of the higher order in- p 

volving the virtual emision of D- 

mesons will lead to the occurrence (II) 2 

of the unwanted processes of 7+ Y 

nucleon L~ + (3, A) given by n 

(6a) —(6b’). This, being a matter SL. Kt ® 

KK 


of the strong interactions, cannot 

be overlooked because of a higher 

order correction. (IIT) z (III’) 
Let us utilize the varieties of 

parity and violate «-independence Rives 

(4e=0) in addition to change of 

phase of A’‘in Hy) and Hy. We 


thus obtain a tentative solution: Fig. 1. The Feynman diagrams for the processes, 
given by (30), in which the difficulties of the 
theory of higher symmetry appear. (I’), (II’) 


1) D-meson is asssumed to be 


. scalar. and (III’) indicate the possible solution in (31). 
2) Even J-/A parity is assumed. It is interesting to note that (II’) and (III’) are 
3) Odd N-& parity is assumed derived only from the higher oider terms, while 


woah fe (I) is given from the lowest order term. 
4) Intrinsic parities of K-kaons | : : 


and that of L-kaons are taken to be opposite, yielding a result that the relative 
parities of K-kaons to the nucleon-3'(/) pairs are same to those of L-kaons to 
the &-S(A) pairs. 

5) We require that parity must be conserved in the strong interactions. 


Under these requirements 1)—5), we are led to the elimination of some 
of the D-meson processes : 


A1y,«v,p0= A1y,+x,p0= F1y,xn,00 = FAy,xn,p0 == Fy,xnqp* = Hy,xv.p- =(, (32) 


Of course, one may argue the question why we have to make a choice of the 
case given by 1)—5) among all others. With results of (32), however, we are 
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able to prove the validity of the strangeness rule and CI. The unwanted con- 
tribution from the D-meson processes of higher order will, of course, disappear. 
In this solution, we retain the couplings for the strangeness-two meson, D* and 
D-, by asssuming the conditions 2)—4), otherwise all D-couplings will be lost. 


Example 2. 


We may obtain the other solution by changing some of the requirements 
given by Example 1. Instead of 2)—3), we now require as follows: 
2’) Odd 3-A parity is assumed. 
3’) Even N-& parity is assumed. 
We thus obtain from 2’)—3’) 


Hewpt = Hysp= Hywp= Hizm=9, Ayjp*8 9. (33) 


For the pion-baryon couplings, we can take the following solution by taking 


account of 2’)—3’). 
Hg22389, Hyyp<9, Hy5,7= 9, As4, = 9. (34) 


From (33) and (34) we are again led to the revival of CI and strangeness 
rule. In this case, D-mesons correspond to strangeness-0 mesons of isovector. 

We have in this way broken down the four-dimensional symmetry in the 
isotopic spin space and also «-independence in order to obtain an agreement with 
experiment. It must be noted, however, that d«,=0 rule still holds. It follows 
that the situation will not change for the processes allowed by the strangeness 


tule but forbidden by the 4«,=0 rule. 
K++p*%D* +", 
sores Ntloee 

And the production processes of D* will come out as follows: 
a +poD*+é, 


Te ped)" gS 


fat peo DIte 


Example 3. 

If we turn to the case: 
2!) odd S-A parity is assumed, 
3) odd &-N parity is assumed, 
we have the following solution: 


Henpt a= 0, Hezp= Hyvo=9, FHy4p ay 0, Hssp=0. (35) 
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Then the unobserved processes such as 2~+N A 
>A+L~- will occur from the higher order con- ha 
tributions (See Fig. 2.). Also we have in this fe i ee 
case to face the violation of CI in the higher ts pte 
order terms. ie rae 

We can easily see that in this solution D- Ve Ree 


mesons correspond to strangeness-two mesons of Li 
isoscalar for the Z-N couplings, but to strangeness- 
zero mesons of isovector to the 3-/ couplings. 
Although this solution seems very unlikely in view of the available experiments,. 
we need more precise measurements for its absolute elimination, because it 
concerns with the higher order approximations. 


Fig. 2. 


§ 6. Discussions 


A) Implication of the N-« representation to the weak interaction in the non- 
leptonic mode 

As was already discussed in the preceding articles,” the four-dimensional 
representation for isotopic spin enables us to formulate a Hamiltonian of the 
weak interaction between baryons and pions as an invariant in the same represen- 
tation with that of the strong interaction. In fact, we can write down an in- 
variant Hamiltonian of the weak interaction in N-space. 


— * v 
Fi=fig,* 2" 9,, 
Hi, =hfhs ?,* cet Y, > 


0_ fos x 
A, =f; Y, on Y, %o, (36) 
ow=1, “=v 
=0, wy». 
Here 
0) ——Zdtg 1M = 1%, 0 — 1% Lily 1, 
“Ps 0 Sis yee ‘ a E 
Pare teen 1%, —1%q Span LT) 1%, 1%, 
> 
. . . * * . a 
—1%, 1% OO —im, —1My 1%; 0 17s 
17, 17o 1s 0 — 1M, — 1Mq a, 173 0 


A, =fi(p* X w-9— oo" 2-p—p*- 2g), 
F=f (fe ty Q + $o* 79H), 
F,=fa(p* X p+ fo* wp +ap*- 2g). 

Here P= (fr, a $s), P= (Pr, $a, Ys) and w= (my, M2, 7s). 
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If we transform the representation from the ¢-g scheme to the p-q scheme, we 
obtain (see § 3, (4)) 


H,=fi(Ni* t Na+ Nit tN) 7, (37) 
Ay~=f? (NX Na+ Ni* N3) 75 (38) 
He CN; Nin —1/ 2 N,* N;t* — 1/9 N,* Nz —N,* N;32°), (39) 
h=fv =hr 
H,-> 
3 x 1 Se een) 0 ie 
Coe ab Ce aint 4 0 0 : 
(pin®, EP* By) a x : (37a) 
0 0 719 1, Da Z : 
0 0 Lp Sy dye 
H,-> 
n° 0 -Y22* 0 ae 
ee. 0 +n° SA SS ee 
(pint B® B-*)( 0s v (39a) 
V/ Qn 0 —x° 0 Vi 
0 —// Qn 0 —7° Das 


As was done in the previous articles,” if we insert the Dirac operators 
in 7, (7,75) in (37a), 7,7s(7.) 10 (39a), we are led to the parity violating interac- 
tions for S*52°+p, Aoa-+p, A>2°+n, and the parity conserving interactions 
for Yt52*-+n. This result can provide a nice explanation to the experiments 
on the asymmetry of the 2-decay given by Cool et al.’ 

It can be easily seen that we have the selection rules in the four-dimensional 
isotopic spin space 47,;=0, 4f,=0 for (37) and (38), 473=+1, 4¢;,= #1 for (39). 
On the other hand, the third component «; obeys the selection rule de;,= +1 in 
(37) — (39). 


B) New particles 

In the above sections, we have introduced, besides seven kinds of the known 
mesons (K-kaons and pions), nine kinds of new mesons. This is only because 
we intend to establish the interaction Hamiltonian between baryons and mesons 
with spin 0 based on the philosophy” of the interchangeability of particles. 
We need, therefore, to check the existence of the new mesons in view of the 


experiments. 


i) L-kaons 

L-kaons are introduced as the counter part of K-kaons in an analogy to the 
relationship of the 2-particles to nucleons. Therefore, it must not be confused 
with K*, which has recently been discovered, as an excited state of K-kaons. 
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The production processes for L-kaons in our scheme can be cited: 
Ki+ps Li +e5, 
K-427D+-. 


(40) 


= 


According to the experiments made in Berkeley,’” the 2~-particle is produced : 
K-+p—>2-+K*. 


In our scheme, this process is forbidden because 4e,=2. It is tempting to us 
to identify this type of process as the associate production of the £-particles 
with L-kaons given by (40). Of course, we must know the mass, 1, of L- 
kaons. Simple perturbation of the self energy terms for the processes 
L>o>F+3(A)-L and K>N+3(A)—>K leads us to the same magnitudes with 
regard to their leading terms. We can easily infer that the decay schemes of 
L-kaons are the same with those of K-kaons, as long as the present discussions 
about symmetry are concerned. As a result, there could be no objection to 
interpret the = --production experiment as the one accompanied by the L- 
production. 


11) D*-mesons 
/ 


There have been several reports’? ~*” about the possible existence of strange 
ness-two mesons. If we assume that 


Myt> M,+ Mx (or Mz), (41) 
the following decay processes will be expected in our scheme: | 
D* >x*+K°(L), 
>7+K*(L*). oe) 


On the other hand, the production scheme of D*-mesons depends on the 
tentative solutions i), ii) and iii) given in § 4. 


am +p—>5-+D"*, 
m+p—>5°+D*, (i), (iii) 
K-+p>37+D*, 


K-+n>3°(A)+D-. SUES 
ili) 2”-meson 

There are no evidence to accept the neutral isoscalar 2” meson which is 
strongly coupled to nucleon, having the mass about equal to pion. According 
to Konuma and one of the present authors (S.N.),” the branching ratios for the 
pion decay of hyperons can reasonably be understood if 2” couples weakly with 
hyperons. It may, therefore, be that the strong 2”-interaction with nucleon is 


described in terms of the derivative (vector) coupling and has no effect in the 
actual phenomena. 


tat “hey @ 
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; 0 
iv) D°, D’-mesons 


These neutral modes of D-mesons are also introduced in our scheme. To 
know their behavior, however, we have to define the interaction types more 
precisely, which is outside the present discussons. 


C) Implication of higher symmetry in our scheme for the conjecture about 
the structure of particles 

In conclusion let us add a few more words about the implication of fra- 
gile symmetry to the internal structure and fundamental fields of particles. 


We define higher symmetry in the three-dimensional « space and in the four- , 


dimensional isotopic spin space, which are orthogonal to each other. It is a typical 
feature of our scheme of symmetry that fermions are all described in terms of 
a vector in the N-space and a spinor in «-space, while bosons are all describ- 
ed in terms of self-dual tensor or scalar in N-space and vector or scalar in 


isotopic spin space k-space 


| 
four-dimensio = : ; 
ional self-dual tensor three-dimensional vector or scalar 


baryons | four-dimensional vector three-dimensional spinor 
mesons | 
or scalar 


«-space. It seems likely that our frame of symmetry is simpler than the strange- 
ness frame in conjecturing the unifield model of the structure of particles. 

As was derived in § 4, our scheme of symmetry gives a more stringent 
selection rule than that derived from the strangeness selection rule. In this 
respect, it is keenly interesting to investigate a number of the processes that 
are allowed by the strangeness rule but are forbidden by the Ak,-rule. For 
instance, from the J4x;-selection rule we are led to expect the existence of &- 
hyperfragments which from the strangeness selection rule alone should decay 
instantaneously. 

Analysis on the processes of the strong interactions tells us necessity of 
-breaking-down the symmetry in our scheme. We have to violate at least the three 
conservation rules: 4e=0, Jdr=0, 4¢=0 and are left with the remaining two: 
Ax,=0, 4(ts+0s) =0 (We are not sure whether conservation of the individual 
components =; and ¢; holds or not. In the case of the weak interaction between 
baryons and pions, we have 4(t3+¢:) =0 but d7,=0, +1, 4¢,=0, ¥1, and des 
—+1,), This may be compared to the violation of conservation of parity, which 
may be interpreted to tell us something about the structure of particles. We may 
regard fragile symmetry as a feature of the structure of particles, the spherical 
symmetry of the interactions being violated by a certain type of internal inter- 

g 


actions. Conservation of the third components, *s and t,+¢3, reminds us of 
the axial symmetry in molecular structure. 


~~ 
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Propagation of Shock Waves in Inhomogeneous Medium. IV 


Second Order Approximation 
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Ono, Sakashita and Yamazaki presented a first order approximation formula for the 
propagation of shock waves in inhomogeneous medium by extending Chisnell’s method. 
In this paper, the corrections to their formula are obtained taking into account the effects 
of the second-order reflected waves. The calculation is restricted to the case of strong shock 
limit and it is shown that the rate of growth of the shock strength obtained by the first approxi- 
mation is little influenced, so far as the strong shock limit is concerned, by taking the effects 
of the second-order waves into consideration. 


§ 1. Introduction 


Concerning the problem of the propagation of shock waves in inhomogene- 
ous medium, Chisnell” presented a method in which the non-uniform medium 
is regarded as a stack of layers of uniform density separated by elementary 
contact discontinuities and then the interaction between these discontinuities 
and the incident shock is taken into account in order to obtain the relation 
between the variation of shock strength and that of density. He assumed 
that initially the medium has variable density and uniform pressure. Extending 
his method to the case in which the initial medium varies both in density and 
pressure under the gravitational force, Ono, Sakashita and Yamazaki”* derived 
a more general formula for the shock propagation, and they applied it to the 
problems of the propagation of magnetohydrodynamic shock waves” and of 
spherical shock, waves” in non-uniform medium. But the formula they derived 
is that of the first order approximation which considers only the effects of the 
first-order reflected waves generated when the shock front passes the disconti- 
nuities, and neglects the interaction between the higher order reflected waves 
and the shock wave. 

In this paper, we examine the effects of the second-order reflected waves 
in order to obtain the correction to the first order approximation formula. 
Since it is difficult to treat the second order approximation in general, our 
calculation is restricted to the case of strong shock, where, as will be shown 


below, mathematical analysis is considerably simplified. 


* This paper will be called Paper I hereafter. 


252 N. Ohyama } 


The relationship between the shock strength z and the density », derived 
by Ono et al. to the first order approximation, is expressed as 


k dp =| Tiere 2 2 1+/72 |-2 49 1+/772 as 


p dz +e Ee Ea ah ioe (1+/)z k (1+/7)z 
(1-1) 


where the initial medium is assumed to be a polytrope of index k, ie. pocp*, 
and #=(7—1)/(7+1) where 7 is the ratio of specific heat. For z>1 this 
equation is easily integrated and we have a simple relation as 


P(z)/P (21) = (ipa iota (1:2) 


where 


me) (4 eg Fae mae (1-3) 


Next, we consider the state of the medium behind the shock front (see 
Fig. 1). As mentioned in Paper I, there exist the following conditions among 
the densities and the pressures in each side of the discontinuity : 


ps— Pi= ps— ps= 4,7", 
Ps— Pr = 4p, 
4p/pi=kdp/ pr. 


For z>1 we have @,=,~(1//*)e, and 
(4 (1/7’) (+4), and therefore t 


— Ps) /Ps= dp/p,. 
On the other hand, we have 
—ps)/ps= Ap/zpi= (k/z) (4e/ 1) 


Hence, the relation between the density and 


arb =(142,/54 


Io. 
the pressure behind the shock is expressed re 
‘approximately as Ff 
ne 
pop”, 
where zr 
RR wk/z€k. Fig. 1, 


Thus it may be seen that the pressure behind the shock front is approximately 
constant in comparison with the variation of the density. 

In the following sections, calculations will be made under the following 
two assumptions: (1) There is no pressure jump across the density disconti- 
nuities in the region behind the shock front, and (2) the asymptotic formula 
(1-2) is used for the first order approximation formula. 


7 a 
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In §2, the general formulation for the second order approximation will: 
be given. In §3, the correction to the first order approximation will be esti- 
mated assuming the appropriate spatial distributions of the density, and it will. 
be shown that the correction is not so large as to alter the qualitative feature 
of the first approximation. Conclusions will be given in § 4. 


§ 2. Formulation of the second order approximation 


In this section, we derive the general formula for the second order ap-_ 


proximation using the methods and the notations given in reference 1). The 
behavior of the singly and the doubly reflected waves is investigated first, and 
then the effect of the doubly reflected wave on the shock wave is calculated.. 


2.1 Singly reflected wave 
The path of fluid particle which is originally of density (z) is called 
“particle path”, and the crossing point of the z,-particle path with the singly” 
reflected wave which is generated when the 
incident shock moves from the z to the i 
2+dz particle path, is denoted by the point 
(z, 20) where z is related to ¢(z) by (1-2) 
(see Fig. 2). Here we adopt (z, 2») as the 
coordinate system instead of the usual (2, £) 
coordinate system. 
The density immediately behind the 
shock front p(z, z) is given by 


ple, 2) =p(2) ~*~ o@), G1) 


| 
! \ 
! | 
} | 
| 
H | 
| | 
i i} 
1 | 
| | 
| ' 
1 ' 
| ! 
| i} 
! { 
z z 


1+/7?z | 
and substituting this into (1-2), we have 5 7 x 
‘ = j2 a 9. —— - Path of shock front 
oad & ee eal) ay ; @ 2) __: Paths of reflected waves 
The strength of the singly reflected __--: Paths of fluid particles 
wave immediately behind the shock front Fig. 2. 
is given, referring to Paper I, as 
19 (2-3) 
z 
where 
gai ele (2-4) 
= —1=[4-142%,/54 | 
las 14+7 


It is found from (1:3), (2:3) and (2-4) that if z is a decreasing function of 


p, ie: a> 0, the singly reflected wave is a rarefaction wave. 


ns eee oe ae ee 


pa a A eT ema Oty PEO ny CN TT eT On ee hee i 
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Let the singly reflected wave, which is originally generated when the shock 
moves from the z- to the (z+dz)-particle path, have the strength 


1 a(ene ee (2-5) 
= 


when it reaches the z,-particle path. Since the pressure is approximately con- 
stant in the region behind the shock front, putting k=0 in (1-1) and expand- 
ing it in powers of (z—1), as in reference 1), we have 


1/4 
a(z, 2) = { 2: 20) | ; (2-6) 
p(z, 2) 
Since the relationship between @(z, 2) and p(z, 2) is given by 
E20) ge=— 1 _p(z, male, mg, (2-7) 
Oz r z 
substituting (2-6) into (2-7) and integrating it from z to z, we obtain 
—1/4 — n-l/4 g i —1/4 dx 
pr" (2, Xo) =~" (Zo, Zo) aver Pa (aa) et. (2-8) 


Zo 


By using (2-2), this is reduced to 
(2, 2) = 0-0 { 2 pte (#)V4e{ 1b oten (2) @. 
pe, w= 1-0 {eed (2) } tet eeo (2) b,  @-9) 


where 


and then a(z, 2) is expressed as 


az, %) = (1—£) (zo/z)“*+¢. (2-11) 


Hence, the strength of singly reflected wave at (z, 2) is given by 


dz Th ees = 
1—a(e, xg =1--0 (2) +e} "gS. (2-12) 


2.2. Doubly refelcted wave 


Now we consider the reflection of the singly reflected wave at the disconti- 
nuity. As was done in Paper I, we put (see Fig. 3) 


d 


z 
> 
> 
~ 


Z=1, 23=1, e~=1l—a(z, mg 


A=P(z, Zo); Pr=(z, Zo) 470,20) dey, 


20 


pi=pr=p(z, 20), (2-13) 


Propagation of Shock Waves in Inhomogeneous Medium. IV 255 


and we obtain the strength of the doubly reflected wave 2 at (z, %) as fol- 
lows : 


et iy (ie (eae ae 0p(z, Zo) dz 
65 1 Ags) e~"(%, Zo) Azo g ~ dz 


dz. (2-14) 


=1—((<, To) a 


Substitution of (2-9) and (2-11) into (2-14) + 
gives He 


a4 
pata es (1—c) (2+) 
4 iz 


a4 -2 
x {ao (2e)" +e} 9 Se. 


zx 20 


(2-15) 


It is found from (2-15) that the doubly 
reflected wave is a rarefaction or a com- 
pression wave according as the singly re- 
flected wave is a rarefaction or a compression 


4 —— : Shock wave 
wave respectively. Sire As 
2.3 Interaction between the singly reflected SS aE eS 

Fig. 3 


wave and the doubly reflected wave 

We consider the situation that the doubly reflected wave generated at (z, 
z) collides, on the z,*-particle path, with the singly reflected wave gener- 
ated at (z*, z*) (see Fig. 2). 

Let the strength of the doubly reflected wave before the encounter be 


° 1=8(e; 20> Zo )I ids dz (2-16) 
z 
and as in § 2.2, put 
d. 
ae 23=1—B(z, R09 zon)g = dz, 
* 
en=1—a(z*, at)g , (2-17) 
z 
AHH, Zo), pi=pr=p (2*, Zo"), 
then it follows that 
* dz JE * * dz* 
Le=1—GB(z, Zo, Zo ) dz {i+ ee eee! git (2-18) 
z z 


The strength of this wave element when it reaches the (zo* + dzo*) -particle 
path is given by (2-6), and expressed as 


aS ee 


eh a i ee a, pee ee oer i § ‘ante ay te Pap ee ae 
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2? dz* 


d. 
1—gP(z, 20, 20") re dz,{1+ 14+? ate, 20) 9 


(2-19) 


pz, 209 zo* + dz") y 
=] a8 de(z, 20> Zo") dz* “ 


Aan 205 20 Ae* 


where the second term of the denominator in the last bracket represents the 
variation in the density across the wave element generated when the shock 
front moves from the z* to the (z*+dz*)-particle path, and it is given by 
uisng (2-7). From (2-16) and (2-19) we have 


4 OB(z, 2%, Zo") oh eis +) OP(z, Zo» Zo") * 
1 * > 0> 0 a > > ‘Ss, = = ed 
B (z, 20> 20 ) Oz,* 3 -dzo Roy's ? (z, Z0> Zo ) az,* dz 


dz* 


2* 


4 2rat (2-20) 


ga (ars Zon) 


Integrating this equation from z) to z)>* and making use of (2-6) and (2-14), 


we have 
*)—_ { P(%,- 20, 20") sae sts Zo) ie ~(2. w,) OP(%s 20) 
B(z, Z05 20 ) | o(z, 2) 4 o(z, z) ig ( > o) Az, 
paneer o(z*, zo*) )V4 de® 
xexp| ie Ap are: *) z* | veo 


where the identity f(z, zo, 20.) =8(z, 2) is used. In order to calculate (2-21), 
zo* must be expressed in terms of gz, 2 and =*, ie. the spatial distribution of 
the pressure and the density in the initial medium must be given explicitly. 


2.4 The effect of the doubly reflected wave on the shock wave 


If an element of the doubly reflected wave denoted by (2-16) catches up 
the shock wave of the strength ’, the total strength of the doubly reflected 
wave which comes between 2’ and 2/+dz’ is expressed, by using (2-16), as 

1—ds! | “A(z, 20, 2!) 


z 


#2) 


Taking this wave into account, the conditions for the shock front which passes 
through the discontinuity is expressed as (see Fig. 3) 


Oz (zo, 2’ 
2G, 2) ay, (2-22) 


z 


g Oz (zo, 2 
Zy=2', tu =1—de! |-2 aCe, zo, 2!) Eu Lave: 


2% 


Z~e=1, Zo= 2’ +dz’, 


fi=Aatde, pr—p=ps—pi=dp, dp/pi=hdp/p. (2-23) 


\ 
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Keeping only the first order terms in dp, dp and dz’, as in Paper I, we obtain 
the second order approximation formula 


do |. Mae ORO ohare 2 1+7?2’ | de’ + Az! J Lk ag 
p P+e  2g’—1 2/1 2/(1+4+7’) cha Ne ee CL gt) 
Lot eee 
<[¢-1+28,/ 472] : (2-24) 


where 2.3=1+dz” for brevity. The bracketed term in the first square bracket 
is same as the first order approximation and another term gives the correction 
due to the second-order waves. 

Since (2-24) is significant only for z’>1, this equation reduces to 


2s = zl 


/ a 32 
re) (3 \enfol sea |e es 


P(z1) a 


Denote the correction factor, exp [-::], by @(z’), it follows finally from (2-21) 
and (2-22) that 


Vad 


hi ae 4 z! 1 2) Zo, 2! 0 ey if 1/4 O1n : ) 
Ind (x) =af = | de!\dzs : BAat 2d eee oa AER. 


Oz! p(z, z) Oz 


2 2 
> 


oy rk i] p(2*, 26) se dz* |. 


Ay p(2*, 2*) 2* 


x exp| (2-26) 


§ 3. Calculation of the correction factor for a few simple cases 


3.1 The expression of 20% in terms of 2, % and 2* 

As mentioned in subsection 2.3, it is necessary for the. calculation of 
B(z, 2m 20%) to give z* as a function of z,2 and z*. To do this, we put 
forward for simplicity two assumptions about the medium behind the shock, such 
as (1) the sound velocity along each particle path remains constant in time, 
and (2) the distance between the neighboring particle paths also remains constant 
in time. These two assumptions may be acceptable because it is expected that 
among the doubly reflected wave elements only those generated at the regions 
not far from the shock front can give considerable effect on the shock wave. 

Let U(z) be the shock velocity at the strength z, and let a(z, z) be the 
sound velocity along the z-particle path. If an infinitesimal distance between 
two neighboring particle paths in the initial medium, dz (z), becomes dz, (z) 
after passage of the shock front, we may derive simple relations between them 


zk 
y= 


as follows: 


1 da1(y) fe i S ea Ne at) 
U Ee pe Nia dy ase (y, ¥) +s iy 


Zz 
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20 d 
=~ | a"(y, ne dy+ { BN GPP noe Sore x (3-1) 
y=z Y=Zo 
and 
dz,(z) _ 1+/? eo. dx,(z) ~ =z daxi(z) (3-2) 
dz P+ez dz dz 
Putting p=Kp* and considering z>1, we have 
2 +2 1/2 
a(z, 2) ={E+O* (2) z = {#7(14+2)}*? U(z). (3-3) 


Substitution of (3-2) and (3-3) into (3-1) gives 


Zo 


[o, Peer a ee CHa a"(y, y) ae TO 


Zz z Zo 


(3-4) 


5) dzi(y)_ y— (K=1)/2 ,,—1/2 dzx1(y) 
ja (y, ewer gre me dy dy = eh oe nee a ey ’ dy dy. (3-5) 


In order to calculate (3-5) the spatial distribution of density must be 
given. Here we consider the following two types of the density distribution 
in which mathematical analysis is extremely simplified. 

Case i. Let the density distribution be 


p(@)=(1--2)’, (3-6) 


where , R and are constants. Then, making use of (1-2) and putting z=y 


at r=’, we have 
e=efr+( 9)" (2) on 


From (3-4), (3-5) and (3-7) we can express z)* in terms of z, % and z* as 
follows : 


m= (1— 2) (etm gm) +20", (3-8) 
where 
Fall at 1+ w)/? aes Ge 
and 
m= {na(k—1) —2a—n} /2n. (3-10) 


Case ii. Let the density distribution be 
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P(x) =e”, (3-11) 
where # and m are constants. Then, as in Case i, we have 
ain 
z=In[ fe —(2)'] i (3-12) 
and (3-12) gives the same relation as (3-8) if we choose m, instead of the 
value given by (3-10), as 
m= {a(k—1)—1}/2. (3-13) 


3.2 The reduction of the correction factor 


The correction factor (2-26) can be reduced, by using (3-8), to a more 
explicit form suitable for numerical calculation. 

The integral with respect to z* in (2-26) is expressed, by using (2-11), 
as 


2 zt 


i 0(2*, 20") Ue ae -{{a-0 ie ee . eh 


Pee) 
Since the relationship among z, 2 and 2’ is given, by putting z*=z*=z’ in 
(3-8), as 


4 


2m a=Ex'™ + (1—F) 20", (3-15) 
it follows from this relation and (3-8) that 
xy Ltt eyi 
( z* 1-—¢ ee ( ) 
Hence the exponential factor in (2-26) is expressed, by using (3-14) and 
(3-16), as 


wot eew[2=4s|[a-p0-o-~ fe) Poe] 


Zz 


(3-17) 


where the lower end of integration is given by (3-15). The other factors in 
the integrand of (2-26) are expressed, by using (2:2), (2-11) and (3-15), as 


= Inp(z, n=—£ [1+ = {e( E yr] (3-18) 


~ faethe y= | =) tt FI (3-19) 


2 z 20 Z0 


and 


sepa (y(n 


5 Pr i ee ee 
ee a Se ee Se en Sy re ed 
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Substituting (3-17) ~ (3-20) into (2-26), we finally obtain 


zt z 
re 


7 ( decmexamed reg teyeacea| ice 
. fice \é Car yp" 


o+—1 d * /\ m)\ a/4m 
cou 2h] [apa 1-<(Z) PI} 


(3-21) 


3.3 Numerical estimation of the correction factor 


Here we shall carry out somewhat rough estimation of the correction 


- factor (8-21). 


Performing the transformations 


(2'/2*)"=u, (2//z)"=v and (2'/z:)"=w, (3-22) 
we can rewrite (2-21) 
Inocey=—P | | Ae) {Ge} exp[Q | “HFC ], (3-28) 
(eh Jy af sy 
where 
F(u) =[(1-¢) 1—-®)* 1—Fu) -* +7", (3-24) 
G(v) =v(€v+1—-§)4, (3-25)° 
A(v) =[1+0(1—-¢) 7 (€v +1-—€) =}, (3-26) 
and 
pa li) tata (=0.576a'a for y=5/3), (3-27) 
Q=(27—1)ta (=0.741@ for y=5/3), (3-28) 
a=—a/dm. | (3-29) 


Assuming that a>0 and »>0, we have m<0 both in (3-10) and (3-13) 
so it is found that 0<wu, v, w<1. 

By using m given by (3-13), @ is found to be expressed as a function 
of 7 alone, and in particular a=1.06 for y=5/3. On the other hand, by using 
m given by (3-10), it is found that 0<a@<1.06 for 7=5/3, the upper and the 
lower limit for @ corresponding to n=co and n=0 respectively. Taking these 
facts into account, we shall examine the behavior of the functions F (u), G(v) 


and H(v). 
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First, F(u) is found to be a slowly decreasing function of u, which takes 
values between the minimum F(1)=1, and the maximum which does not ex- 
ceed F(0)=[(1—¢) (1—*)*+¢]". Therefore we may approximate F(w) by a 
constant F, which lies between F(0) and F(1)=1. 

Since it is also found that H(v) is a slowly increasing function of v, we 
may substitute a constant H for H(wv), where H(0) <H<H()=1-¢. By 
using these simplifications (3-23) is reduced to 


1 uy 
mae dw ( dv Uv A 
l 1) Y — yee \ iG 7 2 
n@(z')=—P. iy arabe serpy) ie (3-30) 
(2! /z)™ Me 
where 
p=a+l—QF. (3-31) 


As we are mainly interested in the asymptotic formula for the Seat in 
the shock strength, we shall estimate the value of (3-30) in the case of 2’>2. 
In this case, we may approximately put w=0 for the lower end of integration 
with respect to v. Then we have 


O( 2!) = (2! /zyP2™, (3-32) 
where 
C dv Uv b 
a °3 
ca tee) 9.59 
and hence 2% follows that 
p(2')/e(z1) = ele ae a ia (3-34) 
For 7=5/3 and k=5/3, it gives 
a=0.87/8, 
and by using m in (3-10) 
0.0224 (n=1), 


— Pm=0.0377 (n=2), 
OQLIS-+ = (= 00), 


where n=oo in (3-10) gives the same value of m in (3-13). 
For 7=5/3 and k=4/3 we have similarly 


eA 


and 
0.0449 (n=1), 


0.236 (n=). 
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Considering that both H and C take the values near unity, it may be seen 
that the magnitude of the correction term PHmC is at most 20 percent of the” 
first order term a. Any density distribution other than those given by (3-6) 
or (3-11) may not give a very different result from that given above, provided 
it is a smoothly decreasing function of 2. 


§ 4. Conclusions 


From the calculations made above the following conclusions may be derived. 

The growth of the shock strength, which occurs as the shock propagates 
from the region of high density and high pressure to the region of low density 
and low pressure, is restrained by the effect of the second-order waves. But 
the correction to the first-order approximation formula is found to be relatively 
small as far as the case of the strong shock limit is concerned. Therefore, 
we may conclude that the first order approximation formula may well be used 
in the problems of the propagation of strong shock waves. For example, in 
the case of supernovae explosion in which one may expect that shock waves. 
generated at the deep interior of a star propagate toward its surface to get 
very large strength, we can apply the first-order formula to the phenomena, 
especially to those near the stellar surface, with fairly good approximation. 

Although we have not treated in this paper the case in which the shock | 
strength is not much larger than unity it may be expected that the correction 
due to the second-order wave is significant in this case because the strength 
of the singly reflected wave element, 1—g(dz/z), increases as z decreases so. 
that the strength of the second-order wave is also expected to increase. 
Therefore the second-order effect may become important especially when the 
shock strength decreases in the course of its shock propagation. 

The author wishes to express his sincere thanks to Professor Y, Ono for 
his discussion and encouragement. His thanks are also due to Professor 
C. Hayashi and Dr. M. Nishida for their encouragement. 
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The 7-stability of axially asymmetric nuclear deformation is investigated on the basis 
of the generalized collective model. It is possible in the vibrational region to make the non- 
axial deformation stable for the ground state, but it is necessary in this formalism to introduce 
a very strong potential to make the axially asymmetric shape stable in the rotational region. 


§ 1. Introduction 


Recently Davydov and his collaboraters?””» have shown that it is possible 
to explain consistently the properties of low-lying states of even-even nuclei over 
the vibrational and the rotational region. Their fundamental assumption is that 
the nucleus has rigid axially asymmetric deformation during its rotational and 
8-vibrational motion. 

The purpose of the present paper is to investigate the rigidity or stability 
of the asymmetric nuclear deformation. For this purpose we proceed from the 
generalized collective model in which the ;-potential is introduced to stabilize: 
the nucleus to the axially asymmetric shape. Assuming the 3-7 correlation and 
the rotation-vibration coupling to be small, it can be seen whether the region, 
in which the wave function of ;-vibrational motion has an appreciable value, is 
narrow or not for each 7-potential. When the mean value of 7 is not zero and 
this region is narrow, we can assert that the nucleus has the stable axially 
asymmetric deformation. In this manner the condition for the y-potential can 
be derived, under which the axially asymmetric nuclear deformation may be: 
stable. These discussions may shed some light on the ;-stability of the nucleus. 


§2. Formalism and method of analysis 


The Schroedinger equation for the ;-vibration in adiabatic approximation is 


eT iL de oe Mey CGY =E.G ‘ 
l 2B sino Ai (sin y ed @| (7) =E,GQ), ( 


where B, is the mass parameter which determines the kinetic energy of the 
y-vibration. The function of cos 37 is to be used for the y-potential V(7) in 
order to preserve the invariance of the total Hamiltonian under the transfor- 
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mation 7—>7-+2z2/3. The variation interval of 7 can be limited to OS7S2/3 | 
by this invariancy. Furthermore, it is also required that V(7) has a minimum 
value at y=7) in order to stabilize the nucleus at the axially asymmetric de- 
formation corresponding to the intrinsic non-axiality 7. Then without losing 
generality, we can put 


V(7) = V(cos37) = On v(cos3y7 ; cos37o) (2) 


where C, is the rigidity parameter. 

In solving Eq. (1), we take into account the first order differential term in 
the kinetic energy operator exactly. To do so, it is convenient to put cos 37=2z 
and carry out the following transformation for the wave function G(z) : 


G(z) = (1-22) 9 (z), -1 S251. (3) 
Then 
[—d*/dz?+D (z; 20, d, €)]g(z) =0 (4)* 
and g(+1)=0, where 
VU (z32,d,)=— L FR ACTEA) = 5 
(z 32 ) ay? pa ASG Bie I (5) 


d=C,/(9h/B,) and €=E,/(9h’/B,). Hereafter, subscript 7 of B,, C, and E, 
is suppressed, unless it is necessary, and we call 7’ (z) the fictitious potential. 
For simplicity, we adopt the following form for v(z, 2) : 


v(z, 2) = (z—2)?= (cos37—cos37)?. (6) 


V (z) is then rewritten as 


U (x32, d,6) = ze a As : _ ‘ —d 
: Lter cle! d(lbe)ic oe AC 2)? ‘ ) 
where 
Bier 1 
Soaps ee Sera (8) 


For the moment we restrict ourselves to the case of the maximum non- 
axlality, 7=30° (i.e. z»=0), which corresponds to A*=A-=A. For At Sia: 
U(z) has minimum and maximum values at z=0 and z=+a respectively, 
where 


* With the use of Eq. (7), Eq. (4) is regarded as the Schroedinger equation which has an 
eigenvalue d, but d is actually a certain constant given by the physical quantities, B and C, of the 
system. The eigenvalue equation derived from Eq. (4) gives a relation between the energy eigenvalue 


E and the physical constants of the system. Such a procedure was used in the relativistic two- 
body problem. 
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,_ 4A—3 
4A+1 @) 


For convenience of computation V (z) is approximated as follows: 1) ahve 
part of U (z) with |z|<a is replaced by a square well, and ii) in the part with 
a\z\S1, U(z) is replaced by its main term, i.e. by —1/40F2z)*. Fig.d 
shows this approximated fictitious potential which we denote as U(z). In Fig. 1, 
U, and U., are defined respectively as 


Cea toy (10) 
1—a2’ 
and 
a aye al a) 54+2a+a’ (11) 


4(1—a)? 4(1—a’)? 


U(z) is then represented by only one © 
parameter a. The potential of the . 

original system is a harmonic oscil- eet ce # Sey ae Pech eg | Uc 
lator type, v(z)=2’, so that &>0. 
Furthermore it may be convenient to 
take into account the condition for 
JC V (a) >d,. because the 


state for a smaller value of d is more 


i 
| 


“¢\--10(0) =Uo 


ots I 


stable. Then, the allowed range of - pe Ziel 

the parameter a is limited to Ga Ui ee Ux ee 

Ea) .gus eWiiere Gat and “Gnas are eX 

pressed as 1—(1/d)"? and 1—(2/d) —— Vz) 

respectively from Eqs. (7) and (8) TI 2) 

with 2=0. Fig. 1. Schematic figure of the potentials 
The solutions for the approximat- V (z) and U(z) for the case of z=0 (7o 

=o) 


ed potential U(z) can be written as » 
sin((d — Up)? +ma/2) in the inner region, [(U.—d)'7(1 Fz) }? 10(( U.—d)" (1 F2)) 
in the outer region respectively, except the normalization factor; where I,(x)= 
iJ,(iz). Putting §=(d— Up)? a and 7= (U,—d)*'?(1—a), these are the 
function of a and d from Eqs. (10)sanid™ (11) Continuity conditions at -=+a 
give 


a | 1 I,(%) |= Etané for m=odd (12) 


l=at 2 si Ih(y) —&cot& for m=even. 


It is easily shown that both sides of Eq. (12) are monotonic functions ‘of a, 
parametrized by d, in the allowed intervale denice a Gnas, BY, regarding the 
leftthand side of Eq. (12) as a function of € parametrized by 4d, the graphical 
solution of eigenvalue equation (12) is shown in Fig. 2. Corresponding roots 
€, 7 and a are tabulated in Table I for a set of values of the parameter d. 
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Energy eigenvalue €, of the 7-vibration for a given d-value is written in 


the form 
H ' I 
Ftané! —Ecoté! 
14 u(Smin)I | 
t | | 
12 . 
| 
i} 
10r | 
| 
\ 
1 
| 
i} 
i] 
1 
ae 
| u(€maz) 
1 
1 
1 
3.0 . 
x 
Fig. 2. Graphical solutions of eigenvalue equation (12) 
for each d-value. u(Enar) and u(Emin) correspond 
tO Amin and Anqx respectively. Crossing points give 
the € as roots of Eq. (12) and corresponding to them 7 
and a are determined. 
Table I. 
d & No ao i | &o (229 
6 1.10 513 775 499 .253 
8 1.24 586 841 | 577 .230 
10 132 621 .879 .620 | .216 
12 Ws “4.96 | 641 902 638 210 
14 1.39 654 918 659 | 207 
16 1.41 663 -930 642 207 
18 1.43 .669 .938 646 .204 
20 1.44 .674 -945 .663 .201 
d fy m1 a & (22), 
16 2.59 510 .869 3.93 431 
18 2.69 571 894 4.03 417 
20 2.76 .609 913 4.00 .410 
———— SSS 
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é,=-— 

2 1—a,’ Ce) 
by using Eqs. (8) and (9), where a, are roots of Eq. (12) and subscript 
v(=0, 1, -:-) specifies different eigenstates. 


§ 3. Results and discussions 


With the use of Eq. (13), 0.50<$& 0.67 for 6<d<20 and &~3.9 for 
16<d<20. The ;-vibrating system has the ground state, which satisfies the 
requirement given below Eq. (11), for d=6 and the first excited state may 
exist for d216. The ;-stability of these states can be examined by computing 
{(z—2)*). In the case of x=0 G,=302)5 

«/3 

et), = | cos? 1G.) Pl sinSrldr- (14) 

0 
The d-dependence of 2"), is indicated in Table I and it is seen that 0.25= 
Lz*))=> 0.20 for 6S dL20 and (2*),~0.42 for 16$d520. If we put (y= 
cos? 37 and 47=70—7, then 10° > 4;=>9° for the ground states. Taking account 
of the approximation for U (z) we can expect that dy is actually smaller than 
the above values and ;-stability may be further increased, because the original 
7 (z) with a depressed part'makes the wave function decrease for |z|—a more 
rapidly than U(z). Fig. 3 shows |G)(y) |? determined from U(z) with respect 
to d=6, which decreases rapidly 
for |z|>1, comparing with 
|Go(7) |? (=const.) for U=o0. 
For the first excited states dy = 
13°, therefore the stability of 
these states is somewhat poorer 
than the ground states. 

We have so far investigated 
the behaviour of 7-vibration and 1 
the condition of ;-stability in the 
case of 7)=30° in detail. In order 
to proceed to the case Of 7500, 
we must repeat the same self- 


consistent procedure as the case i 


|Go(7)|? 


-- 
=i 


of 7=30°. This procedure, how- 0 x6 7/3 
ever, 1S troublesome, so we make Bee yi eaiculated from Ch oir, 
the following qualitative con- acne ceinatigedete i" anaes 
sideration. When the wave func- 726 corresponds to @=0775 as is seen from 


tion G(7), which is finite at Table I. 
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boundaries, gives the 7-stable state, the function g(z)=G(7)sin37 is more 
localized in the depressed part of U Cams This means that the depth of the 
depressed part of the fictitious potential is larger than the kinetic energy of the 


state. Therefore we can estimate minimum d-values giving the ; y-stable state 


for each 7) by making use of the relation V>1/z*, where UV and =z are 
respectively the depth and the width of the “ 

depressed part of U (z) which is located around 104b + 
zwz. In the case of 7)=30°, this relation 
leads to the condition, d—2€= 4.65. This is 
consistent with the results obtained by the 
previous method, that is, dnin~6 and &~0.5. 
Fig. 4 shows the 7.-dependence for the minimum 
d-value satisfying the above relations. 

In the previous note* we gave the sys- 
tematics of 7, for medium and heavy even-even 
nuclei and it was pointed out that the vibra- oO Ts x» ei 
tional and the rotational regions correspond 


Fig. 4. The qualitative behaviour 


to 7o~26° and 7~10° respectively. From ‘for yo-dependence of minimum 

Fig. 4, d~10 for 7)>~26° and d~2000 for 7,~10°. d-value which corresponds to. 

Putting B, = Ba? and 1?/Bg? —- (p Mi Yon the y-stable ground state. The 
z d th 

XE. (2*),) where p=E,(2*)/E,(2*), the value curve corresponds to the case 


of v(z, 2) =(z—29)? and e~1. 
of C, for these d-values are about 30 Mev 


for 7)~26° and 850 Mev for 7~10°, when p~2.2, 16 and £,(2*)~0.5, 
0.05 Mev respectively. It seems that the value of C, is reliable in the vibrational 
region. Its value for the rotational region is much larger than Bohr-Mottelson’s. 
one. It is necessary to note that our treatment is based on the periodic 
boundary condition and our purpose is to investigate the condition by which 
the wave function is well localized in the vicinity of 7, while the approxima- 


tion of small vibration is assumed from the beginning in the Bohr-Mottelson 
model.” 


In conclusion, it is possible in the vibrational region to make the nuclear 
shape ;7-stable by introducing the reliable collective ;-potential. On the other 
hand, it is required to introduce a 7-potential with very large C, in order to 
make the nuclear shape 7-stable in the rotational region. This does not always. 
mean, however, that the nucleus is fairly y-unstable for small 7, when Cyris 
not so large. There may be another origin which makes the nucleus 7-stable 
in the rotational region. 

The present work was carried out as a part of the “ Annual Research Pro- 
ject for the Nuclear Force and Nuclear Structure” organized by the Research 
Institute for Fundamental Physics in 1960. The authors would like to express 
their sincere thanks to Prof. S. Takagi, Dr. R. Tamagaki and Dr. Y. Shono and 
other members of our project group. 
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Nambu Model for Elementary 
Particles and the Composite 
Model for Pion 


Chiaki Ihara 


Department of Physics 
Kyoto University, Kyoto 


April 12, 1961 


Recently Nambu” has proposed a 
dynamical model of elementary parti- 
cles based on an analogy with the 
theory of superconductivity.”’® The 
essential points of the Nambu model 
are as follows: 1) The nucleon mass 
is created due to some attractive inter- 
action between massless bare fermions. 


2) The pion is caused as secondary, 


product from requirement of the 75- 
gauge invariance of the theory. How- 
ever, the mass of such a pion must 
necessarily be zero. Then we show 
here one example of the Nambu model 
with a finite pion mass in which 7,- 
invariance of the theory is violated. 
That is, the nucleon mass is created 
on the basis of the Nambu model and 
the pion mass is treated on the com- 
posite model for pion.” 

At first we choose the following 
Hamiltonian in order to create the 


‘nucleon mass and make the bound 


state of nucleon pairs, 


H=$7.9.$+90 Grp)? + GrsH)’] 
(1) 

where # represents the massless bare 
fermion field operator and gy is the 
bare coupling constant which has 
dimensions (mass)~*. Next we use 
the method of the so-called “ danger- 
ous graphs’*»® to derive the Hamil- 
tonian of nucleon system from (1). 
We describe (1) by means of second 
quantized operators and carry out the 
following transformation analogous to 
Bogoliuboy’s one in the superconduc- 


tivity theory on these bare fermion 
operators, 


AL * 
an= Upap Uno oe; 


px __ px 
ap =Upap +Upbly, 


p P * (2) 
$£p=Upb£p—vpab*, 

rye 

Op Updbe> Upap, 

2 2 
Up t+Up=1 (3) 


where a} and j% (a, and ,) are 
creation (annihilation) operators for 
massless fermion and antifermion re- 
spectively and a} and b% (a, and b,) 
creation (annihilation) operators for 
nucleon and antinucleon respectively. 
up» and v, are the coefficients of trans- 
formation and p is helicity. This 
transformation conserves the ordinary 
gauge invariance but violates 7;-gauge 
invariance. 


The “dangerous terms ” 
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corresponding to the creation and an- 
nihilation of nucleon pair is contained 
in the transformed Hamiltonian and 
they violate the stability of the vacuum. 
To remove this difficulty, we choose 
the coefficient of all terms leading 
from the vacuum to the nucleon pair 
state and vice versa to compensate one 
another. So we get 


2|plup Up— (up—vp) | dp Up, Up, - 
(4) 


It is clear that (4) contains a trivial 
solution «,v»,=0 corresponding to the 
massless fermion. In order to find the 
non-trivial solution, we put 


m = sh APi up, Vp, - (5) 


Then, making use of (3), we obtain 


2 / ptm 
/ | (6) 
2 Hes pl), 
an a V ptm’ 
1 m 
Up Up — 2 Vp tm Gi 


from (4) and (5). Substituting (7) 
in (5), we have an equation for con- 


stant 72: 


a 290 \4 ial oats ee 
Pp +m (8) 


Thus by using (4), (5), (6) and (7), 
the total Hamiltonian becomes 


H=H,+H (9) 


where 


Ay= di \ dpv pi +m (apt ap +b%pb*p 
p 


ah \ dp(/p'+m'—|pl) (10) 


and H, is the effective interaction 
Hamiltonian to make the bound state 
of the nucleon pair. m is the nucleon 
mass which is determined by (8) and 
arises as the self-energy of the mass- 
less fermion in the lowest order. 
Further, the difference of vacuum 
energy level of bare fermion system 


and nucleon system is — 4\dp 0/p"+ m? 
—|pl)- 


Now we may consider the eigen- 
value problem for the nucleon pair 
starting from (9). The eigenvalue 
equation for the one nucleon pair ex- 
cited state is obtained as derived in 


reference 4). 


89g 2 
1 (On) | dp Coupen Up 2 
il 


Ep+ kj2+ Ep-K/2 —_ Wk 


2 
+ Up+k/2 Up-k/2) ( 


uf 

). (11) 
Ep sky t+ Ep—Kj2t or 

This equation has two types of solu- 

tions. One of them is 


On= p+ Ky2 + Ep-K/2 (12) 


which corresponds to a free nucleon 
pair and the other is 


on~V +P (13) 


which corresponds to a bound state. 
If we take g)M?~6.6 and cut the 
integral in (8) and-in (11) at 2M and 
M (M is the nucleon mass) respec- 
tively, we get m=M and adjust / to 
the real pion mass. Furthermore, it 
is needless to say that we easily have 
an effective Hamiltonian for the pion- 
nucleon system if we use the treatment 
of §3 in reference 4). 


é 
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Thus it seems to us that the Nambu 
model can be related to the actual 
pion-nucleon phenomena through the 
previous treatment of the composite 
model for pion, while the latter is 
given the firm foundation by the 
former. 
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Another Possible Model of 
Quantum Field Theory with 
Indefinite Metric 


Kan-ichi Yokoyama 


Department of Physics 
Tokyo Institute of Technology, Tokyo 


April 28, 1961 


In the previous paper* we proposed 
a kind of convergent model of the 
unitary S-matrix to the case where a 
physical neutral field A(z) 
(mass #4) and a physical spinor field 
i(2) (mass «) interact with each other 
indirectly by way of four kinds of 
unphysical spinor fields, g(x), ¢.(x), 
¢,'(x) and ¢,/(x). By using the total 
Lagrangian given in I, it was shown 
that the contents of the theory is such 


scalar 


131, quoted as I in this letter, 
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that every vertex in the usual theory 
is exactly replaced with some kind of 
extended vertex without any alteration 
of the other results. 

On the other hand, however, it was 
also shown that there exists another 
possible model which is equivalent to 
the case of the extended vertex (38) in 
the last section in I, starting from the 
following total Lagrangian : 


L=Hbot&’, L'HLitbst+ho, 

Li=f(Pi tr +GotGs') (at Gr’ 
+eotgr')A, 

L.=99(Gi—1) +99 (G2— 92") 


+adjoint conj., 


(1) 


L3=9' (G1 G2.—G,' G2) +adjoint conj., 


where £, is taken as that used for the 
case of /’(k) in (38) in I, that is, it 
is taken so as to get the negative 
anticommutators for ¢, and ¢,’. 

Although the total Lagrangian € in 
(1) gives an equivalent extended vertex 
to that of (38) in I for the processes 
described by the actual S-matrix (S ) 
and also gives a guarantee for the 
unitarity of the S and the convergency 
of all results, the internal expressions 
of the theory naturally differ from 
those given in I. 

The aim of this letter is to re- 
port these results briefly. For con- 
venience, we follow the same notations 
as those of I. 

First, for the case of the inter- 
action <3 only, solving the same 
equations as (37) in I, we get 


J" rk +M ) 


Fy (k)=— 
11 ( ) (izk+M) (izk-+m) +9” ’ 


Pe 


—_— 
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F(k) = + g” (irk +m) P'(k) =29 Suk) F(R) — 29 Sn (2) Fo (2) 
irk+M) (irk _ 
Ce er Ge es = —28y(B)Gi(h) +29 Spb) a(R) 
ae 29’—M+m 
Fy(k) =F =2 : 
12 (8) = Fu) ”rk-+M) (izk-+m) +9” 
oe g' (izk+M) (irk +m) (5) 
(izk+M) (izk+m) +9” 


Similarly to I, for the case of the 
interactions 4, and <3, we at once 
obtain 


G(k) =9, 
Gi(k) = —9 —9 Sm (k) Fu (Rk) 
+9 Su(k) Fu(k) = —9 7k +M) 


(izk+m+g’) (yr 
(izk+M) (izk+m) +9” 


G.(k) =—-9 +9Sy(k) F12(k) 
—9Sn(k) F(k) = —9 ivk +m) 


(i7kt+M—J') 
(7k +M) (iyk+m) +9” 


Thus, for the case of the total 
interaction Lagrangian £', we obtain 
the following results through the same 
procedures as used in I: 


F,(k) =1—S$y(k) Fulk) 
+. Sin (R) Fn (hk) = (7k +M ) 


(ivk+M) (irk+m) +9” 


F(R) =1+ Sin(k) Fa (¥) 
— Silk) Fa (k) = irk +m) 
(iz7k+M—9') 
(izk-+M) (irk +m) +9" 
and for I’(z), 


1 
and Su = Fey M 


1 
* Sm) =~ hem 


The form of the above /’(k) is 
equivalent to that of (88) in I apart 
from their numerical factors. The 
local limit is achieved by taking 


M and m>o, 
keeping the relation 


29'—M+m 


ae 
Mm-+g9” 


29 


which has always real solutions for 
g and 9’. 

As mentioned in detail in I, how- 
ever, the singular points of (Rk) in 
(5), which are the roots of the equ- 
ation 


(A—M) A—m) +9"°=0, 


do not always become real in this 
case. Thus, if we want to obtain the 
equivalent results to the case of the 
extended vertex given by (22) in I, 
it is evident that the further condition 


|M—m|>|9'| 


is required. 


os a r € 
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Test of the Intermediary 
Boson Theory 


Seitaro Nakamura 
and 


Kunio Itami* 


Department of Physics 
University of Tokyo 
and 
College of Science and Technology 
Nihon University, Tokyo 


*Department of Physics 
University of Tokyo, Tokyo 


May 4, 1961 


Tanikawa” once proposed a theory 
of universal Fermi interactions in 
terms of the intermediary action of 
Recent- 
ly, Kinoshita” suggested a test experi- 
ment of the Tanikawa theory by 
observing the possible resonance effect 
which should be produced in the 
scattering of the high energy neutrinos. 
We now point out that there still re- 
main simple effects which are not yet 
measured, which should as well be 
expected from the Tanikawa theory. 
These are the energy spectra of the 
electrons emitted in the #-decay, A- 
decay and 3-decay. 


1. The §-decay 


We begin with calculating the spec- 
trum, W(E), of the electron in 
S-decay. Tanikawa and Saeki® de- 
termined the lower limit, 72,~2300 m,, 
for the mass of the B-meson in order 
to prove the effect to be negligible. 
Since the precise measurements of the 
spectrum shape will, 


bosons with baryon number. 


however, be 


feasible in the near future, it may be 
worthwhile to estimate the nonlocal 
effect in a greater detail. In order 
to derive the V-A interaction, we are 
left with one possibility® for the B- 
meson with spin 0: 


H=f9{ p—7s)e 
+n(1—75)Y°} BY +h.c. (1) 
From the Hamiltonian (1) we can 
easily obtain the correction factor 
C.(E), which is to be multiplied to 
the spectrum of electron (—) or posi- 
tron (+). 
it 


C_(B) ~ Ne : 2 
‘ (l+a,(E,—E))? @ 
i 
‘(hy SO See 3 
C, (EB) (ia,E)? (3) 
ata 
7 m hg EN 


Here E denotes the energy of 
electron or positron, and £, is its 
maximum value. The amount of de- 
viation, @3, depends on the mass, mz, 
of B-meson. For the j#-decay of 
NC" (E,=17.7 Mev) and  B?>C 
(E,>=13.4 Mev), 


a, Ey ~ 0.045 Mp,—= 1150 Mev 
~w 0.021 Mp ,= 1500 Mev (4) 
~~ 0.009 M pg—= 2000 Mev. 


It must be noted that the same 
order of correction factors could be 
deduced also from the theory of the 
vector current” or from the contribu- 
tions of the second forbidden transi- 
tion.” 


2. The §-decay of A-hyperon 


We now turn to the effect on the 
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ve P y p , v° n et n 
yet vee aunt Vet 
n =" 

; é A et ie o y+ pe 


Rigi: 


A-decay in the leptonic mode. By 
taking an analogy to the -decay, we 
assume the following Hamiltonian : 
H=f,{pA-—7s) ce 
+AA—7)Y} BO +h. c. (5) 
The energy spectrum, W,(£), of 
the electron from the /-decay will be 
given as follows: 


preciably weighted on the high energy 
side as compared with that of the local 
limit 2,2, the direct four- 
fermion interaction. As is seen in 
Fig. 2, the amount of the asymmetry 
depends upon the mass of the B- 


1. e. 


meson. 


38. The 8-decay of X-hyperon 


2+a,E 2a,E(E.—E) E 

W,(E)oc = 4 Inj 1+ . 
ie : 

— PEE) 14 : ese | (6) i 
ma—2 {1 pa,maEe— =) {1+a,(E,—E)} os 

m,—2E ‘ 

2m ys 

G4 rie age a 
Ms, M4 


It is interesting to note that the ex- 
pected shape of the spectrum is ap- 


A decay 


Oneda” pointed out that the 2*- 3 


mode is not allowed in the Sakata 
model, the §-decay of 
hyperon accompanied by the emission 
of e* is not included as a fundamental 
;nteraction. In the weak current theory, 
we cannot allow the 3*-decay without 
violating the rule 4s/4Q 4 —1, which is 
required in order to understand the 


since here 


observed mass:difference, Mr o— Mx, 
w10-* ev, between K,° and. K;’: 

We can derive the 2*-decay in terms 
of the B-meson processes, without 


such troubles. 
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> -decay 
Hy-=fs ad —pe+2-(1—7) Vv} BYE +h. c. (7) 
»*-decay 
Hy+=fe{2*(1—pse°+a(1—7s)¥} BY +h.c. (8) 
2+asKy [ 2a, Kh(E,—E) | 
Ws) ~ eo lal eon) ee 
a 2EEy—E) [yy 1+a;W |. (9) 
Ms—2E {I+ ms(E,—E ) | (1-+as(K—E)} 
Mm s—2E 
2E?(E,—E)*?(ms—Ep) ee 8 bo Tel hae E)-3, (10) 
Wee) TICs (peo \a 3\ (nga 4 
7, LL REE 
My —Ms 
>~ decay >* decay 


mp- 1500 Mev 
SS 


W(E) 


mp= 1300 Mev 


Bigs. 


Figs. 3 and 4 show the energy 
spectra of the electron emitted from 
S*-decay in the case of m,,=1300 
Mev, 1500 Mev and m,;,=0o (local 
limit). In comparing to the case of 
A-decay, the feature of asymmetry is 
similar for ¥~-decay but opposite for 
2'*-decay. 

Lastly, let us add a few more words 
about the lifetime of hyperon decay 
relative to that of §-decay. Now that 
the amount of the coupling constants, 


W(E) 


map= 1300 Mev 
mg=1500 Mev 
Mp=o 
(local limit) 


0 0.2 0.4 0.6 0.8 1.0 
E/E 


Fig. 4. 


f’s, and the mass of the B-meson could 
in general be taken as arbitray para- 
meters in each decay process, it is not 
surprising to find the diversities of the 
effective coupling constants in the 
case of §-decay, A-decay and S*-decay 
in terms of the universal Fermi 
interaction. 


1) Y. Tanikawa, Prog. Theor. Phys. 10 (1953), 
361; Phys. Rev. 108 (1957), 1615. 

2) T. Kinoshita, Phys. Rev. Letters 4 (1960), 
378. 
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6) M. Morita, Phys. Rev. 113 (1959), 1584, 
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(1959), 1354. 


Hypothesis of the Isotopic Spin 
Independence in Extremely 
High Energy Region 


Masaaki Kawaguchi 


Physics Department 
Tokyo University of Education, Tokyo 


May 15, 1961 


Pomeranchuk has proved that the 
total cross section of a particle A on 
a target B and the total cross section 
of the antiparticle A on the same 
target B have the same asymptotic 
value, provided that these cross sec- 
tions are constant in the extremely 
high energy limit.” Recent experi- 
ment shows that p-p and p-p cross 
sections seem to be approaching to a 
constant, though about 30% difference 
is observed even for E,,5~10 Bev.” 

The pion-nucleon collisions, 7° +p 


and 2~+p are taken as example of 


our discussion. The total isotopic 
spin of the former is 3/2, and those 
of the latter are 3/2 and 1/2. Actual- 
ly, the total cross section is written 
down in terms of the total cross 
séctions with [=3/2 and 1/2 as 


o(a* +p) =o(I=3/2), (1) 


According to Pomeranchuk’s theorem, 
we have 

o(2*+p)=o(2" +p) (3) 
at extreme high energy,in other words, 

Fl ane 
o| [=— |) =o | [=—}. 4 

(r= ~). @ 
In this situation we would like to 
make the following speculation: If 
a particle A with isotopic spin I4 
collides on a target B with isotopic 
spin Is, the total cross sections cor- 
responding to the total isotopic spin 
I=L: Lth-l, esi. |I,—I3| tend 
to a constant independent of I, 


—...-=o0(I=|I,—Is|) =const. (5) 
The present speculation is a generali- 
zation of the relation (4). 

The following relations are im- 
mediately obtained, which are, at the 
same time, criterions of the hypothesis : 

o(pt+p) =o(p+n) =a(p+n) 

=o(i+p) (6) 
for the energy where o(pt+p)= 
o(pt+p) holds. Recent experiment 
supports o(p+p) =a(ptn).” Fur 
ther, one obtains 
o(K~+p)) =—o(K~ +n) =a(Kt+p) 
=o(K*+n), 
o(S-+p) =o(S~+7) =a(3*+p) 
=o(S*-+n) (7) 
for the energy where o(3*+p)= 


Oe ee Te ee Sere ee 
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o(S* +p) holds. It may be suggested 


to have 


o(N+p) ~o(A+p) ~o(S+p) 
wo(Z+p) (8) 


in the high energy region where 
mass difference among baryons is not 
important. 

If the present speculation is justifi- 
ed by experiment, part of the nuclear 
interaction may be clarified. 

Further, highly speculative as- 
sumption is made that the S-matrices 
are independent of the total isotopic 
spin. For example, the rr terms 
in the nucleon-nucleon interaction and 
the rw terms in the pion-nucleon inter- 
action would be less important than 
other terms in the extremely high 
energy region, where @ is the isotopic 
spin matrix for pion. 

This assumption is understood in 
the following way for the elastic scat- 
tering, for example, »-p scattering. 
The main part of the elastic scatter- 
ing is interpretable in terms of the 
diffraction scattering, which gives a 
sharp forward peak. This part is 
considered to be independent of the 
total isotopic spin, and this does not 
contribute to the charge exchange 
scattering. On the other hand, the 
charge exchange term, the rr term, 
gives a backward peak. The rate of 
violation of the present assumption 
could, therefore, be seen by comparing 
the forward and backward peaks of 
the n-p elastic scattering. As is 
known, the peripheral collision is 
important in such energy region, so 
that the tr” 7 term due to the one- 


pion exchange would be of second 
importance. 

This idea is examined by the elastic 
scattering. For instance, we have 


o(at*+pon'+p)=o(2-+p>2 +p), 
o(z-+p—>2°+n) =0, (9) 


o(pt+tproptp)=e(n+pontp). 
(10) 
It is possible to find counter ex- 
amples against this speculation. For 
example, 27> +p—/°+K° contributes 
only to c¢(J=1/2) in (2), so that it 
might be possible to satisfy (4) even 
if the tw term remains finite. In any 
case, this assumption on the S-matrix 
is sufficient to satisfy (5), but not 
necessary. For inelastic scattering 

this assumption is less plausible. 


1) I. Pomeranchuk, JETP (USSR) 34 (1958), 
725. (Soviet Physics JETP 34 (7) (1958), 
499.) 

2) G. von Dardel et al., Phys. Rev. Letters 5 
(1960), 333. 

3) A. Ashmore et al., Phys. Rev. Letters 5 
(1960), 576. 


K~-p Interactions at 1.15 Bev/c 
Shigeo Minami 


Department of Physics 
Osaka City University, Osaka 


June 3, 1961 


In addition to the discovery of an 
isobaric state Y,* in the /-z system, 
the existence of a new isobaric state 
Y,)* in the 3-2 system seems to be 
confirmed by the recent experiment 
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for K-+p>S+2+2+2 reaction at 
1.15 Bev/c.” According to the experi- 
mental results the mass of Y,* is 
nearly equal to 1405 Mev. And the 
assumption of [y.=0 (ly,. indicates 
the isotopic spin of Y,*) seems to be 
consistent with the experimental 
results for the branching ratio of the 
decay of Y,*. Since the discovery of 
Y,*, the Y,* has often been regarded 
by many authors as a bound state in 
the K-N system. Such an interpre- 
tation as this will be supported by 
the existence of this Y,*, because Y,* 
and Y,* may correspond respectively 
to the bound states with isotopic spin 
1 and 0 in the K-N system.* 

In the previous paper” we have pre- 
dicted the following property of K-N 
interaction at high energy. In the 
neighborhood of the energy 675 Mev 
(lab.) which corresponds to the thre- 
shold energy of K* production, we 
may expect the large cross section for 
K--p scattering** and these resonance 
phenomena may be due to the strong 
interaction in the J=0 state, where I 
indicates the isotopic spin of the K-N 
system. Making use of these results 
we should like to study the K--p re- 
actions at 1.15 Bev/e which may be 
regarded as the phenomena in the 
neighborhood of the energy 675 Mev 
(lab.). In this paper we examine 
which states of total angular momen- 


seDhis el is remarkably different from 
the Goldhaber model in which S and A were 
regarded respectively as the bound states with 
isotopic spin 1 and 0 in the K-N system. 

#* These resonance phenomena seem to be 
confirmed by the experiment (Berkeley Con- 
ference (1960)). 


tum and parity are responsible for 
this resonance. 

As was mentioned in our previous 
paper,” the resonance phenomena in 
K--p scattering may be explained in 
terms of the effects due to the con- 
tributions from the intermediate K *-N 
state (cf. Fig. 1). When the A®* in 
the intermediate state decays into a 
real K and a real 2, 


K-+p>K+a4N. (1) 
K 
N Tt 
N K* 
ae 
N a 
K 
Hisar 


When the z in the intermediate 
(nK)-N state is re-absorbed by the 


nucleon, 
K-+p>K+N. dD 


When the K in the intermediate 
(x K)-N state is bound by the nucleon, 


Ravpos Yaa (IIL) 
or 
ee EN face. (II1)/ 


In our model, the resonance pheno- 
mena in the neighborhood of 675 Mev 
are due to the strong interaction in 
the [=O state. Then, as was pointed 
out by Alston et al.,” the (II1)’ pro- 
cess turns out to be forbidden owing 
to the conservation law of isotopic 
spin. 

Now let us pay attention to the 
reaction 


Sek ae ae ng BE GER a ae ara 


> > 
ai 


a ee Ne 


- 


A 
ate 


hag bite eh ee Lae 
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Kop KYM (IV) 


It seems that the experimental results” 
for this reaction are consistent with 
the assumption that K* is produced 
predominantly in the s-state and with 
S=0 or S=1, where S indicates the 
spin of K*. From these results it 
follows that the resonance phenomena 
are due to the strong interaction in 
the state of total angular momentum 
J=1/2 or J=3/2. If J=1/2-state is 
responsible for the resonance, the 
angular distribution of Y,* in the reac- 
tion (III) ought to be isotropic under 
the assumption that the spin of Y,* is 
equal to 1/2. If the J=3/2 state is 
responsible for the resonance, the 
angular distribution of Y,* ought to 
have a form of ~(1+3cos?#). The 
experimental results’ seem to be 
consistent with the assumption of 
J=3/2. Then we may conclude that 
S=1 is more promising than S=0. 
The same conclusion as this has been 
obtained in the study for K~+p—K° 
-+2-+ reaction.” 

Thus K* may be regarded as a 
p-wave resonant state in the K-z 
system. From this it follows that the 
parity of K* is the same with that 
of K meson. In order to satisfy the 
parity conservation law, the orbital 
angular momentum 7 in the initial 
K--p state must be even (l=2n) be- 
cause of the assumption that K* is 
produced in the s-state. The initial 
d;).-state is only the state which satis- 
fies the conditions both of J=3/2 and 
of 7=even. Thus we may conclude 
as follows. The resonance phenomena 
in K--p scattering which are ex- 


pected in the neighborhood of 675 
Mev are due to the strong interaction 
in I=O, dsj/-state. 

Finally we want to make some dis- 
cussion about the reason why Y,* has 
not been observed in the final state 
(A+az+ta+z). The K~+p>Y*+2 
+z reaction cannot be forbidden by 
the same reason as in the case of 
(IIl)’ reaction. Since the J=0 state 
plays the most important role, the 
isotopic spin of 2z-system in the 
(Y,*+xz+2) state must be equal to 
0, while that of 2z-system in the 
(Y,*+2+2) state must be equal to 1. 
We denote by J and J, the orbital 
angular momenta of Y,* and Y,* re- 
spectively with respect to the center 
of mass for two final pions. Since 
the available energy in these final 
states is considerably low in K7-p col- 
lision at 1.15 Bev/c, we may expect 
that ,=0 and /,=0 states respectively 
play the most important role in these 
If both - ¥,* and'“4Ys*i cor 
respond to the s-states in the K-N 
system, the parity of these bound 
states is the same with that of K 
meson. Then J, and 2, must be even 
and odd respectively, because the re- 
sonance phenomena in K~-p collision 
are due to the strong interaction in 
the d-state. This may be one of the 
reasons why Y,* has not been ob- 
served in the final state (A+2+2+2). 

The author would like to express 
his thanks to Dr. B. C. Maglié for 
his kind information on the experi- 
ment at Berkeley. 
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Field Theory of Nucleon-Nucleon 
Scattering 


Iwao Sato 


Department of Physics 
Tohoku University, Sendai 


June 9, 1961 


We calculate the one-pion-exchange 
and two-pion-exchange parts of the 
S.matrix for nucleon-nucleon scatter- 
ing using field theory, decompose them 
into partial wave amplitudes, and cal- 
culate the phase shifts. In order to 
secure the unitarity we regard the 
antihermitian part of the S-matrix as 
the K-matrix. The two-pion-exchange 
part of the S-matrix is written as 


(qi, q2|SalPr» P2? 
= —M2(16 pro P20 10900) 
xO (pitpr—a—®) 
xx j | dthid* Bad tha) 
x (qu) T (Gr Ras rks) ue (pd) Ch + rae 


X (he +p?) 71 tt (qa) T (qa kas Po ka) ue (pa) 
—4i(2n)~*| dtd‘ had‘ hy dy 

xX 08 (pithi—au— hs) 

x Of (poth! —G—h’) 

Xx (qr) T (qr kas Prk u( pr) (A +) 
xX (h2-+ eG, —as i’, Be) 

x (Ri +) Ral? +) 

Xt (q) T(aoks! s Paks! up) t, QD 


where G is the two-pion, Green's 
function obeying the integral equation 


G(k, ky; Rs, ky) =K(h, Re ; ks, ky) 
—4i (22) A d' ky! d* hy! 
x O* (ky + he — ha! — he’) 
OK Ce, has hy’, Re’) (Ai? +e) z 
x (he! + 2") 1 G(ky, Rags) (2) 


T (qk: ; pki) is the sum of contributions 
of all those Feynman graphs each of 
which has two external nucleon lines 
with momenta p and g and two ex- 
ternal pion lines with momenta k, and 
k,, but cannot be divided into the 
part having the external nucleon lines 
p and q and the one having the ex- 
ternal pion lines & and k, by opening 
two internal pion lines. K (hi, Re 3 Ra, 
k,) is the sum of all thoge Feynman 
graphs each of which has four ex- 
ternal pion lines hi, ky, kg and k,, but 
cannot be divided into the part having 
the pion lines & and &, and the one 
having the pion lines ks and k, by 
opening two internal pion lines. We 
can write Tin the following form 
(explicitly writing the charge indices 
of pions) : 


at ie ete oe a ae 
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Le (gks 3 ph) = —Dea rs ed 
— 2 [tp, te] +7 (th) 


x {8oeB” + aay Algae (3) 
where A‘) and B® are Lorentz- 
invariant functions of p, g, & and kp. 
If Ts, were the sum of contributions 
of all the Feynman graphs which have 
two external nucleon lines and two 
external pion lines, and do not have 
any more restrictions, and if momenta 
of the external pion lines were on 
the mass shell, 7. would be the 
pion-nucleon scattering amplitude, and 
A™ and B'*) would satisfy the fol- 
lowing dispersion relations :” 


i-°} 


Ai = dW? Im A (W?, x?) 


(M+ 1)? 


x {[(p+h)?+ wy 


+[(p—&)+ Wt, (4) 


BY =P {[(p+h) +My 


+[(p—k) + MT"! 


eae dW? ImB® (W®, x’) 
8 


(M+)? 


x {e+e wy 
+[(p—ky + Wy, (5) 


where «’= (p—q)’/4. We assume that, 
if we replace Im A* and Im B®’ by 
those parts of them which correspond 
to the elastic pion-nucleon scattering, 
(3) with (4) and (5) becomes a good 
approximation to the correct T¥,.. We 
further neglect all the partial wave 
amplitudes other than (3-3) amplitude 
in Im A and ‘Im B*’, and make the 
sharp-resonance approximation” to the 
(3-3) amplitude. 

We have calculated the phase shifts 
for the proton-proton scattering at 


Table I. Nuclear bar phase shifts in degrees for proton-proton scattering at 310 Mev. 


Theory Experiment 
I | II Ill set 1 | set 2 set 3 set 6 
1S; —50.18 | 86.82 84.19 = 10.9% ei hea -112 | 0.4 
1D, | 2.45 30.47 52.30 12.14 4.4 | 13.4 12.1 
ae hm 0,92 3.26 4.31 12 | ee ee, 1.2 —1.3 
3P, —32.51 64.47 | 6.41 —26.2 Satie pedo —141 
Wepre Sy —4,72 | 2.98 15.96 —4.6 —0.5 | —3.0- 2.5 
3H, SRL GC C05T A)" a0 8) —0.4 —1.5 05 | —2.0 
8P, 50.18 73.88 —33.71 e140 —34.4 | —4.4 —65.7 
3P, 5.52 | 69.99 59.18 16.6 19.2 22.4 8.2 
3F, 2.82 | 6.25 22.83 1.3 0.1 —1.8 —13 
EEAnil0 6.49 le BBO —1.66 —1.4 —8.6 1.4 0.9 
ge | 0.92 | 8.88 13.11 3.2 2.9 0.8 | 3.4 
Bac, | 0.55 1,03 1.24 1.7 2.4 —0.4° | 2.3 
oi PN a gas —1.50 “14 —1.7 —14 0.8 
3H, | 0.24 | 1.02 1.27 1.2 1.4 -0.3 0.5 
a ee 
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310 Mey, neglecting the second term 
between the curly brackets in (1). 
The results are listed in Table I 
together with the experimental values 
given by Cziffra et al.” Column I 
corresponds to the one-pion-exchange 
part alone. Column II has been ob- 
tained by neglecting the terms other 
than the Born term in (4) and (5), 
and inclusion of these terms gives 
Column III. Since we have neglected 
the exchange of three or more pions, 
it is meaningless to compare the S 
and P phase shifts with the experi- 
ment. This is the case also for °F; 
phase shift because of the coupling 
between *F, and ’P, states. Even if 
these facts are taken into consideration, 
the discrepancy between theory and 
experiment is serious, and this sug- 
gests the importance of the second 
term between the curly brackets in 
(1), i.e. the term due to the pion-pion 
interaction. 

1) G. F. Chew, M. L. Goldberger, F. E. Low 


and Y. Nambu, Phys. Rev. 106 (1957), 1337. 
2) P.Cziffra, M.H. MacGregor, M.J. Moravesik 


and H. P. Stapp, Phys. Rev. 114 (1959), 


880. 


Effect of the Bond Polarization 
on the I-J-coupling in 
Hydrocarbons 


Eiko Hiroike 


Department of Physics 
Tokyo Institute of Technology 
Oh-okayma, Meguro, Tokyo 


June 12, 1961 


Recently, interesting experiments 


have been performed showing that 
the coupling constant of the I-I-coupl- 
ing between protons H and H’ in a 
hydrocarbon, Juz, decreases with in- 
creasing electro-negativity of the atom 
situated at the end of the molecule.”~” 
These experimental results may be 
explained with the aid of the previous- 
ly derived formula.” 

The previous 
based on the second-order pertur- 
bation theory, in which the wave 
functions of the excited states are 
eliminated by the use of the approx- 
imation replacing the energy differences 
between the ground state and the ex- 
cited states by their suitable average 


calculation” was 


4E Following the valence bond — 


method, the wave function of the ground 
electronic state % was expressed as a 
linear combination of independent 
canonical structures ¥;,’s, i.e. %= 


¥1,C,¥,. An approximate formula for 


Ja which is convenient for qualitative 
discussion was derived in addition to 
a general one. 

Now we shall assume that, when 
the atom situated at the end of the 
molecule is substituted by another 
atom, JE and C; do not change ap- 
preciably. By using this assumption 
and the above mentioned approximate 
formula, it can be shown that Jaz 
depends almost only on the characters 
of the chemical bonds H-X and 
H!-X'’ where X(X’) denotes an atom 
forming a chemical bond with 
H(#’). The formula for Jyzm is shown 
to be of the form 


Tatoo (ia) {1+1I(h) S(h2)} 
xN(h' x’) Piel Uh!) SCR) keen) 


ne tare tines oes Mane ger 
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where N(hx) is the normalization 
constant of ¢,,, the orbital part of 
the wave function representing the 
electronic state of the chemical bond 
H-X (see Eq. (6) in reference 6)). 
The explicit formula for N(h2) is as 
follows, 


Nthz) =[2+48(h2) {I(h) +1(2x)} 
428(hx) (1+1(h)I(z)} 


+1°(h) +1°(x) | (2) 


In these equations, J(h) and I(x) are 
the coefficients of the ionic terms in- 
Gicating the “H-X"~ and, <H7-x- 
characters in the H-X bond, and 
S(hz) is the overlap integral between 
atomic orbitals of atoms H and X. 
Wh' x’), Ih’), I(x’) and S(h'z’) are 
the respective quantities for the atoms 
and eX. 

Since the electro-negativity of the 
atom X is larger than that of hydrogen 
atom H, I(h) and I(h’) are fairly 
' smaller than unity. Therefore they 
may be neglected in Eqs. (1) and (2). 
Then we obtain 


i pears {1 + 8?(hx) +28 (ha) I(x) 
++ I?(z) ae {1 +S%(h' 2’) 


+2S8(h! x!) I(2’) rae. te) a (3) 


Letters to the Editor 


From Eq. (3), the following result 
is obtained. As the atom at the end 
of the molecule is substituted by a 
more electro-negative one, the electrons 
in the molecule are drawn to the 
substituted atom. Then, the electrons 
in the bonds H-X and H’-X’ are 
polarized toward the atoms X and X’ 
respectively, that is, F(z) and I(2”’) 
increase. This results in a decrease 
of Juz, which is in accordance with 
the results of the experiments. The 
observed variations of Jy in vinyl 
compounds”~” can be explained by Eq. 
(3), if we take the changes in [(x) 
and I(2’) about +1/2. 

Details of this calculation and the 
explicit comparisons with the experi- 
ments will be published in the near 
future. 
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A detailed but phenomenological analysis is made in estimating the contribution of 
the single-particle excitations to the integrated cross sections o,,,/ and op» of the (p, p’) and 
(p, n) reactions. It is found that, if the experimentally known collective-excitation cross 
section is added (which is in fact added only to the former), the resulting integrated cross 
sections agree very well with experiments and reasonably explain why oyp/>opn- It should 
be noted, however, that the contribution of the collective excitation to o4,/ turned out, in 
our analysis, to be only a small fraction of o,,,/, contrary to the supposition of Cohen that 
it is the main part of o,,/. To complement the above phenomenological analysis, somewhat 
more basic considerations of the mechanism of the direct interactions are made, using the 
T-matrix formalism. Discussions are given concerning the way how to describe the collective 
excitation in the inelastic scattering process as a superposition of single-particle excitations, 
in accordance with other authors, and also concerning the reason why the excitation of the 
collective states is expected to be small in the transmutation reactions. 


$1. Introduction 


The bumps observed in the energy spectra of the protons,” deuterons””” 


and a-particles””” inelastically scattered by various nuclei, are now known to 
be associated with the excitation of the collective vibrational states. Some time 
ago several theoretical works® appeared which showed, by treating the col- 
lective motions phenomenologically and working in the framework of the direct 


interaction theory, that the cross section for the inelastic scattering, leaving 

the target nucleus in the collective states, could become quite large, and _ this : 

‘result was taken to support the above interpretation of: the bumps/??”. 4 ay 
In recent years, however, a new approach’ has been developed, which 

made it possible to describe the above excitations of the collective states as. 

due to a coherent superposition of the scattering of the incident particle with . 

the individual nucleons in the target nucleus, and thus to predict large cross ; 


sections for the excitation of the collective states, without introducing any col- 


lective parameters explicitly. ses 
This approach has a further advantage that it can treat the excitations of 


the collective and the single-particle states on the same basis. If one takes 
this fact for granted then he can argue that every direct interaction, including 


PE Sree See’. 
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the excitations of the collective states, could be caused primarily by the col- 
lision of the incident particle with the individual nucleons in the target nucleus, 
and that, in spite of the large difference between the magnitudes of the cross 
sections of the excitation of the collective and the single-particle states, these 
two are the same kind of process. 

It would then be expected that the integrated cross sections of the (p, 7) 
and the (p, p’) reactions are of the same order of magnitudes, because they 
are caused, respectively, by the p-n and the p-p collisions.* Experimentally, 
however, as was pointed out by Cohen,” it is known that 


loth, Wael oh, pak (1) 


where the left-hand side means the cross section of the (/, 7) reaction, inte- 
grated over an appropriate energy range, while the right-hand side is the corre- 
sponding one of the (/, p’) reaction. Thus Cohen considered that the exci- 


tations of the collective and the single-particle states are phenomena completely 


different from each other. This is a view which is just opposite to that given 
in the preceding paragraph. 

Several people considered the way to remove this apparent contradiction 
between these two views, by finding out the reason why the cross section for 
the collision of the incident proton with neutron in the target nucleus is so 
much smaller than that for its collision with protons. Thus Hintz' considers 
that the Coulomb interaction helps in increasing the cross section for the (p-p’) 
® suggests that the (p-p’) process can be increased by a 
factor of four over that of the (p-7) process, because of the antisymmetrization. 


process, while Brown 


Finally, Weisskop{" suggests the possibility of the weakening of the effective 


p-n interaction inside the nuclear matter. 

Based on these speculations casting doubt on the above-mentioned Cohen’s 
interpretation, Eisberg’” argued that it is not necessary to believe that the 
single-particle and the collective excitations are two completely different phe- 
nomena involved in direct interactions. 

It is our opinion that Eisberg’s view is more natural to be accepted than 


Cohen’s. We consider, however, that although the above speculations of Hintz, 


Brown and Weisskopf taken by Eisberg as the basis of- his argument might 
be correct to some extent, they are not the whole reason to explain the experimental 


fact given by (1). The relation (1) could rather be explained in a more natural 


way by looking at the experimental materials somewhat more carefully, and to 
show the possibility is the main purpose of the present paper. For this purpose 
we evaluate in § 2 the absolute magnitude of the cross section of the processes 


* In fact (p-n) collision also contributes to (p, p) reaction. Thus, as was noticed by 


Cohen,! the ratio of the integrated cross sections of (p, p’) and (p,m) reactions would be about 
twice as large, 
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which can be considered to proceed through an elementary nucleon-nucleon col- 
lison. The integrated cross sections are evaluated in §3 and the relation (1) 1s 
discussed. £ 4 is devoted to somewhat more basic considerations of the contents 
of §§ 2 and 3, and finally concluding remarks are given in § 5. 


§ 2. Evaluation of the cross sections of the elementary 
nucleon-nucleon interactions in nuclei 


In accomplishing our aim to give support to the view that every direct 
interaction is primarily caused by the particle-particle interaction, the first thing 
we have to know is the absolute magnitude of the cross sections of the proces- 
ses which proceed through the collision of the incident nucleon with only one 
nucleon in the target nucleus. It is very difficult to know this magnitude solely 
from theoretical considerations, even when we have knowledge of the free 
nucleon-nucleon interaction. Thus the best way would perhaps be to look at 
the experimental data concerning the process in which the initial state of the 
target nucleus and the fnal state of the residual nucleus can both be considered 
as pure single-particle states with high accuracy. 

For simplicity let us denote these cross sections as o2”, and oy?,,° the 
superfix sp meaning that they are cross sections of the single-particle process. 
Unfortunately, to our knowledge, there exist no data on the (p, 7) reaction 
which supply us with information on o{?,, perhaps because of experimental 
difficulties. It is possible, however, to get ‘nformation on o,”,, if one looks 
‘at the data for the inelastic scattering of protons by a nucleus, in which both 
the initial and the final states of the latter are pure single-neutron states. 


Similarly, information on 7)", could be obtained from the corresponding data 


which involve pure single-proton states. 
It is unfortunate that even the amount of this kind of data is quite limited. 
The data which we are going to use are those obtained by Cohen and Rubin,” 


Table I-a. Experimental data of Pb207 '(p, p) Pb2™. 


AE | configuration | ds (Pp, p’) 9° | He | Av oi, 
i nt A .' = 

0.5 Mev (2F slo)? 0.03 mb/ster 1.2 mb | 

0.9 4 (3P 3/2) 0.015 4% 06 4% | 0.8 mb 

16 4% @eaaiaae \ 0.015 4% 0.6 7% | 


(ES wi * A ae 


1.0 Mey | (17 43/2) | 0.10 mb/ster | 4.0 mb . | 33-mb 


~~ 
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from the inelastic scattering of 23 Mev protons by Pb™ and Bi™, and they are 
summarized in Tables I-a and I[-b. 

In both of these tables the first column gives the excitation energy and 
the second column gives the possible assignment of the relevant single-particle 
states. The third column gives the differential cross sections of the excitation 
of these states at 90°, which are obtained in the following way. We first 
subtract, from the experimental excitation curve given at 90°, the back ground 
due to the tail of the elastic scattering, this back ground being assumed as 
known from the experimental data of the Pb** (p, p’) Pb*** reaction.” Then, 
by graphical integration over the spread of the energy, we get the magnitude 
of the excitation of each state in arbitrary units. Similar quantities can be 
obtained at 90° and 60° for the excitation of the 3~ collective state at 2.6 Mey, 
and, particularly at 60°. its absolute magnitude is known. We can thus infer 
the absolute value of the excitation cross section of the 37 state at 90°, and 
in turn those of the other excited states, by assuming that the angular dis- 
tributions of the excitation cross sections are the same for all the states. The 
results are the contents of the column three. 

The differential cross section of the excitation of 3~ state is given for a 
wider range of angle, and by numerical integration the total cross section for 
the excitation of this state is estimated. Then again assuming the similarity 
of the differential cross section for all the states, the total cross section of 
the excitation of the other states can be estimated and are given in the fourth 
column of Table I. These are nothing but the required o3”, and o;”,. The 
fifth column simply gives the arithmetic mean of the values given in the fourth 
column. 

The assignment of the configuration of the relevant states is fairly certain 
in Pb*", but there is no direct experimental evidence concerning the assignment 
of the states Bi”, and the content of the second column of Table I-b is quite 
arbitrary. 

Summarizing, we get the following results from the experimental data in 
the Pb region: 


op-n=0.8mb, of%,=2.3 mb, of=1.4 mb, (2) 


where o%, is the mean value of the o,”,, and o;,!”,. 


There exists an alternative way of estimating the magnitude of 73. Cohen” 
gives a diagram in which the magnitudes of the differential cross sections at 

k Ma 
90° of the excitation of the collective states by the (p, p’) reaction are compared 
with the enhancement factor of the electromagnetic transition probabilities 
This diagram is reproduce y Fi i ? 
g produced as Fig. 1 of the present paper and, as is seen, 


these two quantities are proportional. to each other, which means that it is 
possible to express their relation as 


AO covet = CB (E2) cour/B(E2) sp i? (3) 
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It is clear that this proportionality con- 
stant C gives just the magnitude of the 
differential cross section at 90° of the 
single-particle process, and thus has simi- 
lar meaning as the contents of the column 
three (and four) of Table L. 

If one neglects in Fig. 1 the data for 
Z=28~30, which give an abnormally 
large value to C, we get C=0.03 mb, and 
thus get o{?=1.2 mb which is consistent 
On the 
other hand, if one employs only the data 
for Z=28~30, it gives C=0.06mb and 


sp 


in turn o3?=2.4 mb, which is twice as 


with the value given in (2). 


large as* the values of (2). Summariz- 
ing the results obtained in this alternative 
way, one gets 


Gases ae O,— 


Gase Il o%, 


do (p, p’) 2° (mb/ster) 


LO ies 


i | 


B (E2) coy |B (E2) <p 


Fig. 1. Correlation between the cross sec- 


tions of excitation of collective states by 
the inelastic scattering and the Coulomb 
excitation. This figure is reproduced from 
Tet. oy): 


1.2 mb, 


(4) 


=2.4 mb. 


| iu 
O 10 20 30 40 30° 


§ 3. Evaluation of the integrated cross sections of the (p, n) 
and (p, p’) reactions 


We now have an idea of the magnitude of the cross sections of the ele- 
mentary processes and thus can proceed to the evaluation of the integrated 
cross sections. The relevant experimental data are summarized by Cohen,” 
and a part of it is reproduced in Table Il of the present paper. Cohen gave 
similar data for other targets too, but the nuclei for which the cross sections 
of both the (pf, 2) and (Pp, p') reactions are given are only Th, Pb-Bi, Cu and 
Al. Among them Al seems to be too light to represent the average behaviour 


Table II. The integrated cross sections (in mb). 


| a5 by activation | opp) (AE<8 Mev) 
| Z a ve —_ => — Se Ss = 
23 Mev | 


Oe anaeery a 


: 31 Mev a a 31 Mev 


| 
] 


* It is noticed recently by Cohen and Price® that if deeouece is plotted against doggy, the 


distinction between the Z=28~30 group and the rest is largely removed. 
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of the other nuclei, and thus we limit our consideration to Pb-Bi and Cu. As 
for Th a discussion is given in § 5. 
' (4Emaa 4Emaa: - ; 
To save the writing, we denote | o(p,n)dE and \ op, p')dE simply 
J0 
as o,, and o,,, in the following. Then from Table II we see that 
Kor Gus Oe pif O pete oe Lm: 


For Pb-Bi: Oppr/Opn== 6.0. 


(9) 


Here it is assumed that o,,,=110mb for Cu at #,=31 Mev, 1.e. same as at 
E,=23 Mev. 

In calculating the theoretical ratio of o,,//7,», it is necessary to recollect 
first how the contents of Table Il are obtained. As is explained by Cohen,’ 
g,, of Table II is observed as an activation cross section, and is interpreted to 
represent the cross sections of the direct (p, 7) reactions, in which the energy 
of the emitted neutron is within 8 Mev of the incident proton energy (i.e. 
dE<8 Mev), 8 Mev being the binding energy of protons or neutrons seconda- 
rily emitted so as to lead to (p, mp) or (p,2n) reactions. Correspondingly 
Oy» is obtained by integrating the observed cross sections of the (/, p’) re- 
action for the energy loss of the proton up to 8 Mey. 

To evaluate o,,, we shall assume that the process occurs as a knock-out 
of a neutron from the target by the incident proton and that the struck neutron 
must have occupied a definite single-particle orbit, while the proton must jump 


into a definite unoccupied orbit. As will be shown in § 4, the collective mode 


gives no essential contributions to the (/, 2) reaction. Therefore o,, is con- 
sidered simply as the number of the combinations of taking these possible 
orbitals, which we denote as N,,,,, times the average cross section for such a 
process, 1.e. 7)”, obtained in §2. Namely we get 


th } x > 
‘ on= Na >p x Toe ne (6) 


On the other hand o,,, consists of three parts: (i) excitation of a neutron 
from an orbit to a higher one, (ii) excitation of a proton in the target in the 
same way and (iii) excitation of the collective states. 

Thus denoting as N,,, and N,,, the possible number of combinations of 
orbitals which, respectively, correspond to the above processes (i) and (ii), we 
have* 

te be : : 
T ppt a Nicate X op n ts Nee Pp x On-p a collect « (7) 
The evaluation of N,,,, etc., is done as follows. 
is We first note that the above limitation of JE<8 Mey for the (p, 2) process 
is inappropriate, because, although it is true that the binding energy of the 
neutrons, which could be emitted as the second member in the (p, 2”) re- 


* For the validity of the expressions (6) and (7), see the discussion in the Appendix. 
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actions, is close to 8 Mey, that of the protons in the Pb—Bi isotopes is of the 
order of 4Mev.” This means that if dE>4 Mev the final nucleus which is 
observed by activation cannot be the one that is given as the initial nucleus 
plus a proton minus a neutron. Therefore in evaluating N,»» it is enough 
to consider only the combination of the orbitals for neutron and proton for 
which JE<4 Mev. The corresponding relation in Cu is AE<6 Mey.” 

The second piece of information we must have is on the spacing of the 
orbitals, and we assume that the relative positions of the relevant levels are 
given by the Nilsson model” (with d=0). In obtaining the absolute spacing, 
however, we utilize more direct experimental evidence and take 


For Pb-Bi: hae,=5.0 Mev (=Nowiseeon! 1-3): 


4 (8) 
For Gu 5 her y= 3-2 Mev C= Nanton Oo 2) . 


Rwerp for Pb-Bi is determined from the spacing” of the hole states in Pb™, 
while that for Cu is obtained from the spacing of the 3s, 2p and other states 
as inferred for this mass number region from the (d, p) reaction studies of 
Schiffer et al.” \ , 

The last thing we have to know is the pairing energy. This is needed 
because in some transition a pair has to be broken up and this requires an 
extra energy in addition to that due to the orbital jump. For nucleons which 
occupy the topmost orbitals, the pairing energy can be inferred directly from 
experiments, while that of deep lying nucleons has to be estimated theoretically. 
We follow the argument of Horie and Sasaki” and assume that the pairing © 
energies are given for protons and neutrons respectively by 40(27+1)/A Mev 
and 30 (2)+1)/A Mev. 

Using these knowledges, we finally get the following results. 


POEL PDB Noses 04s Nas eee Nyseezet (9-1) — 
For Cu: Nia, VIN osip a os Nyu>p= 44. (9-2) 


Thus if one inserts (9), (2) and the experimental Value MOL. Cage lone) 
and (7), it is found that for Pb 


ott, =54X 0.8-+29 X 2.3 +36=146 mb, falieut) 
ott, =24X0.8 — 19 mb. (10-2) 
Here (10-2) is quite close to the corresponding value of Table II, 1.e. 
17-21 mb, while (10-1) is somewhat too large. 
In a similar manner, one gets for Cu 


Ge, =o Oe +44 2.3+34=166 mb, (11-1) 


ppl. 


ot” =44X0.8 = 130 mb: (11-2) 


pn 


In this case again the theoretical values are somewhat too large. 
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In obtaining these results (10) and (11), it is assumed that o,?,=0.8 mb 
and o;?,=2.3 mb. It is not certain, however, whether these values of o*” should 
be taken literally or not because of the poor statistics. If it were taken so, 
o;”, is three times as large as o;”, and is in accordance with the previous 
arguments.’?-" It should, however, be noted that theoretically the result 
T»p1/Tpn>1 mainly comes from the fact that there contributed three terms to 
©», While only one term contributes to o,, as is seen from (6) and (7), and 
further that a wider range of energy is required for the integration in obtaining 
o, » than for o,,. This situation is more clearly seen by estimating ¢,,, and o,, 
under the assumption that o)?,=0;”,=04,=1.2 mb, as is the case I of (4). 
The results are 

Pb-Bi: off,=136 mb, o7,=29 mb, 
(12) 
Ga: Toy = loZamnb, Co, samp 


pp 


These values are again somewhat too large compared with experiment, but 
the ratio o,,//o,,, which is equal to 4.7 and 3.0 respectively for Pb—Bi and Cu, 
agrees well with the corresponding experimental values which are approximately 
equal to 6.0 and 3.0. 

We have thus obtained the results which explain experiments at least 
qualitatively, but the magnitudes of the cross sections o,,, and o,, are in all 
cases too large. To obtain smaller results, we look at the experimental data”? more 
carefully and note that in the energy spectrum of the (/, p’) reaction, the contribu- 
tion to the integrated cross section increases with increased JE up to, say, 
4dE=4~5 Mey, but it ceases to increase 
afterwards and in some cases even 7%‘ ?) N 
begins to decrease. On the other hand 
the contribution to N,,,, etc., defined 
in § 3, are certainly rapidly increasing 


functions of 4K and thus, if o,”,, and 


o,, are assumed to be independent 
of JE as is assumed so far, it is clear 
that the above energy spectrum should 
keep increasing. Therefore the fact 
that the latter does not in fact increase 
means that o*” are decreasing functions 
of dE, and so, if this fact is taken 


into account properly, this will result 4E (Mev) 
in samller integrated cross sections Fig. 28. Experimental energy spec- 
than those given in (10), (11) and (12). trum? of 23 Mev protons inelastically 


scattered by Pb20; mean of the 


i ‘ experimental spectrum; —-+—+— N, the 
of o°” on JE is, we reproduce i ; per : 
? produce in Fig. possible number of excitation modes per 


2a the energy spectrum of the Pb” 1 Mev. 


To see how strong the dependence 


; 
: 


i ee 
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(p, p’) Pb*™* reaction, obtained by Cohen and 10 -; 
Mosko.” Here the dotted line is the experi- 
mental energy spectrum, while the full line g sa | 
gives its mean energy spectrum (except the ie 0.6 “id 
excitation of the collective state). In this e eek | 
figure is plotted also the number of the possible oe t 
combinations of the orbital energies per an, 02) * 
energy, as considered in § 3, at each excitation 0.0 1 ate 
energy, and the points are connected by a $ : i 
dot-dash line. By comparing this with the JE (Mev) 

~ above mean curve, the experimental knowledge Fig. 2b. Reduction factor of the 


on the JE dependence of o*” can be obtained effective cross “section for the 


and the result is shown in Fig. 2b. 
By taking this JE dependence of o*” into account, the integrated cross 
sections are reevaluated and the results are given as 


single-particle mode of excitation. 


(hgal 2) wionra sat 4JEx~0; 


Pbh-Bi: o%,=117 mb, of,=13 mb, (11) 
PE 


Gui ot, =130 mb, oF,=26 mb. (13-2) 
(ii) Case I of (4) for o°” at dJE~0; 

Pb-Bi: o%%,=110 mb, of;,=19 mb, (14-1) 

Cr ot, =106 mb, o7,=38 mb. (14-2)* 


It is thus seen that pretty good agreement with experiment can be obtained in 
either of the above two cases, although the agreement seems somewhat better 
in (14) than in (13). 

It should be remarked that what we have thus shown is that we can get 
correct order of magnitude for the integrated cross section 7p» of the (p, p’) 
reaction, if the contribution from the known collective state and the one from 
the single-particle states obtained in the way described above are added together, 
and that the contribution of the latter exceeds that of the former, contrary to 
Cohen’s idea that the main part of the contribution comes from various col- 


lective states. 


* Instead of using the data’ of Schiffer et al.” for obtaining the spacings of the single- 
he spacing of the 3si/2 and lg9/2 states at A~65 from Fig. 9 of Cohen 
—5 Mey, instead of hwerp,=3.2 Mev of (8) for Cu. By using this new 
han the Case I of (4) for 
same extent as does 


particle states, if one uses t 


and Price,2- one gets N®exp 
value of Rwerp, and Case II of (4), which is more appropriate to use t 
Cu, we get op,/=108 mb, ¢p,=34 mb, which agrees with experiment to the 


(14-2) 
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§ 4. Discussion on the magnitudes of various cross sections 


In this section we shall give somewhat more basic considerations which 
will supplement the contents of the preceding sections. One of them concerns 
the relative magnitudes of the cross sections of the single-particle processes 
which proceeds, respectively, via elementary p-p and p-n collisions. The other 
concerns the description of the excitation of the collective states based on the 


single-particle model. 


4-1 Relative magnitude of o;”, and o;”, 

As was mentioned in the Introduction, there are several arguments which 
imply that 3”, could be much larger than o;”,. The considerations given in 
§2 and resulted in (2) might seem to support these arguments. It might, 
nevertheless, be dangerous to take these results too seriously, because the sta- 
tistics of the experimental values which were employed there are quite poor. 
We shall thus give a brief consideration in this section, based on the 7-matrix 
formalism, on the relative magnitudes of the above two kinds of elementary 
cross sections. ; 

The scattering matrices of the nucleon-nucleon collisions which lead to the 
(p, p’) and (p, 2) reaction may be written as follows. 


SH?” (p, p!) =(P£(0) Gar (1) |T igs (0) Gas 1) > 


| . —(¢!(0) $a.) |T|9 (1) Gas (0) >, (15-1) 
Sis(p, 2) =(¢2(0) bar, A) |T| 950) da (1) 
—{91(0) bare 1) IT 194 1) ba (0) . (15-2) 


Here the superfix (p-p) or (p-7) in (15-1), respectively, means that the relevant 

S-matrix is that for the collision of the incident proton with a proton or a 

neutron in the target nucleus, both contributing in the (p, p’) ‘reaction. ¢!(0) 

and ¢{(0) are the wave functions. of the incident and the outgoing particle, 

while ¢¢.(1) means the wave function of the single particle which occupies 

initial and final orbitals specified by the quantum numbers a. The suffices + 
and — mean that they describe protons and neutrons, respectively. 

If one employes the impulse approximation, the T-matrix is given by 
(k,|T\k;) WOOP ki; %, 01) +T, (ky, ki 3%, 01) + (79°71) 
=[(T)+T,- (Toz° Tie) |H2Ti[ (Zs ety ik rot oes ds (16) 
in terms of the free two-nucleon scattering amplitudes. In the final version of 
(16) the first and the second terms describe, respectively, the charge non-exchange 


and the charge exchange scattering. k, and k, are the momentum vectors of 


the incident and the outgoing particles. The meaning of the rest of the nota- 
tion will be clear. 


Inserting (16) into (15), the S-matrices are expressed as 
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SY” (p, p!) = (CT allky, Bi) +4 (hy, fa) Yh | ar Bg) $e 0) Of 
=| Tol, YA Oey, WY} har ha) $000) de 

SI? (p, p') = {CT ollee, hs) )— (Take, Be) Yh | ar b= 4) sha (8) Ul 
— | {2(T.dhy, W) Yi ara) Fa dhe, 

Sepp, 2) = (26D (ey, Ii) Y} | arb a) ah) dh 


al KT (key, bk) —(T(ky, EY} Parlk—Q a dk. 7) 


Here ¢,(k), for example, is the Fourier transform of ¢,(r), while q=k,—ki is 
the momentum transfer. 
To get an idea about the relative magnitudes of various elementary cross 


sections, we make here the assumption that ¢, and ¢a are the same for all the 


processes considered here. Then it is clearly seen from (17) that 
Se (p, p') =SH (b, B') FSi P, n). ees) 


The magnitudes of the 7-matrices appearing in (17) may be inferred from 
the table prepared by Kerman et al2? Unfortunately, the lowest energy con- 
sidered in this paper is 40 Mev, which is somewhat too high compared with the 
energy considered in the present paper. By assuming that there might not be 
a drastic difference in the behaviour of various quantities at 40 Mev and 20-30 
Mev, we use the result of Kerman et al. for 40 Mev. Neglecting further the 
last terms, i.e. the exchange terms in (17), one gets the following result : 


TPPUCD, pl) ™ GP, Pp"): o(p, n) =0.7:1.1:1.0. (19) 


It is thus seen that all the elementary cross sections are more OF less of 
the same order of magnitudes.* One might expect that o””(p, p’) is large 
compared with the others, because, as is seen in (18S? bas the sum 
of two terms S,?-”(p, p’) and Sis(P, n). The reason that ao?” (p, p') is small, 
on the contrary, is that the contributions of Bea CPP) and Si;(p, 2) to 
SP (p, p’) are out of phase, i.e. they interfere destructively. 

Finally, we would like to mention that what is meant by (18) is that, as 
may be seen easily by looking at (16), the amplitude for the scattering of two 
protons is a sum of amplitudes with and without charge exchange. This con- 
sideration may have some connection with the suggestion by Brown,"” although 


* We also made an estimation for the case in which the exchange terms are included. The 
latter, i.e. the second terms of (17), are evaluated by replacing the factor (T) by its most probable 
value, and then taking out of the integral sign, It is found that the result (19) is essentially 


unchanged. 
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the exchange term considered by him is not the same as that considered here.* 
The fact that all the three cross sections which appear in (19) have almost 
the same magnitude may justify the use of (4) over that of (2), and this result 
may be in accordance with the fact that we got somewhat better result in (14) 
than in (13). 
4:2 Excitation of the collective state in the (p, p') and the (p, n) reactions 
Generalizing the argument of the preceding subsection, by taking into 
consideration the spin dependence of the T-matrix explicitly, the transition 
matrix element ( f|S'T(q)e7”’"|i> may be expressed as”) (forward scattering) 
Dag’ f| Do ra Yio(2n) 2) To. 
L mu 
ai Po (—)rags| oe) re Yi0(2n) EAD ret pe 


algae (—)*bizng'<F | De Fa Yay (Qn o,) leyeee 
yw n 


Ve pa (—)***bi,.90 CF | So ry! c/n a o,) Ta alt) Ton Bye (20) 
Jd, M n 


with 

Fisn= 35 Clee) Your Oye ; 
In (20) a, and 5,;, are appropriate c-number coefficients. JT), Ti, Ty? and 
T,;2 are functions of g, the momentum transfer, and in addition the latter two 
are vectors in the spin space of the incident particle. 

In (20) the first term and a part of the second term would contribute to 
exciting the collective states with T=0 and J=2"*, 3°, etc., while the second 
term alone will excite states with T=1 and J=1~-, 2*, etc. The third and the 
fourth terms of (20) will excite states with T=0 and 1, and J=1\*, etc., with 
excitation being accompanied with a spin flip.” 

(20) is quite general and in making a little more detailed discussion on 
the mechanism of the excitation of the collective states, we restrict our argu- 
ment to the 2* state with 7’=0 for simplicity. 

Now the wave function of the collective state in an even-even nucleus, 
which is described as a superposition of the excitation of the two quasi-protons 
and two quasi-neutrons, is obtained” by slightly extending the argument of 
Baranger’™ as 


re a | 
(ie 2 pam Tea 4 >We, ( ” -: Nua + te) / ry 
| hoisece N l 2 Suv 4 Aoats = Jar Aap f= 2ofas Azet+ 2 Iaa Aap} | >) <1 One L», 
3 | | (21) 
\W)) being the wave function of the true vacuum. 
2S NON . ; : 
421). Ag cis the creation operator of the quasi-proton pair coupled to an 
angular momentum of two units, while A,, is the corresponding annihilation 


* See, however, the preceding footnote. 


Single Particle versus Collective Eacitation 20% 


operator. Aye and Age are corresponding operators for the quasi-neutron pair. 
fay and Ja» are defined by 
ne 


g ab 


| =Cyga/ {oF (Eat Es} 5 ht) =Cudaa/ oF Eat Eo), (22) 


where E, is the energy of the quasi-proton. Gan Gar Yom\|O) (ae +UsVa), Ua 
and v,, etc., describing the fractional occupation of the quasi-proton state a. 
C, and C, of (22) are constants. 

After the Bogoliubov transformation” the operator M,, i.e. a part of (20) 
which has non-vanishing contribution to the matrix element between the ground 
state and the collective state (21), is given as 

M,= (Lo+Ts) Y gan(Ain + Aa) + (ToT) 2 qag(Aze+Aas)- (28) 


a, 


x20) 


Then the matrix element which we are seeking is obtained in the following 
very simplified form : 


¢ orale | Fy) 


1 ( 2 (Eat Ev) dao 2 (Eat Es) que | 
ee) Ce yt eae (Ty Ty) Ch ee 
N 6 ot 1) abe. (E,+E,)* (Lo ) y wo (E,+E~)’ 


eT T) Cp Xe (To Ts) Ca Xa 2”) 


N 
XK, and X, being defined by the final version of (24). 
The matrix element for the £2 transition is given similarly as 


CP sorrecelM (E2) | Poy = = CNC (igtre, On iO) (25) 


€, and 6, meaning effective charge.”” Comparison (24) with (25) shows that 
the (p,~’) reaction is enhanced just as the E2 transition is done, and it is 
easily seen from the first version of (24) that this enhancement is caused 
because there appears a double summation over quasi-particle states and the 
terms which appear under the summation symbol all have the same sign.” 
Turning to the discussion on the excitation cross section of the collective 
state due to the (p, 7) reaction, we have to note first that if the relevant col- 
lective state is to be a state *n an even-even nucleus the initial nucleus had to 
be an odd-odd nucleus which is usually not realized. To make the discussion 
more realistic and at the same time definite, we shall here consider an odd 
nucleus as target and thus the final nucleus is also an odd-A nucleus. Then 
to make the comparison with the (p, p’) reaction possible we further mention 


that an essentially similar discussion can be made for the cross section for the 


* This feature has been discussed sometime ago in the usual shell model language by Tamura 
and Choudhury,!? 


tS od 


’ 
¥ 


=" 


ea op ee Pepe ee EI ig ee eee SP ee 
c - “5 “A : 


—— . | ° Fm, Oo ee ee ee, ee A ys ee) ee ee eo Ve 
X OV Wire. ST ee eee ae ; 
ue < ee at arte ee 
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excitation of the core part of an odd-A nucleus as for the excitation of an 
even-even nucleus and thus some of the states in an odd-A nucleus can have 
large cross sections for the (/, p’) reaction. 

“If we assume that the initial nucleus is an odd-neutron nucleus, then using 
the similar notation as for the even nucleus, and denoting the mixing coef- 
ficients as J, and F., the initial and the final state may be written as 


| Fey = Tyo @ rot La Ty ay" Q2*} | Fo? 


and 
’ 
| P= {Fae + Li Fea.* Q2*}| Po), (26) 
: 
3 é, , ; : : 
_where a,* and a,* are the creation operators of the quasi-proton and the quasi- { 
neutron, respectively. On the other hand the operator which replaces (23) is : 
given by ; 
= f 1 ter 2 L 3 - FS + + ld , 
Mg =2T, ) {q @a* tat qQ ayaa’ +qQ ah tqQaq* a,*}, (27) 
a,a 1 
: 
where ' 
Gag i =< alr Youll) dikes Ue Vhs Valkdy Madey 


respectively. Thus the transition matrix element becomes | 


(P| Mal Pe) | 
(3) (4) 
DE (c,ta98 cater), 


=2T; | Fen! Ee =i Dp Fate hte esl 
w— (F,,+ EF.) ot+ (E,4+E,) 


1 
N 


(3) 4) 
vt os F, fe Gs Gace Varo : + CG ws Vea Varo he 
ec w+ (EA, +L.) (Gas (E.+E,,) 
NI ql) 20. Z hay 7 Q) 
+ Fg +e (DD spe Fee PL. yz 
seis ray bo a {w— (E.+ Ep) } {yw (E.+£,)} ‘ 


ve yal F, ex ; - Oe Dye Vea : T 
N? ty \ae {w—(Egt+E,)} {o—(EatE,)}/ 7 


aC @) 
+- z= n n¥ F, (x J ac Vac Day ) I | 9 
ss ae to—(E,+E,)} {w—(E.+E,)} Re (28) 


In (28) the first term originates from the first terms of YZ, and ¥, of (26) 


and its magnitude is just the single-particle value. The second and the third 


terms of (28) are the cross terms of the first and the second terms of VY, and 


Y,, and if the (p, p’) reaction were considered rather than the (p, n) reaction 


these terms should essentially be the same as (24), i.e. these are just the terms 
that explain the collective enhancement in the (p, p’) reaction. In the (/, n) 
case the terms that appear under the summation symbol have no definite fon 
and in addition the summation is only one-fold rather than two-fold as in (24) 
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and thus these terms would in general be quite small compared with (24), 
which means that no collective enhancement is expected. 

The rest of the terms in (28) are somewhat complicated, but because of 
the randomness of the signs of various terms in summation and because of the 
normalization condition of 7; and ¥, of (26), it is easy to see that their magni- 
tudes are at most of the order of the single-particle value. 

It is thus seen that the collective excitation in the (p, 2) reaction 1s very 
hard to realize. 

The excitation of the collective states other than the 2° with {f= 0 state 
of even-even nucleus in (p, p’) reaction may be obtained as in (24). Particu- 
larly, the excitation of T=1 collective states would be caused as a coherent 
superposition of the collisions of protons with neutrons, and the cross section is 
expected to be large. Cohen and Price®” suggested that these states may also 
be excited with large cross sections in the (p, 7) reactions, but it seems that 
-a discussion similar to that following (28) can be applied here too and the 
cross section could not be very large. 

So far the discussion has been limited to the reactions caused by the 
inpinging protons. It 1s experimentally known, however, that the collective 
states are strongly enhanced in the (d, d’) reaction, for instance, and this fact 
was one of the main reasons that led Cohen to consider that the collective 
excitation is quite different from the single-particle one. It is, however, seen 
from experiments that the magnitude of the cross section for exciting a single- 
particle state due to the (d, d’) reaction is of the same order of magnitude as 
that due to the (9, ~’) reaction, and as the argument on the enhancement 
discussed in this subsection can equally well be applied to the (d, d’) reaction, 
the strong excitation of the collective state in the (d, d') reaction can as well 
be explained as a superposition of the single-particle processes. In other words, 
what we should question is why the elementary, cross sections are the same 
for the (d, d’) and the (Pp, p') reactions, and not why the collective state is 
so much excited in the (d, d') reaction. 


§5. Concluding remarks 


It has been shown that the idea that all the direct interactions are primarily 
caused by the nucleon-nucleon interaction is consistent with all the data known 
at present, i.e. this idea explains the collective and the single-particle excitations 
in the process of the inelastic scattering, and also the (p, 7) reaction. 

In proving this fact, we had to use the magnitude of the cross sections” 
of the elementary processes, which are gathered from rather scarce experimental 
data, and thus we have been suffering from very poor statistics. This cross 
section is an intrinsically fluctuating quantity, but if more experimental data 
were supplied, a more reliable average value of the relevant quantities could be 
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obtained, and the whole argument given in the present paper could be based 
-on a firmer foundation. It would thus be of interest to measure the absolute 
magnitude of the cross sections of the inelastic scattering which excites the 
known single-particle levels of nuclei like Ca", K® and others. 

In spite of the crudeness of our estimation, and the various difficulties 
mentioned above, it is gratifying that we have already got an idea on the order 
§ 2 in several different 


o 


of magnitude of o*”. This quantity was estimated in 
ways and it is found that we always get a value which is quite close to 1.0 mb. 
This magnitude might thus be taken as a single-particle unit, and using this 
one may define the enhancement or. forbidden factor, just as is done for the 
electromagnetic transition probabilities. 

Unfortunately, we do not have sufficient experimental data to get a cor- 
responding knowledge for nuclei in the deformed region, and this is the reason 
why we excluded Th from the arguments of §3. Experimental data on the 
integrated cross sections of Th for the (p, p’) and (pf, 7) reactions show, 
however, that they are of the same order of magnitude as in other nuclei (Pb- 
Bi and Cu), and this fact means that, if we consider that the amplitude to 
excite a Mayer-Jensen state is distributed among several Nilsson states which 
originated from the former, essentially the same argument as in §3 could be 
applied to Th too. 
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Appendix 


The purpose of this appendix is to show the validity of (6) and (7) of 
the text for the integrated cross sections. 

We assume that the main body of the process in which we are interested 
proceeds through the direct interaction, and so the distorted wave Born approxi- 
mation, for instance, could be used to formulate the description. Then the 
cross section which leaves the residual nucleus in a state » may be described 
as 


Finsec} (P,, Prern V| Py 0r->|’, (A 5 aa 


where % and ,, respectively, describe the wave functions of the initial state 
of the target, and the final state of the residual nucleus. %, and ¢, describe 
the motion of the incident and the outgoing nucleons. The inieeeeed cross 
section is then given by 
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4B maa 
e 4E maa 4Bmaa 
Oo | o (Ek) dE= ys) Oon—C ss {Dn Prernl Vi PoPn>|*- (A-2) 
n n 
0 


In general @, can be expanded in terms of #” and ¢,, where ¢;'? is the 
wave function of a state in which one particle is excited, while ¢, describes a 
state in which two or more particles are excited. Thus 


aa 8 
0, = Bs las Vy oe >} AnrPr> (A -3) 
Zi X 
and so 
ne 4B maa: AMmaa 
pam ee s 8 x i * s 
oy, | Prd Pn| i a ( 2. Air Anj) pi? >< 7? at pz: ( >i Gv &ny) ss?” Cdr 
a ee, ne 
4h mas 4h mau 
1 SS | § = * é \ 
is a ( os a an) Ox) <P0?| + 2 ( 5a aX Any) |Prd<Pul - (A-4) 
ty Th rN, M 


Taking into account the fact that (dx¢n|V|Poen» vanishes, as V is a two- 
body operator, 7 of (A-2) is reduced to 


4Emax 


o=C D1 ( Li Gnians) Cf? Gi] V| Po Pn y* PP Putl V1 Po Pn: (A-5) 


G27 n 


Here it is assumed that $y,» 1S independent of the final state 7, as the 
energy of the outgoing particle is assumed to be very large compared with the 
energy of excitation. 

The amplitude of a single-particle excited state is distributed, as is seen 
from (A-3), over a number of actual excited states 7, but we make here an 
assumption that the range of n over which this distribution occurs is not too 
wide. Then one gets 


4Emax 


Dy ANAnj = OF s) (A 6) 
4 


which, if inserted into (A-5), gives 


4B max 


a= Yt (Kg purl VI Pope)? =NXo%. (A-7) 


This is the result we have aimed to obtain, i.e. the justification ot (6). 

Of couse, there will be contributions from some single-particle states #7’, 
with the excitation energy E, higher than JE ma, to the above summation, but 
at the same time, part of the contributions from the lower states with F;< 4Enae 
will be missed in the summation, and on the average these contributions will 
cancel out. . 

(A-7) may be correct for the (p, 2) reaction, but may not be so for re- 
actions where the collective motion is expected to play an important role. If 
AE max is not very large, many higher single-particle states with E,> 4Emax would 
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“a 


contribute coherently to the collective state, and the negative contribution, from 
states with E;<4Eno, in the sense of last paragraph, would not be large enough 
to cancel this out. In other words, for the case of (p, p’) reaction, there would 
exist a net contribution from higher single-particle states to the collective state, 
and this contribution has to be added to (A-7) in obtaining the integrated 
cross section for the (p, p’) reaction., We thus replace (A-7) by 


4Bmaa 4B max 


CO ppi—C pa E;| CP? Crs V| Do Px.) |? + Ccortect= >s N(E) K oh, (EF) “\Ccottece: (A 8) 


This expression justifies the use of (7) of the text. In (A-8) & <1 is. con- 
sidered to take into account the fact that the single-particle states with E;< dE ja» 
also partially contribute to the collective state, and so their contributions to 
the first term have to be reduced correspondingly. In this way the danger of 
counting the same thing twice is. avoided. 

In case when JEnaz is so large that the main contribution to the collective 
state comes from the states with DET: | apres there remains no reason to treat 
the collective state separately. In other wordes (A-8) is reduced to (A-7) 
and the integrated cross sections for the (p, p’) and the (p, 7) reaction may 
become of the same order of magnitude. 
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The singularity of propagators in field theory can be removed by introducing the dis- 
tribution, or the fluctuation, of space-time. The fluctuation of space-time is assumed to result 
from the existence of elementary particles. 


§ 1. Introduction 


As is well known, the difficulty of infinities found in the present field theory 
is originated in the singularity of propagators on the light cone. Even if the 
self-effects are taken into account, the propagators behave at least as singularly 
as the free propagators.’ We shall show that the singularity of propagators 
is closely connected with the structure of space-time. 

Our fundamental assumption is that the existence of the elementary particle 
causes the distribution, or the fluctuation, of space-time. The fluctuation of 
space-time has influence on the motion of the elementary particle and removes 
the singularity of the propagator on the light cone. The existence of matter 
and the structure of space-time, therefore, are never independent of each other. 
In addition, it may be that each elementary particle will be characterized by 
its own distribution function (§ 2). An example of field theory with indefinite 
metric given by Markov” is included in our theory as a special case. The 
correspondence to the usual electrodynamics is also examined (§ 3). Bopp’s 
generalized electrodynamics” is discussed from the standpoint of the distribution 
of space-time. The removal of the singularity of propagators by the fluctuation 
of space-time is not anything but the introduction of the indefinite metric in 
Hilbert space or of the negative energy, either of which should be dealt with 
so as to present itself as the result of some other kind of physical cause. The 
same can be said not only of the electromagnetic field, but also of the meson 


field (§ 4). In Appendix are shown the formulae on the Fourier transformation of 
Lorentz invariant functions. 


§2. The fundamental assumption 


In this paper, we attempt to establish a theory which is founded on the. 
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idea that the existence of matter and the structure of space-time can never be 
independent of each other. The existence of the elementary particle is as- 
sumed to produce the distribution, or the fluctuation, of space-time and, in turn, 
the motion of the elementary particle itself must be influenced by the fluctua- 
tion of space-time. 

Below is given the fundamental assumption: If the elementary particle 
exists, space-time is distributed, or fluctuated, the metric of which is given in 
the form of 


Pah eee 2 m2 
ta —— tar as C 


=o, ae 2,28, (1) 


a having the probability distribution p(a). The modification of the metric 
fundamental form may be understood geometrically as the introduction of the 
fifth dimension, which is conditioned by the probability distribution. The fifth 
dimension is a probability space as well as a metric space. Namely, our fluctu- 
ating four-dimensional space is structurally a five-dimensional probability distri- 
bution of four-dimensional subspaces corresponding to various values of a. The 
distribution, or the fluctuation, of space-time 1s regarded as a physical concept 
characterized by a new constant, the so-called universal length. Consequently, 
the physical quantity in our theory can be defined as a weighted average of 
the corresponding quantity in each four-dimensional subspace. Considering that 
<?= 4," plays as a substitute for <2, each four-dimensional subspace can be treated 
analogically with the usual four-dimensional space-time. It is assumed, there- 
fore, that <’ must be substituted for z in the usual expressions of propagators 
and that the weighted averages of these substituted expressions with respect to 
a must be found, before the results of our theory can be compared with those 
of observation or other theories. 

As for the true vacuum, the distribution function p(a) must be chosen as (a) 
and the special theory of relativity does hold there strictly. It might be permis- 
sible to have such an image that the elementary particle gives life to the fifth 
degree of freedom, which is dead in the true vacuum. 

This assumption means that the elementary particle propagates in the prob- 
ability p(a) between any two points in the five-dimensional space standing at 
interval of a in the direction of the fifth axis. In other words, p(a) is nothing 
but the probability in which the elementary particle propagates between two 
points in the four-dimensional space-time, covering the distance modified by a. 
At a limit of vanishing mass or of extremely high energy, the free motion of 
the elementary particle is entirely determined by the distributed metric, because 
of the condition «?—a’=0. Accordingly, the path of the elementary particle 
deviates from the usual light cone in the four-dimensional space-time as well 
as in the direction of the fifth axis. Carrying out the weighted average with 
respect to a, we find that the path of the elementary particle is distributed in 
the four-dimensional space-time. Thus finally, does the fluctuation of the path 
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of elementary particles in the direction of the fifth axis reflect, as a kind of 
non-locality, in the usual four-dimensional space-time. 
The distribution function p(a) is normalized as 


\e(a)da=1, (2) 


as it should be. It may also be assumed that the distribution function is an 
even function of a. If so, the weighted averages of any odd functions of a, 
especially the weighted average of a itself, will vanish. But the weighted 
average of metric fundamental form <” will be different from the Minkowski metric 
7. That is, the distance between two points in the four-dimensional space-time 
must. be measured in view of the fluctuation of space-time. 

In passing, we have interpreted the fifth degree of freedom a as the fifth 
dimension,” however, it might also be possible to interpret it as a variable in 
the four-dimensional space-time. 

Besides the difficulty of infinities, the main problem awaiting solution in 
field theory is to explain a variety of elementary particles. As for the latter 
problem, we expect that each elementary particle will be characterized by its 
own distribution function. Then, space-time will reveal itself as that defined 
by the distributed metric which varies according to the kind of the elementary 
particle. 


§ 3. The discrete distribution of space-time 


Before considering the distribution of metric, let us carry on some prelimi- 
nary calculations. Following the assumption, we substitute <’ for c in the usual 
invariant D-functions, which connect the field quantities at two points with 
each other. The substituted expressions are as follows: 


1 


Dr!) 5 -8(r7) 
=|4¢, | a) — 2 al! (ele) | ae, (3) 
Denes ee 
aie a 
= [4 (<, | A(e) -4 jap eilele | de (4) 
De) =| 4, #)[ Ae) — Thal flee Tae (5) 


where 


ca y a 2 2 2 2 
=k, = ky — ky — ky — ke, (6) 


es 
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These expressions can be derived by means of the same technique as that used 
by Schwinger for the derivation of the analytical forms of J-functions”’ and by 
means of the formulae on the Fourier transformation of Lorentz invariant func- 
tions which are shown in Appendix. 

In each subspace the above functions (3), (4) and (5) can be considered 
as Green’s functions of the wave equation with the differential opeator 


aa ee! 


dz” Sp dt! (7) 


concluded by analogy with the differential operator of the usual four-dimensional 
wave equation 
ome oe? ome a Gs Ri ewas 


= =. (8) 


=. ; Py at a rena 9 9 
Oe DOO jo Oe ae toe fale 


It may be added that these functions are not Green’s functions of the five- 
dimensional wave equation, which, as is well known, does not satisfy Huygens’ 
principle. 

As the simplest example of the distribution of metric, let us consider a 
sharp distribution 


p(a)=2A(\a\—), 1: positive constant. (9) 


The above distribution function is normalized and even with respect to a, as 


is required by the assumption. It is easily seen that the weighted average of 


the metric fundamental form gives <2, where / may be taken as the so-called 
universal length. 

To apply the distribution (9) to the functions (3), (4) and (5) is to 
replace |a| by Z in these functions. The resulting functions are D-functions 
in this kind of distributed space, and these D-functions satisfy the wave equa- 
tion having the differential operator (7) with the replacement of |a| by / The 
sharp distribution, therefore, leads to the spectral function 

Bey = CR eee ae (10) 
Z Lk 
which is not positive-defiite. Such a modification of spectral function as writ- 
ten above implies the introduction of indefinite metric in Hilbert space. 

The above is nothing but the result given by Markov.” Markov’s theory 
is thus included in our theory as a special case. It may here be emphasized 
incidentally that his physical interpretation is different from ours, 1.e. in Mar- 
kov’s theory the propagator of photon is modified by the existence of electron, 
but in our theory the propagator of photon is modified by the existence of 


photon itself. 
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It must be added that, in the case of sharp. distribution, Green’s function 
D satisfies the differential equation of infinitely high order, which does not have 
a propagation character.” This is expected from the fact that the spectral 
function (10) comprises the infinite numbers of masses. 

To examine the correspondence to the usual electrodynamics, let us apply 
the distribution 


p(a)=9(a) (11) 


to the functions (3), (4) and (5). Then, as we anticipated, we obtain Green’s 
functions in the usual four-dimensional spac-time : 


(D(z')8(a)da=D(s), (12) 
[D»(<!)a(a)da=D"(<), (13) 
D(=')8(a)da=D(<). (14) 


By the way, the general choice of metric fundamental form /(<") satisfying 
the conditions that the algebraic equation 


FG) =0 
has its roots a,’ and 
df (a;’)/d(=") £0, 


would not produce much difference from the previous case in the way of 
calculation, because | f(<*) | can be transformed as follows: 


RAP Le 1 4 : 
aLfey]=r 1 a(t?) (15) 
| f'(a;"*) 
and the right-hand side of Eq. (15) is a combination of terms appearing in the 
previous case. It means that the general choice of metric fundamental form 


/(@*) corresponds to attaching a discrete distribution to the metric fundamental 
form 7?—a’. 


. 


§4. The continuous distribution of space-time 


As an example of indefinite metric which cannot be caused by the discrete 
distribution of metric fundamental form in space-time, let us consider the gener- 
alized electrodynamics proposed by Bopp,” which has been interpreted as a 
theory of mixed field with negative energy or a theory with indefinite metric. 
Bopp’s theory succeeded in making the self-energy of electron finite, but the 
indefinite metric or the negative energy should be dealt with so as to present 


itself as the result of some other kind of physical cause. In Bopp’s theory, 
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Green’s function has a shape of Bessel function, and by means of selecting any 
kind of f(<?) whatever. we could not transform Green’s function into ol f(<’) }. 
It is impossible, therefore, to attribute such an indefinite metric to the mere 
‘modification of metric fundamental form, or the discrete distribution of metric, 
In space-time. 

To discuss Bopp’s theory from the standpoint of the distribution of metric, 
we introduce the continuous distribution 


p(a)= + tod (ola Wek, 2 constant; (16) 


This distribution function is even with respect to a and normalized as below: 
“i | 
5 Ky (Ko\a|) da= | ols (reo) da=1, (17) 
—o : 


Let us apply the above distribution to the functions (3), (4) and (5) in 
§ 3, to clarify the reason why we should have selected the distribution (16). 


(Dee) Leo (rola) da=D) — AC, 0), (18) 
[DD (<1) 2 xpd (mlal)da=D" (2) — dC, a), (19) 
(D(<') 2 kod (Hol a|)da= DO) — AG, 0). (20) 


These are nothing but the D-functions in Bopp’s theory. Our assumption thus 
brings out the modification of propagator, or of quantization rule. 

Needless to say, these D-functions make the self-energy of electron finite 
and satisfy the wave equation with such a differential operator of the fourth 


order as 


As get i Erg (= SR gs 21 
OO+e)=(Sa +2 = ane o+6); oe 


which certainly has a propagation character.” | . 
In the reduction of Eqs. (18), (19) and (20), the following formula was 
used : 


co 


ad (10a) Keyl (109) da = 8 (Ky). (22) 


0 
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By this integration formula is established the relation between the Hankel 
transformation and its inverse transformation.” 

Knowing the above D-functions, we can calculate the electromagnetic po- 
tential by the usual procedure. As regards the static potential, the weighted 
average of Coulomb potential in each subspace also leads to the same result : 


UT: 2 
JV r>+a a 


—o 


g ~- _ Kod 1 (Kola|) da= a [1—exp(— or) J. (23)” 
Fi . 


This potential deviates from the Coulomb’s law in the neighborhood of electron, 
namely, as for the static potential, the fluctuation of space-time is effective only 
in the neighborhood of electron. In fact, the right-hand side of the above ap- 
proaches a finite value e/(1/«,) as r approaches zero.” This is an example to 
show that our assumption has effect not only on the quantum level, but also 
on the classical level. We would like to remark again that the concept of the 
fluctuation of space-time is deeper than the classical or quantum concept. 

Leaving off the discussion about Bopp’s theory, let us proceed to the 
general case. For the general choice of distribution function f(a), the spectral 
function is given as below : 


oo 


(1c) =([2e) —8(2—2) GA) di, (24) 


0 


fon) 


G(2)=||a\ F,(alayp(a)da, (25) 


—o 


provided the integrations with respect to 2 and a are commutable. This shows 
that our assumption necessarily produces the indefinite metric in Hilbert space. 
And, as G(A) satisfies the condition 


fos] 


(Ga ai=1, (26) 


v 


0 


the spectral function (24) is nothing but the well-known Feynman’s relativis- 
tic cut-off,” which guarantees the finiteness of the self-energy of electron. 

In the expression (24), G(A) =0(A—Ky) or p(a) =1/2+ kegdy(K\a}) corresponds 
to Bopp’s theory and G(4)=1),(//) or p(a) =1/2-e(\a|—2) corresponds to 
Markovy’s theory. 

For another example, Feynman* gave G(A) =3A/K "+ [1 + (4/9)? ]-°?, which 
leads to Green’s function like 1/8z- «,? exp (—«|c|). This kind of indefinite metric 
can be derived by introducing the distribution: 1/2+«g’|a| exp (—«lal), 
xj: constant. In fact, the following integral is proved: 
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fla\n(a\ay Ky |alexp(—K,|a|)da=3 d [1+( ase (27)” 


a 
—o 


Different from the previous oscillating distribution function 1/2-KJi(#la|), the 
present distribution function 1/2-«,?|a| exp(—xo|a|) is a non-negative function. 
The characteristic width of this distribution is in the order of 1/, which may 
correspond to the so-called universal length. 

The spectral function (24) is not limited in the cases of the mixture of 
two fields or infinite numbers of fields. It is easily seen that, to obtain the 
mixture of finite numbers of fields, we may apply the following distribution 
function 


pla) =DC.5 eh (eila)), (28) 


t 


The condition (29) comes from the normalization of distribution function p(a). 
If the absolute value of coefficients C; is restricted to one, because of this 
condition, the fields of positive and negative energies have to appear alternately.” 

Comparing the various spectral functions, we can realize that a sharp distri- 
bution of a leads to a broad distribution of « and a sharp distribution of « is 
led from:a broad distribution of a. The conjugate property between a and « 
ss also seen in the comparison between quadratic forms zi—a and k,’—«’. 

We may select the distribution functions in such a way that the result- 
ing propagation function is properly regularized” and, at the same time, the ' 
differential equation satisfied by the resulting propagation function exhibits a 
propagation character.” Until the deeper principle will be found, our guiding: 
principle of finding a proper distribution function is not more than inductive. 

It must be noted that the distribution of space-time concerning one ele- 
mentary particle is independent of the existence of another elementary particles. 
The distribution should be taken, therefore, with respect to each path of each 
elementary particle. As the result, the fluctuation of space-time leads to the 
modification of propagator and of quantization rule, and the product of propagators 
can be expressed as the product of regularized propagators. 

In such a manner, we leave the advantages of the indefinite metric or the 
negative energy as they are, and, on the other hand, we attribute their disad- 
vantages to the fluctuation of space-time. Because of the close connection with» 
the structure of space-time, our theory is expected to be more comprehensive 
and more profound than that of mixed field which is led from the mere modifi- 
cation of quantization rule. 

The essential point of our result to be explained is that the motion of 
photon varies with the geometry of the space-time involved, which, in turn, is 
conditioned by photon. The non-singularity of propagator is ascribed to the 


312 Y. Takano 


fluctuation of light cone, in other words, the smearing of light cone due to the 
appearence, on equal footing with Minkowski space, of all other suitably modified 
spaces. This situation is analogous to the theory proposed by Deser,'” who 
considered the correction of propagators by gravitation. 

The above theory can be said not only of the electromagnetic field, but 
also of the meson field. The most general expression of spectral function for 


the meson field is given as follows: 
put) = [[B(e —0°,) 0? 1 = 2)] [| al J.(\a|4)p(a) dala’, (30) 


Km. Meson Mass. 


We expect, moreover, that the distribution function might characterize the 
kind of the elementary particle. As previously stated, a is the degree of freedom 
connecting the structure of space-time with the existence of elementary particle. 
From the standpoint of space-time the fifth variable a plays a role of fifth 
dimension and from the standpoint of elementary particle it behaves as if it 
were an internal coordinate. From the standpoint of space-time the probability 
distribution p(a) corresponds to the fluctuation of space-time and from the 
standpoint of elementary particle it corresponds to a kind of extension of ele- 
mentary particle. Speculatively speaking, p(a) might serve for finding the 
mass spectrum and a might play a part of radial variable of the internal space. 


$5. Conclusions 


We have tried to set up a theory which will lead to the conclusion that 
the existence of matter and the structure of space-time can never be independ- 
ent of each other. In our theory the singularity of propagators on the light 
cone is removed by introducing the distribution, or the fluctuation, of space- 
time. The fluctuation of space-time is assumed to be caused by the existence 
of elementary particles. This fundamental assumption means that the motion 
of elementary particles varies with geometry of space-time, which, in turn, is 
conditioned by the elementary particles. The fluctuation of space-time is re- 
garded as a concept characterized by the so-called universal length. The general 
theory of relativity exists on the basis of the dependence of both the existence 
of matter and the structure of space-time on each other in the macroscopic 
world, and the present theory is on the basis of the same dependence in the 
microscopic world. 

The removal of the singularity of propagators by means of the fluctuation 
of space-time is not anything but the introduction of the indefinite metric in Hilbert 
space or of the negative energy. This meets the requirement that the indefinite 
metric or the negative energy should be dealt with so as to present itself as 
the result of some other kind of physical cause. It also seems interesting that 
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the distribution of metric in space-time clarifies relations between Markov’s 
theory and Bopp’s theory. The present theory goes over to the usual field 
theory when the fluctuation of space-time does not rise. 

To change the distribution function according to the kind of the elementary 
particle, it may be that each elementary particle will be characterized by its 
own distribution function. In its appearence, therefore, space-time will be 
defined by the metric varying according to the kind of the elementary par- 
ticle. 
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Appendix 


The Fourier transformation in four-dimensional Minkowski space is written 
as follows: 


o o wo oo 


PUte “15 25 2X3) a = a | | \ FC ky, ko, ksye™ dkydk, dk, dks, (A-1) 


—o —o —o —oO 


kx=khyXo Rae [Baca 3X 3. 


: 5 Pape Pier tla tian Ot 
If fo, ki, Re, Rs) 18, a function of the variable «=y keo—k—ke—ks, that is, a 
Lorentz invariant function, the above transformation can be reduced to the 


transformations by Bessel functions. 


f(«) is even with respect to ho: 


| (Fc) an, 7 >0 
Ji KT 
fi a | 2 isan (A: 2) 
| z= ("F(t =") de, rat Oe 
\ TT 0 Ky =o" 
=2n\ 4G, wf («) de’. (A-3) 
f(x) is odd with respect to ho: 
pase aa) [20(e) | fle)ede—0(3*)| feo 2D dec (A-4) 
if 0 
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ee ies K)f () dk’. : (A-5) 


0 


We will reserve the proof of these formulae for another occasion. 


1) 
2) 


3) 


References 


H. Lehmann, Nuovo Cimento 11 (1954), 342. 

M. A. Markov, Nuclear Physics 10 (1959), 140. 

A. A. Komar and M. A. Markov, Nuclear Physics 12 (1959), 190. 

F. Bopp, Ann. d. Phys. 88 (1940), 345; 42 (1942/43), 537. 

A. Landé, Phys. Rev. 60 (1941), 121. 

A. Landé and L. H. Thomas, Phys. Rev. 60 (1941), 514. 

As to further development of the subject, see B. Podolsky and P. Schwed, Rey. Mod. 
Phys. 20 (1948), 40 and several relevant papers in Prog. Theor. Phys. Vols. 1~3. 

As for an example of five-dimensional approach to regularization, differing from ours, 
see Y. Katayama, K. Sawada and S. Takagi, Prog. Theor. Phys. 5 (1950), 14. 

A. Pais and G. E. Uhlenbeck, Phys. Rev. 79 (1950), 145. 

For example, E. C. Titchmarsh, “ Introduction to the Theory of Fourier Integrals” 
(Oxford, 1937). 

A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, “ Tables of Integral Trans- 
forms” (McGraw Hill, 1954). 

R. P. Feynman, Phys. Rev. 74 (1948), 939, 1430. 

W. Pauli and F. Villars, Rev. Mod. Phys. 21 (1949), 434. 

S. Deser. Rev. Mod: Phys. 29 (1957), 417. 


315 


Progress of Theoretical Physics, Vol. 26, No. 3, September 1961 


The Polarization of Deuteron 


Yasutaro TAKAHASHI 


Department of Physics, Tokyo College of Science, Tokyo 


(Received March 20, 1961) 


The polarization in the elastic scattering of deuteron from spin zero target is treated 
on the basis of diffraction theory by using the polarization formalism of Wolfenstein, Lakin 
and Stapp. The D-state contribution of deuteron is small, especially for small angle, in the 
result of cross section and polarization at 94 Mey deuteron elastic scattering. 


$1. Introduction 


Recently, the polarization effects in the elastic scattering of deuteron by 
carbon and various other nuclei were measured,””*? and were interpreted on 
the basis of the impulse approximation. Especially at 400 Mev deuteron scat- 
tering,” the tensor polarization, +n addition to the vector polarization, was 
measured, and was found to be appreciable. The general theory of polari- 
zation of the particle with any spin was discussed by Wolfenstein.” The 
general polarization formalism of deuteron has been presented by Lakin,” aie 
constructs a complete set of nine 3X3 matrixes as follows : 


iS — AS (sy +iSy) 5 


BD: 1/2 
To= (=) Sz, 


1\12 
Tae) (352-2), 
Ta=— = V3 | (sot is) sat si(se+i5y) | (1) 


Tn=—V/3 (sott5,)’, 


Tac (—1)"T i'm. 
The secondly scattered intensity is given by 
I, ¢) =I, (9, ¢) [1 +4T 2): T20)2 2 {iT Ci T 1 Do =(T aX Ts} cos @ 
42 To) T22)2 COS 29] (2) 
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where (T;,), and (7;;). are the quantum mechanical expectation value of Ti; 
averaged over the spin directions of beam, at the first and the second scat- 
tering. The other general formalism of deuteron polarization has been given 
by Stapp,” taking the D-state of deuteron into consideration. He pointed out 
the important effect of simultaneous scattering of both particles of deuteron, 
especially for large scattering angles. 

On the other hand, the diffraction theory of neutron inelastic scattering 
has been given by Inopin,” and this method has been extended for the inelastic 
scattering of a particle, deuteron and proton,” in which the surface vibration 
of nucleus is induced. The experimental results are fairly well explained by 
this model. An experimental verification of this model, which has been pointed 
out by Blair, is that the oscillation of inelastic scattering angular distribution 
curve, where the excitation involves no change of parity, is just out of phase 
with those of elastic angular distribution curve. In the stripping process of 
deuteron, it has been shown that a significant role was played by the dissoci- 
ation process arising from diffractive effect.” For elastic scattering, the dis- 
sociation of deuteron and the polarization of nucleon stripped from deuteron 
at high energy has been treated by Akhieser and Sitenko™”” on the assumption 
of diffraction theory, taking the spin orbit interaction into consideration. In 
the present paper, the polarization of deuteron elastic scattering is treated by 
the diffraction theory on the assumption of completely black nucleus, in which 
account is taken of spin orbit interaction. Although the D-state contribution 
of deuteron to both the cross section and polarization is small for small angle 
and low energy. The component of tensor polarization (Tx) is exactly equal 
to zero in the case that deuteron constitutes only of S-state. 

The calculations of elastic and inelastic scattering of deuteron have been 


12) ,13) ,14) 


done by many authors. It is shown that the electric break-up of deuter- 


on’ plays an important role in the elastic scattering of deuteron, but we 


neglect this process in the present paper. 


§ 2. Caleulation 
The free motion of deuteron in a plane perpendicular to the direction of 
incident deuteron (the Z axis) is descrived by the wave function 


1 Pate 
Pax(P, 7) = i, exp|7dK- P\ba(r), (3) 


where L is the normalization length, |dK|=Ksin@~K@ and p are the pro- 
jection of the wave vector K and radius vector of the centre of mass of deu- 


teron, and r is the relative coordinate between neutron and proton. (7) is 
the wave function of deuteron 


da(r) =[s(r) +87” Sid (r)]. (4) 


- 
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s(r) is the S-state wave function and d(r) is the D-state wave function. For 
triplet state, the tensor operator” S,, is given by 


Sw=6(s-7) —4 (5) 
‘ 
where s is the total spin of deuteron s=1/2(o,+o,). For the incident wave 
function, JK of (3) is zero, and so ¢ is simply (1/L)¢u(r). Owing to the 


presence of an absorbing nucleus, incident wave of deuteron is diffracted and 
the wave function can be written in the form 


b(p, 7) = Dax PsK (9, 7). (6) 
The scattered amplitude M(0, ¢) is given by 
M(6, ¢) = —i(1?K/22) ax. (7) 


We shall consider the effect of spin orbit coupling in the case of diffractional 


scattering, so dyx is calculated in the following WaYi? 


Qyx= \\v" (9, r) [o (,) ae o a9 me o (x) o ee) |oo (?, r) dpdr 


where 
A h 2 q(e—or). Oa | ) || 
~~) = 3 Ak We ( rae ee k; >< ——— K 
0O(%) =o )| +7 ‘VE e 5 ar, 


6 and 0’ are phase shifts specifying the complex parts of the central and spin 
orbit coupling interaction, 7 is the spin orbit coupling constant. o is the spin 


matrix of nucleon. 


a 2 <a eee 
ans aux t+— (4) gienon | try (?) dp\ erg," (r) [s K me AK |6,(r) dr 


+t a ie 80 | tary (?) dp [_-wmaneng (r)[(on—p) -kX< dK |ba(r) dr (8) 


2 Mc 
where K=k,+k, and k= (lia) (ka=-le,); 
J. p<kR 
=| (9) 
0 AKC 


R is radius of nucleus, and 


Bees [\y* (p, [eo (ra) $e (rp) — (7) 0 (rp) Hol, 7) dear. (10) 


ov 
The last term in Eq. (8) is proportional to (¢,—o,), whose expectation value 
vanishes as the deuteron is in triplet state and thus can drop out from Eq. (8). 


The scattered amplitude is given by 
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M(, ¢) =a, ¢) +04, ¢) (si n;) +0(8, 9) (Sis €: 3) (11) 

where 

NRK aK 

|K Xx dK 
and e; is the component of unit vector e with direction of 4K. The unit vector 
e is approximately equal to the unit vector oe ay defined by Stapp. 
out” in 


We neglected the effect of simultaneous scattering «,«w, in the calculation of 
the scattering amplitude. We shall discuss the term with w,w, in § 3. s; is 
the component of the total spin s of deuteron and s;; is the symmetrical tensor, 


z AR 
8;; = (8:8) +8)8:) ig oi fe 


-The quantum mechanical expectation values of s; and s;; are given as follows. 


tes 2 wy 
Iks)=Tr| 2 M0, ¢) M(0, ¢)s,|= > Re{ b(2a~©) 3 


IXs)=Tr] 2 Md, ¢) M00, )sy|= : | oo" (ni2)— eu) (12) 


xu 


+ (2Reae* _ ; co*) (c e;— : a.s) i 


and 
9 2 9 2 9 
Ih=a’*+ 3 b°+ 5 rage (13) 


The differential cross section after the second scattering, under the assump _ticn 
that the vector e is approximately equal to the unit vector E, is given by 


I, ¢) he I,(4, [1 ny : (a:)6a)s + 8¢siy)aCsu)s | (14) 


We can calculate the vector polarization (iT) and tensor polarization (Tx) 
etc., from Eq. (14) in comparison with Eq. (2). 


§ 3. Results and discussion 


We calculate the elastic scattering cross section and polarization of deuteron 
by diffraction theory, and the comparison with experimental results at 94 Mev 
deuteron energy is shown in Figs. 1 and 2. We employ the wave function of 
deuteron for the potential without core, introduced by Sugawara and Hulthen2” 
which has 4% of D-state probability. Spin orbit coupling constant 7=1/2 ut 
spin orbit interaction is caused by Thomas precession." However, in the shell 
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model and recent study of polarization of nucleon, 7 is very large compared 

with 1/2. We employ 7=15; and further 0=34.3° and 6’=0 given by Fermi™ 

Hafiner analyzed the data of polarization of proton employing the Wood Saxon — 
potential” and chose 7=22, 0—68.5° 0’=0. The vector polarization (7Tu) is 

very large compared with experimental result if we employ the parameter given 

by Haffner. The D-state contribution is very small for both cross section and 

polarization in small angle scattering. The D-state contribution for (iT) is 

about 5% of the value of (77). The component of tensor polarization (Tx) 

is exactly equal to zero without D-state. It is less than 1% even if we take 

account of D-state and even at energy as high as 94 Mey. This is much smaller 

at lower energies and the statement of Hird, etc., that the negative coefficient 
of cos ¢’ in (28) is caused by the effect of (Tn), seems doubtful. Tag asmless 
than 2% and (Tx) is less than 4% at 94 Mev. 

In §2 and §3, we neglected the term with on». This approximation cor- 
responds to the impulse approximation which neglects the simultaneous scat- 
tering of the particles composing the deuteron by nucleus.” Stapp pointed out 
that the simultaneous scattering may play an important role for large angle 
For small angles, which we have treated in the present paper the 
The term with ,w, has been 


he wave function of deuteron 


scattering. 
effect of simultaneous scattering may be small. 


evaluated by Akhieser and Sitenko, assuming that t 
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is rs(r)=Ne~*” and that the nuclear radius R is greater than the radius of 
deuteron Ry=1/2a. 

The results with the correction of w,w, are shown in Fig. 1, with broken 
lines. We take the radius of carbon R=4.5X10-"% cm, which Haffner employ 
in the analysis of deuteron inelastic scattering.’ We cannot explain the fact 
that the negative sign of vector polarization in smaller angles less than 10° 
appears at 94 Mev and does not appear at 125 Mey, 
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The theory of nuclear superfluidity is presented by making use of the independent-pair- 
approximation developed in the Brueckner theory. The relation between the both theories 
will be clarified in the course of this derivation. A stable configuration of the system is 
determined by the correlation function between the pairs which satisfies the Cooper-Mills- 
Sessler (CMS) equation. This equation is simplified in such a way that the correct energy 
gap can be obtained even after the simplification. The variational principle used by CMS 
is found to give a lower bound to the energy gap. The simplified equation is solved in the 
low density limit without making any particular assumption about the two-body potential. 
When the attraction is so weak as to give a negative scattering length, a diffused Fermi 
distribution becomes stable. The exact energy gap in this limit is shown to be smaller by 
the factor exp(—2) than that of Emery and Sessler. If the attraction is strong enough to 
create a bound state the Fermi distribution is completely diffused. The energy gap is 
twice the binding energy. Finally, the insufficiency of the independent-pair-approximation is 
indicated. 


§ 1. Introduction 


Nuclear matter shows a characteristic phenomenon of the saturation. It 
is a bound state of many nucleons but not a collapsed state. Such a bound 
state may result from correlations among the nucleons. When the effects of 
many-body forces are negligibly small, the two-body potential must have a 
repulsive part within a short distance and an attractive part around it. The 
former is necessary in order to keep the system from collapsing and the latter 
to form the bound state. If the repulsive part has a hard core, nucleon col- 
lisions in the nuclear matter must be carefully treated. Brueckner and many 
other authors” have developed the method for treating such a problem. One 
of the important assumptions made in those theories is the validity of the 
independent-pair-approximation in which only such processes are considered 
that arise from the couplings of particle-particle and hole-hole pairs with the 
same total momentum, definite total spin and isotopic spin. This approxi- 
mation has enabled one to treat the hard core interactions between the nucleons. 
One may expect that the two-nucleon clusterings due to the attractive interaction 
could in principle be included in this approximation, but this possibility has 
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* A preliminary account of this work was published in references 1) and 2). 
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been excluded by the second assumption that the configuration of the system 
is not drastically altered from that of a degenerate Fermi gas. The effect of 
the attractive interaction has been considered after the elimination of the hard 
core interaction.” Meanwhile, Cooper, Mills and Sessler” have applied the 
method used in the theory of superconductivity® to the problem of the 
nuclear matter. They have been able to treat the attractive- and the hard core 
interactions simultaneously. The relation between these two methods has not 
been clear.* It will be clarified in this paper that the latter method will be 
derived by making use of the independent-pair-approximation if one does not 
assume the stability of the degenerate gas state. 

The structure of the dynamical system will be studied here in the inde- 
pendent-pair-approximation by making use of a familiar method treating the 
small oscillation about a stable point.” The following example may be in- 
structive to explain the treatment. Considering a motion of a particle in a 
complicated potential by quantum mechanics, one will find a minimum point 
of the potential and expand it around this point. The potential is approximated 
by the first two terms of the expansion, so that the system is simulated by 
the harmonic oscillator. Then one will be able to apply quantum mechanics 
to this system to find the motion of the particle. This approximation is satis- 
factory if the zero point energy of the small oscillation is sufficiently small 
compared with the depth of the potential. The same principle can be applied 
to our Fermion system since the Hamiltonian of the system can be rewritten 
in terms of spin variables assigned to each pair state whose stable configu- 
ration may by found ina classical way.” It corresponds to the minimum point 
of the potential. The configuration must be more stable than that of the former 
example since the kinetic energy is also taken into account at the same time. 
It turns out that the stable configuration will be determined by the correlation 
function identical with that of a superfluid nuclear matter.") This means that 
the independent-pair-approximation is able to describe the two-particle clustering 
if the statistics of Fermion pair is taken into account. 

The equation for the correlation function has been investigated by many 
-authors. Cooper, Mills and Sessler have derived a variational principle which 
gives the criterion for superfluidity,” but the relation between the variational 
principle and the energy gap has not been noticed. Emery and Sessler” have 
calculated the energy gap transforming the equation for the correlation function 
into a form suitable for numerical solution. They have obtained too small 
energy gap in the case of the actual density. In this paper the equation for 
the correlation function is solved by another method. It is simplified so as to 


‘ 


* Recently, Marumori et al. have discussed on this point and obtained the same result with 


this paper.” The stability of the Bogoliuboy ground state is assumed a priori in their paper, but 
it will not be assumed here. 


res 
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give the accurate form of the function in the region of small distances in the 
coordinate space. Since the criterion for the existence of a superfluid state is 
given by the continuity condition at the surface where the short range two- 
body potential vanishes, this simplification is expected to give a satisfactory 
result. The simplified equation is found to be the Euler equation resulting from 
the variational principle for the energy gap, which is nothing but the variational 
principle used in CMS. In the case of a low density system the simplified 
equation will be solved in two cases without making any particular assumption 
about the two-body potential: One is the case where the interaction is at- 
tractive and weak leading to a negative scattering length and the other is the 
case where the interaction is strong enough to give a bound state. The energy 
gap will be obtained from the eigenvalue. 

In §2 the Hamiltonian of the system is simplified under the assumption 
of the independent-pair-approximation and the minimum of the energy is found 
classically. The equation for the correlation function is derived and it is shown 
to be the Euler equation of the variational principle used in CMS. The equa- 
tion is solved in §3 when the eigenvalue is not larger than the energy of the 
Fermi level. § 4 deals with the case where the eigenvalue is independent of 
the Fermi momentum. Finally in §5 discussion is given on our results and 
on the problems to be considered. 


§ 2. Independent-pair-approximation 


In order to treat two-particle collisions rigorously, let us first introduce 
explicitly an operator of a pair of particles. If the pair has the total momentum 
2p, relative momentum 2k, total spin J with the z component mm, total isotopic 
spin J with the third component », the annihilation operator of this pair is 
defined by 

Grp sere is sae a (4 5 s'lIm) (J-22-2|Tn) cae Cons 
tt! 
where c;’,, means the annihilation operator of a nucleon with momentum p+k, 
the = component of spin s and the third component of isotopic spin ¢. For 
simplicity, the two-body potential is assumed to be of static and central type. 
The Hamiltonian of the system is then given by 


lakes Ho aie V, 
Hy= >) (h/2m) cx ces 


Iest 
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pilmTn 


Vl Prtl eit jel tt) 
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where mm is the nucleon mass, 2 the normalization volume and the prime on 
the summation symbol means that the summation is taken only over half the 
k space; k,>0. The quantity (k|V,7r|k’) is the sum of the Fourier transforms 
of various exchange potentials and is given in the Appendix. 

: The equation of motion of a pair is found to be 


[C.(p; I, m; T, n), H]={(pt+k)’+ (p—k)*} /2m-Cy(p; I, m; T, n) 


+[C,.(p; I,m; F,n), C.*(p;1,m;T, n)] 7 2 (k| Vir|k’) Cy (ps I,m; T, 1) 


+coupling terms with different (p, J, m, T, 7). 


The last terms on the right-hand side are to be neglected under the assump- 
tion of the independent-pair-approximation. The average effect of those terms 
may be taken into account by determining a single-particle potential selfcon- 
sistently. The single-particle energy k’/2m will be replaced by w, which is 
the energy in the selfconsistent potential but we here shall not discuss the 
determination of «,..* 

Now one will take the reduced Hamiltonian in such a way that it will 
give the same equation of motion for the pair. The operators Gk(p slow 35.7) 
and Cii(p’; I’, m'; T’, n’) may be regarded as commutative if any one of 
p, I,m, T or n is different from the corresponding value with prime. The 
system is then equivalent to an assembly of independent dynamical systems 
each one of which is specified by a distinct set (p, J, m, T,). The shift of 
the ground state energy due to the interaction is called the energy shift. The 
energy shift of the total system is obtained as the sum of those of each system. 

When we consider a particular system with a definite set (p, J, m, T, 7), 
the interaction energy is given by (2-1) and the notations of paired- and 
unpaired states can be used as follows. Every state with pt+k, s and ¢ has a 
partner which is characterized by the quantum numbers p—k, m—s and. n—t. 
These two states may be regarded to form a pair of states. If one of the 
states in a pair is occupied by a nucleon and the other is unoccupied at the 
beginning (these will be called unpaired states), the nucleon is not influenced 
by the interaction and the energy of the nucleon can be easily found. If both 
states are occupied or unoccupied at the beginning (paired states) those are 


always occupied or unoccupied simultaneously. The operator for such a pair 
of the nucleons is given by 


C, (s > t) = Ons Ie Conk es (2 ‘ 2) 


> 


where (p, I,m, 7T,n) is suppressed on the left-hand side. They satisfy the 
relation 


* The determination of w, has been discussed in reference 7). 
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ot st — .m—s n=tt =—3 nt + y 
Chik Opin’ =Cpok Gy P=, (5, 2) Cp, OY, (2-3) 


where ¥ is any state which is to be considered in treating the system with a 


definite set (p, I, m, T,). By means of this the kinetic energy of the system 
can be written 


Dt ORGp Cp > 11) Pp sly Mi Let) =D) (Ont F Opin) Cet (53-0) Cas; 1) 
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where the first sum is taken over the paired states and the second over the 
unpaired states. The reduced Hamiltonian is now found to be 
Lipsteee Ded Doles Log). (2-4) 
pimTr 


where 
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In (2-4) the operators C,(s,t) and Cr (s’, t’) which belong to different 
H(p; I,m; T,n)’s must be regarded as commutative. Instead of this we have 
- added the kinetic energy to the respective Hamiltonian H(p; J, m;T,n). One 
can obtain the desired equation of motion for the pair by making use of 
(24): 

Now let us consider a particular Hamiltonian H(p; I,m; 7,7) hereafter. 
C,.(s, t) and C;*(s, 2) satisfy the commutation relations 


Mon (aL) Cr S-t (9; 
(OR CRY RO MIOE Bo) = 0 tee (Ris, b) MRS, ON 
Cel spt) Cie (5, Oe I, 
ORE VAN GA Gora) heal) 
which are derived from (2:2) and (2-3). These relations can be satisfied by 


the following representation, 


Cy,(s, 1) = fora(Kest) +i, Kest)} = me (kst) -+im,(kst) , 
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Cyt (s, OCn(s, )=—-—m. (st), (2-6) 
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where o’s are the Pauli spin matrices and m’s the angular momentum operators 
of magnitude one half. Thus one assigns a spin to each paired state in such 
a way that if it is occupied the spin has a direction downwards, and if unoc- 
cupied upwards. This assignment has been used by Takano, Fukuda and the 
present author in the discussion on the theory of superconductivity.” The 
Hamiltonian (2-5) can be written in terms of them as 


’ 1 SApIN a 
FAAS 1970, 501,21) = YY {ep+n+ep-z} — pit {Op+k +Op—K} Mz (kst) 
, est 


hest 
+ Ly kst| Vie'|k’ s’ t’) {m,, (kst) m,.(k’ s' t’) +, (kst) m,(k’ s't’) } 
Q ‘Rat : 
ale S77 
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For simplicity we will consider the Hamiltonian H(0; J,m;T7,m) hereafter 
and assume that there are no unpaired states. This is the correlation which 
Bardeen, Cooper and Schrieffer® have taken into account in their theory of 
superconductivity. Now one will apply the method of small oscillations around 
the stable point. As the nucleon number is not definite in this method, one 
imposes a subsidiary condition 


2" Cy*(s, OCe(s, D =’ (1—2my(kst)) =A, 
Ast Mest 


which must be satisfied as an average, A being the total number of nucleons. 
Then one makes the expression 
9$=H(0; I,m; T, n) —A| > (1—2mz(kst)) — A] (2-7) 
fest 


minimum by treating the spins as classical quantities and putting 


“Athy Zi _ cos 6 (kst), 


my, (kst) = = sind (kst) cos ¢(kst), (2-8) 
ae ; 
m, (kst) = sin? (kst) sing (ks?), 


where 4 is the chemical potential. The Fermi momentum k, is defined by 
A=Wg yp 


We will assume the same Fermi momenta for the neutron- and the proton- 
system. The minimum point is given by the solution of the following equa- 
tions : 


1 
Q 


we 
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E(k) 7 (wn —Z) > 
From these follow the relations 


¢(kst) is independent of (k, s, 4), 


9 (ha E(k) 2f (kst) 
cos 0 (kst) === —*—.,, sin@ (kst) = — ies pigh!) 
V &(k) +4f7(k) ust) V E(k) +467 (k) ae 
in which f(kst) and f*(k) are defined by 
f(kst) =—2— 30 (kest| Vth’ s/t!) sin (k's! 2’), 
22 kisi 
f (k)’=f (kst)’, 
and satisfy the equation 
1 } 7mn FINE, pi eer) ‘ 
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This is nothing but the equation found in the theory of the superfluid nuclear 
“matter. Introducing the Fourier transform of the correlation function 7 (x) by 


L(k) = : ym (2s m—s| Im) ee t+ -n—1\Tn) f(kst) 


9 
a 


one can rewrite (2-10) as 


1 1 
[pe ee ate eee VR a a ek) 9-11 
Lie) eeeeeanst ga | xc’), (2-11) 


where %(—k) is defined by 
| X(—k) = —(-1)*°71&), (2-12) 


and V(k—k’, I, T) is given in (A-1). It is evident that Eq. (2-11) has only 
4 trivial solution 7(k) =0 if the interaction is repulsive, ie. V(k—k’, I, T)>0. 

An approximation will be made here. If f(k)? in the denominator of 
(2-11) is slowly varying around the point k=kr, it may be replaced by a 
constant f(kr)?=&', since it 1s appreciable only at that point. At k far from 
kp, €o may be neglected in comparison with &(k)”. These properties can be 
retained if one replaces / E(k)? +460" by |€(k)| +15." / will be determined so 
as to satisfy the relation 


* The relations used by Emery and Sessler!) can be obtained even with this approximation 


if. Eq. (2-18) -is satisfied. This means that the above approximation gives & with a sufficient 


accuracy. 
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where « is a quantity such that 
E(kp+K)’>&, 


The quantity (2-13) must be kept invariant as the function of & under any 
approximation, since & is determined by an equation which involves only the 
quantity. (2-13). Eq..(2-13) gives 


i— 1s 


This approximation must be satisfactory as far as & is sufficiently small. 
Physically speaking, it changes the exponential decrement of 7%(x) to the inverse 
power decrement for large |x|. However, the correlation function can be well 
reproduced for small |x| since the equation for 7%(k) is accurate for large |k\. 
Therefore the present application must give the correct criterion for the ex- 
istence of a superfluid state. Eq. (2-11) takes the form’ 


Jon Oey) (k) = 1 > VK, 1, T)L®) a Rly (Ro: OD) 


This is the Euler equation resulting from the variational principle 
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1 ‘ , Re | 
+59 Bee V Rk, 1 TI) || 1G)*1@). (2-18) 
This has been used in CMS as the criterion for a superfluid phase. It is now 
known that this variational principle gives a lower bound for &. From (2-6), 
(2-8) and (2-9) & is found to give the magnitude of diffuseness of the Fermi 
surface. 

Substitution of (2-8) and (2-9) in (2-7) gives the classical minimum 
energy. The energy shift is obtained as the difference from the Fermi energy 
as follows: 

4h => E(k) + Oy» A—4 >) wx 
ke kakp 
Ewa c E(k)? 9 
A / E(k)? +4f(k)? € xX(x)* (x, Fe T)Z(x), (2 16) 


where 
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and 


X (x) == - a rapid 6 (k) 


This is the same result as that given in CMS in the case of neutral Fermions. 


§ 3. S-wave solution in the case of weak attraction 


As the potential is spherically symmetric Eq. (2-14) can be reduced to a 
set of eigenvalue equations for each partial wave. Let us consider the S-wave 
solution. It requires [+7 to be unity from (2-12). The correlation function 
now takes the form 


(x) =ur)7r; 
where we have used the non-dimensional variable 
Thee (3-1) 


Eq. (2-14) can be rewritten as 
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where the effective mass approximation 
Ont) Le 
is adopted and we put 
v(r, 1, T)=V(r/ke, I, f02% 
sin(r—s) _ sin(rts) | 
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The two-body potential v(7, LR )ass assumed to be 
. co, at r<krre=e, 
v(r, I, T) =4 arbitrary but non-singular at c<r<a=krfa; 
Osa ars 


The method used by Bethe and Goldstone™ to study their equation applies to 
(322)... .Lhe function 
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takes the form 
w(r) = Ad(r—c) + wy (r) at 0< are Cy 
where 
A=u,'(c+0). 
For convenience, the following notations will be used: 


(ma), at Ace reeds 


= (3-3) 
Atlas mean at "@<r. 
From (3-2), w (7) satisfies 
w(r)=2AX(r, c) +2 | dsw(s)Z(r, 5) 
an | ee Ty TPT) a(S Ss) +29" | dsu(s)z(r, Ss). " (3-4) 
F 7 


At r>c, Eq. (3-2) can be rewritten as 


a 
2m* 


2 * ae 
Che -- (1- clas cot Cee SEM fe) — *) a) A; | dsv(s, I, T)u(s)X%(r, s) 


dr? Pe kp 


Cc 


—29"{ dsu(s)i(r, s) -2AXL(r, c) =2t dsw,(s)X(r, s). (3-5) 


Now we shall consider a low density system. The Fermi momentum kp and 
the range parameters, a and c, are small. The quantity € is now assumed 
not to be larger than k,” in this limit. It will be seen later that this assump- 
tion will correspond to the case of the weak attraction. Let us first consider 
the solution m(r) at c<r<a. From (3-3) and (3-4) the kp dependence of 
A and w is found to be 


A~u(r)/kp, 
Ww, ~kpu(r). 


When only the terms proportional to 1/k» are retained in (3-5) it is simplified 
to 


d*u, _ m* 

——— =——— v(r, I, T) uy, 

apie eke Ae 
which is the same equation as for zero energy scattering of the two particles 
with reduced mass m*/2. If the scattering length of such particles is denoted 


by Z (in the non-dimensional unit (3-1)) the logarithmic derivative of the cor- 
relation function at r=a is given by 
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The equation for w(7) at r>a is reduced to 


dts om* ¢ 
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0 
where in the last integral the asymptotic form of u,(s) is used at 0<s<a. 
This modification can be made within the low density approximation. The 
frst term on the right-hand side can be rewritten 


a < 
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in which the last term may be neglected as it is proportional to kr. When 
the unknown w,(r) is represented in the form 


u(r) = | dee (k) sinKr, 


0 
q(x) satisfies the relation 


1 


[dea pte) 4(o sinkr= | de| —27%000) + a “un (a) | 1 |siner, (3-8) 


where Y%(r, a) is written in the form 


€ 


2 
L(r, a) = 


| dk sinka SinKr, 


and Eq. (3-6) is used. As the function represented by the sine transform is 
necessarily an odd function, it must have a discontinuity at the origin r=0 if 
it does not vanish there. The second derivative of such a function has the form 


da) = 2, (0) 0'(r) --non-singular term. 
i 
After adding the first term on the right-hand side to (3-8) one equates the 


coefficients of sin «r and finds 
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= 2(0 eo Pe Sara ke 
- Us ( ) esl +. 33 at 
Ut Meee Pe ( 
o p_* __ «<1, F=u,(0) ——*_. 
nm «—-1—- 9? l—a 
The function w.(7) now takes the form 
oor K ( 2 c K . 
us (1) mints fi Le eat (ORY. sin«r+~_~ us (0) daa ae sinkr. 


In order to derive the boundary conditions at r=a, w(r) is developed in power 
series in 7 since it is the expansion in powers of kp, 


Ua (r) =u, (0) + (Fw, — (0) wo) log 3? 
st 


+21 {Fd~o, lég(i an)) a0)  erglogt +0»))| 
at 


where 


42 hog wa trae 
w=V 1—$? and wm=V1+4;9". 


As log 8? will be found to be proportional to 1/k,, the first two terms are 
independent of kp and the last is of the order of ky. The boundary conditions 


U(a) =uU2(a), Ue’ (a) /tt2(a) =1/ (a—1) 
and the definition of F, (3-9), lead to 


z=1(wota,) log 8’? +21{2—a log (1+) —a, log(1+a;)}. (3-10) 


The left-hand side is independent of ky, but the right-hand side is proportional 
to it except for log #’. Therefore | log 3°| must be large, that is, 8? must be 
small. As log is negative, its coefficient must be negative. Thus it is 
concluded that we have a non-trivial solution for (2-14) in the low density 
limit if the scattering length 7 is negative. Since the effective mass m* 
should be reduced to m in the low density limit, the nuclear matter would 
have a superfluid state in this limit as the scattering length in the singlet state 
is actually negative. This possibility was first pointed out by Moszkowski” 
in the case of singular interactions. & is obtained from (3-10) as 


2 
&= <r exp(2—2), (3-11) 


which is not larger than k,”. This verifies our former assumption made below 
(3-5). The quantity (3-11) is smaller than that obtained by Emery and Ses- 
sler.. As already remarked, & gives the magnitude of diffuseness of the 
Fermi surface, and Eq. (3-11) shows that in the case of weak attraction only 
the surface layer is diffused as indicated in the figure in reference 2): 


= Bole 
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§ 4. S-wave solution in the case of strong attraction 


When the attractive interaction is strong enough to create a bound state, 
the scattering length takes a positive value. According to the results in § 3, 
€ seems to vanish. This strange result should be due to the improper as- 
sumption that & is not larger than k,". A low density system with such an 
interaction would be an assembly of the composite particles. Therefore the 
distribution of particles in the momentum space should be determined by the 
internal structure of the composite particle. The quantity & is now assumed 
to be independent of kp which will be verified later. 

Let us consider the solution (7) of (3-4) and (8-5) at c<r<a. The 
kp dependence of A and w, is now given by 


A~u(r)/kr, 
w, ~ u(r) /ke. 


If one retains in (3-5) only the terms proportional to 1/k,*, it is simplified 
to 


2 2 pa S 
ee: = (47 v(r, I, T)) L(t) = —28"| ASTVERCH I A GD (4-1) 
dr* [Bagi "4 
where the same modification applies as (3-7). In the same way Eq. (3-5) 
for 2,(7) is reduced to 


2 wh 
d . ( ) 23147) == 28?) dsus(s) 1(r; Sy (4-2) 
Ta : 
Putting 
u(r) = | deg (w) SINK’, (4-3) 
in (4-2) one finds 
D K 
| a; Us (0) ei Kets 
: Gis 2 K 
| uy (0) os ical, 


where use has been made of the same method applied to (3-7). The function 


u(r) now takes the form 
co ‘. 
2us(0) dk ——3y siner+— - 2 97,(0) | ds ee sin Kr. 


m= | x 1B 


One may extend the first integral to the origin, since the integral along 0<«<1 


0 
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gives a small contribution, and may neglect the second integral which leads to 
(17) =u, (0) exp(—Pr): 


This is the wave function of the two-particle relative motion in a bound state. 
The two-particle correlation in a medium is determined by themselves alone 
when the attractive interaction is strong, that is, the correlation function de- 
creases even in a distance smaller than the mean distance. The right-hand 
side of (4-1) may be neglected as one can see by substituting (4-3). The 
function (7) satisfies the Schrédinger equation of a two-particle system. Thus 
we find that the criterion of existence of a non-trivial solution for the eigenvalue 
problem is nothing but the criterion for the existence of bound state in the 
two-particle system. This will be satisfied in a low density system since the 
two-particle system has a bound state in the triplet state. The magnitude of 
& is equal to the binding energy which is independent of the density. The 
previous assumption is verified in this way. Since the quantity & is larger 
than kp’/2m* in a low density system, the Fermi distribution is completely 
diffused as shown in a figure of reference 2). This verifies the expectation 
that the system is an assembly of composite particles. 


§ 5. Discussions 


It is acommon feature of the two solutions in the preceding sections that 
the correlation functions, in the region of small distance, take the form of the 
wave function of a two-particle system. In the large distances outside the mean 
distance of the particles it deviates gradually from that of the two-particle 
system on account of the effect of other particles, if the interaction is weak. 
When the interaction is strong enough to create a bound state the correlation 
function is the same with the wave function even in the large distance. The 
characteristics of those solutions can be summarized as follows. The quantity 
€ vanishes and the Fermi distribution is stable, if the two-body potential is 
repulsive, or in other words, if the scattering length of the two-particle system 
is positive and there are no bound states. On the other hand, the quantity & 
is not larger than the energy of a one-particle level at the Fermi surface, if 
the interaction is attractive and weak leading to a negative scattering length, 
so that a diffused Fermi distribution becomes stable. The energy gap is shown 
to be smaller by the factor exp(—2) than that of Emery and Sessler (Eq. (19) 
in reference 11)). This suggests the fact that the estimation of the energy 
gap by making use of the scattering phase shift might not be reliable except 
in the low density limit. Finally, if the interaction is strong enough to give 
a bound state, the quantity has the same magnitude with the binding energy 
of the two-particle: system which is independent of the medi i 
the Fermi distribution is diffused Maes yearn 
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There are some remaining problems to be considered. The results of 
various experiments suggest the existence of an energy gap with the order of 
magnitude 1 Mev. However, any theoretical calculation ever made could not 
derive such a large energy gap for the infinite matter. It is desirable to obtain 
a satisfactory solution of (2-14) in the case of actual density. 

We have so far considered only the correlation between the nucleons with 
zero. total momentum which is given by the Hamiltonian H(0; J, m; Tay. 
It has given the energy shift (2-16) which is proportional to 2. If the other 
correlations described by H(p; I,m; 7,7) would give such large energy shifts 
independently, the total energy shift becomes of the order of 2. This fact 
indicates the insufficiency of the independent-pair-approximation. This appro- 
ximation may be applied when the system has a configuration similar to that 
of the degenerate Fermi gas, where pairs with different total momenta, or with 
different total spins or isotopic spins, may be regarded as independent, since 
the commutators of the operators referring to such pairs have always the vanish- 
ing expectation value with respect to the ground state. This may not be true 
when the configuration is drastically altered. We may be able to overcome 
this difficulty if one uses the description in terms of quasi-particles introduced 
by Bogoliubov.” Since the ground state may be well approximated by the 


vacuum with respect to the quasi-particles the independent-pair-approximation 
will hold for them. 


Acknowledgements 
The author expresses his gratitude to Professors N. Fukuda, H. Miyazawa 
and A. Arima for their kind interest in this work. He also thanks Drs. 
Iwamoto, Terasawa and Yasuno for their discussions. 
Appendix 


The most general two-body potential of the exchange type (static and 


central) has form 
V=Vy(x) + Vu(*) P™+V2(%) P?+Vx(x) Neg 


where P’s are the exchange operators defined by 


pr=+ (1+0;-02), 
pi=—+ (+n), 


f= -4 (1+o,-o,) 1 471-2). 


Suffices 1 and 2 refer to the two interacting particles, respectively. Introducing 


the Fourier transforms 
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Vk) = | Vix) e™* dx, 


one makes use of the notations 
V(k—k’, I,T) 
= Vy (k—k’) — (—1)*7 Vu (k—Fk’) — (—1)7 Va(k—-F’) + (— 1)7’ Va(k—k). 


The quantity (k 


2) 
3) 


12) 
13) 


16) 


(A-1) 


Virlk’) in (2-1) is defined by 


(k| Virlk’) =V(k—F, I, T) —(—1)**7 Vet, 1, T). (A:2) 
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Some integral representations for scattering amplitudes are proposed, which are more 
general than the Mandelstam representation. Their support properties are investigated for 
some practical cases and for the general case in every order of perturbation theory. In the 
Appendices Nambu-Symanzik’s formula is proved in terms of the Feynman parametric 
integral, and an example (for the two-particle scattering) is given in which stability con- 
ditions are satisfied but no dispersion relation holds. 


§ 1. Introduction 


Mandelstam” proposed a conjecture on the possibility of a double disper- 
sion representation for the two-particle scattering amplitude. Its validity has 
been investigated by many authors,” and it seems that optimistic standpoints 
are generally accepted. But until now no complete proof is given even in 
perturbation theory” in spite of many efforts. So it will be also possible to 
take a more pessimistic standpoint. Even if the Mandelstam representation is 
indeed correct, its proof will be too difficult to be given within a few years 
ahead and moreover this representation cannot be generalized to production 
processes as 1S easily seen. 

In these circumstances, it will probably be worthwhile to investigate some 
other integral representations for scattering amplitudes. The present author 
already proved integral representations for the vertex function with two or 
three variables.” The purpose of this paper is to propose. such representations 
for scattering amplitudes which are valid in every order of perturbation theory. 
This is not a trivial generalization. 

In §2, as preliminaries Nambu-Symanzik’s formula” for the general term 
of perturbation theory is given in terms of the Feynman parametric integral, 
and corresponding integral representations are proposed. In §3, the support 
properties of weight functions are investigated in the cases of the nucleon- 
nucleon, pion-nucleon and kaon-nucleon scatterings. The subsequent two sec- 
tions are devoted to the consideration of support properties in the general case. 
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In this connection we introduce a new concept which is convenient for indicating 
mass-spectral conditions in each Feynman graph. This concept seems to be 
very essential in graphical considerations. 

In the final section the relations between the proposed integral represen- 
tations and the Mandelstam representation and the dispersion relation are dis- 


cussed. 
Throughout this paper we use the terminology defined in § 2 of N.* 


§ 2. Integral representations 


The general term of perturbation theory (corresponding to a Feynman 
graph G) is given by 
N N 
n AIO( LS) y. 7) LL az, 
const. | \— Sa 2-1) 

; : U2(V—16)"-™ 4 ( 
where we have assumed for simplicity that all particles are scalar and all coup- 
lings are direct. The notations used in (2-1) are as follows: 

N: number of internal lines belonging to G, 

n: number of independent circuits of G, 

€: infinitesimal positive quantity, 

x,: Feynman parameter, 

USL, 2, , where the summation goes over all possible sets such that 
any circuit in G contains at least one line among {1, v9, ---, v,} ; 


and 


N 
et 1 ee 
[eS ee a 7 pas Wsks’, (2-2) 


t=1 
where 
m,: internal mass, 
S: intermediate state (the summation >} goes over all possible interme- 
Ss 


diate states), 


~~ 


s: effective external momentum in the reduced graph which is obtained 
ed shrinking each line of G—S to one point (metric: =F —k,’), 
= = UM UM Na, where HH, and H, are two subgraphs obtained by the 

Schnitt and where U'” means the U-function for a graph H (U“=1 
if H includes no circuit). 
A proof of (2-2) will be presented in Appendix A. The formula (2-1) with 
(2-2) is just the Feynman-parametric form of Nambu- Symanzik’s formula,” in 


which integration parameters are inversely proportional to the Feynman parame- 
ters. 


* N stands for reference 4), 


o ee” 


Ke 


“ sa tia 2 
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We denote the set of (effective) external lines of G by g and a subset of 


g by h. The complement of h is denoted by h*(=y—h). Then it is obvious 
that 


(h*)*=h, 
Cains) =U hs"; (23) 
ith) *=hiy Of," 


A Schnitt S divides g into two parts A and h*. ‘Then the momentum kg 1s 
expressed as 


Aj§ h A if h* 


So we may denote it by &,. Then (2-2) is rewritten as 


N 
Wes Si ame— D3 Ch Sn: (225) 
hb nh 
with 
Sp==— hy = —kis, (2:6) 
Fige t S1Weee 0. (2-7) 
U ses) 


i 


The summation Sy} in (2-5) means to take the sum over all possible divisions 


(h|h*) of g. The summation in (2-7) means to take the sum over all inter- 
mediate states corresponding to the division (A\h*). 

We denote the number of the elements belonging to a set % by y(YM). 
Then the number of the squares 5; 1s equaletore = lee SG when v(g) 4, all 
squares are not linearly independent.* 

Now, we consider integral repesentations. We multiply (2-1) by 


1 


8 


ce N 
= iM ey Tero ake a al | 8en—fn/*) den (2-8) 
i= h 
with 
ee eeallh (2-9) 
h 


After integrations by parts, we obtain an integral representation 


oo 1 1 

f ( ( . i ae CK, Zn) e 5. 

\ de - \ pe pe Zn) ” den Ko do PONS ee a (2-10) 
0 0 0 7 


The most important problem is to fnd the support of the weight function 


¢(k, Zn) © 


* The number of independent squares is 4v(g) —10 for v(g)=4 
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In particular, when v(7) =2, (2-10) reduces to 


C K 

Ape aca ie (22015 
: K=S—1€ ‘ 
M2 
where M stands for the lowest intermediate-state mass. This is the well-known 
Umezawa-Kamefuchi-Kallén-Lehmann representation for the one-body propagator. 


When »(v) =3, (2:10) becomes 


co 1 i 1 

; 3 pe aa 

{ Y(K, Za, ZB, Ze) : : 

| dc| dea den| dod (1 —24—29—20) re ee (2-12) 
‘ 4 4 4 K—24Sa— &p5Sh—RGSq—16 ; 


where A, B and C are the three external lines of the vertex part. The sup- 
port property of Y(«, 24, 2s, 2c) Was investigated in § 16 of N, that is, ¢ vanishes 
unless 


«= Max[M24.+Me 22+ (M,—Ms)’ 2c, 
Ma? z4+(Ma—Mco)*z8+Me' zc, 
(Mzp— Mc)? 2z4+Mp' 22+ Me zc], (2-13) 


where M,, M, and M,z are the respective lowest intermediate-state masses, pro- 
vided that they satisfy triangular inequalities.* 

The case v(y) =4 is the two-particle scattering. We denote the four exter- 
nal lines by A, B, C, D. The possible divisions of gy are expressed by 


h= {A}, {B}, iC}, iD}, {AB}, {AC}, {AD}. 214) 


9 


The corresponding squares s, are denoted by M,?, M,’, M, M?, s, t, u, re- 
spectively. Between them the well-known identity 


M.+M+M?+Me=s+t+u (2-15) 


holds. The first four squares are usually fixed on mass shells. Then putting 


N 
a Line (Ca +O) Me (Ce+0o)M,’?— (Cotly)M.— (Coto) M?’ 


1 


A= 2 ) 
Sedat ees nee 
and 
a= Cap—Co 7 
CantCsotlCap—3to 
Bad p=. 
m= ad (2-17) 


ee - - 
Cap-hGacrt (ap ace 
* If triangular inequalities are not satisfied, instead of (2-13) we get 


= Max [Maz4+Mazy, Mizy+Mézg, Mazyt+Mézg] 
by the method which will be stated in § 4 and § 5, 


ay ae ae 
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Kite 2 Cap—Go 
23 


Cee eie oC 


instead of (2-8), where ¢ is an arbitrary function satisfying 


CoS Min(Caz, Cac, Can), (2-18) 
we get 
i ¥ F ; 8) DCA es os 
\ da) dz. | dz.\ ded A— X=) EN At Za (2319) 
fe ogee ‘ J j=l A—218—2%qt—Z3u—1E 


The support in this integral representation is ambiguous on account of the 
identity (2-15). For example, if ¢) tends to minus infinity, the support shrinks 
to a point 
A= (M2+M,+M,’ +M/?)/3, 
Spe Oh fa hyses (2-20) 
Thus (2-19) is not interesting. 
In order to avoid such an ambiguity, we put 


Co=Min(Caz, Gr Eup: (2-21) 
Then (2-19) reduces to 
foo} 1 oo il 
Myy(@, x) fare, O33, V) 
da\d eee ee WRN Ae eee ees d3\ dy- (23 M0" 9 
\ = a—xs—(1—-2)t—2é +) | ws B—yt—(1—y)u—7é 
ae (7, 2) 
r 0. 7h S 
CA enc eC 2-2 
val Pe y—zu—(1—z)s—7é Ce, 


plus three possible single dispersion terms (and a constant term). Here the first, 
second and third terms in (2:22) correspond to the cases Co=fap, Co=Cap, 
and €)=Cuac, respectively. In the next section the support properties ot (2:22) 
will be investigated for some practical cases. 

When M2, M,’, M2, M2 are considered to be variables, we can derive an 


integral representation, which consists of seven terms such as 


co 1 1 
{ de | dea | dzao8(1 24 240) 
0 0 0 
x Q(K, Za, ZB» Z0> =D» ZAB> Zac) Petes Sacre es. (2-23) 


ge, Me—z3My—z0M — 20 Mi —2an8—2a0t 6 
with some possible subtraction terms, by a procedure similar to the above 
(f= Min (Ca, Cz, Cor Co» Cie lig can) an the present case). The support proper- 


ties will be investigated in § 5. 
We can likewise deal with the cases v(g)=z5. But the number of terms 


will become enormously large. 


ey ti) le om 
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§ 3. Support properties in some practical cases 


In this section the support properties of the weight functions in C2e22 
are investigated for the nucleon-nucleon, pion-nucleon and. kaon-nucleon scat- 
terings. For this purpose, it is convenient to make use of the method used 
in the proof of dispersion relations (see §14 and §15 of N). 

We denote the four external momenta by ka, ks, kc, Rp. The V-function for 
the two-particle scattering 1s . 


V= >| xm + Sst CrkP+Can(katks)?+Caclha the)? +Can(Rat kp)’ 


J=A,B,C,D 


N 
a pay aimet+ x (Cy +fav) ki + (Cas—Cand) (ka +kp)?+ (Cac—Cav) (ka thc)’. 
4=1 ‘ 
(3-1) 


We assume that the graph G contains no one-particle line, otherwise it reduces to 
simpler graphs. 
We first consider the equal-mass case. Let &, and k, be two vectors having 
the following properties : 
—k{=—ki{ =, khk,=0. (3-2) 


We abbreviate a,k;+ ak, as (a), a2). We then have proved in § 15 of N that if 
the four external momenta are given by (1,1), (1, —1), (—1,1) and (—1, —1) 


then the V-function is non-negative definite. For example, when we put 
k=(1, 1s kp=(1, earth 
(3-3) 
ko=(—1, Ls kp=(—1, at) 5 


we get . 
pa rife pa (CrtCapn) -24— (Cas—Cap) (24)*— (Cac—C apn) (24)? = 0. (3-4) 


Since 


yet 2 ny ie a 2 
241 Citt 2a (Crt+lav) # 
a= Oo pe | oe ae 
oa ys 9: 
Cast Cac 26up 


and 
Cap Cap 
SIF Ne PRY. iy 
from (3-4) we obtain 
a = (21)? (3-6) 
as a restriction for the support of (a, x). Those of 3 and ~s are the same. 


In practical cases we put #=m,. The nucleon number conservation law 
means that there are some nucleon paths (i.e. nucleon open-polygons) in G 
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Then we can add either (f, 0) and (—f, 0) or (0, f) and (0, —f) to both ends 


of each nucleon path, where 
fas, (3-7) 
Mr 


In the nucleon-nucleon scattering there are two nucleon paths (either 
P(AC) and P(BD) or P(AD) and P(BC), where P(AC) stands for a path 


connecting A and C). We take external momenta as follows : 


ka=(f+1, 1), a=(f+1, —1), 


(3-8) 
ko=(—f—1,1), ko=(—f-1, —1). 
We then obtain 
—ke=—kp= —kd=—kp=my +m, > my (3-9) 
and 
bet ka Origine s O)50 0 (ki +kn)?=(2 ny)’, (3-10) 
ka tko= (0, 2), — (ka tho)? = (2m,)’. 
Therefore the support of ?» is included in the domain 
a> (2my)*x+(2m,)* 1-2). (3-11a) 


Likewise we get 
3>Min[(2m,)?y + (2my)* A—»), (2my)2y + (2m,)? A—y)], (3-11b) 
ae (2g) Ste (2mx) A =—2)' (Ste) 
Next we consider the pion-nucleon scattering. Putting 


oy ea i rae psy ke=(1, —1), 


(37512) 
ko=(—f-1,1), ko=(-1, 
so that 
Sy ae —ké=my +m, > my» (3-13) 
ay Se —hF=2m,>m. > : 
and 
= (hy -P hs) = (tm) (3-14) 
= y+ he)? = (2m), 
we obtain 
eS (my tmz) xt (2m)? (1—2). (3-15a) 


Likewise we have 


344 N. Nakanishi 


B= (2m,)2y9 + (my+m,)?(1—-y), (3-15b) 
y= Max[(myt+m,)?2z+ {(my—m,)? + (2m,)*} (1—2), 3 
{(my—m,)* + (2m,z)*} 2+ (my+m,)? A—z)], (3-15c) 


where the latter has been obtained by putting 


Finally, we consider the kaon-nucleon scattering. In this case, we have 
not succeeded in proving the non-forward scattering dispersion relation for 
experimental mass values. So we must content ourselves with making use of 
the proof of the forward scattering dispersion relation. We obtain 


a> (mytmx)’ x, (3-17a) 

8 = (myt+m,)? (1—y), (3-17b) 

7 = Max[(my+m,)? 2+ {2m + 2m? — (m4+-m,)*} A—2z), 
(my—mx)?2=+(ny+mx)? A—2z)). (321 7c) 


§ 4. Generalized intermediate state | 


Before entering into the consideration on the support properties in the 
general case, we will introduce some new concepts and investigate their prop- 
erties. 

Let Z be a set of internal lines such that any external line belonging to 
h does not connect with any one of h* without passing through Z. We denote 
the set of Z by Z(h). Then it is evident that 


Z(h*) =Z(h), (4-1) 
Z(h) #4, (4-2) 


‘empty set”. The latter is because Z(h) always contains the 


« 


where ¢ means 
set of all internal lines of G, provided that all elements of g are effective ex- 
ternal lines. If 2’ 3Z for Z@Z(h), then one has Ze Z(h). 

Let Z be the union of Z(h) where h moves over all subsets of ¢ except for 
g and y. We call an element of Z a “ generalized intermediate state”. 

When 4,€2Z(h,) and 2,€ Z(h.), Z,UZ, separates g into four parts h,Nhg, 


hiNh;*, hi Oh, and hi*Nh,*. We therefore get 


ZwZeziscin (4-3a) 
, ZUZ,EZh Nnh;*), (4-3b) 
Z,U2Z,€2Z2(h, UhA,*), (4-3c) 
Z,U Z,€ Z(hy Uhy) (4-3d) 
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by using (2-3) and (4-1). 
An intermediate state S is defined by 


SEZ 


AAD 
and UR ee Rez: Ce 


Let S be the set of intermediate states. We write 
S(Ch) = Zo, (4-5) 


Then S(h*)=S(h) holds, but S(h)%¢ is not always assured. If hid<h, and 
h,*, S(hi) OS(h2) =¢. 

It is an important property that if 7< Z, then 38cZ SES, because if Z&S 
then 3Z,<Z Z,€Z on account of (4-4), and uo Ze S "then! Z,< 27 Zo=Zgacince 
the series Z>Z,>Z,.>°:-<Z is of course a finite one, there exists the final 
Blement. Ze VR<Z, REZ, namely, Ges. But it should be noticed that SCZ 
SeS(h) does not follow from LeaZine 

When H is a set of internal lines in G, we define the ‘“ mass measure ” 


of H by 


mE = 2 me. (4-6) 

This evidently has the following properties : 
i) m(¢)=0, (4-7a) 
ii) m(H) 20, (4-7b) 
iii) m(H,U Hz) +m (H, 0 Hy) =m (A) +m WEA ee 7c) 
especially, (H+ 2) =m (F,) +m (Fz). (4-7d) 


We define the “ lowest intermediate-state mass of G” and the “lowest 


generalized-intermediate-state mass of G” as follows: 


M,(h)=Minm(S) if S(A)S¢ s 
SES (2) 


(4:8) 
= 0 if S(h)=¢, 
M,(h) =Minm(Z). (4-9) 
ZEZ(n) 
Then it is obvious that 
Me (h*) = Meh), Mz(h*) = Mah) (4-10) 
and Mg(h) = Me(h) 2 9. (4-11) 


M,(h) has some remarkable properties. When fi Nh,:=¢, the triangular 


inequalities 


* %<B means UCB and A+B. 


ee 
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|Mo(hy) —Me (hs) | < Mei +h) S Me(hi) + Me (hz) (4-12) 


always holds. 
Proof. From (4-7c) and (4-7b) we have 


M,(h,) +Me (Az) = Min [m (4) +m (Za) | 2 Minm (2, tI Zg)s (4-13) 


F (hy) 
BD 


Since for any Z,eL£(h) and Z,€ Z(h2) 
Z,UZ,€ £(h, +hz) (4-14) 


on account of (4-3d), we obtain 


Min m(Z,UZ,) = Min m(Z)=Me(h, +hz). (4-15) 
Depa ZEZ (hy +h) 


The second inequality of (4-11) follows from (4:13) and (4-15). In order to 
prove the first one, instead of (4-14) we have only to use that for any 


~ZELZ(hA,+h2) and Z’E€Z(h,) (or €Z(h2)) 


ZUZ'ELZ(h,) (or €Z(hi)) (4-16) 


on account of (4:3b) and h,Nh.=¢. (Q.E.D.) 

Next we consider the relation between M,(h) and M,(h). Let Glh]| be 
the self-energy graph which is obtained from G by joining the external lines 
of A and those of h* respectively. If we consider Z&Z(h) in Gh], we get 


38CZ SeS(h) in G[A] (4-17) 
because S(h)=S in G[h]. In G, therefore, we have 
SEZ(h) 
r (4-18) 
and S= 31S; S;€S(hi) 
with 
1esrSv(G) <1 (4-19) 


We call S defined by (4-18) a “ primitive generalized intermediate state with 
respect to h”’, and denote the set of primitive generalized intermediate ‘states 
with respect to h by P(h). We call {S(h;)} the “type of S”. 
P(h) is of course a subset of Z(h). Since m(S)<m(Z) on account of 
SC Z, one has 
M,(h) =Minm(S) =Min >) > 7 GaSe) (4-20) 


Se PP (1) SEP (2) — 


Calculating the minimum of m(8,;) within S(h;) first, we obtain 


M,(h) =Min[ >} Ma (h,)], (4-21) 


h-prim a 
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where Min means to take: the minimum for all types, {S(h.)}, of primitive 
h prim 
generalized intermediate states with respect to A. In particular, if A consists 
of only one external line, (4-21) becomes 
M-(h) =Min[ S13 Mo(h.)). (4-22 


ed 
Dagar e 2% 
7 


The mass spectral condition is usually indicated by 
M,2==MinM,(h), (4-23) 
G 


where Min means to take the minimum for all graphs having the same g which 
G 


are permissive under given interactions. Then 


M,=MinM,(h). (4-24) 


Proof. Because of (4-11), it suffices to show that 
VG 4G’ M,(h) 2 Ma(h). (4-25) 


Such a graph G’ is constructed by joining three G’s: The first G is joined to 
the second in h* and the second is joined to the third in A. (OAR DY) oa 

Finally, we notice that the following interesting inequality always holds 
in case of the two-particle scattering (GatA By GD s 


M;( A) +Me(B) +Mc(C) +Mc(D) SMc(AB) +M,(AC)+M¢(AD). (4-26) 


It should be remarked that a corresponding inequality for M, does not. hold 


in general. iB . 
Proof. It suffices to prove that for any 7,€ Z(AB), Z,¢Z(AC) and Z,€Z( AD) 


“vAR—V AGS) ks ABs CD) 
ZatZetZotZoe Z:+Z,+Zs, (4-27) 


where. we have assumed ZN=ZNLZ3=L30 A=$. If not so, we have only 
to introduce some 2-vertices appropriately (then G is topologically unchanged). 
We denote a path connecting A and B by P(AB). By definition, Z, intersects 
any one of PLAC) RAD); P(BC) and P(BD), Z, does any one of P(AB), 
P(AD), P(BC) and P(CD), and Z; does any one of P(AB), P(AC), P(BD) 
andePCGDyY.. Theretore Z,4+Z,+Z, intersects any path at least at /wo lines. 
Now, we consider a reduced graph Gz that is obtained from G by shrinking 
all the lines which do not belong to Vitae) ¢ Hen the four external stars 
(i.e. the intermediate states nearest to external lines) of Gr (they are denoted 
tee s¢, §®) are mutually non-overlapping, and of course 


GAGE OLS? C Za dat 25: (4-28) 
We put J = Si JAA, B,C, D), then Z;eZ(J) in Gis obvious. Thus Zs, Zz, 
ep Sati Siy (45279 (0, E.D:) 
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$5. Support properties in the general case 


For the two-particle scattering the triangular inequalities (4-12) are 
M.(A) —M;(B) |< Me(AB) SMc(A) + M(B), 
M,(C) —M,(D)| <M,(AB) SM¢(C) +M-(D), 
M,(A) —M;(C)| <M;(AC) <M,(A)+M,(C), 
M.(B) —M,(D) |< Mc(AC) = M,(B) +M.(D), 
M,(A) —M,(D)| SX M,(AD) <M,(A) + MD), 
M.(B) —M<(C)|<Me(AD) SMc(B) +Mc(C). 


(5-1) 


Combining them and (4-26), we get 
M,(C) +M¢(D) SMe(AC) +M,(AD), 
M,(A) + M2(B) SM;(AC) +M,(AD), 
M,(B) +Me(D) S Mo(AB) +Mc(AD), 
Mc(A) + Me(C) S Mc(AB) + M<(AD), 
M(B) +Mg(C) <M;(AB) +M;,(AC), 
M;(A) +Mz(D) < Mp( AB) +M,( AC). 


Now, the following property follows from Theorems 13-1 and 13-3 in N 
and (4-11): 
If 
ke=arka (I=Ay BG Dy 
2 a;=0, (5-3) 
—k*=1, 
and if 
ar SS MGC): FO eA B Oa): 
aat ap = M;(AB), 
aatac| <M;,(AC), 
aa +ap| <M,(AD), 


(5-4) 


then 


we 


Pie les, 2 aires 
ae a bads Can(aa+apz)’—Caclaat+ac)?—Can(aatap)?= 0. (5-5) 


v 


tl 


The coefficients a; are chosen in the following way. 


1) aa=Me(A), as=—M(B), ac=Mg(AC)—M,(A), 
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ap= M(B) —M,(AC), a4+ap=M,(A) —M-.(B), 
ag +ac= M,(AC), a4 +an=M,(A) +M,(B) —M,(AC). 


We can easily see that they satisfy the inequalities (5-4) on account Ore ie) 
hata ml @avop’) 


2) as4=M,(A), as=—M,(B), astan=M,(AD), 
3) as=M;(A), ac=—MG(C), a4t+azr=M-(AB), 
4) as=M;,(A), ac=—Mi(C), aatan=M- (AD), 
5) -ag=Mg(A),, ao>=—Me(D), a +a,;=M,(AB), 
6) a= MCA), ap=—MWD), Gi dg Ma AG); 
7) ag=M,(B), ac=—M,(C), ast+az=Me(AB), 
8) as=Me(B)3~ ac=— MGC), aatac= —M,(AC), 
9) as=Me(B), av=—Me(D), as+an=Me (AB), 
10) az=Mz(B), ap=—Me(D), ast+an=—M(AD), 
11) ac=Ma(C), ap=—Me(D), astac=Me(AC), 
12) ac=Me(C), ao=—Mc(D), Ga tan= —M,(AD). 


From (5-5) with 1) we get 
Yam = M,(A)?64+Mo(B)?Ca+ {Mc(AC) —M,(A)}?Co 
+ {M;(AC) —M¢(B)}?f0+ (Mo(A) —M,(B)} "Caz 
+ Mg(AC)?64c+ {Mc(A) + Me(B) —M,(AC)}*Cap- (5-6) 
Hence one has 
am a Mires + M3ln+ Maclac (5-7) 
for all graphs. ‘So, using the choices 2)~12), we obtain 
St ym? = Max[Mi?C.+Ms'C2 t+ Maclac, Melst Me lst+Manlao, 
MitstMétot+Maklas, MeCstMelo+Midlan, 
MatstMarto+Maklas, MaCst+Mo'Cn+Maclac, es 
Msts+Me lot Maslas, MetstMe lot Maclae, 
Myls+ Mo lo+Maslar, Mts +My’ lot+Manlar, 
MetotMrtr+ Maslac, Me'fo+ Myln+MaaCan). 


- Restriction for the support of each term in the integral representation (2-23) 


is easily derived from (5-8). For instance, that of the first term is obtained 


ays Pe ee ae ee ery 


Tt 


+s 


3! 
~~ 


ee eee 
ed 
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from (5-8) by replacing Stzim,? by «, Can by O and & by =, forh& {AD}. The 
restriction for support (5-8) yields, for example, 


1 


ty Me : >) MPtr+ 4 {Maslant Maclact Marla}, (5-9) 
am 


but one cannot prove S\.x7,m/—->1M,*Z, in general (see Appendix B). 
J 


The integration parameters in (2-22) are given by 


pe atime —MCa— Mit a— A otonMag CoM + M,’ + M?+Me)fan f 


we AS Me 
CantCac “LAD 


eek CieN Abe 1 Gea (5-10) 


ia DY 2 
Cap+Cac SAD 


ES 
for Caz>Cap and Cac>Cap, and so on. - In order to assure a20, 820 and 720 


from (5-8), it is necessary and sufficient that 


12 
219) Chale 2s oe ay 12) b= 0, DS ae 
i=1 


‘= 


M/+M+M?+ Me? S (6;+63+6;+b5) Maz 
ar (d, +be+bs+bhy) Mae+ (bo +b, +byo +812) Maa (5: lla) 


and 
(bh, +b, +b; +5, thst be) Mi Ps M.’, 
(b, +h, +bh,+bs +b, +o) M;* = M;,? > 


(5-11b) 
(bs +b, +b; +b3+by +b:)Me? = M,, 
(b5+b¢ +by+hio +bhu +r) M, = M/. 
As is easily seen, (5-1la) is satisfied only when 
M=M,=M,=M.=M,=—— Max(Mas, Mac, Mun) (5-12) 


“ 


because of inequalities M,+M,=>M4,,, etc. If at least two among My,, Mac 
and Mp are equal to 2M, (5-11b) is equivalent to 


Max M3?< +) M3? SM7. (5-13) 
Did 


If Maz >Max(Mac, Map), (5-11b) becomes 
M7+M3SM", M?+M;?<M" (5-14) 
instead of (5-13), 
§ 6. Discussions 


We have investigated support properties for the integral representations 
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(2-22) and (2-23). Our main results are (3-11), (3-15) and (5-8). Of course, 
these restrictions for supports are not necessarily the best ones. 
If the Mandelstam representation 


° ° te ° * ee 
| ds! | dt — ws, £) pe Ne oe | dt’ | hit rae Cast, u) ee 
e J (s’—s—7€) (t’—t—i€) : J (t’ —t—7€) (u’ —u—7€) 
AB fhAG Guay AD 
i i Gk des St) 
= | du’ | as SA A : 
} J (u' —u—1€) (s’—s—i€) (ah) 
Map MAB 


holds, the integral representation (2-22) immediately follows from it by using 
the Feynman identity and integrating each term by parts. Then the restrictions 
for supports become 


a= Mazgxt+Macl—2), 
B= Msey+Ma1—y), ‘ (6-2) 
vee Mip2+Mas(l 2), 


So the restrictions for supports, (3-11), for the nucleon-nucleon scattering are 
good, while the restriction, (3-15c), of ?s for the pion-nucleon scattering should 
be improved to (my+m,)*, otherwise the Mandelstam representation must break 
down. 
When 2 is fixed to z= —44’S0, the integral representation (2-22) is reduced 
to a single dispersion relation if 


a=0, 
id ON (6-3) 
+> M?-Min(z, 1-2) 
with 
M?>M24+Mp4+Me+Mi +4. (6-4) 
The spectral variables are defined as follows: 
First term: a ae aoe ’ (6-5a) 
x 
Second term: past a le (6-5b) 
ey 
Third term: 
px THESE MES MELMENO) for 25, 


pe PEAT eV (ME EMEA MESMESAA) for v> 3. (6-50) 
—1+22z 2 | 
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If (6-2) is satisfied, we naturally ‘have the normal dispersion relation for 
—M2<48 S Mi34+ Mas—(M2+M/+M!+M.'), (6-6) 


where J’ may become negative. 

A similar consideration also applies to the case in which s or zw is fixed. 

In the general case, a==0, 90 and 7=0 are not always assured. Such 
an example will be presented in Appendix B. We have obtained (5-12) with 
(5-13) or (5-14) as the condition for a=0, 820 and 720. As this condition 
is too stringent, our results in the general case will be far from practical uses, 
but it will be of theoretical interest especially when it is compared with results 
obtained from the axiomatic theory. Namely, the integral representation (2-10) 
with (5-8) reveals notable characteristics of perturbation theoretical results ir- 
relevant to particlenumber conservation laws. 


Appendix A 


POG. Of Nee 
1°) We have proved in §6 of N that 


N 
V= ya pe pps pa W'? kik; (A-1) 


a | 4>j 


where W” is the U-function in the graph in which external lines A; and A; 
are joined. Hence if z2,::-2, GW” 
tae a Ry 


VP(A:A,)) 3,6F 6 P(A,A)), (A-2) 


where F=={%, v», -**, Ynii}. Therefore when all the lines of F are opened, A; and 
A, are separated (i.e. FEZ). Hence : 


3SeS FoDS. (A-3) 


2) Lemma. In order that Ly Ly Ly, fU is non-vanishing when 2;=0 (viE€ 


G—S) where S is an intermediate state, it is necessary and sufficient that 
Kes giy Wes var Vari}. “CAGA) 


Proof. Since S intersects »(S)—1 independent circuits, the number of 

independent circuits included in G—S is n—{v(S)—1}=n+1—v(S). So U 

has »+1—v(S)-th order zero point at x,;—0 (vieG—S). On the other hand 

the order of zero point of the numerator is 
y(FN (G—S))=n+1—v(S) _ if pia 

nF (G—S)} mn =( 8) eee Soe 


on account of n+1=v(F)=v(FNS) +y(Fn (G—S)). Thus the lemma is ob- 
tained. (Q.E.D.) 


omar bt 
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3°) From Theorem 5-1 of N we have 
U= U U @ U® eO(es ))), (A-6) 
where &s=Max x; and where R is the reduced graph corresponding to an 


w0G—S 


intermediate state S. So for €s=0 we get 
Wo C= Wa OM =O 1/2) (At) 
ies eS 
On the other hand, for €s=0 


Proof. Let H,’ and Hy’ be the two subgraphs obtained by the Schnitt S’. 
Since S’— (S’N S)3=¢, we denote one of its elements by J. Then we have 


eA a VOCAL) ited, (Or, Ae, 


(A+9) 
P(AD NS 
because of the definition of S. For instance, we assume A is an external line 
of H,’. Then we see that H,/NS is a generalized intermediate state of Hy’. 


Now, from the lemma if W/U*x0 for €s=0 then one has 
4 2p, Lig Lim EU US (m=n+1—v(S8’)) 

FlsesS! 4075. P21) Yn} DS. (A-10) 
Therefore H,/NF’ includes an intermediate state (i.e. a subset of ALS eat 
H’. This is inconsistent with the definition of U‘“” (because each term of 
the U-function corresponds to a set of independent integration momenta (see 
Woot N)))- (O0.E.D.) 
4°) We write 


= 2 Ws 2 
Vis zyme + Ds (A-11) 
j=1 am YO 
From 3°) we get 
Wie Sd Vi a i e108 2,=0 (vieG—S), CA) 
where V™ is the. V-function for the reduced graph R: 
Me 
VPs yy Lime Saal } (A-13) 
So, (A-12) is rewritten as 
yseS V—V'=0 for 2,=—0 (v¥ieG—S) (A-14) 


on account of Theorem 5-1 of N. If V—V’ were not identically zero, it would 
Ae A en Le . 
be a linear combination of such terms aS 2%, % °° %p,,,,/ U. Since no cancellation 


cannot happen by putting z,=0, one must have 
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VSES 2£),2,°°2»,4,/U=0 ‘for 2;=0 (vieG—S). (A-15) 
Hence from the lemma 


VSES Aaah, ep as: ean ie ak (A-16) 


- This is inconsistent with (A-3). Therefore V—V’=0. 


Appendix B 
Counterexample against a=0, 30 and +0 


One might suppose that the weight functions in (2-22) would vanish in 
general unless a0, 90, 70 if stability conditions are satisfied. This is inde- 
ed the case in the non-trivial lowest order. For Fig. 1 we obtain 


a= x(m,—ms;)*? + (1— 2) (m.— ms)? = 0, . (B-1) 


where 


4 
2 A 2 
Die tite eee g i g  Ret a ea 
a= Fete > 
Hy Xz + Lok 


[Pa EP aR, HORS As ty) 
ty Gt aS 


But we will show that this expectation is not correct in general. 


Fig. 1. Fig. 2. 


Consider Fig. 2, in which the expressions for U and Ws are as follows: 

O= 21 Ha tet Xi og Xs $41 Leet ar L344 

KL1 Xs Let 21 Le eeF ALi To + U1 LL 

+ Late let LaleLst Lo Le Ls tLe Like 

+ Ba LpLot Ae Lado + Us LeLet+ TilyLe, 
Wa=212224(2%3+254+ 26), 
Wr=2120525(@.+24+25), (B-3) 
Wo=2223%6(%1+24+25), 


Wreti adn Le aiseO gala) 


: 
t 
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Wap—=22%3%425, 
Wac= 41 XL3 X14, 
Wap=%1 2125246. 
Hence, when 
Vt m=, 
M,=M,=M.=Mi=M, (B-4) 
Wi 2,=1/6+6&); (€: infinitesimal) 


6 
with Lave U, 


we have 


M? & 
| aig NA Le ea on eet (yi tyet yet yedtt (nn +ye+ys+yo)u]. 


(B-9) 


On the other hand, stability conditions are satisfied if M<3m. Therefore 
if 
6m? <M? <9m’, (B-6) 


the lower limits of integrations over 4, 9 and 7 in (2:22) are indeed minus 
infinity in spite of the presence of stability conditions. This means that no 


dispersion relation holds for this example. 
It might be worthwhile to notice that this example is realizable as a re- 
duced graph if there exists the pseudoscalar meson (say 2”) whose mass 1s 


larger than 340 Mev. 
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Note added in proof: From our } 
dispersion relation which has so far been derived under the 


Detailed account will be discussed elsewhere. 


ntegral representation (2-22) we can derive the partial wave 


assumption of the Mandelstam re- 


presentation. 
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K meson-pion interaction is studied by taking into account the effects of A*. Both the 
value of coupling constant for KzK*-interaction and the magnitude of cross section of K-r 
scattering are estimated under the assumption that the isotopic spin of K* is equal to 1/2 
Making use of the value of coupling constant we try to investigate the reaction A7 Bh ae 
K0+77-+>) at 1.15 Bev/c and 2 Bev/c. The total cross section of this reaction, the angular 
distributions and momentum, spectra of protons and pions are examined. It is shown that 
the assumption of S=1 (S indicates the spin of K*) rather than that of S=0 is consistent 
not only with the experimental results for the angular distribution of A~+p—>A*-+ p process 
but also with those for K-+p>K%+z27-+/ reaction at 1.15 Bev/c, that is, the magnitude of 
cross section and the energy spectrum of pion. 


$1. Introduction 


The recent experimental results for K~+p—>K°+2~>+ p reaction” (1.15 
Bev/c K~ meson) have shown the following remarkable facts. 

(i) The observed distribution for momentum of proton in the final state 
can be best explained by the reaction through the following process, 


K-+p>K*+poK+a74+p. 


(ii) The angular distribution for the reaction K~ +p->K* + is consistent 
with isotropy. 

(iii) The total ctoss section for K~+p—>K°+2~>+ p is about 2 mb. 

(iv) The mass of A* is nearly equal to 884 Mev. 

(v) The half width of this resonant state is about 10 Mev. 

(vi) The decay angular distribution seems to be consistent with S=0O or 
S=1, where S is the spin of K*. : 

(vii) The assumption of Ixx=1/2 (Igx indicates the isotopic spin of K*) 
rather than that of Ix.=3/2 seems to be consistent with the experimental re- 
sults for the branching ratio of the decay of K*. 

In advance of the study for K~+p—>K"+2~>+> reaction, we investigate the 
problems of K-z scattering.* In order to obtain the matrix elements (or cross 


* In this paper, only the scattering eProcess that gives rise to the resonance is taken into 


account. In order to satisfy the condition of crossing symmetry it is of course necessary to esti- 


mate the contribution from other processes. But these processes have not large effects on the 
scattering, 
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sections) for K-a scattering, the propagation function of K* is modified by 
taking into account the damping effects. But it must be noted that, as will be 
shown later, the magnitude of the cross section o(K-z) at the resonance energy 
does not depend on the value of coupling constant for KnrK*-interaction. Since 
its magnitude can also be estimated from kinematical point of view, it is pos- 
sible to see whether the modified propagation function of K* is correct or not. 
Based both on the correct expression for the modified propagation function and 
on the experimental result for the width of A*-resonance level, the value of 
coupling constant for KzK*-interaction is estimated. 

fe From the experimental result (vii), it is impossible to expect the strong 
K°-2* or K~-x~ interaction and there are of course the following relations be- 
tween the cross sections, 


o(K--+2* >K~ 42°) /4=0(K~+2* 9 K%42")/2=0 (K+ POR +R)/1 
=o(K°4+2° > K’+2°)/4=0(K° +a >K-+2)/2a0(K +> K tay 
(1) 


Therefore only the scattering process K” +7" _5K--+-a* is studied in this paper.* 
The problems of s-wave and p-wave K-x scattering are treated in § 2 and §3 
respectively. 

Making use of thé values of coupling constants obtained in §2 and §3, 
we should like to study the reaction K™ +poK'+a-+p from field theoretical 
point of view. First of all we pay attention to the reaction K +p—>K" pp: 
In § 4 the angular distribution for this reaction is examined and the magnitude 
of cross section is estimated. Based on the results, it is shown that the 
assumption of S=1 rather than that of S—0 is consistent with the experimen- 
tal results (ii) for the interaction of 1.15 Bev/c K~ meson in hydrogen. The 
angular distribution of proton for the reaction at 2 Bev/c has a remarkable peak 
in the backward direction (cf. Fig. 4 and Fig. 5). This tendency is more 
conspicuous in the case S=0 than in the case S=1. 

In §5 the magnitude of cross section, the angular distributions and momen- 
tum spectra of pions and protons for the reaction K-+poK°+a° +p at 11s 
Bev/c and 2 Bev/e are investigated in order to see the energy dependence of 
them. It is shown that the angular distribution and momentum spectrum of 
pion depend strongly on the spin of A*. Comparing our theoretical results 
for the cross section and energy spectrum of pion with the experimental ones, 
we may conclude that S=1 is more promising than S=0. 


§ 2. S-wave K-7 scattering 


Taethe@rcise: ofs9—0, the ‘nteraction Hamiltonian is given as follows : 


* With respect to the isotopic spin of «*, some discussion will be made in the last section. 
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Hy, = mx Gs? (x) ta (2) Gal), (2) 


where @, ¢ and ¢, are the wave functions of the K*, K and z, and M, mx and 
pare the masses of K*, K and =z respectively. For the purpose of estimating 
the value of coupling constant G,’?/4z from the experimental result for the 
width of K*, the propagation function of K* is modified by means of damping 
theory. Of course it is necessary to get the correct expression for the modi- 
fied propagation function in order to study the K meson reactions in which 
K* plays the important role. In our description of K-z scattering, the damp- 
ing effects may be introduced if we take into account the sum of contributions 
from a series of graphs (a'), (a’), (a*),--: in Fig. 1.* 


Fig. 1: 


The propagation function D;(k) written in the momentum space is modi- 
fied as follows, 


D9(k) = Ds DON De-¥ De ND oN De t= ; (3) 
Sony Prd 
1 — ND, ‘ 
where 
1 il 
Dr(k) = : ‘ 4 
ss eater B+ M? S 
and 
N(k) =— <?, mi ve ) | (dt) OL (k—1)? +m? |0(C +1") (5) 
a T ’ 


which vanishes for k°+(me+/)?>0. Here it should be noted that the damp- 
ing effects due to the occurrence both of (K~+2*) and of (K°+7°) in the 
intermediate state must be involved in the expression for N(k). The coeff- 


cients of 2 and 1 in the factor (2+1) in Eq. (5) show the effects of the 
former and those of the latter respectively. 


* The same way as this was employed previously? 


’ in order to obtain the modified propagation 
function of the particle with spin 3/2. 
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The integration in Eq. (5) yields 


3 Gs’ 1 
RCE Wee a( | soy 
( ) 9 NK an Viet e ? (6) 
Aa, [E+ Ore tO E + One 1)") (7) 
— AR’ 
Then 
Dh) 
oni BEM? 1—(2ni) *N(k) (P+M’)— 
1 1 


Qni ok? ++ M?— (3/4) ims (Gs/4a) A/V/ —k 8) 
Such a method as this has been adopted usually in order to estimate the width 
of resonant state. However, we now should like to point out that the imagi- 
nary part of denominator of this modified propagation function 277 D,(k) should 
be multiplied by factor 2 as will be seen from the following consideration. 
By means of the relation (8), the scattering matrix R for this process can 
be written as 


R(K-+2*-K~ +2") —2R(K° +2" K°+2°) 
¥2 Jt 4 bs ; — mx (Gs'/47) Set ie Saks 
oni [(p+9)?+M?— (3/4) ims? (Gs'/42) A/V —@49)'| 


where # and g are the four momenta of the incident z and K respectively. In 
the center of mass system, the scattering amplitude for the process K-47*°> 


(9) 


K-+2* is given by 
oi 


K- a Kee qt) == SS 

I +7° > +7 ) O/ pe tmetV pV t+F) 
x : eee mx? (Gs'/47) ee eS (10) 

[(p-+9)?+M?— (3/4)imx? (Gs'/42) A/V — (6 +4)'] 
because 
Be ee hr ee RK at Re 
dQ (Vv pet metV pe tl) 

(11) 


p* is the momentum of the incident pion in the center of mass system. 
In the scattering at the resonance energy 


Vp? +m m -+ Vpe+tye >M, 
(p+q)?+M’0, (12) 


A> Vt — me — 2) — 4nd EV AM? =p. 
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Thus the expression for scattering amplitude at the resonance energy is reduced 
to the following form (cf. Eq. (10)) : 


rads if +7 r+ hee +2*) resonance = se . (13) 


On the other hand, the scattering amplitude f(@) can generally be written 


down as follows: 


(0) =V% 1 V/2EF1 Rar YEO, 9)» (14) 
‘ ip™ EZ 
Rs71=eXP (270571) Sis (15) 


where R:;, means the R-matrix for the state of isotopic spin J and angular 
momentum /. As we concentrate our attention to the resonance scattering in 
I=1/2, /=0-state, the scattering amplitude for the process K~+2°—>K~+2* at 
the resonance energy is reduced to 


. 9 

f(K7 +27 > KO -#7R*) resonance = = z Le (16) 

So he hed 

The factor (2/3) in Eq. (16) comes from the consideration about the isotopic 
spin space. If the effects of the other reactions (for instance, K+2>K+2z+2) 
are taken into consideration, Eq. (16) should be modified as 


» 9 
F(R" +a 9 Ko 42°) resonance S| St = |. (16)’ 


At any rate there is the difference of factor 2 between Eq. (16) and Eq. (13). 
Of course such a situation as this is reproduced also in the approach to pion- 
pion interaction” although any remark on this point has not been made.* In 
the estimation of the damping effects it is necessary to pay attention to this 
fact. 

The correct expression for the modified propagation function can be written 
down as follows: 


Dr (k) =! : 
QU hk? + M?—2 (221) N(R) 
il 1 


ma, . 9 2 ° 9 kom ae ihr te qn af 
2nt k'+ M*— (3/2)imxe (G3'/42) A/V — FP? ore. 

It is needless to say that the correct value of scattering amplitude at the res- 
onance energy is given by the Dp(k)-function. Since M/=884 Mev, the resonance 
scattering takes place at the pion energy of 382 Mev (lab.), and the cross 
section turns out to be 


* We are grateful to Dr. Y. Miyamoto and Dr. Y. Fujii for their helpful discussions on this 
point. 


- 
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o(Ka+n —7 Kola) pescnaane eo 6 mb. (18) 


In the center of mass system the denominator of Dr(P+4) can be rewritten 
as 


(4G)? + M?— (3/2)imx? (G3/42) A/V — (6 +9)" 
= (E,+E*)[(E,—E*) — (3/2)ime (Gs /42) A/{E*(E,+E*)}), O19) 


where E, and E* stand for the resonance energy and the total energy of the 
colliding system respectively. Paying attention to the scattering in the neigh- 
borhood of resonance and comparing the expression in Eq. (19) with the de- 


nominator in one level formula, we may get approximately the following 
relation, 


eS ee al ‘| A 

ai mn, |) Tate al oe laser 

eae 4x! 2E; sof ] 

(20) alt | 

This approximation may be fairly _ E 

well because the width J’ of the y a 1 

resonance 1s very narrow. q 

Putting the experimental value * | | 

P/2=(10~13) Mev into Eq. % mye 1 

(20), we obtain Sere 
(Ge/4a) = (0.15~0.2). (21) ev 


Pion energy 


The energy dependence of aks 
ta*—>K-~+27") in case of Fig. 2. 
(G,?/47) =0.15 is illustrated in Fig. 2. 


§ 3. P-wave K-w scattering 


Next let us deal with the problem of Kx scattering in the case where Ie 
is a vector particle. As the interaction Hamiltonian, the following type may ~ 
be adopted, 


fo) 
Fh=Gr®,74(9 soe = 6.) (22 
Oa, Lote 
or 
H,'=G,’ 0,79 28, (oo 
Ox, 


where &, is the wave function of the K*. When K-z scattering is described in 
terms of such an interaction as this, another partial wave besides p-wave con- 
tributes to the scattering.* If the spin of K* is equal to one, the K-z resonance 


* If the mass of Ki equal 
in Eq. (22) would mean the p-wave KrK*-interaction. 


meson were equal to that of pion, the interaction Hamiltonian mentioned 
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scattering is of course attributed to the strong p-wave interaction. We here- 
after try to select the p-wave component out of the matrix elements obtained 
by employing the interaction Hamiltonian (22) or (Jee 

Our approach to K~-z* scattering is made along the same line with the study 
in §2. The N,,(&) which corresponds to the N(k) in Eq. (5) can be express- 
ed as follows: For the H,-imteraction 


N,.(8) =—2-( oe) | (0) (24, =) 2k) ALE=O* tae JC +H). 23) 


For the H,’-interaction 


i : N,i(k) = — 2 (2) (dt) t,t,0[(k—?+me]0(2+/2). (23)' 


By virtue of the transformation property, N,,(k) or N,,/(k) can be expressed 


: by the following form, 

. 

| ae of Ge | RR. ] 

: Nw(t)=—-2-(S"\| Baws. +o@ Ae], aw 
% or 

4 Foxe) tp een i er setae , kk, 

: Nei (h) =~ (Se) |B (4) 3, + C7(&) “al | , (24)' 
4 We can obtain the expression for D,(k) putting the N,.(k): or N,,./(k) into 


the equation corresponding to Eq. (3). Thus the scattering matrix elements 

can be written down by using the D,(p+ @) although they consist of infinitely 

many terms. In the expression for the scattering matrix elements, all the terms 
which contain C(/+gq) are expressed in terms of (p’—q’) (p’+q"), (p+q)* and 
—q)(p+q), and all the terms which contain C’(p+q) are expressed in terms 

of p’(p+q), (P+q)* and p(p+Q@), where p” and g’ are the four momenta of the 

final z and K respectively. Therefore all the matrix elements which contain 

C(p +4) or C'(p+q) are responsible for the s-wave scattering because pt+@ 

i =p! +q'=0 in the center of mass system. Since p-wave scatterings are ex- 
amined in our study, we have only to take into account the contributions from 


B(p+q) or B'(p+q)-terms. Then Dr(p+@) can be expressed by a compact 
form. ; 


ee ae ee ee gee Ee Nala ee wT 


Tracing the similar consideration with that in § 2, we obtain the correctly 
modified propagation function Dp(p+q). The p-wave scattering matrix R(or R’) 


for the process K~+z'-+K~+z* can be expressed by the following compact 
form, 


R(K- +2* +> K +27) =- ous Pause Aw — (Gy'/4z) (p" —q’) (Be q) 
. az (p+9)?+M?— (3/22)i(G2/42) BP +q) 


(25) 


; 
‘ aaah 
et aig ha A oe ee 
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Ee Phdec reas (Gp /Any4p** cos 0 96 
oni (p-+9)?+M?— (3/22) i(Gr/42) BP +9) oe 
or 
eo Gg ce ONCE i aa es ta 2 
Qni (p-+9)?+M?— (8/27)i(G;?/42) B(P +49) 
(25)’ 
eoash as == (Gy7/An) pp? cos? ; 96)! 
| oni (Pp+9)?-+ M?— (3/22)i(Ge/42) B (P+) oo 
where 
mae i 
B(k) =4B' (hk) =~’. 
38Y —k (27) 


The A in Eq. (27) is given by Eq. (7), and P,-1 means the projection operator 
on p-state. If we replace 4(Gy'/4=) in Eq. (26) by (Gy?/4z), the expression 
for R(K- +2°>K- +-a*)turns out to be the same with that for R’(K~ +2*—>K- +2"). 
Thus there is no need to discuss the matrix elements R and R’ separately. 


The scattering cross section 


: as a ee el . 

for this process at the resonance sob eS 
energy is (mb) 

o (K~+2* > K~ +2*) resonance 60+ =! 


ati 3X47 ~ 99 mb. (28) 


In the same way as in §2, we 


o (K-+2' K-42") 
ta 


can estimate the value of coupl- 4 
ing constant for KzK*-inter- L | 
action. The result is as follows, eke mc parce see 
100 200 300 400 500 Mev 
(Gy? /4z) == (GP/42)/4 Pion energy 
“Pig. 3: 


= (0.35~0.45). (29) 
The energy dependence of a(K +e > K +2) oim “case of (G,?/4z) =0.35 is 
illustrated in Fig. 3. 


§ 4. K-+p—>K* +p process 


In this section the angular distribution and the magnitude of cross section 
forme ep iP Procesey. ate examined by means of perturbation theory. 
Since the so-called equivalence theorem for pion-nucleon interaction can be 
applied to our case, there is no need to examine the results in the case of 


pseudoscalar coupling and those in the case of pseudovector coupling separately. | 
Hereafter we make our discussion about the former case only. 
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ly “The case of -S=0 


The differential cross sections for this reaction can be expressed as follows, 


me (2) ( Ge (if) 
CIAO DIES re tan yD ees & a Gall is ) te |=2 2] 


dQ gVgtmtV_gtmse)? 4 | 2A) 24 27 
3 m 


‘ m 


(30) 


where 7 and F are the four momenta of proton in the initial and final state re- 
spectively, g and & are the momenta of K~ meson and K®* respectively, and 7 is 
the mass of nucleon. The angular distributions of protons are expressed by the 
last term in Eq. (30) and have the character shown in Fig. 4. The tendency 
of backward peak for angular distributions of protons becomes remarkable 
with the increase of energy of incident K meson. This may be due to the 
following situation: i) In high energy region, a number of partial waves con- 
tribute to this reaction, ii) K* will be emitted by the collision in periphery 
of the nucleon. 

Putting the values 9’/4z7=14.5 and G,’/4z=0.15, we obtain the following 
results for total cross sections, 


o(K-+p—>K*+p) 0.18 mb at 1.15 Bev/c, 


: 3 (31) 
o(K- +p>K*-+p) 0.16 mb at 2 Bev/c. 
ibiaAl es Cases OF a1 * 
The differential cross sections for this process are given by 
( 9 ec [2 (IF) -2] 
do(K~+p—>K*+p) 5, Az Az 1 ay? ; 
di ~aV¥ etm +/¢e+mx)* 4 E (IF) ~24] 
me m 
x (4q' +k +4kq cos@) (32) 


nN 


where @ is the angle between the direction of incident K~-meson and that of 
proton in the final state. The angular distributions of protons for this process 
are shown in Fig. 5. Putting the values g?/4z=14.5 and Gy'/4z=0.35, we 
obtain the following results, 


o(K°+p>K*+p) =3.4mb at 2 Bev/c. 


o(K"-+p>K*+p) 42.3 mb at 1.15 Bev/c; 
(33) 


* Hereafter we adopt the interaction Hamiltonian H, with the value of coupling constant 
Gy2/4r=0.35 (cf. Eq. (22)). 
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0.8F 


1.15 Bev/c 


ye A a eT N N 
120° 150° 180 o 30° 60° 90° 120° 159° 180 
———— 0 (C. M.S. angle) 


41 1 
0 30° 60 90 
0 (CaNics, angle) 
Fig. 4. Angular distribution of Fig. 5. Angular distribution of 
proton for K-+p—> K* +p. proton for K-+p>K*+P. 


Asis seen from (31) and’ (33), the excitation function for this reaction 
In the case of S=0 the magnitude of 


o(K-+p-K* +p) at 2 Bev/c is nearly equal to that at 1.15 Bev/c, while in the 
case of S=1 its magnitude increases considerably with the energy of incident 
K- meson. By comparing our results illustrated in Fig. 4 and Fig. 9 with the 
experimental results (41) for the angular distribution at 1.15 Bev/c, it may be 
said that the assumption of S=1 is more promising. than that of S=0. 


depends on the spin of fae 


§ 5. K-+p>K'+2° +p reaction 

According to the experimental result (i) this reaction mainly takes place 
through the process K-+poK*+poK +r +p. Now we study this reaction 
K* is not observed directly in the 
course of collision although K* of course plays the if x ae 
most important role in the virtual state for this reaction. oe 
Fig. 6 shows the diagram corresponding to tlre lowest 
order perturbation for this process. When we denote 
nta of proton and K meson in the initial state 
as I and g respectively and denote the momenta of ee 


K meson and pion in the final state as F,l and» 
on for this process can be 


in the case where 


the mome 


proton, 
Pp respectively, the cross secti 


expressed by the following form, 
ee 20 Tr Ge ‘i 
ae ee ere 

Bus Fy Po 


=> 


xaT+q—-F-p—!) 0 (p+ qo— Fo— po— 40) 
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Os yale 


— > = 
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FS ee fee 
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An? (a ; pdf, dF ‘ 
== f\I\z >|? 4 (34) 
Bes FLEE! (W—F)) + F (po/p) cos 9 i 


B=q (/¢ +m? + Vg + mx’). 


W is the total energy in the center of mass system, 9 is the angle between 
the direction of F and that of p, (f\I\i> is the invariant matrix element for 
this process, and d2, is the element of solid angle for the direction of #. 
There is the following relation between p and 4 owing to the energy con- 
servation law, 


W—Fy _ (F?+me—p’) _ - Fp 


a= cos 4. (35) 
2 2(W—F,) WF, 


VP +e= 


Making use of the modified propagation function of K* which has been obtain- 
ed in §2 and § 3, we can write down the expression for |{ f/|J|i>|? as follows: 
I) In the case of S=O, 


K an ate Mestre ithe ee eee 


4° x* m2 IF : pep 
[ae 


RS a =yUIPAeSo Heese renee L (36).** 
[GoPLOr ArT 9 (may ( GA) a 
me A ee Ua ee @ ey er 
II) In the case of S=1, 
(ey, [2 @-g 
\ An, a 4s m - 


} 3 4 2 eS 2 
4’ x m [-2 (IF) -2+] 
m m 


Fe = 


|-2 a cos —(* \—4 PAT cos4,—2 HP @ cos] 


m Im zh We 200 UL 


ie rN We 1( GY ) ‘ Ae ( A’, ) > 
53 


m Ax 


where 


7 —4(I—F +9)? 
— UF) =qF cosd4+V¢@ +m? VF? +m? (39) 


A’= [U—F+9)?+ (n+ )°[ dF +4)? + (mx — #4)" 


(38) 


* The integral on dF is performed at the last step of our calculation. 


KE a fer 9 ¢ fea . . 
The factor 2 in the first term on the right-hand side of (36) or (37) is derived from the 
consideration about isotopic spin space, 
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— (I—F4+9)?=2n’?+me4+2(@4+V e+ mV g+tme 
ay Fite (V/¢ t+orty ca ax?) a (40) 
@, is the angle between gand p, and @ the angle between g and F. The terms 
which contain A are derived from the damping effects. The magnitude of 
cross section for this process, the angular distributions and momentum spectra 
of pions and protons can be obtained by means of the relations (34), (36) or 
(37). But this work is considerably troublesome. We now try to examine 
them under the crude assumptions which will be mentioned below. 
Let us examine the following function in Eq. (34), 


f(T e——— 2 Al 
KAI e (Wo) LF(:/p) cos 3 (41) 
4 2 °\°2 A2 2 2 2 
Although the term* 2 Gee ies ) eras SB OF 4( Gi 2 a eral eae 
4 m Ax — (I—F+q)* An (Fee 


2\ 2 
x (4) in |(f|I|z>|? depends on F, its magnitude is very small in our case. 
m 


When F/m has the value (F/m), corresponding to the resonance of K*, U—F 


agin? 0-) + Theretore 


A s(F/m) = 


[ Colina las 9 (ue) ( GH) a 
m 4 m An] H(i han 


and 


S (Hos =~ an = — ——$____—_— — 
Fy ( /m) (-F+q)74+M [+4(2ey- A is ee 
: An he CP Fg ee 


mm 


have large values only in the very narrow region, that is, only in the neigh- 
borhood of (F/m),. In addition, the other terms except A (F/m) (or A, (F/m)) 
in Eq. (41) have not such a property as this with respect to the variable F/m. 


In other words the resonance phenomena of K* with the narrow width play 


the most important role in the reaction K>-+p—->K°+2>+p. This may make it 
possible to examine the characteristic property of this reaction by replacing 
approximately the variable F/m in all the other terms except As(F/m) or 
A,(F/m) by the value of (F/m),. 

Ta the case where this reaction takes place through the process K- +p 
»K*+poK+7 +p, the main feature of angular distribution of the final 
proton may be represented by the form of that of proton for the reaction 
K-+p-K* +p mentioned in §4. So far as the phenomena at 2 Bev/c (or at 
the energy higher than 2 Bev/c) are concerned, it may be said that the final 
protons in K-+p—>K*+p process are emitted mainly into the backward direc- 


ace - ? fal [*) 2 
* Its value at the resonance energy may be expressed in terms of (1/2)?. 


We Be 
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tion. In our study for the reaction K-+p—->K°+z2->+p at 2 Bev/c we introduce 


another assumption of 0=z—0,. 


Sony we K-+p2>K°+2°+p reaction at 2 Bev/c 


Under the assumption 9=2—0,, Eq. (35) can be written as follows: 


Mea ee LS PN REA a I 8 22 AS 
Spftey mL mL r 2 m r m i \ 1 


cee) ee eee 2 Oe le 
(-) (4) 


“+ = cosU. (35)’ 
ier 
71 iid ae 
From this relation it follows that (p/m) can be expressed in terms of cos 4. 
We can see the angular distributions of pions by examining the ¢,-dependence 


of KX FIL)! (Wa) —FG,/p) cos 4, 


forms: 
I) In the case of S=O, 


mM 


They are expressed by the following 


1 (p/m) i Oje G s (A 42 
(W/m) — (Fo/m),— (F/m) (b/po) cost; Fah, A= FIC), (42) 


because |¢ f|I|7)>|> does not depend on 4. 
Th) Sein the. Case-ot aSs2 1. 


[2(5), (2) cos— (77) -4(-2) (-2) cosa +2(2—) (2) [ 
ag (W/m) — (Fi/m),— (F/m), (p/po) cos 4, 
= Yr (p, 1) = $y! (A). (43)* 


The curves of Ys'(@,) and %,’(0,) are illustrated in Fig. 7. If we refer to the 
rest system of A*, the angular distributions of pions should be isotropic and 
of a form of ~cos, corresponding to the case of S=0 and S=1 respectively. 
Under the assumption that the proton does not change its direction consider- 
ably during a collision, K* ought to be emitted in the forward direction. 
Therefore the angular distributions of pions in the center of mass system are 
enhanced remarkably in the forward direction compared with those in the rest 
system of KR” (cf, -Figee7): 

Next let us examine the momentum spectrum of pion, Differentiating Eq. 
(35)’, we get 


(p/m) 


* The assumption of 0=z is introduced in the expression of (43), 
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in T T = 1 
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G.’(9;) and G.’ (A) 
Relative intensity 


| i | ie 
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Fig. 7. Angular distribution of Fig. 8. Momentum spectrum of pion for 


pion for K-+p—>K%+x-+p at K-+p>K°+n-+p at 2 Bev/c, wheré 
2 Bev/c (where F/m= (F/m) = proton energy T,=200 Mev (corre- 
0.6886) . sponding to (F/m),=0.6886). 


eae (| dp (44) 


sind, alee, Bio. a 
Po (F/m), p 


& <(p, ) and Oth, 0,)> Cait: be re-expressed as the functions of 
of relation (35)’. 


p by means 


% 5(p, 0) = $5 (6) = $5" (p); 
4 (p, 6) = Fr 6) = Fr): 


Therefore 
es an eaves at 
fyrqpan=2e | HO | = | caer ae 
is: (45) 
Poche (| ms ee 
\ & ! (0) dQ, = 27 \ Yy"'(p) on Sryeae cost, | 


Pmin 


we can see the momentum spectrum (or energy spectrum) 


Through Eq. (45) 

of pion in the case where F/m= (F/m) -= 90.6886 (chaF igs (8): 
Now we try to estimate the magnitude of cross section for this reaction 
ular distribution and momentum spectrum of proton. 
in the expression of (34) we may approximately re- 
ms except As(F/m) or Ay (F/m) 
«f,). )’ Then’ the 


and to examine the ang 


As was mentioned above, 


he variable F/m in all the other ter 


place t 
proximately replace 6 by (@ 


by the value of (F/m), and ap 
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integral on d2, can be carried out easily. Since FH 5(F/m) and Fy (F/m) do 
not depend on the angle #, in our approximation the character of angular 
distribution of proton can be expressed by that of angular distribution in the 
case of F/m=(F/m), (cf. Fig. 9). 


(( 


Arbitrary 
unit 


30 jj 30 
i 
° Case of S=0 i a 
at § 
20 ' = 20 
Case of S=1 / 3 
3 
oe 
10 10 
0° 30° 60° 90° 120° 150° 180° 0 10.5 0.6 0.7 0.8 (F/M) nav 
0(C. M.S. angle) Tenet ae ek. =0.8376 
> Fig. 9. Angular distribution of Fig. 10. Momentum spectrum of 
proton for K~+p— K°+z77+>) at proton for A-+p—>K°+n77+ ) at 
2 Bev/c. 2 Bev/c. 


So long as K* is not observed in the course of reaction K~+p—>K'+27>+), 
the angular distribution of proton for this reaction may be more or less dif- 
ferent from that for K~+p—>K*+p (compare Fig. 9 with Fig. 5). The reason 
why the dotted line in Fig. 9 has the similar form with that in Fig. 4 is due 


to the following situation. Under the assumption 0=z—0¢,, the angular distri- 
_ bution of proton for K7+p—>K"+2~> +p depends on |< f\J|Z)|> only. In the case 


of S=0 the #-dependence of |¢/|J|/>|? is the same with that of do(K- 
+p>K*+p)/d®2 mentioned in Eq. (30) apart from a trivial factor. 
The momentum spectrum of proton in the final state is shown in Fig. 10. 


Performing the integral on dF and adopting the values of coupling constants g°/ 
47=14.5 and Gs’/42=0.15 (or Gy*/4z7=0.35), we obtain the following results : 


I) In the case of S=0, 


a(R +p Ram bye, ss Ld mb. (46) 
II) In the case of S=1, 
o(K~+p—>K°+2> +p) ats pevje 22.2 mb. (47) 


Baro Kot pS Kot ne +p reaction at 1.15 Bev/c 


Although the approximation of @~z—@, may not be so useful in this case, 
we try to examine the angular distribution and energy spectrum (or momen- 


% 
2 
< 
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tum spectrum) of pion by the same way as in § 5-1. The results are illustrat- 
ed in, Fig. 11 and Fig. 12: 

First of all let us make some discussion about the angular distribution of 
pion. In the collision at 1.15 Bev/c, K* cannot be emitted with high momen- 
tum. Therefore the angular distributions of pions in the center of mass system 
ought to have nearly the similar forms with those in the rest system of K”, 
that is, they are nearly isotropic and of the forms of cos?4,; corresponding to 
the case of S=0 and S=1 respectively. It may be said that the curves illus- 
trated in Fig. 11 have these characteristic properties, although the angular distri- 
butions are slightly larger in the forward than in the backward direction 
because we assume that the proton does not change its direction remarkably 
during a collision. 

Next let us make some discussion about the energy spectrum (or momentum 
spectrum) of pion. We show in Fig. 12 the energy spectrum of pion in the 
case where proton momentum in the final state is equal to (F/m),=0.2091 
(proton energy 7T,=20 Mev). From these curves we can see the following 
characteristic properties : 

i) In the case of S=0, the emitted pions have a uniform energy spectrum. 

ii) In the case of S=1, the energy spectrum of pion has a minimum 
value in the neighborhood of T= 1 90' Mey: 

Comparing these results with the experimental ones for the final proton 
energy 7,220 Mev, we may conclude that the assumption of S=1 is more 
promising than that.o1 5 =0, 

Finally we try to estimate the magnitude of cross section for this reaction. 


Arbitrary 
unit 


Relative intensity 


(eh ee Set fy f Dy ee Ag 
oO 30° 60° 90° 120° 150° 180° 120 140 160 A ae 240 
ee AtC..Moe angle) wee 
219 250 300 350 358 
— p (Mev/c) 
aes Ie Angular distribution Fig. 12. Energy spectrum of pion for 
of pion for K-+p>K+n7 K-+p>K%+7 +? at 1.15 Bev/c, where 


kinetic energy of proton T', = 20 Mev 


+p at 1.15 Bev/c. otor 
(corresponding to (F/m) ,=0.2091) . 
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Since the approximation of 9~2z—0, may not be so useful in this case, it is 


necessary to examine the value of 


ae patios 6 JL.) Wimmer eal PS 6495 (48) 
(W/m) — (Fo/m),+ (F/m), (po/p) cos 8 


Using the relation of (35), in the case of F/m=(F/m),=0.2091 we get 
Mop, )) nip 2 ULL, Mop, O) iy ea Vike, 


(49) 
(Hop, 0) Bt pope Ui Site 
Therefore 
(0.192) 42 < h= | o(p, 0) d2, < (0.515) 42, 
)<260C6, 0) Deana se (0.331) 42. (50) 
On the other hand, if we assume 0=2z—4,, 
I= | op, z—O0,) d2, = (0.317) 42. (51) 
Thus it may be said that the assumption 9~z—¢, is applicable to the case of 


S=0 in estimating the order of oth Ab pk eta +p). Performing the integral 
on dF and adopting the values of coupling constants g?/4z7=14.5 and G3/4z=0.15, 
we obtain the following result. In the case of S=0, 


(hia pes Ken +P) a 1615 Bevjo = 9.12 mb. (92) 


Comparing this with the experimental value (2.0+0.3) mb, we may draw the 
following conclusion. The assumption of S=0 is not consistent with the ex- 
perimental results for cross section of K~+p—>K°+2>+ reaction. 

In the case of S=1 it is necessary to estimate the contributions from the 
following J, (p, 9) and Ma(p, (/)-terms in addition to I g(p, 0), 


I (p, 0) = (p/m) Hop, 9), 
Ir(p, 9) = (p/m)? Ha(p, 9). 
Using the relation (35), in the case of F/m=(F/m),=0.2091 we get 
I61(P, 9) max 0.197, 361 p, 9) min 0.045, 


53 
CH, (Pp; 0) Douea =~ 0.106, ( ) 


and 
Hy (p, 7) Max — 0.075, MG, (( Ds (/) min = 0.01 f 
4 54 
(6a(p, 9) mean = 0.035: Of 


Therefore 


ne 
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LH, (Caz ) Pekan COS 0, dQ, i 0, ‘ (55) 


(h)= \<260Cp, 0) mean d 2, = (0.331) 47, 
(L)= | 


(h)= | (362(p, 9) Ymean C0879, d2,= (0.0117) 47. 
On the other hand, if we assume 9=2—@,, 


i [2.2 0) dQ, = (0.317) 42, 
T= \ 21 p, 9) cost, d& = (0.025) 42, | (56) 


i \26.C2, A) cos’?; dQ,= (0.0118) 42. 


Let us tentatively estimate the order of «(K™ +poK?+a°>+p) at 1.19 Bev/c 
by using the values of (56). Although there is a considerable difference be- 
tween (7,) in (55) and in (56), this difference has not large effect on the 
fnal result. Adopting the values g’?/4z=14.9 and G,?/42=0.35, we obtain 


o(K- + po K +2 +p) ar ie sevjo 1-5 mb. (57)* 


This value agrees fairly well with the experimental one (2.0+0.3) mb. Thus 
it may be said that the assumption of S=1 is consistent with the experimental 


result. 


§ 6. On the isotopic spin of K* 


We have studied the K meson reaction with the assumption of lA 
The description of the reaction in the case of Igs=3/2 can be made along the 
same line with the above one. But it may be difficult to expect the case of 
Tgx= 3/2 on the basis of the reason mentioned in §1. We should like to make 
some additional disscusion about this point. 

Previously we made the following prediction about the K-N scattering at 
high energy.” In the neighborhood of the energy 675 Mev (lab.) which cor- 
responds to the threshold energy of K+N—>K*+N, we may expect the large 
cross sections of K-N scattering. And this resonance is due to the strong in- 
teraction in the J=0 state if the isotopic spin of K™* is equal to 1/2. On the 
other hand, if the isotopic spin of K* is equal to 3/2, this resonance is due 
to the strong interaction in the J=1 state. 

According to the recent experiment,” there seems to be some evidence of 


* The numerical value mentioned in (57) should not be interpreted so seriously because of 


our rough estimation. 
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resonance in K~-p scattering in the neighborhood of the threshold energy of 
K+N>K*+N, but such resonance phenomena are not observed in K~-n scatter- 
ing. Thus it may be said that not only the experimental results for the branch- 
ing ratio of the decay of K* but also these experimental results for K-N 
scattering are consistent with the assumption of [x.=1/2. 

After completing this work the author saw the papers by Chia-Hwa Chan” 
and M. A. B. Bég et al.” in which the similar conclusion to ours is mention- 
ed, that is, a vector K* fits the experimental data better than a scalar K*. 
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Elastic z~-p Scattering at 1.4 Bev 


Shigeo MINAMI 


Department of Physics, Osaka City University, Osaka 
(Received May 19, 1961) 


The analysis of experimental results for x -p collision at 1.4 Bev is made again by 
taking into account the effects of real parts of scattering amplitude. It is shown that the 
approximation in which the real parts of phase shifts are neglected is not necessarily good. 


~§ 1. Introduction 


Previously we tried to analyze the experimental data for =p collision at 
1.4 Bev. under the crude assumptions of Rt =Rr=Ri(=ne"'—1) and of 
6/s=0,) where R,* and Rr stand for the R-matrices for the /-wave belonging 
to total angular momenta J=/+1/2 and J=/—1/2 states respectively. As an 


empirical formula for differential cross sections of elastic scattering we adopted 
do/dQ=0.2/(1.13—cos9)’ mb/sterad. (1) 


and were able to explain the experimental results for cross section of pion 
production. But there was an essential contradiction in our previous analysis 
owing to roughness of our assumption. The value of 7, for /=0 state turned 
out to be negative, that is, 7=—0.4655. It is needless to say that all the 7 
must satisfy the following relation, 


ORE (2) 


Taking into account the real parts of scattering amplitudes* and getting rid 
of the defect of 7,<0, we should like to try the analysis again and to examine 
the possibility of reproducing the small bump in the backward hemisphere which 
seemed to be confirmed in the experiment of angular distribution for elastic 


scattering. 
§ 2. Some consideration about real phase shifts 
First of all we show in Table I the results obtained in our previous 


analysis.” 


* Koba et al.” examined the value of |Re (0°) |?/\Im Fo’) \2, spin dependence of the nuclear 
interaction and the presence of a quasi-resonance state in order to get rid of the contradiction in 
simple theory which has been revealed in proton-proton collision at Bey region. 
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Table I. 
l | N "| o See! (mb) | o,P70¢ (mb) 
= 4 ae Sle Sf =~ =e == = z 
0 | — 0.4655 4.91 | 1.79 
1 0.3920 | 2.54 5.80 
2 | 0.7023 1.01 5.79 
3 | 0.8446 | 0.39 4.59 
4 | 0.9161 0.15 3:31 
5 | 0.9536 0.05 2.28 
6 | 0.9737 0.02 1.54 
total 9.1 mb 25.1 mb 
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The magnitude of both elastic and inelastic cross sections for s-wave is 
by no means larger than 2/k°2.287 mb as long as 4% is neglected. But in 


our previous estimation 
o> 4.91 mb; “and. ef=1:79 mb, (3) 


Therefore it may be impossible to say that our previous results agree fairly well 


with the experimental ones although we obtained the result of parr ot Sui np 
=) 


which is nearly equal to the observed one o%*“=(10.040.8) mb.” With respect 
to s-wave it will be natural for us to assume 7)=0. Under this assumption, 


oft! = oat = a/k? 2.287 mb. 4) 


Comparing these values with those in Eq. (3) and considering the result 


pier —9.1 mb and Sta; prod —925.1 mb we may say as follows. The incorrect 


=T 


Beaton for 7) has a large influence upon ot“ and S)o;°““, while it has not 
a large influence upon o 7" and S$} 07". Since the experimental results for in- 
elastic cross sections were able to be explained by our previous study, it may 
be possible to regard the 7s estimated previously as the suitable ones if only 
a necessary correction is made with respect to 7%. 

Since o?”"*~ 20°", it may be reasonable to assume the following condition. 
The magnitude of the correction Jo,‘ obtained by taking the effect of @, into 
account should not be larger than that of o,°°* estimated without the effect of 
0,, that is, for each partial wave 


2H (al = COS 20;) = il <7)", (5) 


For the case of 7,=0 there is no need to estimate the magnitude of 7, so we 


hereafter take the case of 7,40 into consideration. From Eq. (5) it follows 
that 


cos 20, >1—(1—7,)? */ (271) (6) 
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[eo 
os 


On the other hand, if the imaginary part of forward scattering amplitude 
due to /-wave is 2, times as much as the real part, 


1—7, cos 20,=m mM sin 20,. (7) 
Then 
cos an) atemv/9nbm) 1, @ 
m(1+n,’) 
where 
(n? +1) 21/nr. (9) 


4 cos 20; 


Yj 
y, 
Y 


OZZ) 
=Vi—ain YY 3 


Lp 
=F 
Fig. 1. Pere CaS Fig, 2 pe hye ei nas 
m (+m?) my +m”) 


The relations between cos 20, and m are ‘llustrated in Fig. 1 and Fig. 2. We 
now choose the solution of phase shift so that our previous result” (7-1) 
for R-matrix may be reproduced when the real part of forward scattering am- 
plitude due to /-wave turns out to be zero. Then cos 20; should tend to 1 as 
nm, approaches to +oo.* From this it follows that 


Yana ane Na a 

sosgé ce itmVv tart for 2,> 0, (10) 
7, +nv) 

Bplay haat tories 20) (11) 


7,1+n7:) 
Since cos 20, in Eq. (10) is an increasing function and cos 26, in Eq. (11) is 
a decreasing function, it can easily be seen that the minimum value of .cos 2% 
iS: 7. 
cos 20; = M1. (12) 
Let us compare the condition of Eq. (12) with that of Eq. (6). 


* Tf cos 20, tends to —1 as % approaches to =, the value of o/%0t!=(z/k?) (214-1) G+m)? 


for arbitrary /-state (=) turns out to be larger than the experimental cross section oS¢@tt = 10- 


mb (cf. 7 in Table 1): 


a ats Loe See Seba ei Te ee 


hwy 
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5 es es 7 aM Cert ie) (34,—1) (13) 
21 Aes 291 


TE my (1/3); the allowable region of cos 20, is determined by Eq. (6), while 
if 7,< (1/3), it is determined by Eq. (12). As is seen from Table I, the values 
of ys are larger than 1/3. Thus the relation of Eq. (6) plays an important 


role in our study. 


' §3. Results of analysis 


In order to reproduce the experimental value o**’=(10.0+0.8) mb, the 
; magnitude of S‘o," must be nearly equal to (7.7 +0.8) mb because o/<¢’=2.29 


(=1 


6 
mb in our estimation. Comparing this with >) o;““’=4.19 mb mentioned in 


l=1 


Table I,* we can get the following relation, 
6 


6 
3) (21+1) (14+97—271 cos 26,) = 2 >} (214-1) 1-7)”. (iA) ae 


=k 71 


It must be noted that the contribution from /=0 wave is excluded in the sum- 
mation with respect toZ and that we cannot of course estimate the magnitude 
of cos 20, for each partial wave only from Eq. (14). 

Considering the relation in Eq. (14) together with that in Eq. (5) we get 


29, (1—cos 20;) = (1—7,)? (15) 


for each partial wave. Thus we can determine the value of cos 20,. Now let 
us examine whether the experimental results for angular distribution can be 
reproduced or not. But there is another problem to be discussed. Even if 
the value of each cos 20, is determined, the sign of sin 2¢, is still unknown 


to us. Sternheimer’ has obtained the following result by means of dispersion 
relation, 


[Im /'(0°) |*/ 


Re/f(0°) |?= (10~14). (16) 


We now try to choose the relative sign of sin 20, so that the relation of Eq. 
(16) may be satisfied. In this determination there are several possible solu- 
tions and the angular distributions in the backward direction are affected more 
or less by the choice of relative sign of each sin2¢0,. We show one set of 
relative sign which may be regarded as the most suitable one for reproducing 
the experimental angular distribution (particularly the small bump in the back- 


“a ‘ 3 ; 3 2 eee, . 
* Note that the contributions from /=7 waves to elastic scattering are negligibly small in our 
previous analysis. 


** The relation of (14) shows that the effects of phase shifts d,s (L=1) are not so small and 


that the magnitude of correction due to 6, corresponds nearly to that in the limiting case mentioned 
in Eq. (5). S 


pens 
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ward hemi } 1 i 
sphere). The values of cos 2%, m and o/’ are mentioned in 


Be ie and the angular distributions for elastic scattering are illustrated in 
ie 3. 


do/dQ2 (mb/sterad.) 


eka Le Zs 


Zi a Saar a ae 
0° 20° 40° 60° 80° 100° 120° 140° 160° 180° 
C.M.S. scattering angle 
Fig. 3. Angular distributions for z7~-p elastic scattering at 
1.4 Bev. The solid curve represents our present result and 
the dotted one shows the form of 0.2/(1.13—cos 6)? which 


was assumed in our previous study. 


It must be noted that the values of 7 in Table II are not so large. Thus 
we may conclude as follows. The approximation in which the real parts of 


mplitudes are neglected may not necessarily be good.: 
alysis it is of course necessary to 


We will study this problem 
f recoil nucleon 


scattering a 
In order to improve roughness of our an 
take into account the spin dependence of R-matrix. 


by making use of the experimental results for polarization o 


when the measurement will be made. 


en into consideration, we may expect that the 


* When the contributions from 1>7 states are tak 
xperimental ones 


angular distributions in the backward direction will agree very well with the é 


although the magnitude of 2 scutt will be negligibly small. 
=7 
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Table II. (, means the ratio of the imaginary part of scattering amplitude 


due to /-wave to the real one.) 


y . | 


l cos 26, nm | o,8¢att(mb) 
0 4-00 | 2.287 
1 0.5285 | 2,382 | 5.072 
2 0.9369 | +1.393 2.027 
3 0.9857 | =F 1.177 | 0.773 
4 0.9962 +1.090 | 0.290 
5 | 0.9989 +1.049 | 0.108 
6 0.9996 | = 1.020 0.041 


J pee 6 
\Im f(0°) |2/|Re f(0°) [2 = 14.0, and oseatt = S$} o{8¢att=10.6 mb. 


=0 
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boratory of Elementary Particle Study of Tokyo University of Education and 
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References 


1) D. Ito and S. Minami, Prog. Theor. Phys. 14 (1955), 198. 

2) Z. Koba, A. Krzywicki, R. Raczka and Z. Chylinski, Nuclear Physics, to be published. 

3) Ejisberg, Fowler, Lea, Shepard, Shutt, Thorndike and Whittemore, Phys. Rey. 97 (1955), 
TT. 

4) R.N. Sternheimer, Phys. Rev. 101 (1956), 384. 


381 


Progress of Theoretical Physics, Vol. 26, No. 3, September 1961 


Remarks on the Lowlying Baryon Isobars 


R. E. MARSHAR* and S. OKUBO** 
CERN-Geneva, Switzerland 
(Received May 17, 1961) 


The relative energies and widths of the lowlying baryon isobars have been examined 
from the point of view of the global symmetry hypothesis. In particular, the energy shifts 
of the hyperon isobars 4* and yt due to the mass differences between the baryons have 
been calculated independent of the dynamics. 


§ 1. Introduction 


The lowest nucleon isobar N,* is ‘dentified with the well-known [=3/2, 
J=3/2 pion-nucleon resonance and lies at an excitation energy” EAUN tiie 
~2.12" (4 and my are the pion and nucleon masses respectively) with a total 
Pedi eis yO 90; Ahe excitation energy is small compared with the 
nucleon rest mass and we say that N,* is a lowlying nucleon isobar. The 
next nucleon isobar N,* already lies at a sufficiently high excitation energy 
E(N,*) —my=23.85p: that the term “lowlying ” can hardly be applied to it. 
For the purpose of this discussion we shall only consider N,*. The physics 
underlying this limitation may perhaps be expressed by saying that the proper- 
ties of N,* are determined chiefly by the strong p-wave pion-nucleon interaction 
whereas this need not be true of N,* and higher nucleon isobars (where the 
kaon-baryon interaction may play a role, etc.). 

The other known baryons, 4, ¥ and = may also exist in lowlying isobaric 
levels and indeed there is now rather conclusive experimental evidence” for a 
lowlying A isobar, 4,*, having an excitation energy E(A,*) —m,=1.92p and a 
total width [(1,*) =0.45+. Further, if some form of global symmetry holds, 
lowlying ~+ Ande isepars.(23" and £,*) should also exist. Whether there are 
additional “ lowlying ” hyperon isobars (1. having excitation energies small 
compared with hyperon rest masses) iS an open question and will depend on 
the complicated interplay of pion and kaon couplings. However, if a universally 


* Guest Professor under the Ford Foundation and Guggenheim Fellow, on leave from the 
University of Rochester for the academic year 1960/61. 

** Supported by the National Science Foundation, U.S. A. 

+ This value has been estimated from the data given by S. J. Lindenbaum and L.C. L. Yuan, 
Phys. Rev. 111, 1380 (1958). The Chew-Low theory seems to predict a higher value ''=1.40n, 


if we use their formula (see G. F. Chew, Proceedings of the 7th Rochester Conference), 


Interscience Publishers, 1957). 
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strong p-wave pion-baryon dominates the situation for the lowest lying hyperon 
isobars, it should be possible to establish some (necessarily approximate) rela- 
tions among the energies and half-widths of N,*, 4,*, 3:* and £,* by treating 
the mass differences of the baryons as small perturbations. We note that the 
neglect of the kaon interaction for the J=3/2 isobar states may be reasonable 
since the p-wave kaon-nucleon interaction appears to be small in the low energy 
region. However, for the study of J=1/2 levels, it may be important. 

The essential results of this note are already contained in the papers of 
Amati, Vitale and Stanghellini® and of Lee and Yang.*?) However, we believe 
that our approach is physically more perspicuous than the methods given in 
references 3) and 4). In §2, we derive the formulas which connect the ener- 
gies of the lowlying baryon isobars N*, 1*, 3* and =* (hereafter we drop 
the subscript 1) and compare our results with references 3) and 4). In §3, 
we briefly discuss the half-widths of the lowlying baryon isobars. 


§ 2. Energies of the lowlying baryon isobars 


We derive the displacements of the energies of the lowlying baryon isobars 
(with respect to their global symmetric value) by treating the mass differences 
of the baryons as a small perturbation on the globally symmetric interaction. 
It is plausible that this method will become increasingly bad for the higher 


baryon isobars. ‘ 
_ We first derive the masses of A* and 3* by writing for the total Hamil- 
tonian 


where H,=globally symmetric Hamiltonian (which need not be specified) and 


Hy=|\d'x{(m,—my) (AA) + (my— my) cs" Py hi (1) 


: Se : 
We have omitted terms containing = because obviously these terms do not 
affect this calculation. If we define Y and Z doublets as follows: 


Yad", (Da +3, 
V 2 


Veter (AS), Er 


Hi, is transformed into 


H,={d'x{] ; (m4+3my) ~my |(Y¥+2Z2) 


‘ n mf 
ae 48 (mz—m,) (Yt, Y—Ze,Z) 
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1 a= Ee Aas : = 
=F Gms) (Vert Z4Z 472) ¥ If. (1) 


We start with the eigenfunctions |Y*), |Z*) of AL, which have isospin [=3/2 
corresponding to the (3/2, 3/2) nucleon isobar N*. We then can calculate 
the new eigenvalues of the energy resulting from switching on My. This is 
done by using standard degenerate perturbation theory. 

Let |Y¥*;>,.1Z2** MM) be the eigenfunctions of [Hy corresponding respec- 
tively to Y* and Z* with the third component of isospin J,=M. Hence M 
takes on the values 3/2, 1/2, —1/2, —3/2. However, in what follows, it is 
convenient to include M=+5/2 by putting |\Y*, M=+5/2>=|Z*, M= +5/2) 
a0: 

Now, inspection of the perturbation HH, shows that the eigenfunctions of 
(H,+H,) must have the following form, 


RR en Aa MY+2m|Z*; (M+1)> (2) 
where the constants @y, pe are determined by 
(Y*, MIE,|Y*, Myaw+(Y*, M||Z*, M+1 \ Opa dE On 
(Z*, M+1\H| Y*, M)ayt <2", M4+41|H|Z*, M4+1)84=4E*- Su (3) 


with JE* the energy shift. 
If we now use global symmetry and the isospin invariance of the theory, 
we may put 


as M|\d*x(YY+ZZ)|Y*, M)=A, 


e 


as M+1|\d°x( YY+ZZ)|Z*, M+1=A, (Aa) 

CY*, Mi 1 \atx(¥r Y—Ze,Z)|Y*, M)=M-B, 

C2", M+1|-1\ats(¥r V_Z%,2)|Z*, MEL)=—(M4DB, AB) 
Lape 3 5 112 

cys, M|-E atx Yo-inZiZ*, M+1)=| (= —M) (3+) | B, 

1 96nZ (c+ cy eee firmus ay ecuae apres) 
(aM ataZ atin YIM =| (4M) 4M) BL 
CY*, M+ \a°xZ (+i) y|Z*, M+1)=0, 

(Z*, M+1-4-|d'x¥o-)Z| y*, My=0, (4d) 


2 


where A and B are constants independent of M. ff, furthermore, we define 


= iS et all res ks ee 


* 
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(m,+3ms;—4my) A, 


a=; 


b= (ms—ma) B, (5) 


Ni re oe 


then Eq. (3) becomes 


3 1/2 
(a+bM—4E*)a,—| (2 —m) (2-+m)| bhy=0, 
-| (3 -m)(- 5 4M) |b ay+[a—b(M+1) —4E*¥u=0. 6) 
» 9 


The two solutions of Eq. (6) are given by 


5 2 t [2S eon, Na 2 

sE*=a+ > b, a= 1 (24M), @P=——-(>-—-M), (7a) 
1/2 1/2 

Jk,*=a—>-b, oP=1 (8 —m), =+2(2 4M), (7b) 


and, hence, the corresponding wave functions by 


1/2 1/2 
r(M)= + ee +M] Reaves ee —M| \IZ*,M+1) (8a) 
1/2 1/2 . 
v*(M)=1 E —M| ly*, M)+4 | 2 +M \Z*, M+1). (8b) 


From Eqs. (8a) and (8b), it follows that ¥,* has five non-zero components 
corresponding to M=3/2, 1/2, —1/2, —3/2, —5/2 and -¥,* has three non-zero 
components corresponding to MJ=1/2, —1/2, —3/2. It is not difficult to check 
that if one uses the usual isospin assignments instead of the Y and Z doublet 
formalism, then ¥,*(M]) behaves as y§Prij, and ¥)*(M) as y¥§P.1, apart from 
a common numerical factor. Hence, %,*(7) corresponds to J=2 with 
I,=M+1/2 and ¥,*(M) to I=1 with J,=M-+1/2 in the usual isospin no- 
tation. We identify the states represented by the %,* and ¥,* wave functions 
with the ¥* and A* isobars respectively, namely 


2%, L) =P (1), 
lat, =¥*(L—- 1), (9) 


We believe that this notation is more consistent than that given in references 
3) and 4) where Y* and Z* are taken as the baryon isobars. The quantities 
4E* given by Eqs. (7a) and (7b) then represent E(2*) —E(N*) and. EC/*) 
—E(N*) respectively. 


“lee 
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Up to this point, the results contained in Eqs. (7a) and (7b) are correct 
for the relativistic theory. However, the quantities A and B (entering into 
Eqs. (7a) and (7b) through the definitions (4a) and (4b)) are very difficult 
to compute in general and it is necessary to make certain approximations. 
(We shall attempt to justify these approximations below by repeating our 
perturbation calculation for the ground states, i.e. rest masses of the A and + 
hyperons.) If we suppose that baryon pairs do not make an appreciable con- 
tribution to the positions of the lowlying nucleon isobars (the static theory is 
the limiting case of this approximation), then we may replace the expression 
(YY4ZZ) by. (Y*Y+4+Z*Z) in Eq. (4a) and we obtain 


A~(Y*, M|(d*x(¥* Y+Z'Z)|¥*, My=1. (10) 
Eq. (10) follows since jd*x(Y*Y+Z*Z) is the baryon number operator. 

In order to evaluate B, we do not only neglect the contribution of the 
baryon pairs but we also neglect the pion contribution to the third component 
of the total isospin. More explicitly, the neglect of the baryon pair contri- 
bution permits us to rewrite Eq. (4b) as follows, 


MBS eY®, M|\d'x( ¥*+1,Y¥—ZtyZ)|Y*, MY 
: ay 


~ 


_¢Y*, M|\d*x( +e, ¥+Z*%,Z)|Y*, M). 


[KS 


The second step in Eq. (11) is already permissible if we neglect the Z baryon 
loops (a condition less stringent than the complete neglect of baryon pair 
contributions), since, then, 


. cY*, M|\d*x +o,Z/Y*, M) =0. (12) 
‘Furthermore, the third component of the total isospin operator is given by 


i 


z 


at |dtx(¥*n Y4+Z'r4Z) +i| d'x(g* 2° —7-9) 43) 
eh 


where ¢ is the pion field operator and z is the canonically conjugate operator 
of ¢ If we now neglect the pion contribution to (13), we obtain from Eq. Gil 


that 


{ 


Bol. (14) 


Thus, neglecting the contribution of baryon pairs and the pion contribution 
to the third component of the total isospin, Eqs. (7a) and (7b) reduce to 


4E* (I1=2) =E(*) - BONS Cian) = (ms— 4) (15a) 


to | co 
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AE* (I=1) == E(A*) — E(N*) =  (my—my) ~ > (ms—ma) (15b) 


2 


which are precisely the formulas given in references 3) and 4). It is easy to 
show further that in our approximation 


E(5*) —E(N*) =mz—my. (15c) 


The advantage of our derivation has been its straightforwardness and the clear 
identification of the approximations which must be made to lead to the simple 
result (15). In the derivation of reference 3) the features of the Chew-Low 
approximation responsible for the final result are not too transparent (particu- 
larly with regard to the pion contribution to the third component of the total 


isospin) while in reference 4) [Eq. (22)], an assumption must be made which 


is not easily justified. 

In assessing the validity of the approximations which led to Eqs. (15a) 
and (15b) we would add the following remarks. It seems rather plausible that 
the relative positions of the lowlying baryon isobars will be only slightly af- 
fected by the baryon pair (or loop) contributions. However, at first sight, it 


‘would appear that the neglect of the pion contribution to the third component 


of total isospin [cf. Eq. (13)] would be a poor approximation even for the 
lowlying baryon isobars. We justify this approximation essentially “ad hoc ”’ 
by computing the “ ground states” of the J and ‘' hyperons by means of the 
identical perturbation procedure which we have employed for computing the 
first excited states (i.e. A* and 3*). We find, in analogy to Eqs. (8a) and 


(8b), 


1/2 1/2 
rm} =|2 +M] LY, M)—| —M | Zi MaRS. Stee 
1/2 1/2 
¥o(M) =| u —M | LY, M)+| : —M | IZ, M@+15, . (16b) 


where ,(/) has three non-zero components M=1/2, —1/2, —3/2 and ¥,(M) 
one non-zero component M/=—1/2. The analogue of Eq. (9) becomes 


+, 2)=N(L-—), 


2 


A, 1)=¥o(L— —) (17) 

and, finally, Eqs. (7a) and (7b) are converted into 
4E(I=1) = (2) —E(N) =a+-+ 8, (18a) 
4E(1=0)=E(A) ~E(N) =a— 2-4 (18b) 
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where g and # are defined by Eq. (5), as before, and A and B are, in turn, 
defined by Eqs. (4a) and (4b) with Y and Z replacing Y* and Z* respectively. 
The approximations of neglecting the baryon pair (or loop) contributions and 
the pion contribution to the third component of the total isospin permit us to 
set again A~1, B™1. With these values of A and B, Eqs. (18a) and (18b) 
reduce to 


E(S) —E\N) ~—ms—my, (19a) 

E(A) —EWN) ~ms—mn (19b) 
which are exactly correct. The same approximations lead to 

E(8) -—E(N) =m:—my. (19c) 


It should be pointed out that B can be calculated in the static limit ; Miyazawa” 
obtains the value B<0.37 whereas Fubini and Thirring” get B~0.28. This is 
small compared to 1 so that the 4 and ¥ masses come out quite incorrect, 
since in the same static limit A~1. The fact that Eqs. (19a) and (19b) are 
“exact encourages us to believe that the same values A™1 and B=1 leading to 
Eqs. (15a) and (15b) may not be too bad. 

The above comments are based on the usual view that the mass differences 
among the baryons are due to the kaon-baryon couplings. Thus, as far as the 
pure kaon interactions are concerned, m4, ts and mz in our original Hamiltonian 
can be regarded as the renormalized masses instead of the bare ones. However, 
we are still not taking account of the renormalization effects of the combined 
pion and kaon interactions, so that the baryon masses are still not the observed 
renormalized masses, unless these combined renormalization effects are negligi- 
ble. One way out of this difficulty is to suppose that the quantities A and B, 
which may be different from unity (thus representing the combined pron-kaon 
renormalization effects) are the same respectively for the Y, Z doublets and 
the lowlying Y*, Z* doublets. It would follow then that the formulae Eqs. 
(19a), (19b), (19c) and Eqs. (15a), (15b) are still true provided that we 
replace the masses 114, tz and my by their corresponding renormalized values. 
Roughly speaking, this assumption corresponds to the idea that the pion clouds 
in the lowlying Y* and Z* doublets do not so much affect the properties of 
the cores represented by the Y and Z doublets. 

It is interesting to note that this statement is equivalent to the assumption 
that a’=a, p=, 7 =7- 10 the formulation of Lee and Yang ese Eqs. (19) and 
(20) of their paper” |. Indeed, we can easily write down the following empiri 
cal formulas for the “ ground states > ond “ first excited states” of the baryons a 


E=a+bI1([+1) aS ao, CN, Ay ore (20a) 
E=a*+bI1(14+1) +¢S+ ass (N# AR SD (20b) 
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with the same b, c, d. In Eqs. (20a) and (20b), J=isospin, S=strangeness 


number and 


x ; LS 
a=my—- : (ms—m,), at=E(N*)— ee (ms—ma); 


pe = (ms—my,), 
- (21) 


c= L, (mz—my) —2(m4—mMy) —- ee (ms—m4), 
2 4 
(op a (mz—my) — (M4 my) —- : (ms—my4). 


Eqs. (20a) and (20b) can be translated into Eqs. (19) and (20) of reference 
4) provided we choose a’/=a, //=), 7’=7. 

Finally, we remark that once we know the wave functions for the lowlying 
baryon isobars [as given, for example, by Eqs. (8) and (9)], we can readily 
calculate the weight factors for the various partial transitions, namely : 


Type Weight 
(N*) ++ p+xt : 1 
/ (A*)*— A+nt 2/3 
(A253 ox 1/6 
(At) +> S+4 720 1/6 
(3*)**+> St+4xt 1 
(S*) + 204 7+ ne 


These weight factors are independent of the values of A and B (i.e. the ap- 
proximations of neglecting baryon pairs and the pion contribution to the third 
component of the total isospin) and depend only on the structure of H, [cf. 
Eq. (1)]. It is interesting that they are identical with the weight factors ob- 
tained by Lee and Yang" on the basis of group theoretic considerations and, 
while not at all surprising, perhaps the physical basis of their results is now 
more clear. 


§ 3. Widths of lowlying baryon isobars 


In this section, we briefly discuss the half-widths of the “first excited 
states” of the baryons. The intention is to spell out in an intuitive fashion 
the essential parameters which contribute to this width and thereby to make 
some crude estimates of the relative widths of the lowlying baryon isobars. 
For this purpose, we have recourse to a simple formula for the width of a 


metastable level of a baryon isobar B* derived on the basis of classical strong 
coupling theory,” namely ; 


*t. 278 Re 
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eas Ciaspo (22) 
[E(B*) —ms| 

where az is the baryon “source size”, ps: is the momentum of the .pion in 
the rest system of B*, [E(B*)—mz] is the excitation energy of B*, and C; is 
a constant depending on the quantum numbers of B* (i.e. J, J, etc.) which 
must be assigned in accordance with the “ correspondence principle”. Eq. (22) 
follows in classical strong coupling theory for a strong p-wave pion-baryon 
‘interaction provided that aj//<1, i.e. the “source size”’ is small compared with 
the pion Compton wavelength. Eg. (22) can also be derived quantum mechani- 
cally in the strong coupling approximation” and the only difference is a slight 
change in the constant C, (which cancels out when the relative widths are 
compared). Indeed, Eq. (22) maintains its essential form in the Chew-Low 
theory” if one identifies the “source size”, a», with the inverse of the cutoff 
energy Wmar Of Chew and Low [cf. their equations (52) —(53)]; the “natural ” 
choice of the baryon Compton wavelength for a, also leads to good quantitative 
accord with the Chew-Low theory. This simple physical picture yields the 
crude estimate that 


hele a 


az ~~ 
Wriie DP) MB 


The strong coupling theory also makes a prediction concerning the exci- 
tation energy of the baryon isobar, namely 


ECB) =mp=G— = (23) 
tr 
where C, is a constant like C, and fs is the renormalized coupling constant 
for the p-wave pion-baryon interaction. The Chew-Low theory again yields a 
similar equation to (23) if az 1s replaced’? by wn (B). Combining Eqs. (22 
and (23), we obtain 


[tne = Cfs pie . (24) 


From Eq. (24), it is evident that global symmetry (f/;=constant for all baryons) 
implies that 


ieee ~ pips (25) 


which is essentially the p-wave phase space factor used by Lee and Yang” [cf. 
their Eq. (18)]. By the same token, it is understandable from Eq. (23) (einee 
az~1/mz) that the heavier baryons will have somewhat smaller excitation 
energies for their lowlying isobars. When this is combined with the subtrac- 
tive term in Eq. (15b), it is easy to explain a reduction by a factor 2 in the 
half-width of 1* compared to that of N*. On the other hand, the additive term 
in Eq. (15a) [even when one measures E(X*) with respect to mz] leads to the 
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expectation that the half-width of 3* will be as large, or even larger, than 
that of N*. Similar qualitative arguments predict that the half-width of =* 
will again be comparable to (perhaps smaller than) that of N*. These state- 
ments are rougly in accordance with the numbers given in Table III of refer- 


ence 4). 

In conclusion, it should be emphasized that the purpose of this note was 
to obtain a more intuitive understanding of the relative energies and widths of 
the lowlying baryon isobars within the framework of global symmetry. We 
find, in agreement with references 3) and 4), that the observations concerning 
the excitation energy and half-width of * can readily be understood on this 
basis. If it turns out that the observed lowlying .1 isobar does not have the 
quantum number” J=3/2, the globally symmetric starting point for our calcu- 


lations [as well as those of references 3) and 4)] would then become doubtful 


because opposite parity of 4 and * would be likely”””. 
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A simple two-channel model in field theory is presented in order to know characteristic 
features of the problems concerning Y* recently observed. Four particles, K_, N, and 4, 
all assumed to be spinless, are considered, and the S-state amplitudes are calculated in the 
chain approximation. The calculated amplitudes satisfy the unitarity condition and reproduce 
bound states, resonances, and other features of the reactions. From the examples treated 
it is concluded that a strong attractive force between K_ and N such that there is a bound 
state and a weak coupling between K_N and 7A channels are essential for the appearance 
of a sharp peak both in the K_N total cross section’ and the K_+N->zx+A4 cross section in 
the unphysical region. The relation between height and width is such that the peak tends 
to a é-function if the width tends to an infinitesimal. This conclusion remains unchanged 
even if a force between z and A is varied over a wide range. According to the variety of 
a xA force, the z4 cross section exhibits either a peak or a dip near the energy at which 
the K_N total cross section exhibits a peak. Furthermore an attractive or a repulsive 7A 
force contributes to make a peak broader or narrower, respectively. 


$1. Introduction. 


In a recent experiment with the Berkeley K~-beam, an interesting fact was 
reported.”” Namely an outgoing pion (positive or negative) in the reaction 
K-+proAtat +a distributes along a straight line in the Dalitz plot with a 
fairly large probability. This suggests an existence of some kind of excited state 
composed of a / and a pion (Y*), the mass of which is nearly equal to 
1380 Mev. A remarkable fact is that the half-width of that state is very nar- 
row: about 15 Mev, as reported most recently.” This value is much smaller 
than the half-width of the 3-3 resonance in pion-nucleon scattering (about 


50 Mev), though a similarity to the 3-3 resonance was stressed in the earlier 


analysis.”* 

If we assume an interaction of Y* weak enough to give such a narrow 
width, we could not explain a “large” cross section for the production of Y*. 
In order to overcome this dilemma Takeda proposed a kind of “ even-odd rule” 


similar to that proposed earlier to account for the copious production and long 


life of strange particles.” 


* See also a paper by Amati et al.) 
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We may introduce Y* as a new elementary particle similar to 4 and &. 
It is, however, worthwhile to note that we can consider Y* as a bound state 
of the K_N system with a binding energy ~90 Mev.®”®* This conjecture 
will be supported further if Y* turns out to decay into 7 and JA in an S-state, 
though this has not yet been unambiguously confirmed. This is because we 


can hardly expect a sharp resonance in an S-state due to the lack of a centrifu- 


gal barrier. . 


If this conjecture is valid, the Y* phenomena will provide an actual ex- 
ample to which we can apply a field theory of unstable particles (or bound 
states), which have been discussed by many authors.” It is also necessary to 
develop a field theoretical multi-channel problem (K_N, 74, and 2 channels 
in the case of Y*), which has been considered partly by Igi,” and by Matthews 
and Salam.” ** 

Several authors have already attempted to make phenomenological analyses 
in terms of complex scattering lengths.’ But, since these problems are 
rather new to us, we consider it useful first to make more general and funda- 
mental considerations before entering into detailed comparisons with experi- 
mental results. From this standpoint we shall investigate here a simplified 
two-channel model in field theory. 

We shall consider four particles, AK, N, z and ul, neglecting isospins, all 
assumed to be spinless, and such that 


M,+Mi<Mg+My.*** 


We shall calculate various amplitudes in the chain approximation method in an 
S-state, by assuming appropriate four-vertex interactions. A generalization so 
as to include Yukawa-type interactions is easy. An analogous treatment in a 
P-state is also possible. 

This model is too simple to draw detailed quantitative conclusions on the 
actual Y* problem, because of the neglect of isospins, spins, parities and actual 
mass ratios. But we could expect to learn a number of qualitative features 
which are characteristic of a two-channel (S-state) reactions involving an unsta- 
ble bound state. On the other hand, this model is, of course, not very general ; 
rather it carries some restrictive properties. At the sacrifice of complete gener- 
ality, however, we can reproduce bound states, resonances, and other features 
of reactions without any further approximation. Therefore we may expect to 
give instructive examples of more general considerations of the theory. 

In § 2, the interaction Hamiltonian is given and the S-state amplitudes are 
calculated in the chain approximation. The connection between these ampli- 
tudes and the conventional quantities are established. In § 3, the general proper- 


* K, denotes K+ or K®, and K_ denotes K- or K°. 


** Multi-channel problems in terms of potentials have been investigated by Ross and Shaw.10 
Hereafter K stands for K_, namely A- or K®. 
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ties of this model are discussed. Among them the unitarity condition plays 
particularly important roles in the’ following discussions. In § 4, several typical 
cases are discussed. From the examples treated we find that a strong attractive 
force between K_ and N such that there is a bound state, anda weak coupling 
between two channels are essential for the appearance of a sharp peak. Natures 
of the peaks are discussed : i.e. relations between height and width, the possible 


appearance of an “‘ imaginary resonance ”. §5 is devoted to the summary and 
concluding discussions. 
§ 2. S-state amplitudes in the chain approximation 
We assume the interaction Hamiltonian 
H=9,KNKN+92,74nA+93(KNzA+AKN), (271) 


for the interactions between four particles, K, N, = and 4, which are all as- 
sumed to be spinless for simplicity. We assume the simplified mass ratios 


‘given by 


We My = M, 5 
M.=M,=M,<™,. 


Be mG: 


Fig. 1. The simple chain diagram for KN-KN scattering amplitude 7). 


First we. shall calculate the simple chain diagrams illustrated in’ Fig. 
1, which result if we switch off the coupling between the KN and the 7A 
channels (the g-interaction). Denoting the scattering amplitudes of KN-KN 
and a/-2A as T, and T, respectively, we have 


£ qi Obl ? 
Te) Se EA 
f He geri re) Be, 
D(C) ee 
att ) 9,(€) 
where 
é-W?=—p’, (p: total momentum) 
al: 
ae SAY ee neal 
R,(6) =i 2a) ~*| dg SEC eEEOTa 
. 4A,2 bis 5 
WG alice Sa eee (2-3) 
ES 16x" \ m?—€ —1& m: 
4M,2 


(r=1, 2) 
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The latter expression has been obtained using either the technique developed 
by Nakanishi” or the standard method in a dispersion relation theory.” If 
we divide R, into real and imaginary parts, 


R,=A,+iB,, 4 
: 
we have : 
44,2 a ied M2? 4 
1 ( me 1 i 
4) So p)| = eae 2-da . 
BES 6x7 \ m—é m ( ) ; 
4M,2 $ 
Bieri a W(¢—4M,) ,/ 4 4M (2-4b) 
ae = a 
We have cut off the integration with respect to m’” at 44,’. : 
Next we take into account a coupling between the AN and the z/ channels. . 
As illustrated in Fig. 2, we can express the amplitudes as power series in 9, : 


which can be summed to yield 

: » YO T+ YOY i+ 
8 OOOO OOOO 
> OOTP 


Fig. 2. Compound chain diagrams for Z's. A solid line represents A or | 


N, and a broken line z or A. Appropriate simple chain diagrams (with 
43=0) should be inserted for the shaded parts. 


ee ee eee 


See en Ch ep Ch eh 


T= Ath 
XD 


> : 


ayes Be 


(2-5) 


where 2/,, 2/, and J, are the ania: for the processes KN-KN, zA-2A and 
' KN-zd, respectively, and 


h=9s'—939s, 

2-6 
S=3, D.—9s" R, Ry. 
According to the chain approximation we have included only diagrams which 
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are serial combinations of “bubbles”. Therefore Eqs. (2:5) do not satisfy 
the requirement of crossing symmetry. The denominator (€), common to 
the three amplitudes in Eqs. (2-5), can be divided into real and imaginary 
parts as follows: 


9=A-iv, 
where 
=D, D,—93 Ai A, +hB, Bz, 
(2-7) 
B= (g.+hA;) B+ GithA.) Bi, 
and D, is the real part of SS, given by 
Di =1—-G,-Ay.. (2-8) 


Now we establish the connection between the ’s given by Eqs. (2-5) 
and conventional quantities. J, and J, are simply the scattering amplitudes, 
Using the complex phase shifts 0,, we have 


J ,= (1/B,) e® sind, = —82(W/k,) e* sind,, (2-9) 


for the physical region of each reaction, where W and &, are the energy and 
momentum in the center of mass system, respectively, given by 


W=Vé, 
Peers (2-10) 
enh “pf Me. 
The imaginary parts of the J, are related to the total cross section as follows : 
Im 7,=—2 Wh, o;, 
o,= (n/b2)|1—e"/ (2-11) 
The quantity |7,|? obviously gives the cross section for the reaction 
K+N><A+7. 
In addition to this reaction we are also interested in the reaction 
K4+N>A42+472. 


It is expected that the cross section of this reaction is intimately related ley sl 
In order to calculate the amplitude of the above reaction, however, we must 
introduce the interaction Hamiltonian for the emission of a single pion. Among 
many possibilities an example is given by 


H=GNNrz, (2-12) 


in terms of which we can also construct a chain diagram. The calculation 


can be simplified further by assuming a five-vertex interaction Hamiltonian 


given by 


Oe Ss sar te 


“si 
- 


=> iso. Ve? 


ee A ee 
eis . Fa 


FIORE ee se te ee ye ee eee ee 


> 
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H=9,KNanA+h.c. (2-13) pews 
3 ; 
Of course we can produce an effective Hamil- 91 faces 


tonian (2-13) by calculating the closed loop 

ee ‘ll bedGie Ri peng Th nea Fig. 3. A closed loop diagram 
pitta : . 

eno Maustte mG oatmas he ; ee E me resulting from the interaction 

constant y,, thus interpreted, is proportional Hamiltonian 

to Gg,. Assuming, for the moment, the 


interaction Hamiltonian (2-13), we can ce ‘s EL 
calculate Le the amplitude for K+N->A et \ ct \ wee 
\ \ 


+z-+x, from the diagrams in Fig. 4. If we 


substitute 7,, 7, and 2, calculated before, Fig. 4. Chain diagrams for the } 
for the shaded parts, these diagrams include reaction K+N—>Atatm.” Ap: 

i “I et propriate compound chain dia- ‘ 
all possible chain diagrams of lowest order grame iilatested in Paavo areas 
In Yq. be inserted for the shaded parts. 

These too can be summed to yield 
I4= [9s + D2 (F) D1 (F,)], (2-14) 


» (F D6) 


where €; and ¢, respectively denote the squared momentum of the initial state 
and that of the “final” state excluding the pion emitted directly by the 4,-inter- 
action. 

In the experimental situation of reference 1), the cross section is obtained 
as a function of ¢,, with a specified ¢;. In the vicinity of the ‘“ peak”, the 
behavior of eel as a function of ¢, can be considered to be given by 


(Nie J, ae Ie ~ Is Pas a a 2 ne 


On expectation that this relation will hold also in more general cases, we shall 
3| in the following. 


§ 3. General properties of the model : 


In this section we summarize the general properties of the amplitudes 
calculated in § 2. 


(i) Properties of the simple chain amplitude T., 


We consider 7;, from which T, can be easily inferred. In the right-hand 
side of Eq. (2-4a) the integration can be performed explicitly as follows 


[y— 4 pg VIZ G2) +V1= 79) 
| 4 ~vw1—(1/42) -//1—G/y) 
. (3-1) 
Lear sea tan ee GP? 2s 

\ ) (1/7) —1 


tory ay 
—167 Ai{y) =L, ae 


for" 1. 


So) 
Xa) 
~~) 
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where 


g=§/4MY, A =4Ar/4My, 

Iz=log “a deal , 

VT ee 
The function —167?A,(7) given by Eq. (3-1) diverges logarithmically at 
GA. Asveasily noted, however, the behavior of the function near the cutoff 
energy changes depending strongly on the method of cutoff. Therefore we 
should be interested mainly in the energy region far below the cutoff, since 
we know at present no definite method of cutoff. In order to see the general 
behavior of —16z?A,(y7) in the energy region far below the cutoff, we may 
put 4,0 in the right-hand side of Eq. (38-1), except for the constant term 

L,. In this approximation we can prove that 


d [_ 168" Ai(7)]20, for 751. (3-2)* 


4 


In the neighbourhood of the threshold we find 


Bee ELIOT), 
162" A, (n) + — 162" Ai (1) — ‘ (3-3) 
Se Ore. 
M? 


where &, is the relative momentum *n the center of mass system given by 


Eq. (2-10) and % is its analytically continued quantity given by 


10- 
—1677Ai(%) Di(q) 20 


if j 
/ 


Ai=20, 9,=— 24.13 


“10 
Fig. 5. A plot o 
= —24.13, which wi 


f —1622A,(y) with 4, =20. There is also plotted D,(y) with 
ll be used in Case 1, Case 5 and Case 6 (§ 4). 


* The inequality for n<1 can be proved directly from Eq. (2-4a), since the denominator 


m2—& never vanishes below the threshold. 


Fi 
- 


~~ 


TSE. Bey nk MALT 


Se fetta 


—— 


bse I 


<>" 


Re ee ~ e e 
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é » 
/ Lge f 
k= y/ Mite (3 4) 
Eqs. (3:3) show that —162°A,(7) exhibits a “cusp” at the threshold. In 
Fig. 5 we have plotted —16z°A,(y) with 4,=20, in which we can see all the 


general features implied in Eqs. (3-2) and (3-3). 
On the other hand, D,(y) exhibits several distinguished behaviors according 


to the different values of 4. 
For 9, >0, corresponding to a repulsive force, D,(7) never vanishes and is 


larger than unity for 7<1. If we confine ourselves to the energy region far 
below the cutoff such that 

—167 Ay (7) ye 0° 
we have 


Dd, (7) = i 
for 7>1 also. A schematic plot is given in Fig. 6(a). 
For —1677/L,<9,<0, we have 
02D (2) = 1, 


in the region mentioned 
above. This case corresponds Pero 
to such a weak attractive 1 - 


force that there is neither 0 


t— — 
bound state nor resonance 4M? & 
(Fig. 6(b)). 
Por.d;= —1627/L,; the (a) 
bottom of the “cusp y touches Fig. 6. Schematic plots of D,(y) for various values of 
the abscissa which represents H- (a): 91 >0, (b): —16x7/L,< 9,0, (c): 9. = —1677/Ly, 


(d): 9,< —16z2/L,. The points y, and 7)’ represent the 
energy of a bound state and that of a resonance respec- 


the zero of D,(7) (Fig. 6(c)). 


This case corresponds to a tively. Broken curves represent the extrapolations of 
zero energy bound state (or D,(4) in the scattering length approximation. 
resonance). 

For 9, < —167°/L,, D,(y) vanishes at two points, one below the threshold 


(7) and one above the threshold (y’) (Fig.6(d)). The points m% and 7’ can 
be considered to correspond to a bound state and a resonance, respectively. 

If we arbitrarily make gy, negatively large we would have a negative 7, 
which is a kind of “ ghost”. In order to exclude such a ghost, which may be 


related with the lack of crossing symmetry in our model, we must assume a 
lower limit on 4 as 


pce 167? 
i a 0 rn mr aed 
I,—2V/1— (1/23) 


Summarizing we have the following theorems: 
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ice} 


Theorem I 
The inequality 


a 2 Je Pt < Ch Eta he ut 
Lae Wey ie Om hg 


must be satisfied if a bound state is to exist. 


Theorem ITI 


There exists either one bound state or no. If there exists one (no) bound 
state, we have necessarily one (no) resonance also. ‘This is a kind of Levinson’s 
theorem.” If the binding energy tends to zero, then the resonance energy also 
tends to zero (a zero energy resonance). 

We can further prove the following theorem from the monotonic decrease 
(increase) of —167°A\(y) at 7>1 CSP (EG. G22). 


Theorem III 

a,’ has a maximum which is obtained when y is a minimum. 

This maximum, which depends on the cutoff, becomes largest for /= ©. 

We shall add a remark on the resonance here obtained. As a consequence 
of the inequality in Eq. (3-2), D,(q) changes its sign from negative to positive 
as 7 increases through 7. This, combined with Eq. (2-9), leads to the con- 
clusion that the (real) phase shift 0, goes through 2/2 decreasing. In examining 
more in detail we find that the cross section exhibits no sharp peak near the 
resonance energy. These facts are in agreement with what we know about an 


S-wave potential scattering.” 
(ii) Unitarity condition 
Using the expression given by Eqs. (2-5) we can derive the following 


formulae : 


Ime BSP Boke 3’, (3-5-1) 
Tee aed eB, te a, (3-5-2) 
Thine Bre eee (3-5-3) 


These are combined to the equation 


Im(f | |iy= DAIS * ln Burl 7 le), 


which turns out to imply the unitarity condition for c/, if we note that 
— B= k,/ 8a WwW, 
from Eqs. (2-4b) and (2-10). From Egs. (3-5-1) and (3-5-2) we find 
Im, <0, 


(3-6) 
Im, <0, 
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in both the physical and unphysical regions. 


(iii) Scattering lengths 
We can prove that ¢/; and J, as given by Eqs. (2-5) behave as 


=f 
iti Lee (AM) | ee ee ee Ye 


16z M, = 
I.E) ~I,(4M;) 4 “ (3-7) 
I[1- Paes: (AM, | SOP OY 6 Sanaa 
16z M, 


This equation leads to the introduction of a scattering length defined by 


Qe L —= J ,.(4M,) > ae 
167M, 


in terms of which we can write 


— for €> 4M, 

2 +1k,a, 

(2) cd Ga (3-9) * 
Lo fos Pea 
l—«,a, 


When the two channels are coupled </, is in general complex, therefore a, is 
also complex and may be decomposed as 


a,=b,+ic,. 


The imaginary part c, is negative from (3-6). The behavior of </, near the 
threshold, given by (3-9), is schematically illustrated in Fig. 7. 


Re —Im vf 
b>0, B>c? b>0 
Sst 
167 Méb —16z7Mc 
b>0, B<e? b<0 Bx 
OF La £ 0 = £ 
4M? 2 % 
b<0, B>e? 4M? 
{ 
162 Mb 
b<0, Pec? 


Fig. 7. Behaviors of scattering amplitudes near the threshold. 


* This definition of a corresponds to 


k sorties fe 
a 
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(iv) Renormalization 
In the simple chain case the renormalization procedure is easy. Namely 
we can write 
,(€) =1 —y,R,(§) =)7(4M-) —q,[ R,(¢) —A,(4M,) ], 
then we have 
GG ee ee 3-10 
where 


4 I, y 
Geo et, 3-11 
D,(4M,’) Teg rLe1on: \ ) 
and the finite part of R, is given by 
R,7(€) =R,@) —A,(4M,’) =A,(S) — A,(4M,’) +iB,(€). (3-12): 


From Eq. (3-8) we find 
a,=162M,a,. (3-13) 


In the compound chain case the situation is not as simple. We can prove 
that the divergence can be absorbed into two scattering lengths, d and b,, and 
that the behavior of the functions is insensitive to the cutoff. In the following, 
however, we shall not try to apply the renormalization procedure consistently. 
It is worthwhile to observe that a cutoff gives some kind of inverse length as 


seen from Eq. (3-11). 


§ 4. Special cases 


In this section we shall consider several special cases which serve to in- 
vestigate the general features of the Y* problem. Numerical values, i.e. mass 
ratios, cutoff momenta, binding energies, etc., are chosen for the sake of easi- 
ness of computation only. The parameters used are summarized in Table L 

It is convenient to divide the energy region into three parts: 


Region I : §S4M4’, Or -i= 705 

Region II : AMZS€§<4M), or no = Sl, 

Region III: 4M’S§, Orn tee 
(Ho= AM,?/4M,’) 


The behavior of the KN-KN scat- 


We shall mainly consider Region II. 
ion III) can be inferred 


tering amplitude near and above the threshold (Reg 
from the scattering lengths by using Eq. (3:7). In Region i 
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Table I. 
Case Laine? iad, due See eae | tie bee: 6 | 
Example 1 2 Bi sede | veh patna 53 | 6 | . 
Figure 8 9 Ky A as ie 1S Fed ie © ey yd sch Be) 
TL ee 0.5 05 |. 05 U.S. 20.8 0.8 08 | M2/M? 
hy | 20 20-01, 20-8 kan 20 20 20 20 A,|M, 
Ae 0 clare ZORA a 20 25 25 400 25 A/Mp 
a 9413| +24.13/ © 0, | 0 |.-2413| +2413] —24.13| —24.13 
% 0 0: |} °O | +204.2| —20.18| 21.36) —13.24} +20.00 
q2/4x | 2.00 | 2.00 | 4812 | 200.0 | 0.04 | 0.04 | 004 | 0.04 
" | 0/900" J. = ay 0.900 0.900 0.900 0.900 aoe: 
ny’ 579% Vee aides hee 1.573 | 1.573 | 1.573 | 1.573 : 
2 | | | 0.800 | 0.781} 048 | — }) ,_ 
in ™ Se! ae OP 980g Shek 008 el Bode het eas eet 
n* 0.802} jt Ur es — | — | 0930 | 0899 | Cé=0 
3 Saha Nee ee — | — | 0901 | 0901 | 0903 | 0898 | G=o 
oA 0.874 | —19.42/ 0.793 | — | 0.929 | 0.931 | 0.938 | 0.929 | Eq. (5-2) 
mt |°=> | — | =) | = | 0793 | 0768 | 0.33 ¥ =0 
se ies 0.660 | Haat 3 ta Bees Wc tetas, a 
i pot { 0:900 | | | =0 
1 = _ ey OM Nao Shee Sa Pea ie CE 
by | +1408) +1112) 433.72) 1993) +1885) +1908 +2011, +188.9) 
=% — | 11.73 | 0.0816 | 50.90 | 1306 | 7.740 | 7.770 | 15.00 | o.o724| 2—4/16nM, 
xO) | +1896 +189.6 0 | 0 | +189.6) +189.6, +189.6 +189.6 Values with 
Bier Mie 1 5 0 0 | +1776; — | +366.5| +1091} +10.05|) 9=0 
so that @ and @ in Eq. (2-7) can be simplified to 
=D, D,—g3' A, Ag, (4-1a) 
(Region II) 
B= (g.+hA) Ba, (4-1b) 


and the unitarity condition (3-5) becomes 
ImnJ,=B, T |, 
Im J,=B,|7/,|?, 
Im J,=B, 7,7". 


Case 1. % is negative and large such that there is a bound state of the KN 
system in Region II; 9,.=0, and g;° is small. 


In this case Eqs. (4-1) can be simplified further to 


A=D,—93 Ay Ag, (4- 2a) 
G=9, A,B. (4- 2b) 


it 
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Is. < || ? 
we have the approximate forms for CQ and @ near 7: 


Chr —a(q—7"), 


. r 4-3 
Br Big) ~- 2 ©, a 
hh DAP LOT STs 
where 
Pepe Ss 00 <1) (4-4) 
O eere/et 


is the slope of Ct near 7 and is insensitive to g,2.. From Eqs, (4-3) we have 
a one-level formula for 2s, 


es Sat a nae (4-5) 
where the half-width [/2 is given by 


Baete att TE (4-6) 


Aue 
a l6za i 


> 
s 


| Y 
108 


Re 42X10 | 
ye 


0.5 1.0 
uy) 


Fig. 8. Example 1. —Im ms —Im oe and (Js) exhibit a sharp peak. The curve 
—1/B,, represents the kinematical upper bound for —Im ies The behavior of Re oa 
shows that 0, goes through 2/2 increasing as 7 increases through 7*. 


404 Y.: Fujii 


Both the width /’ and the difference 7,—7%:* are of order gs; We have further 


12 1 

Nis 2 Lay 5 oS Ts eae ee > (4-7) 
8 eet os ak oye eer 

FI .=9; A I~ — pe. } (4-8) 


gia y—m*+il'/2 


An example is shown in Fig. 8. The following points should be noted : 
(i) The second term of @ given by Eq. (4-2a) makes the zero point 7 of 


D, shift to the left (7:*). This means that the g;-interaction is some kind of 


attractive force. The difference 7,—7,* is, of course, of order g;’. 

(ii) The coupling between two channels (the g-interaction) produces a width 
of order g;?.. The relation between the width and the height of the peak is of 
special interest. In the limit where gy,’ tends to an infinitesimal, we have 


Imc/:==B; I? ~ “<4 (7-9), 


We can naturally expect that Im, tends to a 0-function, since a stable Y* 
appears if the coupling is switched off leaving g, unchanged. In this case J, 
contains a term like 


1 


SS ae 


where M,” is the square of the Y* mass. 

On the other hand, it seems strange that |—7,|? also contains a 0-function, 
since the reaction K+N-2+A will not occur if the coupling is switched off. 
But we must include a stable Y* into the complete set of states for g,;=0.* 
The unitarity condition (3-5-1) should be modified to 


Im J, = —29,70(§ —M,’) + B|A,)°, (4-9) 


“ 


where g; is the “coupling constant” between K, N and Y*. The attenuation 


of the KN beam (—Im C/,) below the threshold now results from the reaction 
K+N- Y*.** 


In our model a Y* is detected either by observing a peak in the energy 
spectrum of z which has been produced together with Y*, or by observing 2 
and A which have decayed from Y*. The latter observation is replaced by the 
observation of a stable Y* if the g,interaction is switched off. We can con- 
sider, therefore, the right-hand side of Eq. (3-5-1) or Eq. (4-9) -as representing 
the squared amplitude for detecting a Y* in the final state, irrespective of 


* See the paper by T. Goto for the proof that the complete set of states can be formed from 
the scattering states alone, not including the unstable particle state 16 


kok : be M autiAlad ‘ 4 : 
Of course other particles, e. g. pions, must be emitted in order that this reaction actually 
occurs. 
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whether g;2 is zero or not. Then we can easily understand that the integral 
of the squared amplitude does not depend on g;’, because we should detect 
“one” Y* in any way, if “one” Y* is produced at all. 

We can make another interpretation. The height of the peak of |," is 
~g2/I?~1/l’, which, multiplied by /’, has given a value independent of 9s’. 
The width /’ represents a probability of Y*-decay per unit time, while the 
height (~1//’) represents a duration of a Y*. The total probability, integrated 
with respect to time, is a product of the above two quantities, and then inde- 
pendent of J’. 

Gn) —Im. J, exhibits also a peak, but its height is bounded by a factor which 
is purely kinematical and independent of g’s and the cutoff. In fact we have 


1 W | 


—Im I (m*) = = 82 
o(%| ) BG) ky pees 


which turns out to be equal to the kinematical upper limit in an S-state scat- 
tering. In examining Re 2, we find that the phase shift of w/-7/ scattering 
goes through 2/2 increasing as 4 increases through 7°. 


(iv) We find 
ye 0, be Ci 


Therefore, —Im 2, exhibits a “cusp” at 


the threshold of the KN channel (see : sk eee 
Fig. @): | 
L 
Case 2. g, is positive, J,=9, and 9; 1s 
small, 
In the single-channel scattering we | 


have the following three cases from Eqs. x10 
(3-11) and (3-13): 


T 
= * 


bi Us ofore 1Ge 0; bs | 

b.<0 for —167°/Iy 20, 0; 

bee OT Ore Gis = 162°/1,. [ —Im 21X10 1 
For each case: D,(é). has already been is | 


plotted in Fig. 6. A positive 5, implies 
that the absolute value of D,(€) decreases 
when € decreases from 4M’. Therefore, 


| 


2-\ 792x108 
we cannot necessarily conclude that there : i = 3 : 
5 a bound state only because / 1s positive. 05 . 1.0 
i 1 i imilar if a weak ‘ Sy 
Wee Wy ea g mp peek : r Fig. 9. Example 2. —Im ae exhibits 
channel coupling 1s taken into account. Ro-charpipeti in spite of the cusp: 


In Fig. 9,.we shall show an example .in type behavior at the threshold. 
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which g,>0. The inequality },°>c,? is still satisfied and —Im/, exhibits a 
cusp at the threshold. But Cé never vanishes in Regions I and II, and con- 
sequently neither —Im2/, nor |27;|? exhibits any sharp peak. On extrapolating 
these quantities by the rigid use of the scattering length approximation (see 
$5, (v)), we obtain a peak in the space-like region of €. 


Case 38. {h=Gr=0, 9340 

As noted in Case 1, (i), the g;-interaction is an attractive one. Thus we 
may expect the possibility that the g,-interaction causes both the formation of 
a bound state and its decay into z and A. We find, however, that the width 
is essentially broad in this case. Examples are shown in Fig. 10. Further- 
more, (2(7) is found not to behave as simply as in Case 1. In the present 
example, (4(7) behaves somewhat like a parabola, and two peaks appear. 

Now we shall take into account the effect of the g.-interaction. If g, is 
very small its effect is simple. A small positive y, shifts 7, to the right and 
a small negative 7. to the left. If gy. is of the comparable order of magnitude 
as %;, however, the behaviors of the amplitudes are so complicated that general 
treatments are rather difficult. In the follwing we shall, at first, consider the 


case in which only g, and gs are effective, neglecting g,, and subsequently con- 


—2.4- 


lt posi I ke 


an 0.5 1.0 


X 


Fig. 10. Example 3. C&(y) behaves like a parabola and much smaller than Spy, 
iJ, exhibits no sharp peak. 


Q 
- 
4 


a 
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sider some interesting cases in which g, and g, are of the comparable order of 
magnitude. 


Case 4. %1=0, 92>0, 93 #0 


We are interested in this case because there is some evidence that the K- 
meson interaction (here the g,-interaction) is weaker than the pion interaction 
(here the g,-interaction). We shall consider only the case of g.>90, since a 
negative g, turns out not to produce any resonance-like behavior. 


We have 
Q=D,— 93 A; As, (4-11a) 
B= (g2t+9e Ar) Br. (4-11b) 
It should be noted that @ is no longer of definite 
sign. In fact it is possible for 7 (q) to change sign gotgcA 


in Region II, if g» is positive and large enough. This 
is illustrated schematically in Fig. 11, where 7% is 
the zero point of (4) given by ' 


A, (7s) = —9o/ Ys. (4-12) 


‘lf the slope of © (7) near 7, is large enough, 


i Me tee ale ell Gir ssible f 
7 (y) can be approximated by cae a eeaien 
© (7) wf He=70) (4-13b) to change sign. 
where 
gee gage PU aante SS ay EG (4-14) 
162° dy =m 64x" An 


Also we have 


a(n) ~A(m) =i (4-13a) 


The latter equality is obtained by substituting Eq. (4-12) in Eq. (4-11a). From 
Eqs. (4-13a) and (4-13b) we have 


ps Caer) Bla (4-15) 


where I” is given by 
P’/2=1/8>0. (4-16) 


The right-hand side of Eq. (4-15) is of a form of the one-level formula, with 
the peat and imaginary parts interchanged in the denominator. This can also 
be considered to be a kind of resonance, which we shall call an imaginary 
resonance. 


We- have 
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oe us aINGs 
IF s)?~ 4 SR (4-17) 
(g—m)?°+17/4 
and we can expect that |7/,|?, and PL aeeaes —Im 2,, exhibit a peak. 
On the other hand we have 


ey pe Ne 
‘ ae 7—-Mmt+1l/2 Bice 
Im 7, ~ G Boe tae 
EG —Q—)? +[7*/4 


It is noted that —Im J, exhibits a “dip” at 7=7, instead of a peak. At this 
energy we find 
age=(): 

Now we shall examine more specifically whether we can really expect a 
sharp resonance in the present case. From Eq. (4-16) and Eq. (4-14) we 
must assume a large g;' in order to have a small /’. This leads necessarily 
toa large y, from Eq. (4-12). These large constants cause (£(7) also to have 
a zero point (sometimes more than one) near 7, so that a simple one-level 
formula as in Eq. (4-15) is no longer valid. Moreover we find 


x 104 
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Fig. 12. Example 4. An im: iginary resonance occurs at 4 where 1D (9) =0. mlimete 
exhibits a dip at 44. But the behaviors of various quantities are too complicated to 
apply simple one-level formulae, Consequently there occurs no sharp peak. 
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[C| <A) =1, 


unless very extreme values are chosen for the parameters. These facts make 
the problem so complicated that we can hardly expect a sharp peak as simply 
as in Case 1. An example is shown in Fig. 12. 


Case 5. Case 1 is modified by assuming a large negative J» such that there 
is a bound state in the 7A system. 


Eq. (4-1b) can be put into the form 


bys (J.D; + 93 Ai) Bx=92 (D, Ac =i A,) Ba, (4:19) 


2 


which shows that an imaginary resonance can occur irrespective of the sign 
of g,, if D, changes sign in the region considered. 
The energy 7.* of a bound state of zA system, which we may identify as 


a »', is determined by 


D.—93 (Ai A;/D,) =0, (4-20) 


if D, does not vanish in Region I. In Case 1 the second term on the right- 
hand side of Eq. (4-20) is negative because D, is positive in Region I. There- 


fore, the energy of +, denoted by 7,*, shifts to the left of 7%, the zero point 


of D,(%). 

We shall consider three examples in which 7,', another zero point of D,(4) 
which corresponds to a resonance in wA scattering, lies at 7%, 1, and to the 
right of 1. 

In Example 5-1, in which 

Y2=Y2 => 
J, is given by 
9/162? = —1/Ls. (42d) 
Even with this condition (zero binding energy), there is a bound 3S because 
0s) <7.) 10 this case the product D,D, is small in Region I and 


|D, D)| <q;'|Ai| 
can be satisfied unless gs. is extremely small. If the above inequality is satisfied 
we can approximate (£(y) as 

A~—gs A: As, (4-22a) 


which varies slowly except near both edges of Region Il. On the other hand 
we can approximate 7G, given by (4-19), as 


Bw a’ (n—m**), (4-22b) 


where 


Ci et) OG of CADE 


—) yt eee 
, 


4 


nde te ae a ls 
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and 
al! Jo By @~ — (J2/167) & > 0. (4-23) 
(a is given by Eq. (4-4).) 
From : 
Ai (41) =1/, , 
and Eq. (4:22a) we have | 
Qin) ~ As) == O8/) AXH)- (4-24) 
_ Thus we have } 
Dw ial (g—n*—i'/2), (4-25) 
which exhibits an imaginary resonance with a half-width 
P/2= (gs/a' 91) As) - (4-26) 
\J,|? takes the form 
1a 2 u (4-27) 


a (q—m*)P+07/4 


104 


0.8 -; 5 1.0 (eek Se 
: > 10 
Fig. 18. Example 5-1. Both 17 4/2 and —Im a, exhibit a sharp peak, while ee 
exhibits a dip. \7 | with g,=0 (75 |2) is also plotted for the sake of comparison. 
Peaks at y=7 come from the zero energy resonance in 74-74 scattering with g,=0 
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The relation between the width and the height of the peak is again similar to 
that of a o-function if g2 tends to an infinitesimal. 

An example is shown in Fig. 13. In the Figure, we have also plotted 
\7,|?, with g.=0. The half-width £/2 of |7,|? calculated from Eq. (4:6) 
is 2.56X10-'. Comparing this with /’/2 of |7,|?, about ~0.015, we find that 
the gs-interaction here considered makes the peak appreciably broader. This 
feature is common to the three examples in Case 5. —Im CJ, exhibits a dip 
atrys* 

We see that |2/;|? exhibits another peak at 7=7%. This comes from the 
fact that CA(y) becomes a minimum due to the vanishing of the first term of 
the right-hand side of Eq. (4-1a). This peak, however, will hardly be observed 
in the actual processes, e.g. K~ +p>A+7+2, since this peak appears at a 
threshold and a vanishing phase volume of the final products should be raulti- 
plied. 

Example 5-2, in which 


qo =1, 
is the next typical example. This example is, however, found to be very similar 


to Example 5-1 except that there is no peak at 7=%. An example is shown 
in Fig. 14. At 7~1, —Im J, is large (close to the kinematical upper bound 


~— —Im 41X10 
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Lau om rN, 
|-2 x10 


} —Im 72X10° 


ee 


» 
Fig. 14. Example 5-2, Curves are similar to those in Fig. 13. 
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—1/B,, also plotted in the Figure), evidently due to the assumed vanishing of 
D;(q4) at 7=1. 


In Example 5-3, parameters were chosen in order that 


Ls 


wns 
Qa 7 


Vv 


In our model, this condition is, at the same time, apt to give a very light \. 
This is connected to the restriction stated in Theorem III in § 3. 
There appears again an imaginary resonance similar to those in Examples i 
5-1 and 5-2. It is noted that a conventional resonance appears also. Namely 
Eq. (4-la) can be written as 


Q=D,(D.-9? fais ie (4-28) 


since D, does not vanish (and is negative) in Region II. Eq. (4:28) shows 
that 7,* lies to the right of 7, the difference being proportional to g,°.. In the 
curve in Fig. 15, the two peaks at 7,* and 7,**, respectively, overlap and form 
a peak much broader than that with g,=0. —Im J, exhibits both a dip at 


m** and a peak at 7,*. 
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Fig. 15. Example 5-3. There occur both a conventional and an imaginary resonances 
Tw aks ez ‘ EF AS bie By i 3 
o peaks each in IJ; and —Im él overlap with each other to form a single peak, 
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Case 6. Case 1 is modified by a large positive >. 

We shall choose g. large enough to give a zero point of © in Region II. 

Eq. (4-19) shows that 7,** lies to the left of 7, the difference being propor- 

tional to g:2/g>. Also a conventional resonance occurs at 4,*, which is shifted 

to the left of 7, by a distance proportional to g;. At these energies we find 
Ss (41°) =0, 

ae ge (4-29) 


hae) >) a Gee! BS ok J SB; 
as $tha, 9, D2 +93 2 2 


and 


(4-30) 


We note that D, is positive and “ large” (i.e. not so small as in the g,<0 


case) for g,.>0. This has the two effects of increasing the slopes of Ch(q) at 


n=, as seen from Eq. (4-28), and of reducing OG) as seen from Eqs. 


SS 
o% 
x 


10° 


10! Re 72X10 
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ae Bra Soe Pe Re 310-3 
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Im 42X10 ; 
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Fig. 16 Example 6. There occur both a conventional and an imaginary resonances. 
The peak at y=" each in 1A al? and —Im J, is much more prominent than that 
at y=71"* and there results practically a single peak. The scale of abscissa has been 


enlarged because peaks are very narrow. 
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(4:29). The combination of these two effects produces a very sharp peak in 
. ||? at 7=7,*. An example, shown in Fig. 16, really exhibits such a sharp 
peak. There occurs a sharp peak also at 7,** (an imaginary resonance). In 
the present example the peak at 7,* (a conventional resonance) 1s much more 
prominent than the peak at 7,**, and there results practically a single peak. 
The half-width of the resultant peak is estimated as ~0.75X10™, about one-third 
of that in |7,°|* 


Also —Im 2, exhibits a very sharp peak, with a dip closely adjacent. 


§5. Summary and concluding discussions 


(i) The cases considered in § 4 can be classified into two groups. 
Me Gasew1, Case 5, Case 6 

In these cases we have assumed a strong attractive force between K and 
N such that there is a bound state in Region II, and a weak coupling between 
two channels. We have shown that one or two sharp peaks can occur in |7/3]°, 
—Im 7, and —Im2J,, for z/ interactions varying over a fairly wide range. 
A peak occurs either as a result of a conventional or an imaginary resonance, 
or both. 


B. Case 2, Case 3, Case 4 
In these cases we have failed to present examples in which there occurs 
a sharp peak. This situation seems to be valid more generally. 
We can, thus, conclude that the existence of a bound state in the K_N 
system and a weak coupling between two channels are essential for a sharp 


peak (or peaks) in the various amplitudes. We can understand this very natu- 
rally : 
Let us consider the process 


K°- +p A+at+a-. 
We can divide this process into two steps, say, 


1 Settee Y**+ 447 
Ls A+ a>, 


The initial K~p system falls into a bound state Y** after the emission of a 
a. The Y* thus formed cannot decay into a K_ and an N from the law of 
energy conservation. It continues to exist until K- and N bound in the Y* 
change into z and 4. If the probability of this change is small, the lifetime 
of Y* is long, and we observe a narrow peak in the cross  section.* The 
integrated value of the peak, which gives the total yield of the process, is 


iy, 


* This possibility was already suggested by G. Takeda, 
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determined essentially by the probability of the first step and does not depend 
on that of the second step, i.e. whether Y* is long lived or not. Copious produc- 
tion and long life, which seem to contradict to each other at first sight, are, thus, 
ascribed to two distinct interactions giving rise to the formation and to the 
decay of a bound state, the former being strong and the latter weak. 
(ii) In Case 5 and Case 6, we have found that an attractive 7/-7 force makes 
the peak broader and a repulsive one sharper. We could understand this effect, 
at least qualitatively, since an attractive (a repulsive) interaction in the fimal 
zA state will make the transition into that state more probable (unprobable). 
If the z/-7/ force turns out to be a repulsive one with an appropriate strength, 
a channel coupling not very weak would be allowed in order to reproduce a 
narrow peak. 
(iii) We should be particularly interested in the conclusion that a large nega- 
tive g, and a small 4,’ are required in our model ; g;/Ys amounts to 10°~10*, 
though these values depend possibly on the special choice of the numerical 
parameters and on the nature ofa asa force. It seems strange that the K_N 
interaction is very strong, because there is some evidence that the K,N inter- 
action is somewhat weaker than the aN interaction!” We should note, however, 
that the two interactions, K,N and K_N interactions, are not necessarily identi- 
cal with each other only from general principles, e.g. charge conjugation in- 
variance, or charge independence. 

We can, of course, calculate the amplitudes for K.N scattering from the 
graphs which are crossing symmetric to that in Fig. 1. But there is some 
doubt in applying our model to such graphs straightforwardly, since this model 


has been so invented as to be particularly suitable for the S-wave K_N inter- 


action.” 
The interaction Hamiltonian (2-1) need not be considered to be a truly 


elementary one; rather it may be interpreted more reasonably as an effective 
Hamiltonian derived from more fundamental ones, e.g. ‘an appropriate set of 
Yukawa interactions. pe", | 
(iv) It may happen that the more correct inclusion of the ¥-particle would chan- 
ge the results appreciably. In particular, it may be troublesome if we are forced 


to assume a large 93, the coupling constant between K_N channel and 7. 


channel. In this connection it seems interesting that we have obtained the 
examples in which a y results as a bound state of the 7/ system (Case 5). 
If we can reproduce similar cases with spins, parities, iso-spins, and mass ratios 
being taken into account correctly, then we would have another merit. 
Namely, 3, resulting as an state bound state of the </ system, has a 
parity opposite to that of A. This leads to a conclusion that Y* decays into 
¥ and z in a P-state, which will be consistent with the preliminary experi- 


iw 4) vi : a lve aR ChAT On AS UAY Ee as 
* Crossing symmetric graphs cause scatterings In higher wave states as well as an S state. 


ie ee 
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),2) 


mental result that the ratio of Y*>N+2 to Y*->A+z2 is very small (~0.08).? 

In any case it will be necessary to develop a three-channel model including 
the z3' system for further investigations. 
(v) We have listed the scattering lengths / and ¢, in Table I. A direct 
comparison of these values with the realistic ones, e.g. Dalitz solution,” may 
be meaningless, because of the crudeness of the model and the arbitrariness of 
parameters chosen, though they are found to give rather reasonable values and 
will provide some reference in more realistic considerations.* Here, we shall 
only summarize the results very briefly without discussing any more in detail. 

We see that b; in Case 1, Case 5 and Case 6 are not much different from 
b,, with g;=0, while c, varies to some extent. In particular, c; in Example 6 
is very small. This is evidently due to the repulsive 7// interaction (a positive 
g, makes D, large and gives a large (2) and will be valid generally. 

If the “scattering length approximation” is valid, Im J, below the 
threshold can be written as 4 


—Im7,~ 167M, ; reds Fo é (5-1) 


2 2 
— 2K, by +k; lay 


from the second equation in Eqs. (3-9). We can calculate ™, at which the 
right-hand side of Eq. (5-1) becomes maximum, as 


and correspondingly we have 


Peat 

My’ (by? + ¢,")? 
which are also listed in Table I. We find that they give positions of the peaks 
not inconsistent with the correct ones, at least in Case 1, Case 5 and Case 6, 
but are far from giving information about detailed features of the resonance, 
e.g. whether it is a conventional resonance or an imaginary one, whether the 
peaks, if there are two, overlap or not, and so on. 
(vi) There is reported also an existence of K*, which can be considered to 
be an excited state in the 'Kz system.” The width of the observed peak is 
again so small (~10 Mev) that we cannot reproduce it in a P-state chain ap- 
proximation applied to the Kz system.’ Moreover there are no appropriate 
two-particle system in which a bound state can appear and be identified as K* 
in ananlogy with the case of Y* (the mass of K* is 884 Mev). Therefore: 
the introduction of K* as a new elementary particle may be required. ) 


(9-2) 


ies 


.. : ae: ; : F 
Note that @ is a dimensionless quantity. In order to obtain a true scattering length a@ in 


unit of, say, the pion Compton wavelength, we must divide @ by a factor 87(2M,/M,), which is 
about 258, if we replace 2M, by M,+Mx tentatively. 
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Isotopic Abundance of Carbon in 
Primary Cosmic Rays 


Hiroichi Hasegawa* and Kensai Ito** 


*Department of Physics and 
Chemistry, Gakushuin University 
Tokyo 
**Department of Physics 
Rikkyo University, Tokyo 


July 3, 1961 


Previously, one of the authors (K. 
I.) pointed out that not only the chem- 
ical composition but also the isotopic 
abundance in primary cosmic rays will 
inform us on the origin of the cosmic 
8C/"C-ratio 
should reflect the nature of the source. 


rays.” Especially the 
If the sources are either the general 
celestial objects in which the CN cycle 
process takes place, or the evolving 
ones such as the red giants, the “C/"C- 
ratio must be 1/4.6=22% or less. On 
the other hand, the carbon 13 over- 
abundance in the source can be ex- 
pected only when the rapid CNO cycle 
process occurs there under the suitable 
physical condition. This 
may be satisfied at the 


condition 
‘arliest stage 
of the supernova explosion, according 
to the recent work by Hayakawa et 
al.” 


Now we propose a method for 


Do not forget to count in enough space for 


determining this ratio. As the mass 
difference between the “’C and ”C is 
rather small, the usual technique for 
mass determination is not applicable. 
But the difference in the nuclear struc- 


ture gives rise to the different results 
through the nuclear reaction. 


Carbon 12 is a strongly closed 
nucleus while the binding of the last 
neutron of carbon 13 is considerably 
weak. For an incident %C, one neutron 
is easily stripped through the collision 
with the emulsion nuclei and "C 
emerges, 

We denote the 
neutron missing process by o«(*C->C). 
For an incident “C, because of its 


cross section for 


close packing, the cross section for 
neutron missing process o(7C-9C) is 
much smaller than o('%C->C). The 
cross section o("C->B) for the pro- 
cess in which incident ’C turns into 
boron isotopes and that cross section 
o(“C->B) for incident “C are nearly 
equal to each other. Moreover, we 
may expect that «(’C->B) =o(?C->C). 


Suppose that among the nuclear in- 
teractions due to the carbon nuclei of 
primary cosmic rays in the emulsion, 
there are N(C) or N(B) events in 
which a carbon nucleus or a boron 
nucleus emerges respectively. Then 
N(C)>N(B) means the carbon 13 
overabundance and N(C)==N(B) means 
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the small contents of carbon 13, or 
more precisely, 


8C/"C-ratio 


Since little information on the re- 
‘spective cross sections is obtained so 
far, we are obliged to infer as follows. 
From the heavy ion experiments,” for 
example, the cross section o (PC+'Rh 
5"%C+X) is found to be about 15 mb 
at 120 Mev. Assuming the classical 
orbit theory for such a grazing col- 
lison, the above figure must be multt- 
plied by factor 1.2 in the cosmic-ray 
energy region. Also oVC+po"C 
+pn) is well known in Gev region 
and found to be 23-30mb.” Sum- 
marizing these data we estimate (PFC 
—>C) through the collision with the 
emulsion nuclei to be 25(+5) mb. 
No experimental information on Ae 
reactions is available. Therefore we 
assumed that the carbon 13 is com- 
posed of %C and one neutron, and we 
calculated the cross section og sG) 
vn the same manner as that in the 
calculations of the stripping and 
Coulomb disintegration cross sections 


of deuteron. The result is about 75 


mb. 

There has been no systematic scan- 
ning for this purpose. But we would 
mention the tentative values of °C/7G- 
ratio. We collected the data so far 
published,” and obtained N(B) =6 and 
N(C) =12. Adopting the above values 
for the cross sections and allowing 


the uncertainties « (?C—B) /o (°CC) 
=i 4-01. and=o OC>B)/¢,G CoO)\re 
1+ 0.1, we get °C/"C-ratio 1.0293 (see 
Fig. 1). If this value is not far from 
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Fig. 1. Diagram for determining the 18C/12C- 
ratio from experimental data N(C)/N@) 
for various cross section ratios r=o (BC 
~»C) /« @2C->C). The shaded domains along 
the respective solid lines show the range 
of allowance due to the uncertainties of 
10% in the cross section ratios a 2C> 
B) /« @2C—C) =1 and ao (3C->B) /o G2C-C) 
==. 


reality, we may take part with the 
theory of the supernova origin of the 
cosmic rays. It is also noticeable that, 
under the condition responsible for 
the carbon 13 overabundance, the 
amount of carbon itself is larger than 
the amount of the oxygen,” which is 
one of the qualifications for the cosmic- 


ray source. 
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: The Shielding of a Fixed Charge 

in a Metal 

Shozo Shinohara 

; Department of Physics, Faculty of 

x Science, Hokkaido University 

‘ Sapporo 

2 March 25, 1961 

: When a few impurities are melted 

. in a monovalent metal and are ionized, 

the conduction electron density of the 

: metal changes due to the static charges 

; of the ionized impurities and to the 

i: Coulomb interaction of the electron 
with each other, and the conduction 

electrons are rearranged in the charge 

distribution. As a result, the charges 

: of impurity ions are shielded by these 


displaced electrons. There have al- 
ready been made several calculations 
of the potential and charge distribution 


of the electrons. For example, J. 
Friedel attempted to deal with this 
problem in a self-consistent manner, 
and J. S. Langer and S. H. Vosko 
solved it in the quantum mechanical 
many-body theory. But most of these 
calculations include only the Coulomb 
interaction, and not the exchange 
one. -® | 

The author and T. Toya treated this 
problem in 1955 including both in- 
teractions in the linear approximation 
of the perturbation theory.” For the 
purpose of deciding the Coulomb and 
the exchange potential self-consistently, 
however, they had to use a drastic 
approximation, and their results have 
the difficult point that the displaced 
charge density. of electrons diverges 
at the origin. It is the object of this 
note to present a somewhat improved 
calculation on the same problem. 

The model with which we shall be 
concerned is an electron gas with a 
uniform charged — back 
ground, so that the whole system is 
neutral. Into this system we insert a 
fixed charge, (Z+1)e, at the origin. 
The conduction electrons are redistri- 
buted due to the Coulomb potential 
of this impurity charge, and to the 
Coulomb and exchange interaction 
with each other. We shall determine 
the charge density of these displaced 
electrons self-consistently in the fol- 
lowing way. 

We write the Hamiltonian of the 
system as 


H=H+Vit+V,+A. (1) 


The perturbation terms consist of 
three parts, that is, the Coulomb in- 


positively 
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teraction energy V;, the exchange one 
A of the conduction electrons, and 
the Coulomb interaction energy V2 
between the ionized impurity and the 
conduction electrons. V, and A are 
operators defined for any one-electron 
wave function ¢(r) as” 


mn 


Vir) = > \ gu* (rs) gure) 


SK See af dry uy (r) > 


(2) 
lr —Trs 
Ag (r) = — 2d | ¢y.* (T2) f) (F2) 
Ue 7 een) 
Ir —T,| 


where ¢;,(r) are the wave functions 
of occupied one-particle states, which 
can be written in the first order per- 


turbation as 


1 
N 


Vaio 
v,(r) = (<\ eh 7, E + 


Q 


RACD a V.(q) +A(q) evr. 


xd 
ja ato 


q¥0 

(4) 

7, is the spin function. The expression 

(4) contains the matrix element of 
Ve, tani, A, namely 


and similar relations for V, and A. 
Therefore (2)—(5) provide a set of 
equations to determine the charge dis- 
tribution self-consistently. First we 
can solve Vi(q) and A(q) in terms of 
Vi(q): The results are 
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V,(q) =— V2(q) 
yA 
2 SF (Rog) 
SLO ST 
. Cot ea or Peg ——— q=0 
gt" f (hog) ———- F (hog) 
TA py Tay 
(6) 
and 
A(q)= V2(q) 
£4 F (kg) 
cue ENE 
gq + EES) f (ko) te rags F(koq) 
Tan ny one: 
(7) 
where 
A Le — 9 
Fkyg) =1 + ct log te ; 
0 ARG aa 
(8) 
ko 
fi d Dh+ 
rea) =f ln 
k 
—log| a | (9) 


and a,, is the Bohr radius and ky the 
magnitude of the Fermi wave vector. 

The charge density due to the dis- 
placed electrons is given by” 


mere ya (Vi (q) + V2(q) 


+A(q)) e" f(Ro@)- 


Substituting (6) and (7) in (10), and 
using the Fourier component of Cou- 
lomb interaction between the impurity 
ion and electron V.(q) = —42Ze*/|q’, 
we obtain the displaced charge density 


dn(r) =—- 


(10) 
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ZRo r gsingr 
~\dq = : 


dn(r) is, 7 | 
Saran Sart Sho) —__—_—. 
gi +" -f(kyg) — 1 F (hog) 
TA yy TA yy 


(11) 


The third term of the denominator of 
the right-hand side in this formula 
represents the exchange effect of the 
conduction electrons. 

Without the exchange effect, it -is 


shown that the number of electrons 


in the range from the origin to the 
first node of the displaced charge 
density is equal to about Z, and there- 
fore the positive charge of the impurity 
is nearly shielded. On the other hand, 
as Eq. (11) shows, the attractive force 
of the exchange interaction makes the 


_number of electrons in the same range 


increase more than Z, leaving positive 
charges outside it. Accordingly, the 


displaced charge density becomes more 


far reaching if the exchange effect 


is included. 
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Remarks on Interacting 
Many-Fermion System 


Takeshi Ishihara and Masaru Yasuno* 


Department of Physics, Tokyo 

University of Education, Tokyo 

*Kobayashi Institute of Physical 
Research, Kokubunji, Tokyo 


June 19, 1961 


The correlation characters of inter- 
acting many-fermion system have been 
investigated by many authors. In this 
short note dynamical correlation be- 
havior of nuclear matter will be con- 
sidered. 

Independent particle 
nuclear matter, which is the foundation 


motion of 


of nuclear shell model, does not seem 
to have been made so clear. K. A. 
Brueckner et al.” or K. Sawada” more 
completely predicted that total energy 
of nuclear matter could be obtained 
by the sum of one particle energy 
Whether the 
one particle eigenmode is good or not 
may be a different problem from the 
above conclusion, 


defined appropriately. 


One suggestion on 
this point comes from the calculation 
of self-energy of a particle in V. M. 
Galickij’s argument.” This self-energy 
became complex, and a. particle level 
As 1s 
well known, there is Weisskopf’s ar- 
gument on independent particle model 
of nuclear matter, which is the follow- 


will be dissipative generally. 


ing: If we take into account only the 
particle-particle interactions the inde- 
pendent particle model is valid where 
the two particles are distant apart.” 
But when we consider the other cor- 
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relations, it becomes an open question 
whether the independent particle model 
would be valid even in Weisskopf’s 
sense. . 

For example, let us consider two- 
particle scattering mode including the 
hole motion. In this case the Bethe- 
Goldstone equation is” 

(E—T,—T2) $1, r2) 

=(O—P)V(n, 72)! (r, Ta); (1) 
where, Q and P are the projection 
operators keeping both particles out- 
side and inside the Fermi sea, respec- 
tively. Following the treatment of 
Weisskopf et al., at first we consider 
the inter-nucleon potential having only 
a repulsive core, and the nucleon pair 
being in the s-state and having zero 
total momentum. Then writing the 
relative wave function as dr)y=ulr)/r, 
where r=|r,—r.| and solving Eq. (1), 
one obtains wz(r) as follows, 

u, (2) =sinkx—(sinwe/F,(c) }- Fitz); 
(2) 
with 
F.(x) =sin«(«2—c) {2/2—SiLQ—*) 
yo) |- SL +6) (2-0) J 
—sink(x+c) {2/2—SiLQ—*) (x+c) | 
eG ite) Cee) | 
+cos«(x—c) {Ci[A—*) Cex 
—Ci[(1-+«) (x—e) Ji 
—cos«(x+c) {Ci[—*) (x+c) | 
—Ci[ (1+«) (x+c) jt 
where, w=k/ke, xr=kpr, C=krle, k is 
relative momentum, kr the Fermi 
momentum and r- the core radius. 
The wave function with «=1/2 is 


shown in Fig. 1 


U(x) 
ASP R S y ED Wave function of 


Weisskopf et al. 
—-—— -—sinkx 


1.0 + 


0.5 F 


Fig. 1. The wave function for a pair with 
K=1/2 kp=1.48X1018 cmt and 7,.=0.4x 
10-3 cm. 


As can be seen, the above wave 
function has a finite phase shift. And 
it is very interesting that this phase 
This means that the 
wave function is affected under. the 
effective attractive interaction due to 


shift is positive. 


the Pauli principle in spite of the 
original interaction being only a re- 
pulsive core. The momentum depen- 
dence of phase shift is exhibited in 


Hise 2: 


tan 0 


1.0} 


| at 1 aie “4 
02 04 06 08 1« 
Fig. 2. The phase shift as the 


function of «. 


From this graph, one can see that 
the mode of the independent particle 
motion under the above situation may 
not be certified in the Fermi sea ex- 
cept as the very neighborhood — of 


oe, a 4 
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Fermi surface. At the latter place 
this mode seems to be certified at a 
glance, since the phase shift becomes 
very close to zero. But there exists 
a difficulty. That is, taking «1 in 
Eq. (1), one can easily see u(x)—0 
or the wave function vanishes at the 
Fermi surface. Of course, this occurs 
in Weisskopf’s case. 

In terms of the above limiting pro- 
cess, one can see that this catastrophe 
may be caused by the sharp-cut Fermi 
surface. So we may consider that 
even in the case of repulsive inter- 
action, two-particle state may be 
formed in the distorted Fermi distri- 
bution. But the physical meaning of 
such distribution may not be so clear. 
On the other hand, it is well known 
that if we apply Bogoliubov’s method” 
for the repulsive interactior, the 
system may be stable in normal state. 
These arguments may be very close 
to L. van Hove.” 
will be published in near future. 


Detailed report 
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On the Validity of the Adiabatic 
Approximation in the Theory of 
Electron Broadening in a Plasma 


Shigeru Matsuo 


Yukawa Laboratory 
Institute for Chemical Research 
Kyoto University, Kyoto 


and 
Hajime Narumi 


Science and Engineering Research 
Institute, Doshisha University, Kyoto 


June 23, 1961 


It is well known that spectral lines 
from radiating atoms in a plasma play 
an important role as probes of the 
microfields in the interior of the 
plasma. Theories of pressure broad- 
ening have been developed by many 
authors, and experimental results have 
been explained fairly well by treating 
perturbing ions and perturbing elec- 
trons from the standpoint of statistical 
theory and impact theory, respectively. 

In the usual case where temperature 
of the plasma is of the order of mag- 
nitude 10'~10°°K, perturbing ions can 
be treated exactly by classical theory. 
On the other hand, it is desirable to 
describe perturbing electrons quantum- 
mechanically, since the de Broglie 
wavelength of the electrons considered 
to be at the average velocity become 
comparable to the atomic radius. 

The main part of electron-impact 
broadening arises from the potential 
difference between the initial and final 
states of a radiating atom. In the 
previous theories the effective poten- 
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tial on a perturbing electron has been 
calculated by the adiabatic approxi- 
mation.” It is the purpose of the 
present note to verify the validity of 
The ef- 


fective potential of perturbing electrons 


this adiabatic approximation. 


for the atom ina stationary state 7 is 


generally given by the following 


formula : 
D(R) =— + (al 2. VCR, Fd In) 
+0 Pte, (1) 
+ i 
Or oy V; R,r; 
(n| (R, r;) A 
wee Ve rains (2) 
where 
d= (€,=Enr) al (Wi- War) +77 > 
Cn, Pee v nt (R) ? Evy = sie a v nt (R) 


and 7 is a positive infinitely small 
number, V;(R, ri) the Coulomb inter- 
action between the perturbing electron 


1 Lt 


and the z-th electron in the radiating 
atom, R the position vector of the 
perturbing electron, r; the position 
vector of the i-th electron in the ra- 
diating atom, W, and W,, the energy 
levels of the radiating atom in the 
initial state 2 and the intermediate 
T andi yrare 


the kinetic energies of the perturbing 


state n’, respectively. 


electron in the initial and intermediate 
states, respectively, and P means that 
all initial and final states should differ 
from each other. 

The first two terms in Eq. (1) re 
present the shielding potential of the 
radiating atom, and U”-the polarization 
potential including higher order terms. 

The adiabatic approximation cor- 
responds to taking 


d=(W,—Wy) +79. 


Now 1/d can be written exactly in 
the following way: 


1 (3) 


War | Way Wo) {CW — Wo) £ En Fs) 77) 


Then the leading term of the non-adiabatic correction to the polarization potential 


is given by 


Lies, 


where [En, 21 V,] is the commutator of 
two operators &n and »;V:. 

As U, and 2,V; are commutable in 
the extreme adiabatic limit, 


pil h’ Pes! NYS. 
feseleVale el eer 


2m 
4+2V03.Vi) V3; (5) 
where m is the mass of the perturbing 


electron. When the perturbing elec- 


Kal Sc Viln Cn! |[Ew, Vella? __, (4) 
nM (Wa oa W,) { ( Wa = W,) a (Ens = €,) —in} 


tron is outside the radiating atom, 
[Enns Se Vi\= (h/m) (K/R) +2: Vaz 
(6) 


where K is the momentum of the per- 


turbing electron. Hence 


AD p= VP. (h/m) (B/R) 
XC War— Wado (7) 


where (Wy — Wn)av Means an average 


ae. 


te Se eae 
a > “ 


+ 


eee a es 


4 


AS +, — ae ge oo 


i ares 
~ 


= 
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over neighboring energy levels. Eq. 
(7) leads to the following condition 
for the validity of the adiabatic ap- 
proximation : 


(h/R) (K/m) <¢ War Ts¢ i as . (8) 


For example, we consider the 


Lyman-a line, which provides con- 


venient data for examining the elec-, 


tron broadening effect since it does 
not shift under the influence of static 
ion fields, while its Stark components 
have a central line. For numerical 
estimation we take the plasma in the 
thermal equilibrium with T=210* °K 
and 2=10"cm™*. Then the thermal 
average of (f/R)(K/m) being of the 
order of magnitude of 610~* ev, the 
validity of the adiabatic approximation 
holds in the case of the final state 
given by Eq. (8). On the other hand, 
the initial state can be separated by 
static ion fields as 
e 


<a “ie 3ea,F, 
8a 


where a, is the Bohr radius, F the 
static ion field, and the average of 
3eaF gives 6X10 ev. Therefore, 
Eq. (8) does not hold in the initial 
state, and the high energy approxi- 
mation” should be used instead of the 
adiabatic approximation. 

Thus we have shown by means of 
the Lyman-a line that the adiabatic 
approximation should not be used for 
all effective potentials in electron im- 
pact broadening. Detailed calculations 
based upon these 
which the effect of the collective 
motion of the perturbers will be taken 
into account shall be published later. 


considerations in 


1) H. Margenau and M. Lewis, Rev. Mod. 
Phys. 31 (1959), 569. 
2) K. M. Watson, Phys. Rey. 105 (1957), 1388. 


Effet de la polarisation chargée 
sur linteraction entre ions lourds 


Koésuke Nakamura 


Institut de Physique, Faculté de 
l’ Education Générale, Université 


de Tokio, Méguro, Tokio 
le 3 Février, 1961 


électrique entre 
ions lourds l’importance de leffet de 


Sur Jlinteraction 


distorsion polarisée a été déja signalée 
et étudiée théoriquement par Breit et 
Ils ont 
que, pour la collision de O" avec U 


trouvé 


238 
> 


ses collaborateurs.” 


une assez grande distorsion était pro- 
voquée. Cette distorsion est conforme 
au changement en barriére coulom- 
bienne de —1.4 Mev. 

Nous voulons examiner, d’un point 
de vue différent, les effets de la po- 
larisation chargée provoquée sur la 
pure interaction coulombienne sans 
l'emploi de la fonction d’onde nucléaire 
et nous les remplacons par les don- 
nées connues empriques pour éviter 
Vambiguité de faire usage du modéle 
nucléaire. 

Supposons que les deux noyaux “a” 


et “b” avec leurs charges électriques 


Ze et Ze soient séparés par une di- 


stance R, avec comme protons a 1,” et 
r;’ de leurs centres de masse. 


En ce 
cas leur l’interaction, électrique V est 


donnée par 


' 
| 
> 
4 
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2% a e 
oe 20 ayers a 
Et si 7;:” et r,; sont assez petits en 
comparaison de R nous pouvons la 
développer dans la série de Taylor. 
Ensuite nous estimerons la valeur 
d’expectation de l’énergie potentielle 
de ces systémes en employant Eq. (1) 
comme une perturbation. A lapproxi- 
mation de premier ordre le résultat 
donne immédiatement 


a 6 42 2 

A Bay" < Te a (Ze +Z°Q?), 

(2) 
ou QO,” et Q,” sont les moments qua- 
dripolaires. A Vapproximation de 
deuxiéme ordre si nous nous rappelons 
la relation entre. ]’élément de matrice 
dipolaire et la section efficace photo- 
nucléaire o,, donnée par Levinger- 
Bethe,” et la relation entre élément 
de matrice quadripolaire et le temps 


State nd atl Pas 
de la vie moyenne radiative 7,” nous 


ey oie on 
An? e& \ R’ 


x {(2)*| Ae aE +(az)} 


+8 ye (<) {2 eit 


( wi ) 1 ‘ 0(Es") GE a 
x | ( ae 7 En" 


avons 


A, Kas = 


+(azb)} 
( Sear ee 


Oy tae ke 


PEG ECLE EA BCIODN’ 
Chey 


4 


Ce op8 (Ey) oh (EY) jr 
dl, dh’ 
\ \ (EB? od aa) He 1a 1 6 1 
(3) 


ott LE,» signifie une énergie d’excitation, 
j est son moment cinétique angulaire 
a état normal et p(£) est la quantité 
des états 4 Punité d’intervalle d’énergie. 
CaCret G,sont les coefficients d’élé- 
ment de matrice réduite et ils s’ex-) 
priment avec les coefficients de 
Clebsch-Gordan. 

Pour estimer Eq. (3) d’une maniére 
concréte supposons qu’un seul état 
excité spécial ait un élément de matrice 
de transition considérable a l'état nor- 
mal et que les autres soient négligea- 
bles par comparaison. En cas de la 
El excitation le niveau de résonance 
géante convient a cette supposition et 
de la E2 excitation la probabilité de 
transition a l’état normal est la plus 
grande cette fois-ci sur le premier 
niveau admissible. 

Concernant |’évaluation numérique 
concrete nous employons les valeurs 
suivantes pour oxygene-oxygene 5 Fprn= 
33 mb,” E,=22 Mev,” FE, =6.9 Mev,” 
-=1.2X107" sec :® et pour ‘carbone- 
carbone; %,—30 mb,” E,=23 Mev,” 
E,=4.4 Mev,” c= 3.3K 107 sec? 
Donc Eq. (3) sécrit: 


4k = 7 ae 


140 140 (fo) 
is ike 


oxygene-oxygeéne, 
SO ow i 
4,E= — R! be (Mev) 


carbone-carbone. 


Si nous adoptons une distance criti- 
que R, qui rend le développement (1) 
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valide comme deux fois le rayon de 
O” et C”, la réduction susmentionnée 
est moins grande d’environ 0.5% pour 
O%—O* et environ 0.7% pour C”—C”. 
Ce procédé pour évaluer énergie par 
distorsion s’accorde avec le calcul fait 
de Breit pour le cas de ON—U™. 

Une autre estimation est possible si 
nous remplacons les éléments de mat- 
rice par les données expérimentales 
de la diffusion d’électron aprés avoir 
employé l’approximation de “closure” 
En ce cas 4,.~ s’écrit approximative- 
ment : 


<2 (2) for Om 
UD ere mre Gal 


ads (Ziyi hE tee (a 2b) 


(pave 
+( Ce CorCy Cy +2C, "G4 i i 
SC R 
ye A) Dan (7) Dan 
5 
BOS +E LOR ( ) 


<0.25 Mev pour O”—O" 
<0.27 Mev pour C?—C”. 


En tout cas, cet effet pourra influer 
sur les particules qui passent prés de 
Vion de la cible parce que le potentiel 
additif est rapidement amorti que 


celui de Coulomb, et l’effet sur la 
distribution angulaire serait un peu 
visible plut6t en arriere. 

Une expérience intéressante est dé- 
sirée dans la région des noyaux deé- 
formés parce que l’effet de son moment 
quadripolaire est bien efficace sur 
Vinteraction coulombienne. Par _ ex- 
emple, dans le cas de O*—Er™ le 
second terme de Eq. (2) est presque 
242% de celui de pur Coulomb. 

Nous remercions le Professeur M. 
Nogami, avec qui nous avons échangé 
une correspondance qui nous a beau- 
coup stimulé. Nous remercions égale- 
ment pour d’intéressantes discussions 
les D™ A. Arima, M: Kawai et A. 
Fukuhara. 
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Errata 


On the Kinetic Equation for Electrons in Metals 


at Low Temperatures 
Tohru Morita 


Prog. Theor. Phys. 25 (1961), 845 


At the 7th and 8th rows above Eq. (1), “(od)"~Ts, A(pd)"~rg2,” should read “(4)"~1, 


A(pA) eel a os 
The second row in Eq. (3): “ +0/0x-A*(x, t)-1/h-0/0p-fo(p) ” should read 


0 1 ie 
“ ri9 * So ° ve BES ” 
eae {A (x, 2) + 59m V(q) AG, P—@ 1) Fon So(p) ”: 
The first and second rows below Eq. (4) “ &p and:--vector” should read “ey =h2p?|2m* 


41/22: V (@fo(P—@> rv is the energy of a phonon of wave vector ”. 
At the 15th row on the left column of p. 847, “ potential, the equation::” should read 


“potential as well as the correction, due to the exchange effect, added to A*(x, t) in the second 


term, the equation: ”. 
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The elastic and inelastic widths of the second and third resonances of z-nucleon collision 
are calculated using our model.! Though some parts of this calculation could be translated 
to that of Takeda’s p-meson theory” but it is shown that the elastic width depends on the 
corresponding p-nucleon wave function sharply. The p-z coupling constant F2/4r is estimated 
to be 1~2 from the experimental value of the inelastic width. 

We also calculate two pion exchange p-nucleon potential and find that this is attractive 
in the second region (0.7475r<1.5p) and strong enough to construct o-nucleon bound states. 

As a straightforward application of our model, 5 Bev z-nucleon scattering is analysed. 
This analysis gives rather large p-meson mass 5~6y and p-z coupling constant ~3. 


§ 1. Introduction 


Within the last years several investigations and analyses” have been carried 
out in an attempt to discover the character of the second and third resonances 
of a-nucleon scattering in the energy region between 0.4 Bev and 1.6 Bev. In 
particular, the investigation of the differential cross sections made by Wood 
et al indicated that as long as higher waves are negligible, the second and 
third resonances will be Dy and Fs), state respectively. 

Recently, many authors proposed various models to interpret these curious 
energy levels of nucleon.” Takeda et al. showed in their recent work” 
that these levels could be explained by suitable introduction of 2-7 resonance 
of the iso-spin 1 and angular momentum 1. Their theory is summarized essen- 
tially in the following two points. 

i) The assumed 7-7 resonance state can be approximately treated as an actual 
particle p*°. This is, of course, an iso-vector and ordinary vector meson. 


ii) The interaction between ¢ and 2, 


Qe i, (@boal) 


produces an attractive g-nucleon potential from which a kind of meta-stable 
g-nucleon bound states are constructed which correspond to the second and 


third resonances of a-nucleon collision. 
It may be the main point of their description that the o-nucleon meta-stable 
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states are constructed and destroyed by the same interaction (1-1) simultaneous- 

ly. In the previous paper,” we also proposed another model which was based on 

the following assumptions. 

A) There are very strong S-wave bound states (7,7) between a nucleon and 
an antinuleon (which we call nwcleoneum) were i and j represent the iso- 
spin and spin states. These are meta-stable states in general and decay 
into several pions. 

B) There are some weak meta-stable bound states between a nucleon and 
nucleoneums. which are something like compound nucleons and these induce 
the second and third resonances for z-nucleon collision. 

The latter assumption indicates that each pair of the inner nucleons and anti- 

nucleons forms a well defined two-body cluster (7,7) in the possible bound 

states of 2+1 nucleons and 7 antinucleons. Since (1, 1) nucleoneum is an iso- 
vector vector state, our description becomes essentially the same as Takeda’s, 
if we identify (1,1) as »-meson, and we also reach the same conclusion, viz. 
the second resonance should be D;,.. As to the third resonance, we consider- 
ed in the previous paper that this corresponds to pure S-wave 2 nucleoneums- 
nucleon bound state while it is a ‘P-wave p-nucleon bound state in their 

description. Although one can conclude that the third resonance should be F%5/». 

from both descriptions, the three-body character of the former complicates the 

problems considerably. Therefore, for simplicity, we may take the latter des- 
cription in the following, i.e. the second and third resonances correspond to 
the n=1 case. 

Though these similarities indicate that Takeda’s theory is applicable directly 
to our model, there are some different points still. First, in our model, the decay 
interaction of (1,1) state to the two-pion state is different from the interactions 


which produce nucleoneum-nucleon potential through pion exchange such as 
(1-2) and (1-3) 


(a, 7) = (&, h) 4-2; (1-2) 
(2, 7) ——.(k, h) +22; (1-3) 


and this enables us to describe the phenomena as something like compound 
nucleus model on the condition that the decay interaction is weak enough. 
Secondly, ~-meson is an ideal particle which is introduced as a means of calcula- 
tion but (1,1) state is an actual particle. This difference arises from the 
fact that Takeda’s model is based on Frazer and Fulco’s theory,” where they 
handled the electromagnetic form factor of nucleon, and their expression of the 
iso-vector weight function ¢}.(¢) becomes different, if we treat (-meson as an 
actual particle. We shall show in the following paper that our expression 
includes three additional parameters Z, my, ms, due to the nature of actual 
particle and the special case, Z=0 and 2, =M,= 0, Corresponds to theirs. 
But there is not any serious difference between these two descriptions as far as 
it is concerned with z-nucleon resonances which we shall treat here. There- 
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fore, we denote the (1,1) state by ¢ in this paper and do not distinguish these 
particles. 

We remark that we cannot distinguish them directly whether this iso-vector 
vector meson is a new elementary particle or composite particle, even if it is 
an actual particle. Since our model suggests the possible existence of the other 
states, (0,1), (1,0) and (0,0), we may indirectly examine the reality of our 
model by the detection of these particles. Perhaps, the analysis of nucleon-anti- 
nucleon annihilation is powerful for this purpose as we mentioned in the pre- 
vious paper. We also examine the effect of the (0,1) state on the iso-scalar 
part of the electromagnetic structure of nucleon for this purpose, because this 
state is a neutral vector meson and plays the same role for the iso-scalar part 
just as @-meson in the iso-vector part. 

In the previous paper, our discussion was limited only to the qualitative 
feature as the calculation was based on non-relativistic theory and the quanti- 
tative results were hardly reliable. In the present paper, we may enter into 
more detailed discussion as we apply relativistic theory to our model. 

Our fundamental expression with respect to z-nucleon resonances is the well- 
known Breit-Wigner’s one level formula 


Mead el a i ; 
Ci —|— - : + Arnot > LA) 
4 2 Re | E—E,+il'"/2 7 ‘| 
el Juin 
ota +1 ves ay I If pete (1-5) 


9 ee (BEE) (rt /2)? qi 
aioe = ee ale {Pie ; 


where k, E and J represent the momentum of incident pion, total energy and 
total angular momentum respectively. Therefore, our object is to calculate the 
elastic and inelastic widths Tees Veccand. the anucleon potential Ay.. We 
must solve a kind of Bethe-Salpeter equation which includes some imaginary 
parts for this purpose. Although it is difficult to obtain the correct solution, 
we could prove that r/2 equals the natural decay width of ”-meson except 
the trivial kinematic factor, if we neglect the rescattering correction, and ["/2 
sharply depends on the iso-spin T, the angular momentum J and the correspond- 
ing p-nucleon wave function g7;(r). Using this strong correlation between 1/2 
and gr;(r), we can draw some conclusions with respect to the properties of 
dr z(r) from the experimental values of r’/2. Though this analysis is not so 
much reliable on account of the rough approximation, the presumed radius of 
Gay(7) 118 considerably large (~1p). Since this result indicates that the wave 
function Jr,(r) is related not only to the short-range part of y-nucleon potential 
but also to the relatively long-range part, it may be an interesting problem to 
calculate the long-range part using pion physics. We divide ~-nucleon poten- 
tial into the so-called three regions just as nucleon-nucleon case according to 
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Taketani.* In nucleon-nucleon case, there is not any question about the validity 
of the theoretical approach in the first region, but the ability of the pion theory 
to describe quantitatively the potential in the second region is still uncertain. 
But we assume in this paper that one and two pion exchange potentials give 
the main part of p-nucleon potential in the first and second regions. § 3 is 
devoted to this calculation. Of course, we should use only phenomenological 
approach concerning the third region. In the latter half of § 2, we shall dis- 
cuss the property of the potential in the inner part of the third region using 
the experimental values of /"'/2. 

Recently, Anderson et al.’ reported the experimental results on the 2-7 cross 
section which they obtained by applying the Chew-Low extrapolation method’” 
to 1.03 Bev/c z~-proton inelastic scattering. These results were consistent with 
the presence of y-meson. In § 4 we analyze the data 5 Bev 2~-proton inelastic 
collision and examine the properties of /-meson in high energy phenomena. 


§2. Calculation of IT” and T'’ 


As we remarked in the Introduction, ~-nucleon meta-stable bound state is 
expressed by a function F'(q, k) which satisfies a kind of Bethe-Salpeter equa- 
tion as follows. 


1 iy (hg eee 
VAC Pe 3 oe et tA ap VAG) epee 
ge Gitte oa (ak) ae i | PVG, p, k) ECD, &), 
V=V*+V’, (m; ?-meson mass) (2-1) 


where & and gq represent total and relative momentum-enegy respectively 
(Fig. 1) ¥ is the self-energy part of ~-meson and this includes two pion decay 
imaginary part (Fig. 2), which cor- 


(0) (N) 
responds to the natural decay of p- 
: pe meson. V“and V’ represent ¢-nucleon 
maar ana potential and are distinguished by 
~-------=- aap Vea x ° . . 
V eee Meg whether they include the imaginary 
p kp part or not. Fig. 3 shows a kind of 
, V" and Figs. 4, 5 and 6 are some 
Higsels Fig. 2. 


typical V’ which include one or two 
pion production imaginary parts. In general, & is a complex vector and the 
imaginary part of ky is the total width /"’/2., 


Before going into the details, we remark that in order to construct a meta- 


* The conventional definition of the three regions is given as follows. 
The first region; 1.5y7=<r. 
The second region; 0.747=r<1.5p71. 
The third region; 7<0.7p71. 
For details, see Supplement of Prog. Theor, Phys, No. 3 (1956). 
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stable state by some pion exchange potential the decay interaction must not 
disturb the pion exchange. This condition is expressed as 


rt/2<|\E'-E|, | Capa? 


where E and E’ represent the total energy and the energy of the intermediate 
state respectively. Since the effective region of V is the second or third region 
as will be shown soon, |E’—E| is larger than 2p in general. Experimentally, 
["'/2 are estimated to be ~0.4u for both resonances. Therefore, we may re- 
gard that this condition is satisfied. 

Taking into account the smallness of the binding energy (Assumption B), 
we use here the following approximation. 


i) The contribution from the pole of V is small as compared with that of the 
propagators. 

First, we estimate 7”"/2 on the following assumption : 

ii) Diagram Fig. 7 makes the main contribution to [7/2 and the: other higher 
order diagrams such as Figs. 8, 9 are negligible, viz. the rescattering COr- 


rection is small. 


IDfes fe Fig. 8. Fig. 9. 
Then, (2:1) becomes 


" 27 ae Srey L, 
vp re ee Ne 
(2-3) 


where 


oo 


es 
fM=55 { dao F(a. ®), 


—o 


Viq, P> k) = Vio; p> k) Eas ant A ¥(q) =5(—q") Go=—Kkot Ha? 


Q@o=—kot Hq 
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- 
: 
: 


C fa 2ImS Salk Gere 
SAL (g+m'—ReS)?+(Im 5)? (k—g)?+M? 
E,=V @tM?, o=/ q@t+4ye, k=0 (barycentric system) 
Aj is the projection operator of nucleon to the positive energy states. The 
Re is related to the renormalization procedure of -meson but we will discuss 
this problem in part III and neglect this term in this paper. In this equation, 
only the first term includes the imaginary part by assumption ii). If we put. 
Im 3'(q) =3"+aq’, 
kh=m+M—B-il'"/2, (B: binding energy) 
E,=M+4q°/2M, (2-4) 
the denominator becomes 
m(1/m+ (1—B/m) /M—i(l'"/2M+a)/m)¢ +2mB—B?+T™/4 
+i((m—B)l"— 3°). (2-5) 
Therefore, we get 


vo 
Uy ane 


sin ede 2:6 
2(m—B)’ Ce) 


| on the condition 
('™/2M) +a~0. (2-7) 


This indicates that the lifetime of this meta-stable state coincides with that of 
ii f-meson itself except the kinematic factor. 


Using effective interaction Hamiltonian between the pion field (notation @*) 
and the /-field (notation 7%) 


é 


FA en= FLO, OF 0"), (2-8) 
(2-6) becomes , 
bg 3 =. bp ((m—B)?—4p’) If ; (2-9) 
An 24(m—B)? 
On the other hand, from the formula 
Ttot in | 
vin - o } 
fam Eee @1* | 


“a 


the experimental value is estimated to be 


* We regarded the second and third reson 
resonant part of of and gin, 


The possibility of being the coincidence of v 


ances as one state resonance and neglected the non- 


arious resonating states will be discussed soon. 


, 


if. 35. 
<r 
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r/2= eageeee (for the second resonance) 


0.19~0.23 (for the third resonance), (2-11) 


tot in . : : : 
where o’” and o” represent total and inelastic cross sections in the resonant 


‘energy. From (2-9) and (2-11) we get 


oa. (for the second resonance) 
eyAg= 
1.1~1.3 (for the third resonance), (2-12) 
while Takeda’s theory gives F°?/4n=~5. But this poor agreement is not curious 
because, concerning electromagnetic form factor, our model gives different re- 
sults with theirs as we remarked in the Introduction. | 
Using (2-12), we get 


(P'"/2M) +a < 0.27. : 


Since the corresponding real part in (2-5) is given by \ 


m—B 1.6 (for the second resonance) fees 
resin ag : 


1.8 (for the third resonance), 


, ne . . Fig. 10. 
we may consider that condition (2-7) is satished. 


Next, we shall calculate [’/2 which corresponds to one pion production 
diagram (Fig. 10) on the following assumption : 
iii) With respect to [’'/2, perturbation theory gives good approximation. 
The Feynman amplitude is given by 


i i) , 
aN rcea nner ine cht (2°13) 


where J’, and /’y represent (-7 and nucleon-z vertexes respectively and fh is the 


7 


momentum-energy of outgoing pion. This formula is also written as 
1 
ilooa |, 1 1 
Ee haad'a re ai 
Bot B\ Ea ite (q—ak) +I) 
eee VE hp cn) mi le” 
kh=Mt+m—B, k=0, (¢.m.s.) (2-14) 


Py (—ir(k-g+M)0, 


where J” represents the vertex of p, nucleon and this p-nucleon composite par- 
ticle. Since the minimum point of J is given by 
2 (2. Ng 
Ro +m—M" (2-15) 
Qhe 
we may localize the region of the integral within two fairly separated domains 
q~k (notation D,) and g~A (notation D,) in the approximation.” Therefore, 


a 


ee ee eee, 


~~ et 


i ee ie Ce ee ae 
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in the case of S-wave bound state, we can evaluate (2-13) as follows: 


Tale ae aneee) 


(22)! eee q=ak’ Dy 
1 
sec eas PyNee T’, D'yF(h, k). (2-16) 
eal oe ne +e 


As we mentioned in the previous paper, the effective part of the factor 
T’.P'x/(q—h)?+/ is a kind of tensor force. So, the second term of (2-16) 
represents the contribution from the pole of a potential. Though the evaluation 
of F(h, k) is difficult, we neglect this term in the following by assumption i). 
As to the evaluation of the first term, it is convenient to represent the wave 
function by ordinary three-dimensional space. For this purpose, we extend D, 
to infinite with respect to the energy variable gq. Then, if we represent the 
domain D, by weight function and write the Fourier component of this weight 
function as D(r), we get the following results: 


JERS 9 Or Oi id: h? ONS 2 es 2 2.17 
TJ PED eny (h?/m?)? = he |9r,z\"5 ( ) 


Pra eae (r)D(r) a'r, i D(r) d’r=1) 


for possible S-wave bound states (second resonance), where 7 and J represent 
the total iso-spin and the total angular momentum respectively and g%.,(r) re- 
present normalized S-state wave functions of these bound states. / is pseudo- 
vector pion-nucleon coupling constant. 

- By the same calculation, we get 


M Ag a, F 
2|hlkozp? 3 


Its? /2 =0703(4/15)? FS (h2/m)! 
An An 


Ft.a= \ divgzs(r)D(r) a'r, (2-18) 


Gia=tole. Os 15/4, Gnp=SL0; 


for possible P-wave bound states (third resonance), where g,,(r) represent 
normalized P-state wave functions of these bound states. From the definition, 
the radius of D(r) is expected to be smaller than that of ge? (r). Therefore, 
gr? are related to the relatively inner part of g{:?)(r). 

Using the experimental values of /’/2 and (2: 12), (2-17), (2°18), we get 


dns 
= Ft 2,0/°=0.4~0.7 28, 


On a Model of Nucleon Structure and Meson-Nucleon Interaction. Il 439 


An 
3 
where we put m=4.5~6.0p and assigned T=1/2, J=3/2 and T=1/2, J=5/2 
states to the second and third resonances. If we substitute a simpler trial 
function such as of the exponential type or square-well type for Giese aan: 
D(r) in (2-19), the radius of 9%)2,3(7) 1s estimated to be ~1p7*. As to the 
J? ,52(r), the estimation of the radius is difficult because this depends on the 
radius of D(r) more sharply. But the tentative value ~1y71 is consistent also 
with (2-19). As we mentioned in the Introduction, these relatively large radii 
indicate that the effective regions of the potential V are not only the third region 
but also the second region. Therefore, the potential must be attractive in these 
regions and enough to produce the required binding energy. If we assume that 
the binding energy of the T=1/2, J=5/2 states is ~0 according to assumption 
B), that of the T=1/2, J=3/2 state must be ~1.34 and =~ 5.4. Wershall 
prove in the following section that the two pion exchange potential is indeed 
attractive and strong enough in the second region but independent of the T 
and J. If this JT and J independence holds also in the third region, the presence 
of such a bound state must be independent of T and J, viz. the resonances 
consist of various resonating states. We can examine the justice of this presump- 
tion by the evaluation of the ratios \9%, 2|?/|Gi72, sal? (notation Gr, z) and |9%, a|?/\9i25/2" 
(notation 4%,,) for possible bound states using the experimental data, because 
they must be unit if this is the case. 
The total cross section o”’ (resonant part) and the ratio o'"/o" (resonant 


|G? 2,5;2/?=30~60/", (2-19) 


part) at resonant energy are given by 


s 1 
tot(s, p) — on}? Gf ae 1) (2-20) 
Or s ( ) lta? 
SE Chicet ence ee 
(8s, p)) 2 
GIP) / OPM —— (1 ee ’ (2-21) 
2J +1) —— au 
me +o"? 


Aw” 
SAORI Tae et 
6p OS ?.O5P 


; ; ; 
w= / Pinay» oP =P? / Poi» 
eas / 
1, 67?=0;'/10: 


i l 
we? aa pre» (TSS 7D) 


If we eliminate w’” in these formulas, we get some conditions with respect 

to OF > . 

i) Gi), 1/2 
In the case 4%)2,i12=1, (2-21) becomes wi=ot%'/ot;. Using the experi- 

mental value 0.5~0.9°” and (2-20), we get of =38~47mb while the experi- 

mental value is ~32 mb. If we put 42,12=0, we get a closer value off7°'=29~31 
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‘ mb. Therefore, our presumption might not hold in this state. 

q il) G3 )2, 3/2 > O32, 1/2 ; j 

| Experimentally, any distinct T=3/2 peaks are not observed in this neigh- 
| borhood. As the total cross section is estimated to be ~18mb, the resonant 
part o{%* must be considerably smaller than 18 mb. By the assumption 
3/2, 3/2= 93/2, 1/2 » we get 


7 pe teu 1B Nae 

P RAC ph) eee 

| R=o5/3"/Or2 372» (2-22) 
where O19, 8/2 represents the Japie part of Gin: From this, we get @),3.<0.7 
q ~1.2. 


ill) Po, 3/2 > Pe, a2 

. It was already pointed out by Takeda that the third resonance might con- 
sist of two resonating states, Fs. and P,j).. Indeed, using the tentative values 
6?» 39=O%»,12=1 and the experimental value o173?/o{j;”=1.1~1.7, we get the fol- 


lowing results : 


w?=1.3~2.5, 


ot? —26~37 mb. 


maa Ei a A a ii Notas leas Mat nt 


This does not contradict with the experimental value ~36 mb. 
iv) Oo, 5/2» Bo, 3/2 » Oe 2, 1/2 
If we put these quantities as unit, o{7” becomes 9~14mb. Experimental- 


ly, the behavior of the total cross section in this energy region is consistent 
with the presence of this small peak. 


From these results, we could conclude as follows: 
a a) In the case of S-wave, the p-nucleon potential should depend on the T and 
J considerably in the third region. 


b) As to the P-wave case, it seems rather reasonable to assume the 7 and J 
independence. 


Considering that the P-wave bound states are not so closely related to the 
inner part of the potential as S-wave bound state, we can explain these results ’ 
by the extrapolation of the two pion exchange potential to the outer part of the 
third region and the suitable introduction of a T and J dependent core. 

We remark that Ds. and Fy). states are, surely, the representative of the 
second and third resonances respectively in the case 0%?~1. 


ee 


— 


Tae" atk Mag ts et a 


§ 3. p-nucleon potential 


We shall use the following notation in this section. 


are 


Z,“:  -meson field. 
1 2 ele a whele 
X22 oC, 0) held, 


oo” te 
a 


7 0-. os > ey =o = 
“= ee) ~ 
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the (0, 0) field. ae ea. bee 
X: representation of these fields. 

@*:  a-meson field. 

Mie. masswol (757). 


Fig. 11. n=2 Fig. 12. 


Fig. 13. 


The first step of our discussion is to calculate the coupling constants of 
the interactions (1) X@ (Il) XX@ (IIL) XX@@ which correspond to Fig. 11, Fig. 
12 Fig! 13 respectively. Of course, /-7 coupling (2-8) is a kind of (1). At first 
sight, it seems that there is not any essential difference between (I) and (II), 
(111). But in non-relativistic limit, it is easily shown that the coupling con- 
stants of (1) are proportional to (43(0) where ¢,;(r) is the wave function of 
the inner nucleon and antinucleon of (7, 7), while (II) and (III) are proportional 
to (0%. (r) bis (7) a'r where (i,7) and (hf, h) represent initial and final nucleon- | 
eums. Therefore, in the case CEE Coa coupling constants of (II) and 
(III) are determined nearly independently of the shape of ;;(r) and, even if 
(i, 7) A(R, h), we can evaluate the upper limit, while (1) clearly has indefinite 
character. Probably, this is the case in the relativistic theory. The p-z coupl- 
ing constant which is calculated from diagram Fig. 11 using suitable cutoff is 
fairly larger than the one deduced from the experiments but this is not curious 
because we should use only phenomenological speculation with respect to p-n 
interaction by the above stated reason. In the following, we restrict our calcul- 
ation to (II) ‘and (IIT) and assume that ¢/,,(r) are independent of the z and 7. 
Therefore, we may consider that the calculated coupling constants represent 
the upper limit in the case in which different nucleoneums take part. 

Since the correct calculation is very troublesome, we regard all the four 
momentums of the external lines as zero for the sake of simplicity. We begin 
our detailed discussion by considering X-nucleon coupling. The main terms of 
these interactions are given by 


—iF ay .t (Z,“-nucleon) ; 


—iFul. (7,-nucleon) , 
ye foe. (7*-nucleon), 
—iF wis (7-nucleon) , (3-1) 


on account of the composite character of (i,j). By the normalization of the 
corresponding Bethe-Salpeter equation, we are able to evaluate the coupling. con- 
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stants Fj,/42 as follows: 


9M 2 Dy 


Dire w (2a, +*—1) +'(1==20%;) tan“ e/aij 
a aiytw* : ai; 
Qij=V/ 1—(mi,/2M)? » 
w=1/M, (3°32) 


where 2 represents the space-like cutoff constant (Appendix). 
Using (3-1) and pseudo-scalar z-nucleon coupling —iG7;7*, we get the 
- following results : 


(11) 
Le a eae 
G, US 7170.07, 
G = GFu Fa B > G, a Gia Fo C > (3 ; 3) 
8 v8 
(IIT) 
Gu X21, 0? BF + Gi (1,5 9%) (1,7 P*) , 
Gut,%,2° 0", 
Gio X* 1° p? D8 + Gin (12 9*)?, 
Goo tLP* O* , 
FiiG ' Fy, G? Fu.G 
CET Ay Carer ees Gu=— 7 B, 
2 2 2 2 
Gio =GG/22 2S G7 Ge StaGi es (3-4) 
T° Ax® 


where the constants A, B, C are given by 


= 1 1 1 it 
anigtsa)—1 nt) ih ay 
Sih oD aang rae eae (+a) 
pamiee ote I (1- eal ), 
1l+o* 2 (1+0’)? 
Clog (1 +a)—(1-_1_), wo=1/M. (3-5) 
1l+o 


4 is the relativistic cutoff constant. We consider in the following that 2 is not 
so different from 2 because both of them represent the radius of the form factor 
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of X-nucleon vertex. 
On the other hand, these G,; become G’-2;;/2M (notation G#) in the on: 
relativistic limit. In Table I, we exihibit some values of A, B, C, Dj; and Gi/GG. 


Table I. Numerical values of A, B, C, Dj; and GiylGig® 


- -— ——— SSS = 
| oa | a | Cc Dislaiy=D) Gy/Gy% | Gola | GyolGao" | Goo/Goo™ 

A=i=M 0.256 | 0.125 | 0.1935 | 0.2146 | 1.19 | 0.29 | 0.45 130 

A=1=2M 0.969 | 0.320 | 0.809 | 0.893 | Oo Ram 0.18 | 0.45 | 1.36 


From these results, we may consider that G,,; are nearly independent of the 
cutoff factor as we expected and, moreover, not so different from G) except the 
(0.21) case. 

We now estimate one pion exchange (i, 7)-nucleon potential V* from (G13), 
By the same calculation as nucleon-nucleon case, we get the following results: 


S 2B er 
Wage ee te OE ee ee. ( x p!) a= 
(r) yee WIRe D.D, ‘ 7) | (pXp)-e 


r 


1 Ce ee meee en*r 
+1 C(x p')-m) (om) — (0X0) Dee +1)<"), 


n=r/r, (for the process (1, 1) > (0, 1)) (3-6) 


oo yy el aaa ae Nn. 
Vi) =F Re (EXE) 1) ((p:0) = 


+1 Gem (o-n) —(0-2))| 343 41)£*), 


ne 


Ge 


(for the process (1, 1)>1,9)) (3-7) 


‘where p, p’ are the unit polarization vectors of e and (0, 1) and t, t/ are the 
unit iso-spin polarization vectors of ¢ and (1, 0) respectively. The second terms 
represent tensor force) me cleanly ay als non-diagonal with respect to the nucle- 
oneum kind. As 2B/\V/DaDu~1 and 9C/1/ Du Dio~ 2 >the strengths of these 
potentials are of the same order with one pion exchange nucleon-nucleon 
potential in the case mu1=o0 OF Mu M10- If the mass difference mzn—Miy are 
larger than the potentials, we can diagonalize the potential as follows: 


eee VAG) 2, P))- 

KhHid Mun — Mig 
This indicates that the large mass difference gives small potential. Therefore, 
it may be difficult to produce required binding energy ~ 1p for S-wave bound 


state by this potential. 
Concerning the two pion exchange potential, we should 
Fig. 14, Fig. 5 Pig. 16 SOG ae nie al we he frst two diagrams become the 


calculate the diagrams 
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Fig. 14. Big io, Fis. 16. Biss 1 7 


potentials V, and V,, which were calculated by Lévy’? and Klein” respectively 
except the numerical factor. Namely, the corresponding (i, j)-nucleon potential 
V’ is given by 


Vi=Ey(Vit > Via), 


Rees) fi K, (2pr), 


4a} 2M2Mr* 2 


2\2 2 2 
¥on9 (SY tonal Rye 
4x} \2M/ 2Mr? ur 


(3-8) 


In nucleon-nucleon case, Vy; canceled the effect of V, almost completely 
but this cancelation is not so complete in our case, because we considered only 
S-wave XX#/@ interaction. With respect to P-wave XX@@ interaction, the dia 
gram Fig. 14 becomes repulsive potential indeed but this contribution is only 
~p4/M as compared with V*. Therefore, we can neglect this effect. In Fig. 19a, 
we have drawn the curve of (-nucleon potential when 7=2=M, a,y=1. Probably, 
the relatively strong attractive character in the second region and the outer 
part of the third region supports our description. 

On the other hand, the calculation of the diagrams Fig. 16 and Fig. 17 
are very troublesome just as nucleon-nucleon case. But it is easily seen that 
the contribution of these diagrams to /-nucleon potential becomes small, if 
May My and my>my. As we take into account the diagram Fig. 16 in the 
case Mo~My OF Miy~My, We should modify (3-8) as follows: 


7 7 1+/ ,,; 
V= En (V, palit 7s 


Mid Ae ie et re dee (Ce 
Ait ( NH ( vit | Sts . = ) ? ~ Ty 
| 91 Dy Da M Dy Da 6 40 ~ M115, Miro m1) 


| ory 4B ( may ip 
| 9B, Du Daw M 


> 


Qma~ Mu, May> Mn) 
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page AC 

OF, map. (ma > mu, Myy~ M1) (3-9) 
Moreover, if we take into 
account the renormalization of ve a acy 
XX@@ vertex, the E,; becomes i Beaty Mt pata 
Henn Za where Zy and Z, re- \A -> pase i 
present the renormalization . iis nt 
constants of the vertex and 


X-propagator. We can easily 
see that Z,2Z,>1 by the. cal- 
culation of the lowest order 
diagrams Figs. 18. Figs. 19b 
and c show the curves of 
these potentials when /= A=, 
aiyj=1, Ma> Mn, Mor Mn> Lae 
Z,=2 and ma=Mu =n La 
Z,=1 respectively, where we 


put! 7y,=6. In our feeling, 
the:Z,-? Z,=1 case seems slight 
ly weak to construct P-wave 
bound state suppressing the 
centrifugal potential. So, it 
may be a resonable result 
that Zo Za > 1. 

Concerning the case 7a 
<my Or Mmo<mn, the possible 
imaginary part which corres- 
ponds to the process (iat) => 
(0,1) +2 or (1, P= 0) 422 
might disturb our description. Bs 
Therefore, we shall omit this... Cr My =Mo=Mr, 21 Z2=1. 

4 _d: centrifugal potential. (P-wave) 
case in the following. We 
remark that, if we substitute the process (1, 1)>7+% for these processes, Our 
description becomes essentially the same as Takeda’s. 

Diagram Fig. 17 gives a complicated iso-spin and spin dependent potential ; 
the complete calculation is difficult but we can easily show by comparing the 
coupling constant that this contribution is only ~ (4/M)* as compared with 


Ve: 


Fig. 19. Two pion exchange p-nucleon potential V? 
a: My >M,, MPM; Z,1Z,=1. 
My>Mm1, M071 Z,12,=2. 


We now summarize our results : 


1) One pion exchange potential V’ is negligibly small. 
2) The main part of two pion exchange potential is attractive in the second 
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region and the outer part of the third region and, moreover, independent 
of the iso-spin and spin states. 
cee Sac A as 
Of course, these conclusions are based on PS(ps) z-nucleon coupling theory, 
and if not, the potential might not be so strong in the second region. 


§ 4. Detection of p-meson 


In this section, we shall analyse 5 Bev z-nucleon collision using our model. 
Evidently, the simplest method of y-meson detection is to measure the 
momentum of the recoiled proton because this is a definite quantity in the pro- 
cess a) 77 +pop7+p. Since p~ decays into x and 2° directly, we observe 
this process as one pion production two prong event and the recoiled nucleon 
state is proton state. But one pion production events are only ~1/3 of total 
in two prong events. Therefore, it may be difficult to separate this process from 
total two prong proton events by the analysis of the momentum distribution 
only. However, with respect to the collision in the outer region, it 

is inferred that diagram Fig. 20 makes the main contribution on 
account of its long-range character. So, in the following, we shall 

___| focus our attention only on the small momentum transfer (forward) 

i, scattering. Fig. 21 and Fig. 22 show the momentum-angle distribu- 
/ tion of the recoiled protons in the two and four, six prong events 
respectively.” In these data, most of the two prong events are 
(px-a’n®) and (pz-2°x°x°), and most of the four, six events are 
(pa- a> a*) and(px~az~x*n°). If we simply assume that there is not any essential 
difference between these processes as in statistical theory, the situation of the 


Fig. 20. 


r i] 

4 Protons Protons 
% * 
= (Inel. 2-prong events) e (4-prong and 6-prong) 
s ° 
oO is) 
N a 
= a 
= 3 
> ~ 
& g 
% a 

7) 
& cs} 
* * 
ms Q 


—1.0 0 +1.0 10 20 30 
cos 0* 4N/4P* 


Fig. 21. Center-of-mass scatter diagram 
of protons from inelastic 2-prong 


Fig. 22. Center-of-mass scatter diagram 


) | of protons from inelastic 4-prong and 
events. For details, see reference Toye 6-prong events. 


eS el 


eens. x 
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back ground of process a) in Fig. 21 may not be so different from Fig. 22. 
By this consideration, we can presume that process a) corresponds to an 
anomalous group A) in Fig. 21, where the range of A) is 

1.2<p*<1.4 Bev/c, (p* : momentum at barycentric system) 

—1.0< cos #*<—0.9 (* : scattering angle at barycentric system) 
and contains 8 events. 


It is reported that about 75% of the data were obtained in the 4.99+0.33 
Bev/c beam and the rest were obtained in the 4.49+0.30 Bev/c beam. Table II 


Table II. Momentum of recoiled proton p* (Bev/c) 
(P: 


momentum of the incident pi 


on beam) 


ee 570 Ce 525 i one | : ; 

ee ie 
4.99 | 1.41+0.05 | 1.38-£0.05 | 1.34+0.06 | 1.29+0.06 
4.49 | 1.32+0.06 | 1.29+0.06 1.24+0.06 | 1.19=0.06 


| | | 


ee LE 


shows the relation between p* and /-meson mass 71. From this, we can con- 
clude m=5~6p.. Using z-p interaction (2-8), we get the following differential 
cross section 

re oi M? |p'| 1 h? Z 
An 4a T? |p| py? (A? +H)’ 


h=h'—k=p-? > (4-1) 


a (0*) =4 


(n aes LF, (h?) Fh?) |, 
mM 


where k, k’ and p, p’ represent the four momenta of incoming pion, outgoing 
e and nucleon at barycentric system respectively, and T is the total energy. 
F, and Fy represent the form factors of the vertex 7-? and z-nucleon respec- 
tivly. We can easily show that this formula is nearly independent of 6* except 
the form factors. Since region (A) corresponds to the momentum transfer 
|h|<4.64, process a) must damp in the core region. Considering that the 
electromagnetic form factor of nucleon damps in the neighbourhood |h|~4/, 

we may regard that the form factors F,, Fy cause 

this damping. One is tempted to assume that (, 

0) determines the behavior of these form factors 
Poked, \ 2 je = t5-2 just as p-meson in the vector part of the electro- 
magnetic structure of nucleon (Fig. 23). But the 
situation is not so simple because direct z-nucleon 
Fig. 23. coupling is regarded not to be weak contrary to 

the ;-nucleon case. 

In order to estimate F?/4z, we use square well form factor and write (4-1) as 


nie AT?lPL _ 42 ee 
An Ip'\ 1 \"p(x) dex 
a v0 
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AC ee (i (h- W, 


m 
z=1-+cos d*, 


d(a) = (number of events between 0<x<a)/a, 


A=20,025 X10 RES 


a=radius of form factor. (4:2) 


Using the value a=0.07~0.10, we get slightly larger value F*/4z=2.4~3.6. 
| But this may not contradict with our previous result considering that the number ' 
of the events is only 8 and the correct evaluation of d(a) is very difficult. 
The charge exchange process b) = +p—/°+mn has the same properties as : 
a) but the cross section should be two times of case a). The experimental : 

} 
: 


data (Fig. 24) do not contradict with this, taking into account the great un- 
certainty. 


\ 


_ 30 


AN/4 cos 0* 
— swe RR 
S So 


Fig. /25. Fig. 26. 


Fig. 24. Center-of-mass scatter diagram of 
neutrons from all inelastic events con- 
sistent with the emission of a single 

30 neutron. 


cos Ot AN/AP* 


_ We can also investigate the rescattering effect arising from (3, 3) resonance 
(notation N*) such as Fig. 25 and Fig. 26 from the data Fig. 21 and Fig. 22, 
because the recoiled protons resulted from these processes distribute uniformly 
on a broad region 0.67 <p* <1.28 Bev/c of the forward scattering. This effect 
was studied by Drell' and Salzman.’” But. the estimated R(N*/N) (the 
ratio of the total excited nucleon state production to nucleon production) in our 
analysis is not so large as Salzman’s result. 


ee eee 


— 


$5. Concluding remarks 


The investigation results of ~-meson mass and z-p coupling constant in § 4 
are consistent with the results of the analysis of experiment in §2. The 
analysis of the results of Anderson et al.! gave slightly smaller ?-meson mass a4 
(~4.74) than ours (5~6y), and this value does not contradict with the energy | 
level ~5.4/ of P-wave j-nucleon bound state (third resonance), if we take into 
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\ account the effect of the centrifugal barrier as suggested by Takeda. 
: But in the case of such a small ~-meson mass, one cannot predict 
Seeec the TJ and J independence of the P-wave bound states as the radii 
of the wave functions are rather small and the effective region of 
-y--| the potential may be the third region. And one may not disregard 
the rescattering effect and the three pion exchange tensor force (Fig. 
97), in the calculation of [""/2 and [/2 in such a short distance. 

The smallness of g-7 coupling constant was also a remarkable property 
of our model. This value is directly related sensitively to the problems of the 
electromagnetic structure of nucleon. 


Fig. 27. 


Our theoretical investigation of p-nucleon potential have given quite reason- 
able results, on the assumption of PS(ps) znucleon coupling and that the main 
part of the potential is produced by the exchange of two S-wave pions. Usually, 
such an effect of S-wave pion is suppressed by the so-called pair suppression 
effect. In complete pair suppression case, V? becomes 3(1+/)Ei;V41 and 
this is repulsive (see S 3). We ean avoid this difficulty by putting suitable 
phenomenological attractive potential in the third region. But this situation 
involves some difficulties as in the above stated small p-meson mass case. 

Though we have assumed that p-nucleon bound states correspond to the re- 
sonances of z-nucleon collision, one might also substitute the (0, 1) state for 


p-meson in this case. If we take the (0, 1) state, the possibility of the pre- 


gence of T=3/2 bound states is excluded fortunately. But the analysis may not 
be so easy as in the ¢-meson case as (0, 1) interacts with three pions. So, in 
this paper we omitted this possibility tentatively. Of course, in our /-meson 
description (0, 1)-nucleon levels should be shielded, if they exist, by o-nucleon 
levels. As to the possible (1, 0)-nucleon or (0, 0)-nucleon levels, the effects may 
not be serious on account of the smaller angular momentum of the correspond- 
ing possible resonances. 

Our calculation have essentially been based on Assumption B). This as- 
sumption enables us to reduce the systems of strongly interacting nucleons and 
antinucleons to the alternative systems of weakly interacting bosons (clusters) 
and nucleons. In the present paper, we have treated only the simplest cluster 
(i,j) but the possible existence of larger clusters might be an interesting prob- 
lem. For example, we can explain the properties of the fourth resonance of 
znucleon scattering by the introduction of 2 nucleoneum cluster of the iso-spin 
9. Our discussion have also limited in nucleoneum-nucleon system in this paper 
but one can expect that nucleoneum-nucleus system plays an important role in 
anucleus or nucleon-nucleus collision in high energy. 

If a nucleoneum is produced in a nucleus by some collision, the nucleus 
may be rearranged around the nucleoneum by the attractive nucleoneum-nucleon 
force or the nucleoneum may be emitted from the nucleus accompanying some 


nucleons. The former is observed as the resonance of the elastic scattering by 


. 
* 
h 
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nucleus and the latter is observed as the emission of excited nucleon N* or 
excited nucleus d*, He*, etc. Since the main decay modes of these d*, He* 
etc., are inferred to be 


d*od+at+:::, 
He*“s Heta+-s > 


one observes these processes as the emission of deuteron, He, etc., which ac- 
company some pions. The detection of these phenomena is our future problem. 

Recently, several authors’? reported the presence of K* particle. It may 
be an interesting fact that the estimated’: K* mass ~6/ is very close to ~-meson 
mass. If we assume that K* isa composite particle of a /-particle and an anti- 
nucleon, K* must have the same properties as those of f-meson, viz. a) the 
decay process K*->K-+z must be P-wave decay and b) there are some K*- 
nucleon bound states which are observed as K~-p resonance in the energy region 
4A~6p. 

We remark that our model could be translated into Sakata’s model, if we 
identify the (1, 0) state with pion. 
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Appendix 


We summarize here the conventional method of the normalization of the 
Bethe-Salpeter equation. 


In a nucleon and an antinucleon system, the Bethe-Salpeter amplitude is 


defined as 


G" (x, y) = (0 (f(a) $(y)) +12) / 22 N 7, (A-1) 


where k is the four momentum of (i, J) state and N is the normalization factor. 
As the function 


N? i 2 
Si spur|G" (2, y) aici 
aRo 


represents the density of the nucleon and antinucleon, we get 


: ,. N? *, 
d*xd*y a spur |G" Car; y)15 Seeds (A-2) 
‘ ako 


} 
i 
4 
: 
} 


a eR ead 
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Using (i, j)-nucleon vertex 1’ (p, p’, k), we can write this GY as 


Chic yea! | dtpdi pl im 0"9( (lp og ane Le pi Pye 
i Dae Ee (p, pk) 


se ivp'+M 


where p and p’ represent the four vectors of the nucleon and antinucleon. From 
this, (A-2) becomes 


e 


\ d°q spur|I¥ (q) ?=2mi;, 


(27)* 
ij hs ily ; 1 Ll hy k 
1(qy=_\ da spy ( Eye, —* 44,2) 
oni) “(iy (k/2+q) +M) elite salah 2?" ) (yee eo) ee 
Ro= M44; E=0% (A -4) 


Neglecting the contribution from the pole of I we get 


AE the 


spur| I" |? =8Fio— . 
Le (AR? he)? 


en 78 
spur|I° |? =8F a Neuere (1-2), 
(4E? — ky’)* 
B= Gil, (A-5) 
where r represents the polarization of this vector states. If we disregard this 
small polarization term, we get 


2 ‘ ae 
Se spur| J‘ |?= Be M(“ (2ai; +01) ae (eas) ten ee), (A -6) 


(22)* 7 aj;to™ Qi; 


From this and (A:4), we obtain (3-2). 


Note added in proof : The recent experiments which were achieved by two groups in Brookhaven 
gave following results 

o-meson mass=~9.5 #4 F%/4nrS4, (by Walker et al.) 

p-meson mass=5~5.5u F2/4r=~2. (by Fowler et al.20) 


Both of them are quite consistent with our analysis. 
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partition function of the electron 


A method of renormalization in calculating the grand 
ting the partition function to the 


gas is presented. The renormalization is performed by rela 
fnite time interval S-matrix. It is shown that the divergencies are eliminated by re- ee 
normalizing the mass, the charge, and the wave function as in the S-matrix. : 


§1. Introduction 


The quantum field theoretical method has been extensively applied in the _ 
In the nonrelativistic case T. Matsubara” has shown 
that the partition function can be calculated by means of the Feynmann dia- 
gram, by introducing the interaction representation. E. Fradkin® has shown 
that Schwinger’s equation for the Green function of the statistical mechanics 
may also be used in this case. 

If we want to treat the many-particle system, in which the particles are 
relativistic, and quantum effects have to be taken into account, we come across ; 
the ultra-violet divergencies which are familiar in the quantum field theory. a 

The renormalization prescription has been given by H. Ezawa, Y. Tomo- ; | 
zawa and H. Umezawa® in connection with the theory of multiple ‘particle 
production. In the perturbation expansion, the energy integrals are first carried 
out, then the Green function can be splitted into two parts, the external and 
the internal parts. The internal part of the Green function is nothing but the 
Feynman function which is familiar in the field theory. Correspondingly, the 
lines of the Feynman diagrams are splitted into external and internal ones. 
When the external lines are cut open, the diagrams become analogous to those 
in the scattering theory. With reference to these diagrams, the renormalization 


ed as to the internal lines. 


statistical mechanics : 


is perform 

We wish to reformulate their pre 
rely upon the energy integration to sp 
parallelism with the usual renormalization t 
by splitting the Green function from the outset (cf. Eqs. 
in Appendix 1). The Lorentz invariance of the internal G 


introduced, makes the second point possible. 


scription in two respects: First, not to 
lit the lines, and second, to recover the 
heory. The first point is achieved 
(AI-7) and (AI-8) 
reen functions, thus 


} 
. 
: 
h 
4 
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In this paper, we take up an example of the relativistic electron gas. We 
introduce the interaction representation, and investigate the relation between 
the grand partition function and the S-matrix. We use the imaginary tempera- 
ture here, so that the metric becomes Lorentz type. In two points, our pro- 
blem is different from that of scattering theory: We have to deal with the 
finite time interval S-matrix on the one hand, and on the other we have to take 
the vacuum type diagram. 

In the case of finite time interval also, E.C.G. Stueckelberg et al.” have 
shown that the divergencies can be managed in the same way as in the case 
of infinite time interval. Their proof, however, depends upon the assumption 
that the times, at which the interaction is switched on and off, are not so 
sharply defined. Corresponding to this assumption, we have to use a diffused 
boundary for the temperature interval (0, 3) which restricts our argument to 
the case of very low temperature. 


§ 2. General Formulation 


The grand partition function = is given by the following formula: 
. &=Tr exp{—$(H.+ H,—H-N)}, 
=Tr {pe}, (2-1) 
where §=(1/kT), k is the Boltzmann constant and T is the temperature, / is 
the chemical potential, H, and H; are, respectively the free and the interaction 


Hamiltonians and N is the total number of electrons. The grand _ partition 
function of the ideal electron gas is denoted by 


5 )=Tr exp{—?(H,—pN)}, 
=Tr{o}. (2-2) 
Now we define the following quantity 
S(S)=pr'p, (2-3) 


which corresponds to the S-matrix. 
Then the differential equation for S() is 
OS(8) _ : 
ah — H,(3) S(3), (2-4) 
where 


H(8) =p; Hp. (2-5) 


Now, we introduce an imaginary temperature in order to recover. the 
analogy with the S-matrix. In order to see whether 3 can be replaced by the 
imaginary temperature, let us examine the analytic property of &. In terms of 
the density function e(N, E), we-can express £ as follows: 


| 
a 
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a | o(N,E) eP*dE, * (2.6) 
0 
where J=e*". According to the theory of Laplace transform, if |, (N, E) 
<e88dE is convergent at a real point ?=/, then it is convergent for any com- 
plex values of ? which satisfies the condition Re(3)=/%.. We may reasonably 
assume that =()?) is defined if ? is real and positive. Then, Eq. (2-6) is regular 
as a function of ? which satisfies the condition Re() >0. Similar arguments 
have been given by P. Martin and J. Schwinger.” 
Now, we can replace $ by the imaginary temperature 


pHi (254) 
Imz7 <0. 
Then the equation for -S(3) turns out to be 
we SiGe a 
j 8) =H) S(z), : (2-8) 
where a convention is adopted to write H}(<), say, for Hy(): This conven- 


tion will not cause any confusion. Eq. (2-4) can be solved by iteration : 


re 


s@y= | ate | dee | de | dru POC) Bh). (2-9) 


nN: 


Since we are considering the problem of electron gas, the interaction Hamil- 


tonian is ; 

H,(x) =ie: #(2)7,(2) : 4,(2), (2-10) 
where: : denotes the normal product in the field theory. The field operators 
used in Eq. (2-10) are 


Si Liat iL 3 
p(x) = po (t) (x) pol t) =e Pele? 


x YO, {a,(p) ur(p) +5," (P) Ul p)ien - 5 (2-11) 
and 
» A(x) =pr'(t) Ap) Pot) 
a alSyeu | 3 eee tka * k —tiku yD 
Cony \¢ Pca nee) fey hee (k)e""}, (2°12) 
where é,=Vpim, w,=|k|, and a,, 6, are the electron and the positron an- 


nihilation operators, and c, is the photon annihilation operator. 
The S-matrix given by Eq. (2:9) is that of finite time interval. In order 


to simplify the notation we sntroduce a boundary function V(x) 
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1; d<Re(t) <Re(z) —0 Vit) 
V(x) = (2-13) 
0; Re(z) SRe(¢). 


where 0 is an arbitrary small positive number. 

ys This function is schematically shown in Fig. 1 
The function V(x) is assumed to be continuous 
at t=0, and t. ‘An example of V is given in 
Appendix II. We rewrite Eq. (2:19) by using 9 4 yah 
Eqs. (2-10) and~(2-13): Fig. 1, 


eo J) daw das 


n=0 


X PCs Pan) Fen V (an) (tr) 72 (21) :) 
X P(Apn (tq) +++ Aya (21)) Vat) + Va). (2-14) 


Our aim is to calculate the following quantity : 


= _(8(8)), | (2-15) 


where (A)=Tr(eA)/Tr(™A). To achieve this, we take two steps. In the first 
step, we decompose the time ordered products in Eq. (2-14) into the normal 
products which are defined in the field theory. The divergencies, which appear 
in the process of rearrangement, are eliminated by renormalizing the mass, the 
charge, and the wave function. We show details of the calculation in the next 
section. In the next step, we calculate the statistical expectation value of the 
S-matrix, that is to say, the expectation values of the normal products. For 
this purpose, we use the functions D.(2) and S,() which are the expectation 
values of the normal products which are defined in field theory 


; 
H] 
i 
: 
} 
; 
: 
s 
f 
4 
; 


ee en oe 


(: A,(2) A,(2’):)=—i0,,D.(2—2’) (2-16) 

€: (2) h(a’): sien S.(a2— 2’). (2-17) j 

As is calculated in Appendix I, the Fourier representations of D,() and S,(x) 1 
are as follows: 
5 ; . 

REL aoe | d*k. f,9(R') e™ (2-18) 4 

ce y s 

: ' 

SMa) Sa maaan (70% —m)\ dol fs (po) 

$F$ 0(— po) 8(p? +m?) e™, (2-19) 

where | 
A 

1 ; 

h.=—_—¥——., (2-20) 


exp {77|k |} —1 
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le eae (2-21) 


exp {iz (|pol t/)} +1 


In the equation above, + and ¢ should satisfy the equation |Im7z|<—Imz so 
that the energy integration should converge. In this paper we assume that 
Imt=0, and Imzs=—9@, with a small positive number 6. Then the Fourier 
transforms of D,(x) and S.(x) tend to zero exponentially when the energy and 
the momentum become very large. We let © tend to zero after the calculation 
is performed. 

The formulae analogous to Wick’s theorem hold for the expectation values 
of the normal products of field operators. These are proved in Appendix I. 

(: A,(2) A,(2') A, (2") A,(2'") =? 

0, 0,7 Del 2) D(x al") = 8 ,0jeD(2—2") D(z = 2") 


baG p10, Cu-- we) Dre) (2-20) 


Cs pala) Polo!) Py (2") po"): 
te (S.(x—2')) ap (S30 ar") hiss (Si (2"— 2") ) ve (S.(2—2'")) as 


xexp fie(t—e +¢7—-0"")}. (2522) 


The same relations might hold for the expectation values of the arbitrary, 


number of field operators. 
Our process of calculation can be shown diagramatically: First we draw 
all diagrams of the S-matrix (Fig. 2) and then connect the external lines by 


D, and S, functions (Fig. 3). 


(d) (e) 


(f) 


Fig. 2. The 2nd order S-matrix element 


BAe et ae 


, oP 


x 
. 
. 
, 
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BS pe aH 
D 
Se S 


Fig. 3. The expectation value of S-matrix: (S). 


§ 3. Calculation of S-matrix 


In this section, we discuss the divergent terms which appear in calculat- 
ing the finite time interval S-matrix. ’ 
Applying Wick’s theorem, we obtain the 2nd order S-matrix: 


< Pane ti 


ae Piva) b(a) + (2!) 7,2’) :} Pl A, (2) 4,(2')} V(x) V (2!) dada! 
w(x); ¥,9(2—2')}7 Pe aG )::4, (2) A,(2’) 6? V (2) V (2) dxdz' 


V(x’) 7, S(a'—2) 7,e(x)::A4, (2) A,(2’) eV (2) Va") dada! 
jt W(x) 7. Pa) P(x") pa’) :]:0,, D(e—2') V2) V2") dade! 
an 


7 
eo 
= {I 


ee ee ee eee 


+-£ || Tr{7,S(e—2') 7,8(2!=2)} :A,(2) Ayla’): V (a) V(a!)deda! 
ma P(x) 14S (a—2') 7,9 (2’) : 0,, D(x— 2!) &- V(x) V (2!) dada! 
g <-i\{ Te{ TS (x—2') 7,S(a'—2)}0,,D(2—2') V (2) V(x) daxdz', ep ic 
“ evecare are Feynmann’s causal functions of the electron and the . 


7 ire 


Renormalization of the Partition Function 459 


We consider only the fifth, sixth, and seventh terms, which correspond to 
the photon self energy part (Fig. 2d), the electron self energy part (Fig. 2e), 
and the vacuum fluctuation part respectively (Fig. 2f). Other terms have noth- 
ing to do with ultra-violet divergencies. As for the vacuum fluctuation part, 
we shall discuss it in the next section. 

The S-matrix corresponding to the electron self energy part is: 


p 


eae | (a) ¥(a—2!) p(2'): V(2)V (2) dda’, (3-2) 


where 
Se ee a e) Grae be (3-3) 


¥(z) is the same function that appears in the scattering problem. The Fourier 
transform of Eq. (3-2) is given by, 


S.= — te’ \:Fo) S(p') b(p"): Vp-p’) V (p'— 0"). dp dp’ dp", 38-4) 


where 


Se | te (PMO) ae (3-5) 
(2n) 
Now the divergent terms are separated in the following way: 
S(p) =om+Biptm) + wprm 2 D4 (Dp); (3-6) 


where 6m and B are the mass and the wave function renormalization constants, 
and 3,(p) is the finite part of X(p). Thus, the finite term of the S-matrix is 


(Se) = 2 || Ae (p) Gp +m)? S,(p") wo"): Ve—P) VE —p"") dp dp’ dp". 
(3-7) 
The S-matrix which corresponds to the photon self energy part is 


rie 


Paces ral 


i, ae 2) ne Lei tga ) r(x ey: (3-9) 


| Ayo(@— 2 A, (2) A,(2!):V(2)V(a)dadax’, (3-8) 


where 


The Fourier transform of Eq. (3-8) turns out to be 


Sea — |||: eB) MoH) AED: V(—k-#) V (hk) dkedk’ dk", (3-10) 


a 


where 


| eteele + +, S(p—k)\ dp. 3-11 
VEO eaaea [Tr(7. Sr. (p—k)} dp (3-11) 


We separate the divergencies from /I,,, by taking account of the gauge invariance 


condition. 
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As shown in Appendix III, this condition is written as 
k,,JT,.(R) =k, ICR) =9. (3-12) 

Then, //,, must have the fllcwias form: 
TTC R§ =C*(R,Ry RO) Rake Fell G(R), (3-13) 


where C is the charge renormalization constant, and //,(k) is the finite part of 
/1,,(k). Then, the finite part of the S-matrix is 


(Sa) = — 5-2) A(R): (hy 829,,) My) 
x V(—k— Bk’) V (k' —k") dk dk’ ak". (3-14) 


The separation of divergencies from the finite time interval S-matrix can 
be performed also in the higher order perturbation series. These are eliminated 
by adding the counter term to the Lagrangean (we have ascertained this up to 
the fourth order perturbation series). 


fea {Om V2(2x) +dmV4(2) ...} ae) a(x): 


— 2 {BPV8(2) + B9 Va) +) f= oh pp the, OF tombe: 
Da. OX, 
1 C® (4) 172 fe) fe) 

—~2{C%4C°V4(2) +} | (VA) 3 (VA, (2) 
2 2B Ox, 


aS Ora ay, 
Bere terre A): 
—ie({LO V3 (x) +} h(x) 7, (2): 4, (2), (3-15) 


bY (2) (4) (2 (4 (2 fy 8 
where 0m, Om™, ---, B®, B®, ---, C®, C, «+, L® --- are the mass, the electron 


-wave function, the charge and the photon wave function renormalization con- 


stants respectively. These agree with those which appear in the scattering 
problem. The form of the counter term is the same as Bogoliugov and Shirkoy 
have shown.” 


§4. Vacuum type diagram 


The divergencies of diagram (f) in Fig. 1 cannot be eliminated by renor- 
malization. This diagram is analogous to the vacuum fluctuation diagram of the 
S-matrix. If energy is conserved at each vertex, it is nothing but the vacuum 
diagram. The S-matrix corresponding to this is 


e ie m ‘ 3 : : é 
pes i\\ Tr{7,S(a—2 )7.S(x’—2z)} D(z—2') V(2) V(x!) dxdx'’. (4-1) 


“ 


By using the photon self energy /T,,,, we obtain 
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or 1 ah ae 
s,=— || IT, (x—2') D(x—2') Va) V(x!) dadz'. (4-2) 


The Fourier transform of Eq. (4-2) becomes 


Sp=—\\ He) DADV RTE) V(—k—#) dkdk’. (4-3) 


The divergent terms, which are separated from //,,(k), cancel out with the 
statistical expectation value of the corresponding counter terms. Therefore, it is 
sufficient that we calculate the following quantity : 

$= \\ (—3R) «IT, (k) DR) VR+R) V(—k—k')dkdk’. (4-4) 
By using a property of the boundary function, V(k) =0(k) V(Ro), we obtain the 
following formula: 

V 

mtn) | (— 3k") 11,(R) -D(—k, qo—ho) V(q) V(—q@) dqod*k. (4-5) | 

The integration over q 1S performed by means of the cubic curve-boundary* 
which is given in Appendix H. After some calculations, the vacuum part is 
obtained to be 


eee Vat 
aT 5 aed —3? / KR D k SS — 3k "EL k Jf Bie d'k 
Sey cenral des geese ) tht eK | (38) HCE 


V rat 2 L, 4L . 
Pecan 3h) I1,-(k) Ja(k) dh. (4-6) 
The explicit forms of J,(k, 7) and J2(k) are given in Appendix Il. From 
Eq. (AII-5) we see that J,(k, 7) tends to zero when the momentum becomes very 
large. Thus, the second term of Eq. (4-6) is the finite integral, but it diverges 
when the sharp boundary limit 6-90 is taken. The third term is a divergent 


integral, but it does not depend on the temperature © 
Thus the contribution from the vacuum type diagram can be written in the 


form 
Ce Pact? | (3k) I(k) DQ) HREV fE)+aV, AD 
5B, °2(2n)° 


where f(<) is convergent if 040, and a is a divergent constant independent of -. 


* We calculated the integral (4-5) by using a linear boundary : 
t/0 oxtxd 
1 Nes eS) 


\ (r—t)/6, r—-OStSTt. 


Veo 


In this case the second term of Eq. (4-6) is a divergent integral. This suggests that we have to 


use a boundary function whose first order derivative is continuous. 


eae erie 


a, aA. Been 


es 


AE CARS Ce: | ee 
“ wat 
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The contribution from the vacuum type diagrams can be factored out, then, 


: 
EH exp, sees | (38) 11,(k) Dik) d' ka V+V-fG)} Ei (4-8) 
where =, denotes the contribution of all diagrams but the vacuum type ones to 
the grand partition function, f(+) is a surface dependent term.* : 
The energy of the system is given by i 
fe) - ies ee : oes, 
E=— log 2—E, +——__1 | (— 32") 17, (k) D(k) d*k+i—, (4-9) 
aout ea (ary \¢ ‘ Oz : 
where P=c> and | eds log=,. The second term is divergent but is inde- 
pendent of the temperature. It only shifts the origin of the total energy of 
the system, which is not observed. What we are interested in is the specific ; 
heat. The third term, which is the surface effect, can be neglected if ¢ is large 
enough. 
Now, we calculate the pressure of the system: 
1 It = Zz q 9 i 
a Sloe Sp, \ 3k) IT,(k) D(k) d'*k+—f(z), (4-10 
Pay PREP pee | (BED DW AEL GAO, (4-10) 
where p=z- log 5. The second term gives the divergent constant pressure. 
| 
But we can observe only pressure differences. The vacuum fluctuation part, 
therefore, has nothing to do with the observable effects. 
In general, macroscopic energy-momentum tensor is defined as follows: 
ARS Te {00,.} —T, {9,.} Peos 
where 9,, is field theoretical energy-momentum tensor operator. This corre- 
sponds to subtract from energy and pressure obtained in Eqs. (4-9) and (4-10) 
the temperature independent terms, FE, and p,. 
§5. Infrared divergencies 
When we calculate the contribution of diagrams corresponding to Fig. 2, | 
(a), (b), we have to deal with infrared divergencies. (b), (c) and (e) do not 
contain the divergency. To see the order of divergencies, we introduce the 
photon mass x. 
In the first place we calculate the diagram (a). 
a! e” (i Tie re 
(Sd = S\N RO) OF a):> 
xX ¢: A, (2) A,(2’):) V(2)V (2) dadz! 
* This means that f(r) depends on the shape of the boundary and diverges when 6-0, but 
can be neglected if + and 6 are sufficiently large, satisfying the condition rd. 
: 
vie 
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=i Bray se 0) 42 Bey pe) 5 |) D.Ce-2) Vix) V(2')dxdz' (5-1) 
Now, the total number of electrons is given by 
Nai | do Prepi=i| Ci abioy (5-2) 
The statistical expectation value of N is obtained to be 
N=(N)=i| dx Tr {7oS.(2) havo FV TE (79562) av 


Therefore 


Tr{roS.(0)}=—i (2). (5-3) 
V 

Remembering D,(k) =f,0(k +’), we perform the integration of Eq. (5-1). 
Then we have 


(sy =-=(2) v 


9 
“a 


Coe g che 1) (5-4) 


3 


Assuming that « is very small, we expand Eq. (5-4) in the power series. Then, 


IN \Vedey 0G 
Se =_£ (4) iy gees Bo : 
RS mse aa) et (5-5) 
In the same way, the diagram (d) is calculated, and we obtain 
( ee Ny ap tee e|=- 2 NS me BUG 
(Sa) eee as e oe (> a eT NES 


Therefore, the 2nd order perturbation series contains the infrared divergencies 
of the 2nd order. 

Thus far, we have not assumed that the system is neutral. In the realistic 
problem, the system ss neutral due to the positive ion sources. In order to 
take this into account, we subtract the term Ci brah: >: A,(2) from the inter- 
action Hamiltonian: ” 


Hy =—iel dt al: P(e) 1a) SCF) 1H) NALS (5-7) 


Fig. 4. 


+ 


ee epi Pu de lead ie Breet «cet oy et 


PSN ee ee ae ee a ee 
Se *: —. t - n 
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Replacing the Hamiltonian H, by H/’, we can easily show that the diagrams 
(a) and (d) and the positive source terms cancel out. 

As for the 4th order perturbation approximation infrared divergencies re- 
main even if we assume the space charge to be zero. For example, the dia- 
grams given in Fig. 4 are divergent for low frequencies. 

We shall discuss the problem of infrared divergency in the near future, 


§ 6. Discussion 


As we have seen, the ultra-violet divergencies are eliminated by renormal- 


izing the mass, the charge, and the wave function, and by shifting the origin 


of total energy of the system. 

Now, we have to discuss about the diffused boundary which we have in- 
troduced in Appendix II. If we take the sharp boundary limit 0-0, new diver- 
gencies arise from the vacuum and the diagrams of Fig. 2, (d), (e), which 
are not renormalizable. This is the situation that arises in the finite time 
interval S-matrix theory.” For example, we calculate the grand partition func- 
tion corresponding to (e). The statistical expectation value of the S-matrix 
becomes 


(8) =—4-|| D(a—2') I, (2-2) ,V(a) Ve) dzdz'. (6-1) 


a 


The Fourier transform becomes 
Se 
(Sa) = —S-1V | DCH LR) V (hohe!) V Ro the!) OR +R’) dd dle. (6-2) 


From Eq. (AII-3) and the momentum dependence of //,(k’): k?//,(k')->k” log 
(k?/m*) if k®—>0co, we find that Eq. (6-2) is the divergent integral in the sharp 
boundary limit 0-0. 

We take 0 large enough so that the surface dependent terms, Eq. (6-1), can 
be neglected as compared with ¢S,), (S,) and ¢S,): the statistical expectation 
values of (a), (b) and (c) in Fig. 2. Assuming that electron gas is degenerate : 
v3>1, we obtain the condition for 0 


if p<m', §>d>8"(m/p), 
if p>m', Psd>?7 Ht ig 


where / is the density of electron gas. Thus our theory is applicable in the 
case of low temperature or high temperature and high density. 

We have to mention here that the surface dependent terms do not appear 
in the case of boson system. For example, if we consider the boson system 
interacting through L’=g@’, the self energy part becomes, k’ /1,(k) > log (k?/m?) 
(k’-> 00). Therefore, Eq. (6-2) gives the finite result if the sharp boundary limit 
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is taken. In the same way, for the boson system interacting through /¢*, which 
has been discussed by H. Ezawa et al.” no surface dependent terms appear. 
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Appendix I 


Let us investigate the relation between the statistical expectation value of 
the T-product and the normal product of the field operators. The expectation 
values of the T-products are denoted by D(x—2’), and S(a—2')ee™ : 


(T(A,(2) 4,(2'))=—10,.D(2—-2'), (AI-1) 
CT (p(x) (2) =iS (a— 2’) (AI-2) 


where A, and are defned:in (2711) andy(@2-12). In the interaction repre- 


sentation, D and S become 


3 . . 
D(x)= 1 i| adik [file™+e-"") +e 4(t) 4+ e-*4(—t) | (AI-3) 
(2z)° 2x 
where 
1 


eokt—1 4 


Si= 


i= 1 at A 7 d’p ae (-) ,tpe (+) ,—t pe tpx & —ipz f ae 
S(2) =o si3-—m | Sel C6 elt? Efe} elm 0(t) +e" O(—D)], 
(AI-4) 


FS = _— 1 ee! = : 
; exp fic(/p+m +p); +1 


According to Wick’s theorem, the J-product is written in terms of the 


normal product : 
T(A,(2) A,(2')) =: 4, (2) Af!) :—10,,D(2- 2’); (AI-5) 
T (ap (x) p(a2’)) = (2) ie ye ti(eoe jes (AI-6) 


where D(x) and S(x): are Feynmann’s propagation function. Making use of 
the functions defined in Eqs. (2-16) and (2-17); 


(:A,(2) A(2) = — 18 Dee ca) 
Cap x) Pla!) =e? S.(— 2), 


we obtain the relations 
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D(x) =D(x)+D.(2) (AI-7) 
S(z) =S(xz) +S.(z). (AI-8) 
In the statistical mechanics, the relation corresponding to Wick’s theorem also 
holds.® This states 
(T(A, (2) A,(2’) A,(2") A,(2""))) 
=—06,,0,,-D(2—2') D(2"—2'")—6,,6,,D(2—2") D(a! —2") 
0-0, Dig—r (Cr 2"); (AI-9) 
CT (a(x) Vala") vy (2) Yale’)? 
== (r= Sap (or Syn at 1) Se) Oe 
xexp {iu(t—¢'+2"—2")}. (AI-10) 
The T-products are decomposed into the normal products : 
LiCAS (2) AxGa:') AxCar eds (2605) 
=+A,(x) A,(2’) Ay(2") A, (2!) i -i0,,:A, (2) 4,0"): D6" —2) 
—10,,: A, (2) A(z"): D(2'— 2!) —10,,: A, (2) 4,(2'") D(z’ —z") 
= 40 p73 Ay tA 2 aD (el) — 105 Aer) AA ee Sa 
—10,,:A,(2") A,(2!"): D(a—2x') —34,,0,,D(2—2') D(2"—2'") 
—9,,9,,D(a— 2") D(a'!— 2") —6,,0,, D(a—2"") D(2x!— 2x"). 
(AI-11) 
T (a(x) a(x!) Py (2) Ps 2) = Prax) Po (2) oy (2") P(e): 
+: apa (2) Poa!) siete" S,,(2""—a'"") 
isn") tra!) sete Sa4(e— ao") 
+i: (22") Pol!” se" Saga") 
ipa 2) Fale) elt 8,92!" — 
Fee da i= 2) See (gala) 
SF Naa ee wo at) Sa ene), (AI-12) 


Taking the statistical expectation values of Eqs. (AI-11) and (AI-12), and 
using Eqs. (AI-9) and (AI-10), we obtain the relations 


(: A, (2) A,(2") A,(2") A;(a!"):) 
= — 99, D(2—2') D(x"! — 2") —3.58,,.D(e— 2") D(a! — 2") 
—9,,0,,D:(2—2'") D, (2! — 2") ’ (AI-13) 


ia 
(o>) 
~“ 
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Calc) Bax!) wy (2) ps(@) => 
ae (S.(2— 2’) ) ap (oem tae 


TASC a ule) jae. CATIA) 


Appendix II 


By using a cubic curve, we examine the vacuum fluctuation diagram. The 


equation of the curve is 


o ° 
1 6<St<r—d 
VO=) , ee 
3 (142)! (440), tO StSe 
0 0° 
0 otherwise. 


This is shown in Fig. 1. 
The Fourier transform of V(¢) is 


FA A Si oT eae ep igegonn si 
vipy=| Ve Clb Pp {t—e='?! } {1 +e a, (ieee )}. 


(AIT: 2) 


If we take the sharp boundary limit 009, then we have 
ky 
V peer se (ele), (AII-3) 
CDS , ( ) 
The contribution of the vacuum type diagram to the S-matrix is given by 
Eq. (4:95): 


Sue=— = | (—3#) II,(k) D(—k, gobs) Vo) Van) dk. CATIA) 
2(22)° 


To calculate Sve, we first perform the q integration : 
HO [D(-r, do— ba) V (qo) V(— 4) dgv- 


After somewhat tedius calculations, we obtain 


oie hg cree 1__fo4. 2 exp (ic (ko— II) 
say= Een +e Lm ae Sa elle 


—exp(i(e—28) (ho Ike) —2 exp (7-9) (ho II) —exp (ic (to— lil) 


> 


a 


~~... > 


Seu pS |S eter 


es ee iy eee oS 
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+ peg yr 2 xP o IED) + exp E(F—28) (Fy IRD) 
—exp (ir (ky [h))| 


qr {2-2 exp (20 (ky— |k|) ) +exp(i(z—20) (ko— |k|)) 
—2 exp(i(s—8) (to— ||) +exp ie (fo= |ke)) | + Cho —he) | 
9 ED 


+0 


3 5 i tObe t.uOke 


4 


11 
on O 


[ 2 1 8D og Op ay cD eee Dh. (AII-5) 
Ais OR eaas 


Thus we find out that J(&) is expressed as a sum of three terms: 


I(k) =F Dit) NAOT SP AACS (AII-6) 
14 


where J,(&, 7) tends to zero like k-* when k->oo, and J.(k) does not depend 
on the temperature. Thus we have 


Obes WS 
2(27)* 


Some JEM J(k, 7) dhe |e I1,(k) Jo(k) d'h. 


aoe je Il, (k) D(k) ath 


The second term is the surface effect, because it vanishes if the energy con- 
serves. The third term is the divergent integral, but does not depend on the 
temperature. 


Appendix II 


It has been proved that the generalized Ward identity holds for the Green 
function of the statistical mechanics.” Here we give another proof of the Ward 
identity. 


In our case, the Lagrangean is given by 


L=(7,9,—ipop—m)p—ie V(x) Wb. +— (8, 4,—9, A,) (9, A,—9,A,). 


(AIII-1) 
This Lagrangean is invariant under the transformation 
p(x) > (2) ei 4(@) V(x) 
A, (x) > A,(2) +9, A(z) (AIII- 2) 


A(a)y=0 if . £0, 7. 
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Therefore the S-matrix should be invariant under the transformation (AIII-2). 


The S-matrix corresponding to the photon self energy part is given by the 
following equation : 


oe -—| :A, (x) IT,,(2, 2!) A,(2!):V(2)V(2') dxdz'.  (AIII-3) 


Eq. (AIII-2) requires that the following equations have to hold for //,,(x, x’): 
Od Ct) —0, 1,2; a") = 0. (AIII- 4) 


These relations are ascertained by direct computation, up to the fourth order 
in the coupling constant. 
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On Vertical Representation of Bethe-Salpeter Amplitudes 
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The Bethe-Salpeter equation for S-wave bound states of two scalar particles with equal 
mass interacting via scalar mesons is considered in the ladder approximation. It is shown 
that an integral representation previously attempted holds for all the solutions, normal and 
abnormal, of the B-S equation. Use is made of the fact that the B-S equation under con- 
sideration can be written in a form of an integral equation with a real symmetric and posi- 
tive kernel. 

Also given is a limitation on the lowest eigenvalue of such an integral kernel in terms 
of its first and second traces. 


§ 1. Inteoduction 


For the relativistic treatment of two-particle bound systems there are few 
examples in which we know the properties of wave functions in detail. Wick” 
and Cutkosky” were able to solve the problem of two scalar particles inter- 
acting through scalar photons in the ladder approximation. But the unexpected 
simplicity in this case is due to the extra degeneracy of eigenvalues character- 
istic of the Coulomb force. Although Wanders® obtained an integral equation, 
extending their approach to the case of mesons with finite mass, it is too com- 
plicate to be solved. Previously one of the present authors attempted to derive 
an integral representation of Bethe-Salpeter amplitudes from general principles,” 
which turned out to be essentially the same as what Wanders had assumed in 
his work. It has been pointed out that this so-called vertical representation 
does not give the most general functions satisfying the conditions stated.»* 
While Dyson’s horizontal representation” is proved rigorously, it is not con- 
venient for discussing the two-body problem. The vertical representation is 
now shown to be valid in every order of perturbation expansion.” 

Of course perturbation theory as well as general principles gives us nothing 
about abnormal solutions (the solutions which appear in addition to normal 
ones when we consider a Bethe-Salpeter equation and have no corresponding 
solutions of a nonrelativistic Schrédinger equation), for they are believed to 
have no connection with eigenstates of a total Hamiltonian.» The purpose of 
this note is to show that the vertical representation holds for both the normal 


* In this respect one of us (M.I.) is indebted to Dr, H. Araki and Dr. R. F. Streater for 
their kind communications. 
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and abnormal S-wave solutions of a B-S equation, at least in the ladder approxi- 
mation. It seems impossible to separate normal solutions from abnormal ones 
without further study of their properties. 

In § 2a preliminary discussion is given. A model adopted here allows us 
to rewrite the B-S equation by an integral equation with a real symmetric kernel. 
Then the sum of inverses of eigenvalues is equal to the trace of the kernel. 
The kernel is also shown to be positive. Next in § 3, by assuming the above- 
mentioned integral representation for the B-S amplitudes we replace the B-S 
equation by an integral equation for spectral functions appearing in the repre- 
sentation. The question then arises whether all the original solutions are kept 
unmissed under this transformation. We answer to it in the affirmative by 
ascertaining the equality of the traces of a new integral kernel and the real 
symmetric and positive one studied in §2, although we do not claim mathe- 
matical rigor for our proof. Finally in § 4 is given a limitation on the lowest 
eigenvalue of a real symmetric and positive kernel, which is the best possible 
in terms of its first and second traces. It is also applicable to an estimate of 
the lowest eigenvalue of the Schrédinger equation with a non-positive potential. 


§ 2. Preliminary discussion 


The Bethe-Salpeter amplitude for a compound system of two scalar particles 


is defined as 
xe ralr[a(s)a(—S)]e 


where P denotes a four-momentum of the compound state |P) with rest mass 
M. Its Fourier transform é(q, P) satisfies the B-S equation 


6(q, P) =A (Z +4) ie (7 —4) [KG d, Pi D9, Pata, 2-2) 


where 4 denotes a coupling constant and the relative energy has been continued 
to the imaginary axis, following Wick’s procedure. 4% and g’, are then real 
and d'g=dqdq.. In the center-of-mass system Pe Orene), which is regarded 


as an imaginary vector. 

First we consider the limiting case M->0 (P,-20), in which Eq. (2-2) is 
covariant under all rotations in the Euclidean four-dimensional g-space. Any 
solution can be written as a product of a function of q* anda four-dimensional 


spherical harmonics 
Hem(a, 9, Y)=N| sina|’Cit3(cos@) Yim(9, 9); (2-3) 


wheres F=1, (+1, *=, €08 a=q./|q|, N is a normalization constant and .C,=@) 
is a Gegenbauer function,” a polynomial of «th order, Eq. (2-2) now reduces 


Pee eer Ae a A eee 


eee ee SS Ores. 


So IS 


eo 2 


fee ae ee ey ee eT OP ee ee Ley SURE aS eee Lee 
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to an integral equation of one variable. If the latter has only discrete spectrum, 
then any eigenfunction has the form 


Penim(q) =Un,1 eA) iain 2; 6, Y), (2-4) 


with «=0, 1, 2,-:- and n=1, 2, -.. The even-oddness of ¢(q) with respect to 
gi is the same as that of «. Eigenvalues / are determined by and /+«(=k), 
the degree of degeneracy being (J+«+1)%. For M>0 this degeneracy is de- 
stroyed partially and 2 are determined by «, » and J. 

In order to discuss the case M>0, we consider a model of an S-wave 
system of two scalar particles interacting via scalar mesons with mass 44(>0). 
We confine ourselves to the ladder approximation and the case of two particles 
with equal mass. Eq. (2-2) can now be written as 


2 
[(g+in)?-+m*][(q—in)? +m] 6(q) = 2 | g) 7d, (2-5) 
m J (q—-q)'*+H4 
where 7=(0, M/2) and 2 is a dimensionless coupling constant. We assume 
the stability condition for meson, “<2m. Hereafter m will conveniently be 
taken to be unity, unless otherwise stated. Eq. (2-5) can easily be reduced 
to an integral equation with a real symmetric kernel,” 
0(q)=2\ Hg, ¢) W(q)d'q, (2-6) 
where . 
%(q) =V fq) $(q); 
LQ =P) ae, a 194 
1 “7 IN 7-1/2 1\2 es 
H(q, q') = os Lf S@) 7? -Mq-ay+ ey". 


Separating the S-wave part ®s(q) from (q), we get an integral equation 
of two variables 


oc ao 


w(lgl, =A dla’ | da’ KCal, as la! a’) uCla'l. a’), (7) 


0 —oo 


where 


u(|q|, 9s) =|q| %s(q), 


K(lql, a5 la'l, a) = L6G) Fay?” log 141 +191)? + eal) 
a (lql—|q'|)?+(qa-qu’)? +22 | 
This kernel has a real symmetric form, too. Since it is invariant for the re- 
placement, q,—q, and q,/>—q,', eigenfunctions of Eq. (2-7) can be classified 
by the even-oddness with respect to the relative energy. For symmetric or 


antisymmetric solutions K may be replaced by K, = (K+K’)/2 or K.=(K—K’)/2 


ae 


4 oy ie 
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respectively, where K’'(\q|, qa; lq’, )=KCial, a3 19’, —q,'). We now use the 
equality between the trace of a symmetric kernel and the sum of inverses of 


10) 


its eigenvalues.” Then we get 


al a 
o,=DL=aTH(K,), c= PHT), (2-8) 


ever 


By even or odd we mean that the sum is to be taken over the eigenvalues of 


symmetric or antisymmetric solutions. The traces of K and K’ are given by 


Tr(K)=-—- | dial | dact(lal tae +04 47°40 og TE, (2-98) 


0 —-o 


oe} fos] 


1 Agta? 2 
Tr’ pte ee \ d\q| | dai (ql? tae +)? +497? a0} log emia ‘ 
0 4 


—-o 


(2-9b) 
2 2 2 2 2 
As log Alar te > log Acq) +H ~ 0 when q.30, it follows that o, >o_> 0. 
q4 
We first calculate o1(#, 7) for 7=0: 
ira 0 eer ae logs 


= - = — ‘os oO =5 

aa 7/4) 

o_(P, 0) =o(f, 0) ea Ot (FH, 0), 

eee poearie (2-10) 
ET ecg 

The last expression in (2-10) will be used in the Appendix. If we restrict 
é(q) to functions of q’? alone, we see by (2-3) and (2-2) that they correspond 
to solutions with «=0. We then obtain from Eq. (2-2) an integral equation 


with one variable of a real symmetric form,” 


o(H, 0) =log 


co 


u(s)=2| Kols, s')u(s’) ds’, (2-11) 


where 
u(s)=s?(s+1)4(s), s=q, 
Kise so = So G55 Jit sa 1) (1) fs-ts/ +p2—[(s ts +)? — 455". 


If we denote by Zen: an eigenvalue with quantum numbers «, n and J, then we 


get 
Saks 1-"/2 is 1 e 
—= ao = it == {- —<$<——— eyes lo es y 5 12 
o(4, 9) pay Tr (Ko) pL ante GOSS ft log 7 ( ) 


Considering the degeneracy discussed at the beginning of this section, we also 


obtain 


eS ot, eee ee Re 


:| 
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o,(/, aaa 0)= mY Asa 2 Rone 


Pots. joka: 


o_(f, 0)= Saas f(r 2 y (2513) 
k= She l= 1'3,. 
We next calculate the traces of K and K’ in the opposite case, 7=1 (zero 
binding energy). After elementary ee ees we have 


o(/, 1) = log) +2 1-4 cost, 


“ 


o'(/, 1) as omy mn 


“a a 


1) tee 
L 


foo} 1. 
ff tdt . pp ( dz cos z 9-14 
2 Nee: vs ) os at Lee ( ) 


In order to make clear the connection with the non-relativistic limit, we replace 
fe by #/m. For p/m<1, o.(f,1) can be expressed as 


aE UL 


1 a I m pL 
Fe ee ne een iceers log ™ +0(4), 
AC Resets mld ne apy ft eS br he 
(2-15a) 
it 


eb log ™ +0( 4). (2-15b) 
pe m 


a 


3 m it re 
(BE y= ] _— 3+log2) +— 
o(, =F log 2 (8 +1og2) +5 


It is to be noted that logarithmic terms appear in o,, preventing their power series 
expansion in #/m. As is known, in the nonrelativistic limit Eq. (2-2) reduces 
to a Schrédinger equation with the Yukawa potential 4V (7) = —Aze~"“"/r. The 
sum of inverses of the nonrelativistic S-wave eigenvalues at zero binding energy 
is given by’ 
Ovr(-, 1) => Ayr=m |V(r)|rdr, (2-16) 
0 

and is equal to am/f, which coincides with the first term in Eq. (2-15a). It 
is easy to see that 


lim o+(#, 1) =~ elle bas os, 1) 09. (2-17) 


uim>0 Ovp(ft, 1) nim>0 Ovr(f, 1) 

Finally we remark that the kernels K (ql, a3 |q’|, qs’) and Ko(s, s’) are 
both positive, i.e. all the eigenvalues are positive. It is sufficient to show that 
H(q, q’) is such a kernel, because the spectrum of K or K, is a subset of that 
of H. As the kernel H(q, q’) is positive for #=0,” and all the eigenvalues 


of Eq. (2-5) are monotonously increasing functions of # it is a fortiori posi- 
tive for “>0. 


seas 


On Vertical Representation of Bethe-Salpeter Amplitudes 475 


By this property of the kernel K we have the inequalities 


Min dpm oe (4, 2), Minas o-(#, 9) (2-18) 
we: even «:0dd 

Particularly at 7=0 we get 
Min Aono = Fo (4; 0) ri Min don = 7 (Hs On (2-19) 


Min Jom = {o o.(f, 0) —o)(f, Oar ae 


§ 3. Integral representation 


We first assume that there exist S-wave solutions of the B-S equation, 


(o-ZY nh ler 2) Hee m= 2 fer haar 


which can be represented uniquely as 


fe tonay ute 9 (232) 
POEs 12 2\ pag PHP Ce 


(3-2) is simply related to the vertical representation introduced previously :” 


CCD) 
gta, P)= |e | a ERIE i (3-3) 


Eq. (3-2) can be transformed into an integral eee for spectral functions 


g(z, t) by Feynman’s method of parametric integration :° 
1 (ee) 
g(z, )=i\ de'\de RE, t:2', ¢)9(2', 2), (3-4) 


-1 0 


where 


/ a ( dx , / Ls 
Re, 525 =| Gael, Fw {o( —ae-Ree, 2) ule’, #5 I}, 


(3-5a) 
pe t+e+772 e) 22 3.5b 
ulz, £3 = ale = —=(P9 2), ( ) 

—x : 
RE, ‘=f 5 ae LOD zee’. (3-5c) 

z 
From (3-4) and (3-5a) we obtain that 

(3-6) 


\a@ 1) dt=0, 


0 
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which means that (x, P) is non-singular at x=O in the Euclidean x-space. 

Some S-wave solutions of Eq. (3-1) might be missed in Eq. (3-4), because 
it is not evident whether all the S-wave solutions of Eq. (3-1) can be repre- 
sented in the form Eq.(3-2). Let all the solutions of Eq. (3-4) correspond to a 
subset of solutions of Eq. (2-7). If P denotes the projection operator on the sub- 
space spanned by this subset, then R and PKP are to be connected with each 
other by a non-singular transformation.* The traces of the two kernels are 
then equal, since traces are kept invariant under similarity transformations. As 
K is a symmetric positive kernel, 


Tr(PKP) =Tr(K) (3-7) 


if and only if P=1. Then, by comparison of the first traces of R and K, we can 
determine whether R is equivalent to K or not. (In general, when K is not 
a positive kernel, we have to replace the first traces by the second traces in 
“a : the above argument.) It is shown in the Appendix that the trace of R expres- 


sed as 
1 nf 1 Ai z 1 1 a 
( . G api 
a ie = d \@e- a x oe 7 < 3-8 
Tr(R) =, \4 | Sri | 2\ doar Oa ae 


is just equal to Tr(K) given by Eq. (2-9a). Thus we conclude that every S- 
wave solution of the B-S equation (3-1) can be represented in the form Eq.(3-2). 
It is now evident that Tr(R’) given in the form 


C2) OR Gas are ok 


9 
xf + (12)? +772") 3?) 


1 1 
Tr(R!) = \dx | de 
0 0 
is equal to Tr(K’), where R’(z,t, 2’, !)=R(z, t, —2’, ’). By the way, at 7=0 
Eq. (3-4) can be transformed into an integral equation for y(t) =J1, dz 9(z, 2). 
It has only solutions with «=0, because we get for the trace of its integral 
kernel 


1 — 2/2 os7 # 


ax Al — 8/4 Cc 9 


el —x)* 
af?+(1—2x)? 


=1-1| —plog =, (3-10) 

L 
the right-hand side being just what is given in Eq. (2-12). It also follows 
from that (gq) is a function of q’ only, for the parameter = disappears eventu- 
ally in the integral representation. In the nonrelativistic limit in which abnor- 
mal solutions disappear, (1—|z|)9(z, 2) is a function of t/(1—|z|) only,® and we 
have, for the trace of an integral equation it satisfies, that 


* Since g(z, ¢) is a singular function, it will be safer to consider an integral equation») for 
G(z, )=\\ 9(z, t’)dt’, instead of Eq. (3-4) for g(z, 2). It produces, however, no change in our 
argument here. 
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T { AE Ba eet ina 2(mB)*” B 
2 {ap?+ (1— 2x)? mB” ee) ve og (1+ pe . )=eva( 1-907)» 


0 


(Bei) 
where B denotes the binding energy. 
On the support of g(z, t) we see from (3-4) and (3-5) that 
g(z, t)=0 when (aes eee yh (3-12) 
where 
4= # : i Min E (z, 2’) { +2p/ P42 |. 
—|2z| —1s2/<1 
If we write m explicitly, 4 is given by 
2\1/2 fy 2 
n=fi-(") | M out ( ; we for M’?>m(2m+FH), 
2m m 2m 
(3-13) 
UL 
=mp+t— for M?<m(2m+F). 


Some analogy might be noted to the so-called anomalous threshold appearing in 
a form factor of a composite system. However, the critical mass, {2(2m+/)}™", 
in our case depends on the mass of intermediary meson, while in the latter 
the critical mass is ,/2m and does not depend on the dynamics. It is to be ad- 
ded that as 9(z, ¢) of antisymmetric solutions have no 6(#) term, 9(z, 2)=0 
for arbitrary MZ when (1—|z|)Te<mp+H?/2. 

Lastly we refer to the spatial extension of a bound system of two particles 
with masses , and m,. For this purpose ‘+t is more convenient to use the 
vertical representation (3-3). The BS amplitude at equal relative time in the 
center-of-mass system is 


co 1 


G(x, 24=0) = jaaer"9(a, p)=| dsKo(Vs |e) jazfed), GW 


0 -1 


K, being the modified Bessel function of the zeroth order. We define the 
spatial extension a of the system by the inverse of the minimal value of // Ss. 
belonging to the support. With slight modification of the arguments given in 
this section, we get 


2 
a7?= Min s= Min | ont tm’) /2 4+2(mi—m?)/2— (1 — 2”) ( m) i 


f@,s)+0  —1S@<1 2 


We can take m= without loss of generality. Then a is given by 


eer Po. 
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qt? =- aYa { (my Ey)? — M2}? {M2 — (1m, — my) 31? 
for (m?—m,)1?<M<m+m, (3-15a) 
ca =i), for m,—m,<M< (m?—m,7)". (3-15b) 


my, me = Ga 


Fig. 1. The spatical extension a of a composite system of 
two particles with masses m, and m,. Figs. (1-a) and 
(1-b) correspond to Eqs. (3-15a) and (3-15b), respectively. 


The geometrical meaning of the above result is clear by Fig. 1. In the non- 
relativistic limit a7? reduces to {272,722B/(7m-+2)}'”, where B(=7+m,—M) 
<m+m. (3-15b) may be interpreted in such a way that any particle can- 
not be enclosed in a region smaller than its Compton wavelength, however 
strong its coupling with another particle may be. 


§ 4. Limitation on the lowest eigenvalue 


All the integral kernels discussed in § 2 were real symmetric and positive 
ones. In this section we present a limitation on the lowest eigenvalue of 
such a kernel, which might be useful for numerical estimate in realistic models. 
We consider an integral equation with a kernel of this kind, 


1 2 
o(a)=~ | K(x, 9) Qn) dy, 52s. 2-(>0), (4-1) 
where some variables are represented by a single letter 2 or y. As is known, 
we have the equalities 


a= Y= |d2K(e, 2), 
(4-2) 
= Dm 7S |dxl dy K(x, y)% 


the existence of the integrals being assumed. It is easy to get a limitation on 
%, in terms of o, and on», 


Chee Oy tse ogi oy. (4-3)* 


* In general we get the inequalities 
it ese Soe Ces : 
1— Q« = on = = On/On—-1 =" 02/04, 
o, being the m-th trace of a symmetric positive kernel. 


Tae 
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The lower bound of s, given above can be made larger. If we note that 
o3= 5, + ea Aisi) 
422 
we have 


5 §o,+ (20,—0,7)""}/2 or S < {o, — (20,—047)""}/2, 


when o,9,7/2. But we must discard the second inequality because SiS. Gal Oe 
In order to extend our argument to the case, o,< 07/2, we assume first that 
K(x, y) has at most m non-vanishing eigenvalues. We need to find the mini- 


™m™ 
mum and maximum values of O3= >)s; when ©; and s,(<o,) are given and 
a=) 
m 


Sa, Sa “*'> Sm are a set of numbers such that >}s,;=0, and Se sme Ome FO 


t=1 
make o, minimum we have to take sp= ++ =Sm=(01— 1) /(n —1). It follows that 
Opes (6, —51)7*/ (m—1). Thus we get o.oy'/m and 


5, <= {o,+| (m—1) (mo,—or) J} /m. 


To make o,' maximum we must set $ye= = Sgt 515 seo (nS 1) and 
Sa, = = Sn =9, when o,/(n—1) > 32% /n with n=2, 3, ---, m. In this case 
6X (n—1) s+ for— (n-1) 53” and we obtain 


es fo, +[(no2—a1") / (nL) I} /n On toa 7 (ied or Op=2 01 / 0, 
ator em. Letting. 77 82. We finally get the limitation 


BA ts 1/2) 
Vres(oe {14+ (B=*) | (4-4) 
nN 


n—1l 


for 1/(n—1) >7>1/n, with 7=32, 9). and t=03/01- The latter equality in (4-4) 
holds only when there exist just 2 non-vanishing eigenvalues. From this deri- 
vation we easily see that (4-4) is the best limitation in terms of 0 and 03. 
o, and o, also give an upper bound of s:. From-the inequalities s)<c0,—5S, and 
52 1/2. (5? + 2°) S02/2 it follows that 


sf, = 1/2 7-1)" for, l/2 Sc 
(ty 2) 5 for 0<7 1/2. 


(4-5) 


In the same way as before we can ascertain that this limitation is the best pos- 
sible in terms of % and 0». 

Some interesting examples are given by Schrodinger equations with negative 
semidefinite potentials (V(x) <0). For simplicity we limit ourselves to zero 
binding energy, although the present method is applicable without difficulty to 
the case of arbitrary energy. The eigenvalues s are nothing but the so-called 
well-depth parameters.” For a central potential V(r)/s and /-wave states the 


Schrédinger equation given by 


BE ai, TINE ANE DP ee SPEDE Rend eee 
ty 72 i P, : a ahug ‘ 


Scat 
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eee 

ae Rh € d? 4 1CED) ui) = 2 |VO) a) 
See LINE dr’ T° s : 


sak , . ° / 
Bee ond proper boundary conditions are expressed by the following integral equa- 


AY 


b(n) =—— | dr Kir, rr), (4-6) 


dir) =|V(r) Pur), 


Kir, r)= af LV) Par, PIV) BY, 


1 a 
gr,r’) Ga 


Eye 


3 and r,(r<) denotes the larger (smaller) of rand 7’. o, and o, are then given | 


fy 
‘ 


5;/0; OF S2/o 


1.0 a TOTS 


. 
: 


0.5 


a 
0 0.5 1.0 


Fig. 2. Limitation on s/o, and s/o, in terms of t=o,/0,2. 
5/0, is allowed in the domain enclosed by the two solid 
curves, and s,/o, under the dotted curve. Exact values 
of s,/o; and s/o, are marked by crosses for several known 
cases (see text). When s;/0, is exactly known, we have 
a severer limitation on s,/0,, which is indicated by vertical 
lines for the cases mentioned in the text. 
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2m ik i 
rte Ran beg Bane 
ae 9 (4-7) 
2m 1 ; ‘¢ 
ML RLS ae Lae PO ALY Ht oy 
a ( uA are) anh ptt 81 (7) || (r') |. 
When /=0 the =-values for square well, Gaussian, exponential and Yukawa 
potentials are 2/3, z/2—1, 1/2 and 2 log 2—1, respectively (see Fig. 2). The 
longer the potential tail is, the smaller is the c-value and so is the spacing of 
s,/o, and s,/o,. In this figure is added the case (denoted by W.) of the integral 
equation (2-11) with #=0, in which c=27/3—3. 


The authors should like to express their thanks to the members of the 
Yukawa Laboratory and to Dr. H. Fukutome for valuable discussions. 


Appendix 
Equality of Tr(R) and LeGs) 


We first ascertain the equality for the case 7=0 by a direct calculation. 
For 7=0 we have 


1 


l—z i HAS. COS LY 2 
THR)=\4e eje+(1—=x)’ nae PB i Da Mo Paha) es 
* ge 4 aE 2. 
ea d\q| \ dq.(q?+qi +1) ~ log sma Gos (A-1) 
0 —o 
with the use of (2-10). Then it follows that 
1 oo o e a 
Lek Det ( a Aq +t 
= d dgi(qt+q¢+e@ lo ae 
\az ce+(—z)’a(z) #% ial) EAT aE ENO oe 
(A-2) 


where a(z)=¢?+772". We note that 
14 foe} foe} 1 
ik f 4 : be 
\ dz | dqs(¢itqe+e(z)) 7 ="5 | dq: dz(qt+qete+2izgqs) 
0 co -1 


7 | dag tae +e) +e a8 aa (A:3) 


Thus we can prove that 
Tr (R) = \ dz| d 
0 0 


Pa ee ae 
Ty + (1— 2)? a (2) 


Moldatiniek Mak Cie ; 


pee sq? +/e ; 
=| dial | data tae+e)'+ dyad} log “Te = Tr(K). (AA) 
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Macroscopic Causality and Lower Limit for the Energy 
Derivative of the Scattering Phase Shift 


Relativistic Case 


Takesi OGIMOTO 


Department of Physics, Osaka University, Osaka 
(Received May 18, 1961) 


A relation between the macroscopic causality and lower bound of the energy derivative 
of the scattering phase shift is studied in the case of relativistic quantum field theory. 
From the requirement of the macroscopic causality the energy derivative of the real part 
of the phase shift must be non-negative in such an energy region that the imaginary part 
of phase shift does not vary rapidly with the energy, whereas in another region such ine- 
quality is not generally valid. 


$1. Introduction 


In the case of one-channel and potential scattering problems it is well 
known that the existence of lower bound of the energy derivative of the scat- 
tering phase shift 1s, fundamentally, a consequence of the macroscopic causality 
condition” The aim of this paper is to examine whether such a relation holds 
also in the case of relativistic quantum field theory. In this case the scattering 
phase shift must be dealt generally as a complex quantity owing to the existence 
of multi-channel scattering and this is a main feature different from the case 
of one-channel scattering. 

At first one may suppose that our purpose can be achieved by making use 
of the analiticity properties of the scattering amplitudes. However, it is impos- 
sible to do so, because the. analiticity properties of the scattering amplitudes 
cannot generally be derived from the requirement of macroscopic causality 
(see the last paragraph in § 4 of reference 3)). Therefore we shall adopt another 


course of study. 
In order to require the macroscopic causality the scattering problem will 


be studied by means of the wave-packet-formalism.” Here the “ macroscopic 
causality ” is formulated in such a way that the scattered wave cannot emerge 
before the incident wave arrives at the scatterer provided that the extensions 


of wave packets are neglected. 
§2. Transition matrix 
We consider the elastic scattering of the particles with mass M and mass 


p. Denote the initial average momentum and average position of the particle 


Ree we, me A yet Ar, Wa > a hd oe 5) et PA Ae a act Ef 
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with mass M by p, and m, and those of the particle with mass /# by p, and 
x,, then the initial state of the scattering can be represented in terms of the 
outgoing solution of the Schrédinger equation, |i, M; kn, #)*, as follows :® 


| Pr; Xs Po, X25 py =| dk, dk, Bp, x1, k,) F3( po, X2, ky) |k,, M; ke, p)* 


(1) 
with 
F( p, x, k) =exp(—ik-x)f(p, k), (2) 


where F(p, x, k) is the wave function describing the wave packet and /(p, k) 
is assumed to be nearly equal to zero except for |k—p|<|Ap|, Ap being the 
uncertainty of the momentum of the wave packet. Here the spatial separation 
|x, —x,| has also been assumed to be sufficiently larger than the extension of 
the wave packet, i.e. |x,—x,|>|Ar|, Ar being the uncertainty of the position of 


‘the packet. Of course, Ap-Ar~1 holds by the uncertainty principle. 


In a similar way the expression 
| Ps, Xs, M ; Ps, 4, La | dhs dh. Fo pa, X3, k;) F (ps, X4, k,) |ks, M; k,, De 


(3) 


is of the final state of the scattering, where |k;, M; ky, 4>~ denotes the incoming 


solution of the Schrédinger equation. 


Using the definitions (1) and (3) for the initial and final state of the scat- 
tering, we can now write the transition matrix for the collision :” 


“CPs, x3, M; Ps, 4, /-|exp(—7Hr)| pi, %,,°M ; P2, X2, pt 


= \ dk, dk, dk, dk, exp[ —i {E5(ks) + E,(k,)} 2] 
x F' (ps, Ns, ks) FC pa, v4, ky) ~Cks, M; ky, Llky, M ; ky, p)* 
xX Fi( pr, X11, ky) Fs( ps, X2, ky), (4) 


where ~(k;, M; ky, #\k, 1; ke, #)* is the so-called S-matrix and can be expanded 
in terms of the partial wave phase shift 0,(W*) in the following way : 


“Che, M; ky, iki, M; ea, )* 
= 0°(k, +h, —k,—k,) OLE, (ky) + Ey (ky) —E3(ks) —E,(k,) | 
<x W/ (27K): x (2/+1) exp[270,(W*) ]- P,(cos@), (5) 
where | 
W*=(E,; (ks) +E,(k,) P — (ky +hy)?, 
K*=[W?—(M+y)"][W?—(M—p)*/4w?, 
cos0=1—224°/K? 
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~ and 


4a = (k, —k,)? —LE3(ks) —F,(k,) P. 


§ 3. Condition of the scattering 


Let us examine the conditions for pi, %1, Pr, *2 and ps, Xs, Ps Xs for getting 
non-vanishing transition matrix (4). We set 0,(W?) =0ix(W’) +20::( W’) and 
introduce the Fourier transform of exp [—20,,(W’)] by 


co 
e 


ep Be We eewen raw) Ele) (6) 
with 
E, (a= hice): | (6)! 


in order to take into account the effect of the variation of exp| —2417( W*) \eeele 
should be noted that the Fourier transform E,(a@) is not unique, since exp 
[—20,.(W*)] is defined only in the physical region WS (M+p)’. 

In order that the transition matrix (4) does not vanish, the variation of 
the phase of the integrand (4) with respect to k,’s must be equal to zero apart 
from the errors of the extensions of the packets, when k,’s vary around p,’s: 


leg» toq-+ A 2¢4— Mey + — Meg q— Sleg- Va ps)t— Aka VaCpa)t 
+4W,p[Oin( W?) +o] [dha Vs(ps) + dhs: V (ps) |~9, (7) 
where V(p)=p/E(P), dC W 2) =[doin( W?)/dW?]v2-0,2 and W, =L4:( pa) 
+E,( ps) in the centre-of-mass system (p:+p:=9). Here we have neglected 
the effects of the variations of cos@ and W/K in (5). As is easily seen, this 


approximation becomes better at high energy W?>(M+p)2. 4k’s in (7) are 
restricted by virtue of the conservation law of the total energy momentum as 


follows: 
dk, + dk, — dk, — 4ky=9 (8) 
and 
4k, Vi (pr) + Ake V,(p2) — dks: V (ps) — dk,: V (ps) =0. (9) 
Using the undeterminate multiplier T, we get from (7), (8) and (9) 
hegre —[Va pas) — Vip) IT; (10) 
xp m~LV(ps) — Volpe) e-T—8 Wel (11) 
with 


G=4[i2( We") +2], 
where ~ means that the relations (10) and (11) hold if the extension of the 
wave packet is neglected which is of the order Ap or Ar and if the effects of 


cos@ and W/K in (5) is omitted. 
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The relations (10) and (11) re- time 
present the following fact that the 
incident particles which are initially 
localized at the positions x, and x, 
collide with each other at the time Taw, 
T, then the scattered particles emerge 
after the time §W, and finally arrive 
at the positions x, and x,. (See Fig. yr eons 
1.) The time interval (0, 7) stands 
for the initial state of the scatterjng 


and the time interval (T+/W,, 7¢) pick sm 
ds for the final state of the scatter- a x» 

he Taw cae : Fig. 1. Schematic representation of the 

ing. The four-vector PQ is time-like. relations (1D) and CiAY 


§ 4. Condition of macroscopic causality 
and concluding remarks 


The scattered waves cannot emerge before the incident waves collide with 
each other, so that @W, must be non-negative,” i.e. 


din( W,’) +a 0, (12) 


provided that the extensions of the wave packets and the effects of cos@ and 
W/K in (5) are neglected. It is well valid at high energy W,?>(M++¥y)’. 

The condition (12) implies that the transition matrix (4) cannot contain 
the contribution from a smaller than —¢,(W,”). This requirement is satisfied 
if we are able to make F,(a@) zero for a< —d;,(W,°) by making use of non- 
uniqueness of E,(@). This possibility, however, is not always assured. The 
above requirement is also satisfied if the contribution from a< —d),(W,,?) 
vanishes after integration over a from —c to +, even though E,(a) does 
not identically vanish for a< —d),p(W,,”). 

(1) Hf the first possibility for #,(@) is true, we have the following rela- 
tion from’(6), (6)’ and (12): 


? 


exp[—20,,( W,2)]~ | da exp(2iaW,”)E,(a) (13) 


—9 


* Suppose BW, is not smaller than —¢p apart from the errors of the extensions of wave packets, 


where the extension of the interaction is given by t[V2(p.)—V,(p,)]. Then in another Lorentz 


frame the extension of the interaction becomes of the order (to/V 1— 82) 4V, AV being the relative 
velocity in the new Lorentz frame. If 8 takes a sufficiently large value, this extension can be 
made measurable by a macroscopic observation whatever small fo may be. Therefore, in order 


that (to/V1—2) 4V be always of microscopic order, t9 must be zero. (See the last paragraph in 
§6 in reference 3).) 
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with 
foci sans, Sa, 
E,(@) =, | dW? exp(—2ia W”) exp[ —29,,(W”)], (14) 


where ¢=0',(W,”) must always be non-negative, as is easily seen. Inserting 
(14) into (13), we get a new type of relation between the real part and imaginary 
part of /-wave phase shift: 


1. 


exp[ —2911( W,?)|~ = sin[2(W?— W,2) ofp 


CW. 2) y D) 
W2— W. 2 = ! exp[— 2011( Ww’), 
p 


- 
ae 


; dW’ 


(15) 


which holds well at high energy W,2>(M+/)’. As is easily seen, the un- 
physical region —(M+p)?< W*<(M+p)’ hardly contributes to the integration 
in (15), if we are concerned with the high energy W2> (M+p)’. The region 
W?<—(M++p)’ relates to the region W?=(M+ )* by virtue of the crossing 
symmetries. Note that d'n(W,2) must always be non-negative. 

(2) The second possibility for F,(@), however, may be a general case in 
which we cannot obtain any new condition about the complex phase shift from 
the requirement of the macroscopic causality. 

(3) In a particular case in which the imaginary part of phase shift 1s 
constant within some energy region, that is, we need not take into account the 
effect of the variation of exp [—20..(W”) ], (a=0), we have the following con- 


dition in place of (12): 
OCW 2) 0 (16) 


within such energy region. This inequality is well valid at high energy 
W,2>(M+p)’. : 

In the case of one-channel and potential scatterings Wigner showed the 
following inequality :” 


dz —4, (17) 


Perend is the racius of the potential. In the theory of potential scatterings 
the causality may be violated by the range 2a of the potential at most. However, 
the violation by more than the range 2a is unacceptable. The inequality (17) 
is an immediate consequence of this fact.” 

In the covariant field theory, however, such an extension of the interaction, 
whatever small it may be, always leads to the measurable violation of the mac- 
roscopic causality owing to the Lorentz covariance (see the footnote). The 
inequality (16) is an immediate consequence of this requirement in some energy 


region. 
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The impulse approximation expansion of the nucleon-nucleus scattering operator in 
terms of nucleon-nucleon scattering operators is rearranged so that it is given by the sum 
of a term representing repeated scatterings from the same nuclear nucleon and a term 
representing repeated scatterings from two different nuclear nucleons. When the expansion 
is limited to double scattering, the result explains some well-known experimental phenomena, 
namely, the parallelism between the elastic differential scattering cross section and the Born 
approximation cross section, and the sharp dip in the polarization at the Born approximation 
diffraction zero. 


§1. Introduction and summary 


A great deal of work has been done in the attempt to express the experi- 
mental parameters describing nucleon-nucleus elastic scattering at high energies 
+n terms of the nucleon-nucleon scattering parameters at the same energy.” The 
usual procedure is to neglect the binding energy of the nuclear nucleons com- 
pared to the kinetic energy of the incident particle (impulse approximation), 
to assume that the nucleon-nucleus potential is a sum over the individual 
nucleon-nucleon potentials, and then to express these two-body potentials in 
terms of the two-body scattering matrices. The resultant “ optical model 
potential”, linear in the two-body scattering amplitude, can then be used to 
calculate the nucleon-nucleus scattering cross section and polarization. The 
nucleon-nucleus scattering amplitude calculated in the first Born approximation 
from the optical model potential is then linear in the nucleon-nucleon scattering 
amplitude and can be interpreted as the scattering of the incident particle by 
a single nucleon in the nucleus, the nucleus then recoiling as a whole. We shall 
often refer to the “first Born approximation amplitude” and the “ single 
scattering amplitude” interchangeably. 

It has been shown that the polarization predicted by the optical model 
potential can be computed quite adequately at very small scattering angles, 
using the Born approximation scattering amplitude,” and several attempts have 
been made to use this result to distinguish among the various proposed sets of 
nucleon-nucleon phase shifts,” usually without success.” The polarization cal- 


‘ 
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culated with the single scattering amplitudes should be independent of nuclear 
structure, depending only on the nucleon-nucleon scattering amplitude. In 
practice, this has been found to be true only at very small scattering angles, 
the measured polarization showing a marked dip (or a zero in the lighter nuclei 
such as carbon) at that angle for which there is a diffraction minimum in the 
scattering cross section; the diffraction pattern depends, of course, on the 
specific nucleus involved. As far as the scattering cross section is concerned, 
there has been no reason to believe that the single scattering amplitude should 
give any representation of the data at all. It is therefore remarkable to note 
that the Born approximation differential cross section is almost exactly four 
times the measured cross section at scattering angles between the pure Coulomb 
region and the first diffraction minima and for energies between 150 Mev and 
300 Mev.” 

In this paper an attempt will be made to show that double scattering of 
the incident nucleon by the nucleons in the nucleus can account for the above 
phenomena. That is, if the complete scattering amplitude is expanded to in- 
clude scattering by a single nuclear nucleon, propagation in the nucleus and 
then another scattering, either by the same or a different nucleon; the resulting 
amplitude predicts a cross section proportional to the Born cross section and 
a minimum in the polarization at the diffraction zero of the Born amplitude. 


§ 2. Formalism 


Let the subscript 0 refer to the incident particle while the subscripts 7, j, 
or k(1S7, 7, RZ A) represent the nuclear nucleons. We treat the incident par- 
ticle as distinguishable since it has been shown” that this leads to correct 
results for elastic scattering provided that the nucleon-nucleon scattering am- 
plitudes which are used are properly antisymmetrized and include recoil effects. 
Let h, represent the kinetic energy of the a-th nucleon, V,, the interaction 
potential between any two nucleons af(0<a, 8< A). 

A A A 
Define Hy=S{hi; Hy= hit >) Vi; is the Hamiltonian of the free nucle- 
i=0 i=1 i-f=l 
us; the interaction between the incident nucleon and the nucleus is given by 
A 
Hin= >) Voi, and the total Hamiltonian is H=Hy+h,+H. 
t=1 


ante 


The free particle wave functions are defined by 
hiGi(€i) = €49; (€,). (1) 


The nuclear wave functions, including center of mass motion of the nucleus, 
are given by 


tytn = Enix, ‘ (2) 


We also require the solutions for the case where there is no interaction between 


oh eas a 
t 
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the incident particle and the nucleus, 1.e. 
(Hy+ho— Ea) fa=9; (3) 


here E, includes the kinetic energy of the incident particle (€)) and the nucleus 
as well as the binding energy of the nucleus. The actual scattering problem 
is then represented by the solutions of 
(H = Hz) Fas = 0, (4) 
where 
Poy, as tom, 


Pi as t+ 0 


represent the ingoing and outgoing scattering wave solutions given by 
P= Ya ees Hina: (5) 
The scattering matrix can be represented as 


Sra= (Po, Pat) = (Pos ha) +9800 


where (¢, %) is the unit operator in the A+1 particle space and vanishes 
except for forward elastic scattering. Here” 


D = —2ni0 ~~ soa h late Hin int by 6 
O Sta 10 (E,—E. ) (| t ale ss aye |). (6) 


Defining the transition matrix by Sra=loa— 2210 (Ey — BY) Tra Wwe get 


Tra= SI Yo {Dj} |Pa) =D {NDi;} |Pa) |, (7) 
where 
ac Le ety, 8 
(DAs oe Vor) fps ce (8) 
aus 1 
UND Ws Tore e i 


We define a two-body energy & ; Ha=Eu is then the remaining energy of the 
A—1 nucleons. Writing 


A 
egy +e — i= hfs — Vous 
bet 


we can make the formal expansion 


il Cantey, Uinta v4 (9) 
H—-E,—-1€ a (Eo) 2 (e as ree 


where the denominators are now the two-body operators 
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4 ‘’ 
z i 
i a(Eu) =ho+hit Voi —€o —2€. (10) 5 


Letting b(€:) =a (€o:) — Vor, we can now define the two-nucleon transition — 


operator, $ 
1 
t(&) = Vor— Voo——— Va = Voi = Veer t(Eoi). (11) 
"a (En) b(é = 
“ae 5 
oe This is an integral equation for the nucleon-nucleon scattering operator and 


can be inverted to give an integral equation for the nucleon-nucleon potential, 


" viz. 
S RU at ss aris . 
x by | Vu t(Eo:) +E(Eu) Te V0 =t(é ) +e (E 0) (ej t (Eo) t( Eu) « (12) 
an Using (8), (9), (10), (11) and (12), we find that the diagonal term can be 
Ba. written as 
j iD; = Eo 1— og Ky py: ae 0 ‘ 

{Di} =o) { ieee ae | 
Bes HEN 
ee x ( OR te (13) 

where 


1 
b (Eon) —t(Ecx) 
so that the “diagonal part”’ of the scattering is completely represented by free 
two-body scattering operators with the nuclear Hamiltonian appearing in between 
successive scatterings of the incident particle. Similarly, we can express the 


i= Hy—hit So] Eu) +4 Em) “Em G4) 


wh “non-diagonal” part of the scattering in terms of two-body operators, i.e. 
| (ND,j} = (En) 2 S| (Babu) 1 | 
y V 0% t 
" b (Eq) = : “rad S CRY 
1 
een) acer 
rf RENO NTE Tree | ae 


If {Dj} =t(€) {di}, and {ND,,}==t(&) {Ndi;}, it follows that 
ie Tra= 2) (ot (Eo) [ {ai} —ENdy} Ie). (16) 


We can therefore picture the total scattering as the sum of a diagonal term 
which represents repeated scatterings from the same target nucleon (7) and the 
non-diagonal term which represents repeated scatterings from two target nucleons 
a (7) and (7) ; in both cases there is “ propagation” and “ interaction ” Wath th 
nucleus between successive scatterings from the (7) or (7) nucleon. They 
nuclear “interaction” and ‘“ propagation ”’ may be said to refract the scattered 
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wave back so that repeated scatterings from the same target nucleon are possible. 

We now limit ourselves to double scattering of the incident particle, i.e. 
we consider only those parts of the nucleon-nucleus scattering operator which 
are linear or bilinear in the nucleon-nucleon scattering operator involving the 
incident particle. This means keeping only those parts of {di} and {Ndi;} 
which give rise to a single scattering of the incident nucleon. We take 


A 
kis Vow as the part of «, which involves a scattering of the incident particle; 


Kin=Ki—Kis. The single scattering terms are then 


ne Te One eye We ae 
{d}s= 1-545 | C.F rca | to» a7) 
and 
{Nduy}s =A S| (BaF H0) u ] ee). (18) 
b (Eo) are b (Eo: ) 


Eqs. (17) and (18) include not only a single scattering of the incident particle 
but an infinite number of scatterings of the nuclear nucleons with each other, 
each accompanied by the free propagation of the incident particle. For incident 
energies greater than 100 Mey, the average velocity of the nuclear nucleons is 
much less than that of the incident particle and hence, during the time the 
incident particle traverses the nucleus, we would expect the nuclear particles 
to make fewer collisions with each other than with the incident particle. There- 


fore, to be consistent, we put 


; 1 1 
di}i=1— E4—€oi — Kin) t (Eo) (19) 
{ ya iE) 0 N. b (Eo) 0 
1 1 | 
sheen Seal [Sey Cone ae t (Eo) (20) 
a ea eal OP e PITS Gay teak: 
To this approximation, the scattering matrix can be written: 


A 1 1 
Teo (fo | t (Eve) lfa) a CA (Ea —€0i — Kin) pea AAG 


0¢ 


; t(Ev:) [Pa) 


— (Holl 60) ey (Eu —€0 — Kin) a -|eceod it} 


b (Ei) b (Evi 
—— : J . 1 7 iy) Dit 
Sole God cast Eo) te) (1) 


It 


1 1 h 
+ (h5| (Ha — Fo —Kin) b(Ea) (Ei) rE |Pa) 


1 —E,,— Ki ee E53) |\Vay-t- 
+ Wall Eo pags? Eau) 50,5 |eeu) it) | 
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The commutator terms have been shown to be of the order of the ratio of 
nuclear binding energies to incident particle energy ‘) since we are concerned 
with elastic scattering at incident kinetic energies greater than 100 Mev, we 
neglect the commutator terms. By definition, «y= Hy—hi; furthermore ¢/, is 
an eigenstate of Hy with energy E,—€o (from Eqs. (1) and (3)) so that 
1 | He —E 4 —Ee t+ € +h; 
(| (Ea —&oi — Kin) > — (op| : a —ss a a (CAPR (22) 
b(Eq:) ° ho thi—€u —2€ 
where we have used conservation of energy (Fu=E,) and hofs=€og (Eqs. (1) 
and (3)). The result is the simple form, 


Too = S| (Galt (Eu) a) — Yo |t(En) ae, a) (23) 


oy f Ve 1 Jl 
= 253 ol t(Ew) 5 oc t(Eu) Ifa). 


The ¢(&,) is an operator in the space of the two nucleons (7) and (0). Taking 


into account the translational invariance of the individual scattering events, we 


can write ; 
t(E12) — (pr pe’ |t (E12) | Pr, Po) =0(p,! + p.'—p, — Pp») t (E123 Pi —py; Pi — pr) : (24) 
Let 7 represent the nuclear wave function in the nuclear center of mass system 


and let Jp>=po—Po. be the momentum transfer of the incident particle. Then, 
for elastic scattering, the first term of Eq. (23) becomes, to order 1/A: 


(Lal qi — Spo) t (Eve ; Poo — Gi + 4Po ; Poa — qi) (qi|\Za), (25) 


where we are summing over the nuclear nucleon momentum q;. Assuming the 
range of momenta of the nucleons bound in the nucleus to be small compared 
to the incident nucleon momenta, ¢ in (25) does not depend upon q; and can 
be taken outside the sum. Then, we may write 


a 


(Lal Gi ra Spy) (qi (ee) =| A*xiPq (x;) eW Pos =f, (dpo) (26) 


where /.(x;) is the single particle density in the nucleus of state a (ground 
state for our purposes), and F, is the nuclear form factor. To order 1/A, 
Pov = Poa = (29€:)"" ; since ¢ must be a scaler, it depends only on &, and ‘Ap, 
for momentum transfers small compared to the incident momenta. Assuming 
identical particles in the nucleus and letting ¢ represent ¢ after the appropriate 
spin and isotopic spin averaging has been carried out, the single scattering 
part of the scattering operator is 


FW (dpo) (Eos 3 2 Spo) : : (27) 


Note that the scattering angle appearing in ¢ is twice that appearing in F,, i.e. 
¢ is a function of the scattering angle in the two-nucleon center of mass system 


PS 
ice) 
on 
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which is one half the laboratory scattering angle. The two-body amplitude in 
(27) is “off the energy shell” since the momentum is transferred to the entire 
nucleus rather than to a single nucleon. Eq. (27) is the usual first Born ap- 
proximation and represents the polarization quite well at very small scattering 
angles; it gives a cross section four times the measured quantity over a very 
large angular range-out to the first diffraction zero of F.” 

In a similar manner, the diagonal double scattering part of (23) can be 
written as 


(Exc 3 — APo— Pwr s Pro — 2p) # (Evi 3 Poa 2P 3 — Poa) 
AF,(4 )\a" 7(Eo. 3 — 4Po— Pw 3 Pea 2P)# (Evi 5 Pou 2P 3 — Pow) Bs 
a p?/2mo+ (Poa — p)*/2mi— €oi —*€ ( ) 


We define the two-nucleon correlation function g(x;, x;) by 
0(%, x;) = (x) 0 (x) [1+ 9 (%, x;) | (29) 


where p(x;, x;) is the two-nucleon density in the ground state of the nucleus. 


Then 
(Lal i+ Poa P> 13 + P— Por) (Fis qi\La) = \d 8.2.x j0(%i, %)) EXP i (Poa— P)%i 


+ (p— Pra) x;| 
=F, (p—Poa) Fa (Po —P) + Ga(P— Poa s Po — P)> (30) 
and carrying out the proper averaging, the non-diagonal double scattering part 
of T,» becomes 


man Ah) ( d*pLF. (Pa —P) F,,(p— Pw) +Ga (Poa P 5 p—Pw) F(E ; P—2P0 3 —P) 


Xt (Eo; 3 Poa — 2P > — Pou) [p?/2mo—Eu —7€ |. (31) 

Taking &; to be the kinetic energy of two particles where the struck 
particle (7) is initially at rest, we see that the pole of the non-diagonal term 
corresponds to scattering from an infinite mass target particle, i.e. the recoil 
energy equals the snitial energy. On the other hand, the diagonal pole, Eq. (28), 
corresponds to the elastic scattering of two bodies of masses 720 and m;. Thus 
the diagonal double scattering lies on the two-body “energy shell” whereas the non- 
diagonal term takes the two-body scattering amplitudes way off the two-body 
“energy shell.” In the diagonal case, the incident particle scatters once from 
a nuclear nucleon, leaving the remaining nucleus unmoved (~1/A) but in an 
excited state. The second scattering then restores the nucleus to the ground 
state resulting in elastic scattering. In between the two scatterings, the struck 
nucleon is “free” and hence has the two-body relation between momentum and 
energy. In the non-diagonal case, if the first scattering from nucleon j leaves 
the nucleus in an excited state, it is very improbable that a scattering from a 
different nucleon (?) will restore the resulting nucleus to the ground state. 
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Hence, here the intermediate state consists of the nucleus recoiling as a unit; j 
the second scattering changes the nuclear recoil but keeps the. nucleus in the 
ground state. The entire nucleus is the “ struck particle ” and hence the relation 
‘between energy and momentum in the intermediate state is characteristic of. the 


scattering from an infinite mass target particle. F 


§ 3. Small scattering angles : ; 


We assume the momentum transferred to the nucleus is small compared 


to the incident momentum ; in Eq. (28) this implies dpo<Po, Pu~Poa. ASSuming : 
parity invariance of the ¢ operators, and defining : 
(Eu) = dip £ Eox ; Poa ; 2P — Poa) (Eve 5 2P — Poa ; Poa) (32) : 

J p?/2mo+ (Poa— P)?/2mi— Fu —2€ 4 


which is independent of scattering angle, the diagonal part of the nucleon-nucleus 
scattering operator (Eq. (23)) can be written as follows: 


; 


Tra(diagonal) = AF, (Jpo) [£ (Eo: ; 2 Spo) —Q (Eo:) h: (33) 


Assuming 9(x;, x;) =9(*%;,—x,), and defining 
1 al : 3 iqy 
aM =—\a'ya (er (34) 


where V is the nuclear volume, the non-diagonal term (31) becomes an angle 
independent constant B(&;) where 


a 3 | B(&) =A(A—1) \a° [| Fa (Poa —P) |? +Ga(Poa—p) /V} 


p?/2my—&oi —1€ 
Xt(Ea 2Pra— P 3 P) t (Eo; ; 2P — Poa ; Poa) - (35) 


The form factor F, decreases very rapidly from one as the momentum transfer 
increases whereas the correlation term vanishes for very small or very large 
arguments. Hence, the constant B(&;) is expected to be much less than C(&;) 
and therefore not important in determining the cross section at small angles. | 
It will, of course, be important at the first diffraction zero of the form factor where 
the diagonal part of the scattering operator vanishes and the entire cross section 
is given by the non-diagonal term. . 
The nucleon-nucleon scattering operator varies slowly with scattering angle — 
when compared to F,. Thus, the major angular dependence of the Born approxi- 
mation cross section comes from the angular variation of the form factor. Eq. 
(33) then shows that, neglecting non-diagonal scattering, the differential cross 
section, calculated at small angles including double scattering, will be pro- 
portional to the cross section calculated in the first Barn approximation. Con- 
sidering the experimental data, this is a very desirable result.” 
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§ 4. Polarization 


Let m represent a unit vector normal to the scattering plane; /,G(0) and 
F,H(#) are, respectively, the scalar and spin amplitudes as calculated in the 
Born approximation,” JG(#) and 4H(#) are the corrections due to diagonal 
double scattering, K(@) and L(#) are the non-diagonal double scattering am- 
plitudes. The nucleon-nucleus scattering amplitudes can now be written as 
follows : 

g (0) +oy-nh (4) =AF,(8)[G(9) + 4G) +oy-n(H(0) +4H(0)) | 
+A(A—1)[K@) +o: nL (0) |. (36) 
The polarization is then given by 
Lo _ImPg* ()h@®) 
IGA P+IA@? 


where Im P is the imaginary part operator and the asterisk represents the com- 


P(#) (37) 


plex conjugate. It is obvious that if the non-diagonal terms are neglected, the 
nuclear form factor cancels from Eq. (37) leaving the polarization independent 
of nuclear structure. This is observed to be true at small angles where the 
cross section is determined by diagonal scattering. 

L(@) is the term which gives rise to spin-flip (and hence polarization in 
an unpolarized incident beam) via non-diagonal double scattering, and is expected 
to be zero or very small. For, consider an incident unpolarized beam ; let the 
first scattering take place in the median plane of the nucleus, the plane of the 
first scattering being the plane of the paper. The resultant polarization must 
be perpendicular to the plane of scattering—hence assume the particle scattered 
up has its spin directed into the paper, that scattered down has its spin out 
of the paper. Assume the second scatterings to be perpendicular to and directed 
out of the paper (the resultant plane of the total scattering is therefore per- 
pendicular to the paper). In the second scattering, the incident spin is in the 
scattering plane and hence unaffected; the resultant beam scattered from the 
nucleus has equal probability of having spin parallel or anti-parallel to its 
direction and hence is unpolarized, i.e. L(@) ~0. 

At the diffraction zero of F(#), only K(4) will be non-zero. The cross 
section will not vanish and hence, from Eqs. (36) and (37), the polarization 
will have a node at the first minimum in the cross section. This is exactly 
the phenomenon observed in light nuclei like carbon; it is not so obvious in 
heavier nuclei like lead where, presumably, higher order scattering terms must 


be important. 
The author is indebted to Dr. FE. Kerner for a stimulating discussion. 


Pia co : Farts mI A ‘ el Viet ae 
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The most general forms, consistent with reasonable physical requirements, for the po- 
sition and other observables of a Dirac particles are obtained. 


§ 1. Introduction 


In a recent paper” the authors investigated the extreme relativistic repre- 
sentation of the dynamical variables of a Dirac particle. The choice of representa- 
tives was restricted by requiring that they satisfy certain conditions considered 
physically reasonable. In particular, the position operator X was required to 
have the following properties : 

(i) Any component X, of X must obey the usual commutation rules with 
any component p, of the momentum operator p: 

[X., P=; (1) 

(ii) X must be defined separately on positive and negative energy states, 
and consequently must commute with the sign of the energy, given by (H/E), 
where H is the Hamiltonian and E=+(p?+m’)'”, m being the mass of the 


particle ; ; 
(ii) X must be such that the velocity operator X is given by 


ye Pp 2. (2) 


(iv) The components of X must commute among themselves. 
The operator considered there was such that it satisfied the further condition 

(v) that X should be a polar-vector under space reflections and invari- 
ant with respect to time inversions.* 

Some of the conditions given above have been considered before in the 
literature”? but no attempt has hitherto been made to deduce the most general 
class of position operators which enjoy these properties. We direct our atten- 


eful to the referee for pointing out the fact, overlooked by them, that 


* The authors are grat 
y be eliminated by the require- 


some undesirable terms in the general position operator would natural! 


ment of time reversal invariance. 
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tion to this problem in the present paper. We show that there is a two- 
parameter family of operators having all the above properties, except (iv), and 
that even if the fourth condition of commutability of components 1s imposed, 
there still remain four different possibilities* for X, of which one corresponds 
to the Foldy-Wouthuysen® ‘mean position’ operator. This situation remains 
unchanged even if a further specification is made that all the other dynamical 
variables, whose operator representatives are determined once the representative 
of position is chosen, should also satisfy the usual commutation relations. 


§ 2. The position operator 


To carry out the determination of the position operator one may work in 
the usual (D) representation in which the Hamiltonian has the form 


H?=a-p+fm, (3) 
or in the C representation in which the Hamiltonian is 
ig hay ch chs (4) 


or in any other suitable representation.** However, owing to the extreme sim- 
plicity of H’, it is most convenient to work in the C representation. The posi- 
tion operator in this representation will be denoted by X°. 

X° must have commutation relations of the type (1) with the momentum 
operator, which, on account of the nature of the transformation between the C 


and D representations,” is given by p in both the representations. Thus we 
require 


LX, p)]=70;;. (9) 
We know, on the other hand, that 
Lai, p]=i0.,, (6) 
x being the variable labelling points in the ordinary three-dimensional space, 
in terms of which p=—i¥. Hence it is reasonable to look for an expression 
for X° in the form 
XCax+£°, (7) 


where €° is a vector which commutes with p. This means that €° can have 
no dependence on x, but may contain @, § and p which are the only other 
independent variables entering the description of the Dirac particle. We may 


In a preprint received while this manuscript was in preparation, Bardakei and Acharya) 


' conclude, erroneously, that conditions no more restrictive than the above determine a unique 


position operator. 


ae oe Py o it; : a aT] = = 7 = 
For definitions of the various representations, see Bose, Gamba and Sudarshan® or Mathews 
and Sankaranarayanan.) 


a 
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now impose on X° the conditions (11) to (vy) successively, remembering that 
for all the variables occurring in the defining equations we must take expres- 
sions appropriate to the C representation in which we are working. Thus the 
condition (ii) becomes, in view of (4), 


[X°, 37]=9, 
which immediately reduces to 


ee 3 |=0 > (8) 


and (2), written in terms of a typical component, has the form 
1 
a SEN ody eS 
L_oxe, GE}=24 


But since [xi PE]=[z:i, E\8=ipi/E-2 and [é,°, E]=0, this again reduces to (8) 
which therefore expresses both the conditions (ii) and (iii). The most general 
E° consistent with (8) can now be constructed as a linear combination (with 
coefacients which may depend on /p) of polar vectors that can be formed from 
a, and p. It is easily verified that the only such vectors which enjoy the 
property of commutation with ? are 


(oXp), (Xp), Pp? and p. 


The last two of these, however, change sign under time inversion and are 
therefore, by (v), not admissible as terms in €°. Hence we obtain 


£°— A(o Xp) + B(o Xp)? (9) 


where A, B are functions of p and m which must be homogeneous and of degree 
—® in these two quantities in order that £° may have the same dimensions as 
x. 

It is clear from the above form that the freedom in the choice of X° al- 
lowed by the conditions other than commutability of components is enormous. 
Certain specific choices of the functions A, B lead to some of the operators 
suggested by earlier workers. This is most easily shown by passing over to 
the D representation in which the position operator is represented by* 


| ia _ ip(ae-p)p + (@XP)E 
2E 2b? (E+m) 


re, CA x 
+= {m(o Xp) + ipap’—ip(a-p)P} +B(oXp)?.- (10) 
We can now identify the following special cases: 


(a) If A=(E/m—1)/2p", B=9, we get Pryce’s” covariant position operator 
which he denotes by X. 


* For the explicit form of the transformation matrix e’* see ref. 1. 


: 
| 
; 
. 
; 


4 
i 
a 
4 
] 

§ 
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(b) When A=(nr/E—1)/2p, B=0, we obtain Pryce’s operator q. 
(c) A=—1/2p’, B=0 leads to Pac’s” position variable. 

All three of these have non-commuting components. 
(d) If we set A=B=0, we recover the position operator obtained by Pryce,” 
Newton and Wigner? and Foldy and Wouthuysen.*” This will appear below 
as one of the four possibilities for a position operator with commuting com- 
ponents, to the consideration of which we now turn. 


§ 3. Commutability of the components of the position operator 


The requirement that the components of X°=x+€&° (where €° is given by 
(9)) should commute in pairs imposes severe restrictions on the functions A 
and B, but by no means determines a unique solution. In fact, as we have 
already mentioned, there are four different solutions. This result emerges from 
a straightforward evaluation of the commutator of any two components of X°. 
The commutator vanishes in the following cases: 


1 


A=B=0: A==>——, B=0: 
? 
(11) 
Ye ee oe ee 
2p" ope 2p" 2p° 


The first of these evidently leads to the Foldy-Wouthuysen mean position 
operator. The other three give new possibilities; for X° we have, respectively, 


X°=x— ‘A (oXp), 


a 


Ee er (oXp)(1+8), 


xP Dae mn (ox p)(1—3). (12) 


a 


$4. The spin operator 


Let us now consider the operator for spin which goes together with any 
particular choice for the position operator. We define the spin operator S=3/2 
as the difference between the operators for the total and the orbital angular 
momenta, the latter being, by definition, the vector product of the position and 


the linear momentum operators : 


S= 3 2=J—XXp. | (13) 


If, in particular, we work in the C representation, we get the corresponding 
C representation expression 
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1 
Coase SSC FOX 

5 2 aI —X° Xp. (14) 
From the relation of the total angular momentum J to the generator of infini- 
tesimal rotations, we know that J is given (in the D representation) by 
J?=xXp-+1/2-¢, and unitary transformation with e shows* that J® also is 
given by exactly the same expression. Thus we have, finally, 


a 


Aga ax p+ ta —X'xp=— o£ XP. (15) 


It is natural to require that the components of the spin operator so defined 
should obey the usual commutation relations among themselves. If for §° in 
(15) the general form (9) is taken, it is found that the imposition of the above 
condition restricts the possible values of the coefficients in (9) to just the four 
sets given in (11), which were obtained there from the condition of commuta- 
bility of the components of the position operator. Conversely, if a position 
operator corresponding to any of the four sets of values given in (11) is chosen, 
the components of the spin operator which results from the choice will auto- 
matically satisfy the usual commutation relations. 

Exactly the same situation obtains also in regard to commutabilities of the 


type 
[X,, a=, (Sue. 


§ 5. Discussion 


We thus have, finally, four position operators (and corresponding sets of 
other observables) that are satisfactory in every respect. Of these, the set cor-,» 
responding to A=B=0 is well known from the work of Foldy and Wouthuysen,” 
but the others are believed to be new. It must be emphasized that the latter 
sets have all the desirable properties associated with the F#-W operators, in- 
cluding the fact that the spin and orbital angular momenta are separately 
constants of the motion. There appears to be no reason, therefore, to prefer 
any one of the four sets above the others as long as one is dealing with free 
particles. The snteraction with electromagnetic fields and its bearing on a pos- 
sible choice of one among the above four sets of operators to represent observa- 
bles of a Dirac particle will be examined in a later publication. 
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On a Radiative Decay of 2° 
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(Received June 14, 1961) 


The radiative decay of + is examined by using a dispersion theoretic method. The 
matrix element is related to those of the pion-photoproduction from proton and the ordinary 
s*-decay in the lowest mass approximation. In order to obtain the real part of the matrix 
element, according to Fujii-Iwata’s rule we introduce the parameter which reflects the damping 
behavior of the decay matrix element corresponding to the increase of Q-values. Concerning 
the effective interaction of St-n+n*, we assumed the conventional type, 1.e. at+b' 75. 
Examining our results in the light of the observed decay rate, we conclude that 6+ may 
be excluded in some accuracy as seen in Table I. * 


§ 1. Introduction 


Recently the studies on the weak interation have been concentrated on the 
4-fermion interaction currents... Particularly the ordinary pionic decays of 
hyperons are being investigated in this connection. The rare modes of the 
decay then became quite significant and much attention has been directed to 
the beta decays of ¥ and 4.” In the present paper we shall consider another 


rare mode of decay of 2°, i.e. 
Stopt ty. (1) 


Although the above mode is not connected directly with the 4-fermion interac- 
tion, it will play an important role when one considers the decay as a whole. 

Since one has not assumed any primary interaction which leads directly 
to the decay (1), the studies of this mode are necessarily related to the ordinary 
pionic decay modes of which we refer to (0) and (+) as follows : 


C0) eee—epe he 


and 
COPS eodicr a. 


In early days before the parity non-conservation was discovered Kawaguchi and 


Nishijima had first studied this process in exploiting the unitary property of 
the S-matrix.” Recently, however, several works have been done with respect 
to the analysis of (1), much attention being paid to the special interactions 
V-A or S-P, and calculations have been proceeded in the perturbation method. 
The results are then obtained in giving the ratio of probabilities of two decay 


modes : 
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LA iad is iP (3) 
My P(S* pt +2") ; 

In these approaches there are usually many unknown parameters involved in 
the final results such as various strong and weak interaction coupling constants. 
Since any statement derived from these results depends necessarily on the values 
of these parameters, the usual theoretical predictions spread over very wide 
range of magnitude for »,. Behrends,” with the (S-P) type and a provisional 
(V-A) type*® weak interactions, obtained 


oO ee LN ~ 1 . 

ee G6e2 2000, 
while Prakash and Zimerman gave’ 

beasts Tyg Nak: 

p S10029° S100 


with the weak interactions of (V-A) type. They further showed that, with an 
intermediate boson theory of weak interaction,” 


Pg iat Oe 


Experimentally on the other hand observations of (1) are being established 
to give 


Py =(0.5~1) %, (4) 


so that the agreement between the theoretical prediction and the observed values 
is quite poor. We here study this radiative decay of ¥* from a dispersion 
theoretic approach by using as few arbitrary parameters as possible. 


§ 2.. General expressions of the decay* 


Subject to the requirement of invariance of the theory under the proper 


Lorentz transformation and the gauge transformation for the photon, the general 
matrix element for the decay (1) can be written as 


(FIS|é) = —i(2n)'8(g-p— Rd __ | Mtn 
ai) 2Rkopogo 
Xu(p)[A+ Brslirkvau(q), (5) 


where only two invariant scalar functions are 
included as parameters characteristic of (1). 
The 4-momenta, masses and spin angular mo- 7(k, ay) 
menta assignments are shown in Fig. 1. Ad- 


Sails M, o) 


Fig. 1. 


* Contents of this section are seen also in references 3) and 4). 
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ditional requirements for invariances such as T-, C- and P-invariances restrict 
the range of parameters as 


(i) T-invariance 

Im A*B=0, the phase difference between A and B is z(mod 2).; 
(ii) C-invariance 

Re A*B=0, A and B have a phase difference of z/2 (mod 2%) ; 
(iii) P-invariance 

AL OL B# 1G) ZeT 0! (6) 


The partial lifetime or the transition probability of (1) is given by 


Piss +)=t=s (MOY (Ar + (BI). (7) 


The differential transition probability reads, in the rest system of the decaying 
particle, as 


W(f;», k, @) 
oc (| A\?+|B\?) (@a)[1 —sechw(kd) (ko) ] 
4 (JA?— |B?) {(@@)[ (Ed) — (BX) (BE) |— 2a) @) } 
4. (A* B+ B* A) (@@)[ (KE) —sech w(kX) ] 
_j(A* B—B* A) ((@@) (BLE Xe) +264) @-[EXA)} 


2mM M 
Pe eee nS 
(sec oe m+M? m x 


(8)* 


in the case of a linearly polarized photon. % is a unit 3-vector in the direction 
of the photon propagation, € and \% are unit 3-vectors in the directions of the 
spin angular momenta of Y* and p*, respectively, and @ is the photon polar- 


isation vector. . 
The corresponding expression for the case of a circularly polarized photon 


is 
WE ;%, k, €) 

oc {| Al?-+|BP?+<(A* B+ B* A)} 

x {1—sech w (Bd) (RE) + € [ (RE) —sech w(FA)}}, (9) 
where 

* In deriving (8) and (9) use has been made of the projection operator of the fermion spin :? 
S (a) =1/2(1—ta775); {Ay={A, i (pa) |Pos: 

and 


a=A+p(ap)|m(potm), P=1, Ap=0. ; 
The vector 4 is the direction of the spin of the particle with momentum P having 4 as spin di- 


rection in the coordinate system where it is at rest. 
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+1 for a right-handed photon, 
——— 


—1 for a left-handed photon. («€?=1) 


Now it is interesting to notice that the whole information about the decay 
(1) is derived from only the two functions, A and B. We shall try to evaluate 
them in the following sections. 


§ 3. Dispersion theoretic approach to A and B 


The S-matrix element of the process (1) is written as®*” 


(ISI?) =(p, k, at|"9) = (=i) (22)'8(q—p=h) 


1 1 + . 
Xone 79g, 20 HM PII.(0)|9?, S, 


where J,(x) is the source of the photon field: 
J. (2y=E) Al Cs), (11) 


As was suggested before, we shall not assume any primary interaction 
that leads directly to the decay (1) throughout. The matrix element in (10) 
is further rewritten as 


(21I0) Ia =n nea dre (p|T(J,(0), F(x))|0u(q) 


= aha VM face (p\ 217.0), FC@)I)0) 


+(p| F(x) J,,(0)|0>} «(q), (12) 


and 


F(x) = (79+ M) $3(z). (13) 
‘Since we note that 


JM dec p| P(2)d,(0)|0)u(g) 


=(27)", (eel Abs 9(g—p +s) plF|s)<s|J,|0) x(q), 


which makes no feet to the matrix element for <*—+p*+7, we obtain 
(P|F..(0) |g = ,u(q) 


z 


ns /M ae wr 
(any? Vg, | dre pl0(—2)[J,(0), F(a)]|0)u(q) = 22) y/ - 


x yy {SP alSCSIFIOD 95 gy 4 CPLF|s)<s1F410) 
EAE Sot qo—po+i€ 


=[%,(q) ) +iCh, (qo) Jug). 


i(s+q—p)} w(q) 


(14) 


oS te « @ 


—— ™ 
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That 2, satisfies a standard type of the dispersion relation as a function of 
complex g,, and therefore of —q’, will be shown in a similar way to that 
Kawarabayashi and Machida did in their study of the electromagnetic structure 
of the nucleon2?* Taking the rest system of p and considering 1, as a func- 
tion of the complex go, it can be analytically continuated into the complex 
plane ; namely, no analytic continuation in terms of “<” is not required ‘as in 
the attempts of Chew et al.” After changing the variable from’ gq) to an in- 
variant —q’, we have 


: Wie ST telnet, (Gy aie 
d Gt) ae a eee ds. 
CCaa) ae (15) 
By inserting in (14) a sum over intermediate states, we obtain the absorptive 
part: 

we 


—_-—_— (2n)*x >) d(s—q)<plJuls><s|FlOu(q). (16) 
(27) "qo / 
Terms with J, and F interchanged are dropped in (16), because they make no 
contributions to the present problem. 

In order to proceed with calculations it may be noticed that the transition 
we consider is the one between two states with the different strangeness quantum 
numbers, while the other quantities are conserved, i.e. the electric charge, the 


/ 
Be(qo) 06a) = 


nucleon number and the angular momentum remain unchanged from the initial 
to the final states, +1, +1, and 1/2, respectively. Taking this into account, 
one finds that, among the states that contribute to (16), the lowest mass states 
are the (p*7’s)- and (Nz)-states. The former are shown to give so much 
smaller contributions that they may be neglected in the present calculations. Turn- 
ing to (Nz)-states which have strangeness 0, the F factor should manage the 
only weak interaction. The matrix element is expressed as products of those 
for the ordinary 3* decays (2) and for the inverse processes of the photo- 
production of z. In order to estimate contributions from states of higher 
energies, the detailed knowledge about the related matrices should be required. 
Since, however, they have been seldom observed, we shall not enter into details 
of these things, but we shall make their estimates through an extrapolation from 
the lowest energy contributions, by making use of an “ empirical” cutoff pa- 


MaMuevel 


§4. (Nz)-states contributions 


The two (Nz)-states, (p*x°)- and (n°a*) -states, contribute to the absorptive 


part: 


* See also references 9). 
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, 7 
: an! (B) Ag qe) u(q) = 2n) 24) Mf a0, (PPE) p|Ja® pd p'UFl0)u(Q), 
me qo qo 
‘Ss 
(17) 
: where the momenta and masses in the 
intermediate states are denoted as p’, m eet (p,m) 
and 7, » for the nucleon and the pion, 
: respectively. Pe te 
zi The second factor in (17) is relat- » x(q, M) 
ed to the matrix elements of processes cise 
ROO) 3s Spt a! anda) eee eo : 
n’+2*, of which the most general ex- Fig. 2. 
pression has a form 
(PIP) = ee Die Wet + 07], (8) 
and the parameters therein are experimentally fairly well known. 
The first factor, on the other hand, is the matrix element of the inverse 
process of the photo-pion production which is well investigated by Chew et al., 
and others.””’* According to them, this can be decomposed into 4 invariant 
forms. Correspondingly, the contribution from each (Nz)-state is written as a 
sum of 4 terms: 
a."() Bulg =x Syl [ea 96" OU M-) Lf a0 X/1 
2(2n)* “@" pog 240 ae 
and 
Xs=(p) (— 1 A*) Ga") Gk) Oru(q), (19) _ | 
ne = up) (+ B®) {(Pa*) (kl) —(la*) (PR) | O*u(q), 
m 
- Loe rere ; > | 
Xo =a(p) ( =—C ) 4 Ga") (RD — (la Gk} O* ug), ) 
7 1 a + > ob : i 
Xut==a(p) (7 D*) | (a") (Pk) — (Pa*) (7k) ~im (7k) (Fa")| O*u(g), 
where 


O* ==b*(m—M"’—i7l) +a°*73(m+M’—iyl) 


> aes ok / 
P= (p +p’) 


* Hereafter their works will be referred to as CGLN. 
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0 for the intermediate (p*z°)-state, 
Ce == 
; 19 
+ for the intermediate (n’z")-state. er 
M"= oR 
wa Be ete... are certain functions of invariants : 
v= — Pk/m=Pl/m, 
va= —kl/2m 
and 
q> (20) 


as well as the nucleon isotopic spin. In CGLN each of them in its turn consists 
of three parts according to its isotopic spin character, so that there are totally 
12 quantities which should be denoted by H,(j=1, 2, ::, 12). CGLN then gave 
a set of dispersion relations for H;: 


Hy, »») =R,( Hee aed 


vay Vaty 


Lea; 1 1 
ea ym, (2s ( 
713 | oe Ae yi —y = Hany ees an 


where 
y=vetetp/am. 


(+) signs correspond to the crossing symmetry thereof. 

Since we are concerned with the matrix elements between states of Api 
the usual resonant states in the (Nz)-system will not affect the result so far as 
our interest is confined in the lowest mass configurations. Then the rescat- 
tering corrections of the (Nz)-scattering in the J=1/2 state may be so small 
that one may neglect them without touching on the characteristic structure of 
the matrix element. With this expectation we shall drop the second terms in 
(21). The explicit expressions of A’s, etc., are given in this approximation as 
follows. 

For the intermediate (p*x°)-state, (a=0), 


At=— fre, Aaiiioac 
vy 


Bie he Yat 


Bet hee ( a 1_} 
; v 


2MYz 


C= fet | eae 


Ya—v Vety 


Do fits +): 


Ya—y Yety 
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and for the intermediate (n°2*)-state, (@=+), 


‘s is ee 
7 pf as 
: cmt as 
fei = LD ae ap iP 
tf 2mv_p Ya—v é 
C= tht ite | 
= rtp an tt oP eS, ; 
Die pee oe ae ees : 22) 
Va—Y Yety ‘ 


where 
f2/4n=0.08, 
e;/42=1/137.0, 
Po= li +p" =1.793. (e,/2m), 
Pn pPS— pe’ = —1.913 (e,/2m). (23) 


Substituting these into (19), the contributions to the imaginary parts from 
two (Nz)-states are calculated straightforwardly. Those for the initial lowest 
mass state, —qg’=M’, run as 


Fix mM 1 
tee 
* u(q) . 0 (2n)8’ Pogo Mev 


<aCD) {-3.71 x 107°" —7.26 x 10%} irkya* uta) 


and 
nie ate eT Penne Ne aiedies 
ce 2a) no at i (22)° Poo Mev 
xu(p) {+1.55x10-%' +9.14x 10-%a*7s} irkvat loners 


Now we return to the dispersion relations (15). Since what we want to 


know is the value of the function at —qg’=M’, it may conveniently be rewrit- 
ten as 


1(.(M*) =i Im 1,(M) +2 | Bats) ge (25) 
7 ¢—M? 
(4¥4)2 
Even with the approximations applied above, only the first term of (25) has 
been obtained. Our next task is to evaluate the second term or the real part 
of the matrix element. Though detailed information about it has not yet been 
obtained, its gross behavior may be guessed in some plausible ways as follows. 


First we try to get an extention of Fujii-Iwata’s rule.” According to them, 


— my 
ve Pee ail 
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O1 
bt 
CO 


there would be some regularities among magnitudes of matrix elements of the 
various decay modes of the elementary particle. One of them will read as fol- 
lows: when a common elementary particle, say, the K-meson, decays through 


a variety of channels, the magnitudes of the individual decay matrix elements 
are related as 


(1) M=constant Xe iar, (Q: Q-values) (26) 
where 
a ~ (36 ~ 38) Mev 
and b ~ (950 ~ 1000) Mev. 


One of the most surprising things in this formula is that, while the matrix 
elements themselves there vary over 10%, any deviation from it does not exceed 
more than factor 2. Although the formula, as it stands, is not suitable for the 
present materials, we can examine the same method to the cases with common 
daughters. Some examples are studied in the Appendix by taking 3 sets of 
decay daughters. We might then put 


2 ~ (200 ~ 1000) Mev (27) 
for the present problem. We also tried another type of the damping factor, 


 @ 
(11) M=constant XQe *s (23) 
with 
2a ~ (80 ~ 100) Mev. 


After these assumptions the dispersion relation converges to lead to a finite 
real part as the things would be. Secondly, the damping property of the matrix 
element is also suggestive from a field theoretical point of view. As Goldberger 
and Treiman showed in their studies on the ?-decay, p-capture, etc., by using 
their dispersion relation, states of the higher mass configuration would contribute 
in an exponential to make the amplitude damping.” 

Under the presumptions (26) to (28), we are ready to obtain the real part 
of the transition matrix element at —g=M’, the square of mass of 3”. 


1 ( [Damping factor] 42 
T Eé—M? 


(A+ #)? 


Re 1,(M’) =Im 1,(M’) 


Because of their non-uniqueness of the cutoff or the damping parameters, results 
are shown for cases with extended sets of 2a values. 


$5. Numerical results and discussions 


In the preceding sections the transition matrix element for (1) was related 
to those of the pion photoproduction and the ordinary decays (2), and to another 


ets 
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parameter which we might call the damping factor. The lowest mass state 
contributions are given in (24), and the other higher order contribution was 
suggested to be obtained by an extrapolation method. Now in order to get 
final estimates of A and B, it is necessary to fix the parameters of the ordinary 
decay (2). The experiments have shown that” 


ee | 


+ aif 
- 


t(3* > p* +n") =1.65 X 105” sec; . 
(29a) 


yO Nae ee 
ot 


me 


- 4 4 
tek FE) 22700 40.04, 
t(Stn’+n2*) 


ot 
os and for the asymmetry parameters” 
a P=0.7540.17, 
(29b)* 
a* P=0.03 + 0.08. 
Assuming that the |4I|=1/2 is valid in the decay: 
s 
A, +2A,=A_, 
Cork et al. also gave an arranged data that 
+0.01 
|a°| =0.99 
—0.05 
and 
|a*|=0.04+0.11. (29c) 


The pionic decay is completely described in giving the two complex quantities 
a“ and b*. If we require the T-invariance in this decay we are led to 4 sets 
of parameters which can equally well reproduce (29) (Table 1). With these 
‘sets of parameters, from Case I to Case IV, corresponding p, values are listed 
in Table II. 


Table I. Parameters of the Y+-ordinary decay (with |4I|=1/2 and T-invariance). 


Decay modes AD Ee St n4+x+ | 
mere Ae ee TD b° (in 10-7) a* (in 10-7) b+ (in 10-7) 
; II +2.9 —29 ad 0 
LV +2.9 —29 0 ly 


* a and a* denote the characteristic asymmetry parameters in the decays (0) and (+) of 


(2), respectively; P is the average polarization of Y+ samples which decay through channels (0) 
and (+), too. 
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Table II. Calculated 9, for several extended damping parameters, to be compared 
with p,0=(0.5~1.0) % (4). 


Damping factors ey i : I ae i IL ; 
(2a) in Bev 0.2 SS it a Gia 2 i yi a 10 7 loa 
Real part/Imag. part 0 0.29 0.79 ; 11 ae 1A cae ee 03 — 
Cases I, III 0.32 035 052 van 0.70 ‘Sn 4 | ins | 03 
m Pa . ana pa | 1 Oye 
Cases II, IV | 0.066 0,072 tit ceal 80.15 0.2 ~0.33 0,072 


Referring to the experimental values (4), 0,°=(0.5~1)%, it will be seen 
from Table II that for the purpose of reconciling (4) with the ordinary pionic 
decays it is necessary to consider that Case I or III is realized. Namely, as 
far as the present calculations are coneerned the transition (-+),,2'27 bm, 
may be caused mainly through an interaction of parity reserving character and, 
if any, much less through the (75)-interaction. This can also be a reflection 
of the fact that the photoproduction of positive pions from the proton occurs 
through the £1 interaction at low energies. 

In the course of calculations use has been made of the |4I|=1/2 rule, or 
(29c). At first sight this would be helpful to make the transition structure 
much simplified. Even without this assumption, however, the same conclusion 
will be attained. |4I|=1/2 here manifests itself in giving predictions of almost 
the largest ~, values among other possibilities. It will then be remarked that 
e, (1, Il) and p,(H, IV) will never overlap with each other and p,(I, IIL) 
>,(I, IV). Referring to the fact that the observed ratio py is high and 
examining the results in Table H with respect to this, one can conclude that 
Case I or II] may be realized in the decay (2). Further selection between 
Cases I and III, however, is not possible as long as only ?, is concerned. 

For this purpose there should be further examination of relations between 
the two decay modes, (2; 0) and (1), in their up-down asymmetries and polar- 
izations of the ejected protons (Table III). As will be seen from the table, 
the proton polarization will follow its sign from (2;0) to (1), so that the 
helicity of the emitted protons ‘5 +-itt Cases I.and II, and is — in Cases III 
and IV. The up-down asymmetry in the proton distributions on the other hand 
will be opposite in the two modes, i.e. protons in (1) will dart forth more in 
downward direction with respect to the S*-spin, while those from Stp*+2° 
will come preferentially upwards for Cases I and II, or vice versa in Cases Ill 
and IV. 

The present calculation has many restrictions on its validity. First, in 
order to obtain the real part of the matrix element, it is required to know the 
true imaginary part over the whole region of the argument. In our calculations, 
however, a certain damping behavior was assumed. Second, approximate matrix 
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Table III]. A and B with the vanishing real parts, and qualitative relations 


in the decay parameters. 


| | Sto ptt 3+ pt+n0 
ence Lorry lew) BGa TGs acer) | proton | proton emitted | proton proton emitted 
helicity preferentially helicity preferentially 
i i) bi. . +11 ar +59 | + downwards + upwards 
II +17 +21 | + downwards i | upwards 
Ul —11 +59 — upwards | ~ downwards , 
Ve 4} —17 +21 - upwards = | downwards 


elements of the photoproduction processes are used even when the lowest mass 
contributions are considered. Further, one would be able to calculate each 
factor in (17), with recourse to the dispersion relations, for all values of the 
argument —g’. This would however bring many undeterminable parameters into 


‘the final results. At any rate, the minute structures at higher energies were 
- not considered in the present calculations. When we take account of the higher 


mass configurations, for example, (N2z7)-states, the well-known resonant states 
will become to play an important role. Further, some new energy levels or 
the so-called elementary particles may also be expected to exist which can make 
certain contributions to the present problem. In this paper, however, these things 
were not treated individually. One may hope that in the near future the qualitative 
relations in Table III will be investigated experimentally, and », will be estab- 
lished. All these things then put the present method of approach to a test and 
an idea of Fujii-[wata’s damping factor may be examined. Finally it is remarked 
that there has not been assumed any primary interaction which will directly 
cause the decay (1). Whether the primary interaction large enough to alter 
the present conclusions exists is still an open question. 
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Appendix 


The damping of the decay matrix elements with increasing Q-values will 
be investigated, by taking as examples 3 pairs of particles where both particles 
in each pair decay into a common set of daughters. After Fujii and Iwata,’ 
we first assume that the decay matrix elements depend on the Q-value as 


(1) est (A-1) 
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Our problem is to apply this to decays with somecommon daughters. For K->“¢+» 
and z>p-+», the ratio of magnitudes of the corresponding (observed) matrix 
elements and that of Q-values are respectively 


Mees O.20, (A-2) 

and Boost aa! (A-2)/ 
This requires to take 

2a ~ 200 Mev. (A-3) 


Similar values, (150~200) Mev, are also derived for 2a by arguing the second 
pair, n>p+e+y and A>p+e+y. For Y5N-+a and A>N-+z7, on the other 
hand, those ratios are 


1.3: 1 (for matrix elements), 
and 110 : 37. (for Q-values), 


so that there is no satisfactory solution for 2a (2a becomes negative!). Taking 
into account that the rule (I) is not strict but has allowances of factor 2, we 
may take in this case 


2a ~ 1000 Mev. (A-4) 


‘Complying with these situations we calculated in Table I the ratios », for 
several extended values of 2a from 200 Mev to 10000 Mey. 

If we assume, instead of (1), for the Q-value dependence of the matrix 
elements, that 


Ee 
(I) Qe *, (A-5) 
we can fix the parameter as 
2a= (50 ~ 100) Mev (A-6) 


for all the 3 examples. This may ‘ndicate that the ratio of the real part to 
the imaginary part is less than 0.3; and accordingly , 1s rather small. 
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Various effects of the 7-3z interaction on the electromagnetic properties of the deuteron 
are examined by making use of the effective interaction Hamiltonian suggested from the 
isoscalar part of the electromagnetic form factors of the nucleon. The contribution of the 
7-37 interaction to the magnetic moment of the deuteron is unreasonably large, namely compa- 
rable with the observed value, although this result depends strongly on the inner part of the 
deuteron wave function and the pion dissociation probability of the nucleon. The electric 
quadrupole moment due to the 7-3 interaction is about 20% of the observed value. The 
7-3x interaction also contributes to the photodisintegration of the deuteron through the M1 
and E2 transitions with the #S+3D final state. The interference term between the usual E1 


term and ours contributes appreciably to an asymmetry 1n the angular distribution. 


§ 1. Introduction 


The electromagnetic structure of the nucleon has been extensively investi- 
gated for several years from both experimental and theoretical points of view. 
After much efforts were devoted, an important question is still open concerning 
the isoscalar part of the nucleon form factors. It has been pointed out that 
the three-pion state would be responsible for the large isoscalar radius of the 
charge.”’? The contribution of the 7-37 interaction to the isoscalar part of the 
form factors seems to be promising for the interpretation of experimental re- 
sults, though quantitative agreement has not yet been obtained.” Because of 
difficulties in calculating the form factors, it would be worth while to investi- 
gate various kinds of photoeffects in order to get further information on the 


7-32 interactions. 
In the present paper we would like to point out that the 7-37 interaction 


gives rise to considerable effects on the electromagnetic properties of the deu- 


teron.” 


First of all, we postulate the phenomenological local Hamiltonian as” 


: OQ, IAL, OD; 
eels AG ne 
= ich sup Ar() Ox, Ox, Om Lad 


* The preliminary report has been published in the Nuovo Cimento. See reference 1). 


- process through a nucleon closed loop is calculated in the 
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where 2 is the effective coupling constant, A,(2) the : 
electromagnetic potential, and ¢g, the real pion field / 
operator. We take the unit A=c=y (pion mass) =1 / 
throughout this paper. In order to give the idea on sign Ye 
and rough magnitude of 7, the diagram of the 7-32 


lowest order perturbation, and one gets Figs! © Diaerauias 


16 pion photoproduc- 
hie of*=02 for f’?=0.08. (12) tion due to the y- 
V2 3z interaction. Nu- 

’ cleon is expressed 


by a_ solid line, 


This is of the right sign, but too small to interpret the 
isoscalar charge radius. 

One of the evidences that / in (1-1) cannot be much 
larger than 2, of (1-2) is found in the plus-minus ratio 
of the pion photoproduction at threshold.” Taking 
the diagram in Fig. 1 into account, the ratio is modified 


pion by a broken 
line, and photon by 
a wavy line. The 
shaded part is re- 
placed by the iso- 
vector part of the 
nucleon _ electro- 
magnetic form fac- 
tors. 


by the 7-37 interaction as 


Lee she slt " catia 
Pe Seis eae g \4 (Hp 1) +-ct ] 
Clune Gee Cm a Bie hal edeb yee. 
© [Sea ot > I i) 4 


where M is the nucleon mass, #4, and 4, the anomalous magnetic moments of 
proton and neutron in the nuclear magneton, respectively, ¢ the pion dissocia- 


> 


tion probability of a nucleon, and the pion-nucleon coupling constant g is chosen 


as y°/4t=15. Comparing with the experimental value o(—)/o(+)~1.35, we 


find 2 to lie between 


s=0, 17 (tort —1, 
and 
A=0,26. for €=0.* , (1-4) 


The electromagnetic properties of the deuteron is affected by the 7-37 inter- 
action given by (1-1) with the coupling constant 4=0.2. Since this interaction 
does not change the isotopic spin, it does contribute to the magnetic moment 


and the electric quadrupole moment of the deuteron as will be shown in §3 
and § 4, respectively. 


The results calculated using the conventional deuteron wave function are 
surprisingly large, although they depend too strongly on the behavior of the 
wave function in the inner region to draw any definite conclusion. It would 


* The isovector part of the charge form factor G,(q?) is about 0.2Xe/2 for large momentum 
transfer g?. This suggests ¢=0.8.”) 
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still be worth while to note that even a very moderate estimation, taking the 
contribution only from the outer region into account, gives the extra magnetic 
moment of a magnitude comparable with the difference between the observed 
value and the sum of the intrinsic ones of the constituents. 

§ 5 is devoted to the photodisintegration. In the high energy region around 
E,~150 Mev, this process is usually described in terms of the E1 transition 
into the °P and °F final states and of the M1 transition into the 'D state 
through the (33) pion-nucleon resonance.» Other transitions are considered to 
be relatively small. Theoretical angular distribution is, therefore, almost sym- 
metric with respect to 90°, while experiment shows a big forward peak. Since 
the 7-32 interaction contributes to the M1 and £2 transitions into the *S and 
3D) states, the cos @ term and sin’@ cos @ term are obtained from the interference 
between the usual £1 transition and the M1 and E2 transitions due to the 7-32 
interaction. 

In the Appendix, it is shown, on the basis of the chain approximation, that 
the coupling constant / is common for all the processes associated with the 
7-32 interaction, even it the pion-pion rescattering corrections are taken into 
account. 


§2. Effective Hamiltonian for the deuteron photoeffects 


In order to obtain the effective Hamiltonian for the electromagnetic inter- 
action of the deuteron from (1-1), we calculate the transition matrix element 
of the Hamiltonian (1-1) between the initial state with two nucleons and a 
photon and the final state with two nucleons. Corresponding to the diagram 
(a) in Fig. 2, one sees” 


Pi p, 
; ; rat 
Mi Nz Ni N2 us ¢ 
(a) (b) Py Kk 2 
Fig. 2. Diagrams for the Fig. 3. The assignment 


electromagnetic processes of the momenta of the 


of the deuteron due to the 
7-32 interaction. N, and 
N, denote the first and the 
second nucleon, respective- 
ly. The meaning of the 
lines are the same’ with 
Fig. 1. 


lines in Fig. 2. 4, for 
instance, means the sum 
of momenta of two 
pions in Fig. 2 (0). 
while it means the 
momentum of single 
pion in Fig. 2 (b). 
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< bi, p! | pi, pase )a=t 1 one ball 0, velpd Fy Ce) < pr’ |Gc&in 9, Ps|Pr)s 
(2-1) 


where 

, F,,(«) =i[«, A,(«) —«, A,(«) J. . 
The momenta of the particles are specified as shown in Fig. 3. The bold face 
‘letters represent three-dimensional momenta while the light face ones denote 


” 
‘ 
: four-momenta. 
. (2-1) can be calculated by using 


‘ ( i! |9, GulP2 =I Gnae +] u( po’) 7s 7, u( pa), (2-2) 
; and 
*) . (pi!| 9.81309. 0111) = ——— (pi!) ee 


Rs x {i (bi p')) +02 (P.—p1)G((pi—')) | up), 2-3) 


where G, and G, are the two-pion part of the isovector electromagnetic form 
factors of the nucleon,” corresponding to the charge density and magneti- 
zation density, respectively. 
Introducing T, as 


{ pr’, pa ‘| Hpi, pa; a= ot rl )u( pr’) Tau( pr) u( pr), 


v) = ee 


we have 


4 


Tei 1gt 2 Egan Figg ae Lis Galt) +09 hack) Ir, (2-4) 
\ 2 


BL i as ae hy 


where &, and k, are introduced in Fig. 3 as 


k=pi-—py’, ky =p» — py’. 


ee ee 


Similarly, we have 


ro 


=p. 
~ 


OS eee ae Pe 


: 1 5 ( ( 
ef 4 AGT, ” Earp Fy, ki, kR 7e rs “lin i Gi (ks i) Hoye hae Gale’) |. (2-5) 
1 


In the nonrelativistic approximation for Dirac spinors J, and 7, can be written 
in the form 


T= 7 7 eo tg =e, E+h, HN), 
a 


4M hy? 
(2-6) 
| Lye tr oe 7 (ook +h,H), 


, 4AM aa 
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where E and H are the Fourier components of the electric and magnetic field 
strengths, respectively. e, and hy are given by 


a= 1 Ch X ah) (aa) Ga(B) +iL (ils) hse] (@2ks) GA), (2-7) 


ha= —khy (ok) G,(ky’) “He ki {| a 4 i (ky x o:) | x Gi (k,") 


+ i(k Xo) Gals?) | (oaks), (2:8) 
where 
Ave ’ 
=a (Pat Pi); 
' (2-9) 
= (Pat Po’), 
and 
CPHL GPG: (2-10) 


2M 
e, and h, are obtained by exchanging the subscripts 1 and 2 of momenta and 
spins in (2-7) and (2-8). 
G(R) and G,(k*) can be given in a spectral representation as follows : 
ane 
G(R’) a1 dm Be ) f 
4 P+m 
, (2-11) 
G,(k’) = 1 fam BE ) : 
7 R+m 
No subtraction is assumed both for G, and G:, because we are calculating only 
the contribution from the two-pion state.” In view of the tentative nature of 
the present calculation we use the following approximate forms for G in the 


numerical estimations, 


b? 
GB) =-=-t = > 
ee ee (2212) 
e b? *. 
Gk) =a (Hp Pn) a pa 


These are normalized as 


G,(0) =—6, 


G,(0) =—2— (Hp Pn) + 
(0) iM? fn) 


}? is related to the root-mean-square radius 7 of the form factor as 


cS 


‘ 


—_— 


PE TS Le Oe Cae Ce ees ee 


eS ee aS Oe a hy eg eR ene a, Se eS 
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In the following we assume 
B= 18 tore 23, 
corresponding to 


r=0.81X10-" cm, 


and 
r=0.70 X10-" cm, 


respectively. 
§ 3. Magnetic moment 


Let us calculate the magnetic moment of the deuteron. For a constant 


magnetic field H, the biggest contribution comes from the first term of (2-8). 


Then the magnetic interaction Hamiltonian is found to be 


3 : A A 
— pH= o apd ain : | dna (ne) 
(- 1 

x dq\ dro (r) —_____ (q-o,+0, ee“? O(r). 3-1 
\ (ALT Ey Ce ott aD (r). (3-1) 

'@(r) is the deuteron wave function given by 

T= *T ay 

@P ). == | - “vs ae ry | 2 
(7) ee u(r) + Si,t(r) 1%, (3-2) 


where r is the relative coordinate of the two nucleons, S,. the usual tensor 
operator, and 7 the spin function. Here we put kj = —k,=q since «=0. Further- 
more, g in G, and in the meson propagator is neglected, because it is propor- 
tional to the recoil energy of the nucleons. 
First of all, the SS expectation value of the magnetic moment is calcu- 
lated, using the S-state wave function u(r) given by” 
| Ae Sts Bevo. tor var oe 7 a= ee 


u(r) = 3-3 
lo TOP} 77s 75 : 
where 
A=1.039, B=1.392, 
a=0.328, § =2.360. 


Introducing the total spin S= (1/2) (o,+6,), and taking into account the integ- 
rations over angular variables, we obtain 


we, 
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1 L ta ( ( 
— pH =——_19— — \d Pye\ 
B SNR me Sane mv im )| dq\ dr 


ils 2 
xX — 1? (r) —— Ope? (SH).eo, ao) 
is (q?+1)(q? +m’) ) (3-4) 
The magnetic moment in the unit of the nuclear magneton is found to be 


EATS Cle (5 are auto) | : 
pss \ ant om [aor olins (r)—n? Un(r) |, (3-5) 


where U,(r) is defined as 


Rae. (3-6) 


Hereafter we choose the approximate form for G, given by (2-12). Finally 
we have 


peg are 
tes MIC Ga |e NU) FO]. (3-7) 


iC 


The integration in (3-7) can be easily done and the numerical results are 
tabulated in Table I. 


Table I. The magnetic moment of the deuteron due to the 7-37 interaction 
in the unit of nuclear magneton. 


| | re=0.2 | r-=0.3 
b2=18 ~ 0.033 ¢ | — 0.025 ¢ 
USS 
; b2= 24 —0.030 ¢ | —0.021 ¢ 
fe 
| | eae . | en Matsumoto’s w(r) 
| | eee | Dady © | with r,=0.2 
B2=18 —0.576¢ —0.173¢ 40.108 ¢ 
oo | b2=24 — 0.739 ¢ | —0.218¢ +0.125¢ 


Pee oe 


Next we calculate the S-D cross term of the magnetic moment. In the 
spin state S,=+1 where the z-axis is chosen parallel to the magnetic field, 


one gets 


Lo Me gAes pat at | 1 ae ae a 
Si ee aay owe (on)* dr = u(r) wr) 


(3-8) 


alt 
% | ce Weapon yey) 
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re 


} . 3 . 
where Y,"(r) is the spherical harmonics with respect to the direction of r, and 


r (3475 
0 for r<r; 


: 
qQ4= F Te ae 3 ; 
/ ¥ 
\ V { 5 
By partial integration with respect to q, (3-8) can be put into the form | 
3 GA ops 1 j 
= —— + efh*—__——__- dr + u(r) wr 3) ; 
ee, ae tant VE) pi . 
ys Pe. Wand ae Aas ae ose Oh eee 7 
iqy Hy eS EN. +, Seay) AY .| : 4 
x | dge | ; 5 3 (—1Vq)¢ 5 2 ( a (q?-+1) (q?-+8") 
‘ a, 
(3-9) hie 
where Y,"(—iV,) is a polynomial of /-th order in —iV, obtained by replacing : 
r/r in Y,"(r) by —iV,. Performing the differentiations and the integrations 
5 d 
with respect to q we obtain the magnetic moment as 
po= Fe Ld Sas | | dra Peta) w (7) 
s c F 
x| (1 +r 7?) U(r) —(1 +or+—8 r*) U(r) |. (3-10) 

The integration in (3-10) can be done analytically using the ‘‘ pion theoretical ” 
wave function w(r) given by” a 
’ 
(1+ 3.4 ch \Cew— ie for r>r, ' 
cote) = Ar wa te : | 


where 
C=0.02624, .DD=1.298, 0=0.962. 


Numerical results are given in Table I. 

It is found that “sp is much larger than “ss in magnitude and even a- 
mounts to the comparable order with the observed value itself. These figures, 
however, should not be accepted literally. In order to see the situation more 
in detail, we investigate the integrand in (3-10), which is given, apart from 


u(r) w(r), by 
AM(r) =A (r) +Mo(r), 


AM, (r) =~, (1 +r+ —r] U;(r), (3-12) 


Myr) =—, -(1+ert-4 5 Br) Us(r), 
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It is readily shown that 
AM(r) = 0, (3-13) 
Gi eer: foal taney ; 
Ga) Aiea heck or r~0. (3-14) 


The functions 4Q(r), 
M(,(r) and M(r) are plot- 
ted in Fig. 4. We find 
that ((r) behaves rough- 
ly as Fae etOre Fe 7 = U2: 
This leads to the undesired 
conclusion that the /sp 
depends strongly on the 
behavior of the deuteron 
wave function in the inner 
region. 

The inequality (3-13) 
shows that 


provided w(r) is positive in the inner 
The results tabulated in Table I contradicts (3-15). 
that w(r) given by (3-11) is negative for 


bution from the second term of (3-11) in the inner region. 


Fig. 4. r dependence of the magnetic moment functions 
MM (fr); Ayn and M(r). 
sp > 9, (3-15) 


region as well as in the outer region. 
This comes from the fact 
r<0.6, due to the negative contri- 
For the sake of 


reference we calculate #sp using w(r) proposed by Matsumoto,” 


w(r) (Cy pa Ge. 2 ea es 3 


where 


(3-16) 


C,=20EL EA, Ca=-0),050, C= = OFM. 


a,=0.40, 


Aay= 1.00, 


a,= 2.00. 


This function agrees with the pion-theoretical one (3-11) in the outer region 


and is positive definite in the whole region. 
The values obtained are positive in agreement with (3-15) and 


lated in Table I.* 


smaller than the values calculated using (3-11). 


ae t0, 


The calculated /sp is also tabu- 


The difference may be consider- 


ed to come from the considerable difference of two w(r)’s in the region r<0.8. 
Furthermore we can conjecture that /sp would be further reduced if the 
inner part of w(7) is assumed to be appreciably smaller without changing the 


** We cut off the integration at r,=0.2, though the parameters in (3-16) are chosen without 


assuming hard core. 


” 
i, 
: 
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outer part. We may, however, impose a “ lower limit ” to sp which is obtained 
by cutting off the integration, say, at r=1.0, using w(7) (3-11) or (3-16), 
Pane, 0,015 G > for r= 18. (3 * 17) 


Even this lower limit is still surprisingly large, namely comparable with the 
difference between the magnetic moment of the deuteron and its constituents, 


Pa—(1+tp+Pn) = — 0.022. 


§ 4. Electric quadrupole moment 


In order to obtain the electric quadrupole moment of the deuteron, we have 
to find the charge density, o(r). Here the electric field is described by a scalar 
potential d(r) as 


E(r) = —grad¢@(r). (4-1) 


The interaction Hamiltonian density is 


pr) 6(r) = (2a)*| ds| dq\ de0*(s) en" Tq, #)O(s), (4-2) 


where 
Loafer eg cieel Beds. 
y) ( 1 2) 2 (pi P») ; (pr P2 c 


ky, ko, qx and q, are expressed by q, « and k, where 


1 

hi dine ks kx=—q-—-e, 
1 

Lat ty 5 kK, q= ke. 


It is to be noted that k is related only to the velocity dependent term, so that 
it does not appear here. From (4-1) and (4-2), the charge density reads 


P(r) = (2a)"*| ds\ dq\ deo*(s) ein TF (q, «) O(s), (4-3) 


where J (q, «) is defined by substituting —i« for E in (2-6). 
The quadrupole moment is, then written as 


eQ =| dr(32*—r) p(r), (4-4) 


” 


for the S,=1 state. Inserting (4-3) in (4-4), the quadrupole moment is readily 
expressed as 


=— 27 —6 d 1% —tkcr—iys 0° 
eQ=—(22)*| dr| ds| dq| deo*(s) et" (35-7) 2 (q, #) 0s) 
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= — (22)*| ds| dq ?*(s) e'% (3 oP.) J (q, “)| @(s). (4-5) 
i K, |«=0 

It should especially be remarked that the expectation value of the electric 
quadrupole moment for the initial and final states both in the *S does not vanish. 
It is well known that the °S-°S expectation value always vanishes for the usual 
nucleon current contribution. In the present case, however, the operator 
(32?—r?) does not work on the proton coordinate, but on the meson cloud. 
Hence, we do not have any a priory reason that this expectation value has to 
vanish. 

It is, therefore, necessary to examine the *$2,S expectation value of the 
quadrupole moment, even if it is expected to be small any way. In (4-5) we 
calculate the quadrupole moment operator using (2-7), 


2 


(s.=1|(3—= —r) Lies «)|/S.=1) 


Ky" na 
= 804 | og—q) FG +3q.(q'—42) (G/F -GF’) |, (4-6) 
where we introduce 
i 
OMe (4-7) 
q quack 


The contribution from the *S-S term in question is 


A g b 
Oss 5 AM? b? 1 (fp>—tUn +0) 
7h +5 phe lags : 
x fer) dr{— Zar) 4+— oy Us(r) +8r[Ui(r) +8 U(r) If 
0 
(4-8) 
Using the explicit form of the S-wave function (3-3), we obtain 
Oss —1.1X10 for ¢=1 and 0*=18. (4-9) 


This value is negligible compared with the observed one, 0.14, as was expected. 

Next, the *S-*D cross term +s calculated. By applying the same technique 
used in the calculation of /sp, the quadrupole moment operator is evaluated in 
parallel with (4-6) as 3 


2 | 
(s,=1|(35-5-P-) 7 EY S eT) “ 
OK, | / «=0 


--62 1[scr+t go'r—3-¢6P’ 
M 7° 3 3 


Be Ret ies ff eT Sp ee ee ON as Pe 
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+q! (784 Gl F+ 2 GF’ GP") Ee = aN E+ G" F'—G' "GP" |. 


(4-10) 


Here the integration over the angular variables is taken into account. The 
quadrupole moment itself is now readily written down as 


Li 7 r re : 
20s» = —* = (27) ~*- : \ dr " u(r) w(r) \ dqe 


Zs Az 
| oe 
x (Si= (3 = -7.) J (q, ©) Si Se=1) 
On? | n=0 
foegen Dal 
A OR 10 ee i (1) Hn +0) | dr—y u(r) w(r) 


x {2(4*§—1)[(1 +r) U(r) = 1 467) U7) ] 
+ [(36—1) r?U,(r) — (198°—7) Br? U;(r)] 


— 2 B=D[AU(r) 48° UI (4-11) 


Hi 


Numerical results are displayed in Table II. 


Table II. The quadrupole moment of the deuteron due to the y-3z interaction. Here the 
pion dissociation probability, ¢, of the nucleon is taken to be unity. . 


| r.e=0.2 | T.=0.3 
Ossi Oise | b2=18 | —0.078 | +0.079 
(%) | b2=24 | +0.090 | +129 
| l ot SSR ee Wa 
Rees fat | Matsumoto’s w(r) | 
| | Te=0.2 | Te=0.3 | with 7,=0.2 
Qsp/Qexy +5.04 
(%) | 


+5.96 


We encounter the same situation as that in /sy. By analogy with the case 
of sp the integrand (apart from u(r) w(7)) in (4-11) is written as 


Q(r)=Q,(r) + Q,(r), 


i et Lal gs 2 i 2 2 2 3 
rn) = 2 | 246 al Ler aime (136°—1)r me; (b —1)r]U.@), 
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BO ry = -+ | 2¢48*—-1) BEUSS 4~ (196? —7)b?r? + (O17 | Use 


é (4-12) 
We can show that 


Q(r) =, 


OG) ae (32-1)? , for r~0. 
B 


24x 


(4-13) 


The functions (4-12) are 
plotted in Fig. 5. We see 
that the curves are very 
similar to those in Fig. 4. 
Therefore Osp also depends 
strongly on the behavior of 


the deuteron wave function 
in the inner region. 
From (4-13) we have 


Qsp> 9, (4-14) 


provided w(r) is positive in 


Fig. 5. 7 dependence of the quadrupole moment functions 


the inner region. The Qtr), Qy(e) and Qn. 
values calculated by using 


w(r) given by (3-11) are again negative and contradict (4-14). The values 
with w(r) given by (3-16) are also listed in Table II, which are positive as 
they should be. Corresponding to (3-17) we have a “lower, limit”* to Op 
with 7,=1.0 as 


Osp=> +0.78%, for b°=18. (4-15) 


§5. Photodisintegration 


. The main term of the photodisintegration of the deuteron is usually de- 
scribed by the £1 transition for 100 Mev ~350 Mev gamma rays, namely by the 


transition 
BretS+!D=>°P+ °F. (5-1) 


Another important contribution comes from the M1 transition into the 1D state 
through the (33) pion-nucleon resonance. Here we would like to see only the 
order of magnitude of the contribution from the 7-37 snteraction, especially the 
interference term with the usual direct £1 transitions. 

The matrix element of the direct E1 transition is given by” 


ev oe 7 ames eae eae eo” Re Qi a Pa, | ee ge 


¥ 
5 he 
my 
a 
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M*=M,'+M,'+M,', 

M,*= (én) U(«), 

M,'=[(01€) (o.n) + (ain) (o2€) |V(«), 
M,*= (én) (o,n)(o,n) W(x), 


(5-2) 


€ being the polarization vector of the photon, and m the unit vector of the final 
proton momentum. U(«), V(«) and W(«) are given by” 


Cal uni 3 7 3 
GLE S — Sehr ; 3 (z.+ 2 jes 2 Dee Lr), 
Ve)aaf * 4 (1-3 144 L-ahr, (6-3) 
V4n t 2 2 


W(«)= 


aie 
6 
BAPE, 
Waa ree 


« and t are the momenta of the initial photon and of the final proton, respec- 
tively. JL’s are defined as 


1a RS Oe § 


L=S.t— Jay (5-4) 


ee 
ji A5 
2 10 d 


where 
Je=t\ drrtu(r) jiltr), 
Ja=t\ drrtw(r) jltr), 
0 
and 
Py ages Aas 
Ly=-- V 2t\ drr w(r)js(tr). (5-5) 


It is obvious that U(«) represents the transition from the *8 and °D initial 
states, V(«) and W(«) from the *D initial state. We are going to pick up the 
following transition due to the 7-32 interaction, 

AES APTS AES J 9 (5-6) 
This is mostly described by the M1 and E2 transitions. As far as the inter- 
ference term is concerned, the biggest contribution is expected from 


| 
i 


EE — 


A 
. ™ 
. 
: 4 
Ae Or 
oa ' Wye f 
a% » a es a 
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M335 M,™, (5-7) 


because only MM,“ involves the transition from the *S state of the deuteron. 
The next ones are 


M%33 (M,2+ M;")*, (5-8) 
ji Beh Peak (5-9) 

and 
AMG (5-10) 


The terms (Mz53" + M353") x (M,7+M;*)* and M333" are neglected. The ma- 
trix element due to the 7-32 interaction is 


r= (2a) dr | dge Tq, 6) H0); (5-11) 


where T(q, «) is given by (2-6). 

In order to obtain the cross section for unpolarized initial state, the sum- 
mation over all spin states for the final state and the average for the initial 
state is taken. For the nucleon spin this procedure is done as 

yt M*% Mr = Sp(M* A.M A); (5-12) 
spin 
for (5-7), (5-8), (5-9) and (5-10). ‘A, is the projection operator of the spin 
triplet state defined by 


A= (340192). (5213) 


In (5-12), the trace is taken separately for o and 0». 

As far as the interference with the direct E1 transition is concerned, the 
first terms of (2-7) and (2-8) yanish after the summation (5-12). The second 
term of (2-8) involves the factor ki, which is of order 1/M, so that we may 
only take the second ‘term: of (2:7). In the following, we approximate (2-7) 
and (2-8) as 

Cg wil (ok) ki—ky’ os} (oy kz) G(k,’), 
Tae" (5-14) 


Writing the matrix element M’-** in a form (0,4) (ob), we give the 
formulas for the spin sum, 


51 (én) U(ea) (ob) =, U(én) (ab), (5-15) 


spin 


yes [(o.€) (o, 1) + (0,1) (o,€) |V (aia) (a,b) 


spin 


=—-V[—(én) (ab) +2(€a) (nb) +2(€b) (na)], (5-16) 


“ee ee ee ee eS S| 
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spin 


The average over the polarization of the photon 
is taken in the coordinate system in Fig. 6. First, 
the matrix element MM,” is proportional to (én). 
In the present coordinate system this term is re- 
written as 


M,°= U(x) sin6 cos ¢. (5-18) 


On the other hand, Mg,;" in (5-7) is apparently 
independent of ¢, so that the interference between 
these terms vanishes when we take average over 
gy. In the same reason (5-10) also does not con- 
tribute. For the unpolarized gamma ray, we have, 
accordingly, to calculate only (5-8) and (5-9). 

The matrix element M/’~*" is now calculated 
from (2-6) inserting (5-14) for e, and h,. E is 
substituted by 


E> iké, 


from the relation E=—A. Then T reads 


S1 (€n) (on) (o.n) W(o,a) (ob) = W(€n) [4(na) (nb) — (ab) ]. 


(5-17) 


Fig. 6. The coordinate system 
used for the photodisinteg- 
ration of the deuteron. & 
is the unit vector of the 
polarization of photon, m 
is the unit vector parallel 
to the photon momentum, 
and I is the unit vector 
perpendicular to € and m. 
n is the unit vector parallel 
to the proton momentum tf. 


(5-19) 


Tq, w) => © in| L(—)(€4) {(o.4) (29) 


M 


+) [(o1g) (o2") — (018) (024) ]— 


bo oe 


—1,(12)(Q*—qrw) (018) | (24) +- 


(a1) (osn)| 


(o.«) | 


-L21) (G+ gxew)| — (e.g) +3 (ore) |(ox€)], (6-20) 


where 
LIZ = CCR eee 
L(21) =GCk) FR); 
L(+) =L(12) +L(21). 


(5-21) 


Other notations are given in terms of the polar angle (0, ) of q as 


9 9 1 
ON= faa 
: 4 


w=cos 8, 


ky =Q’—qew, kX =Q?+qKw. 


(5-22) 
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In order to obtain the matrix element M%;3*, the following substitution is 
made in (5-11), 


ocitr_y Sintr 


and 


Thus we have 


Mage Gx)? | dr \ dq SO 1 ur) T(q, #) 
make 


V 47 17 


singr 


y-— 1 ‘ : 
= (22)? 4a- a | dr sintr 1 (q,°k): (5-24) 


ha 


The cross term (5-8) with the direct £1 transition is given after taking the 


summation over nucleon spins using (5-16) and (5:17) and over photon polar-_ 


ization, 
37 (M,*+M,"*) My¥=cos6 + Ve) +2 W(«) sin? a| pL Dal 
Tees 7 2 Vv Ax Mt 


[o-} co al 
1 ; ; 
x | ar dq | dw——u(r)qsin tr singr 
‘ i 
0 0 


=i 


x | AEG) Cre O*) +qul(—) 7 s a) 


1 1 ; ega «K b° 
=cosd + | V(«) Sri5e W(«) sin? | an - : VG (Lp — Pat Oh; (5-25) 


where 

Ce) a 1 : 
= \ dr | dq | dw ek) sin fr singr (O40? —quw) (O?+14+qew) 
0 0 


—1 


| « (q*eo*- 4.0) + gw (1¢—gw') |. (5-26) 


For easiness of computation u(r) is used with r.=0. On the other hand, the 
integration with respect to q is cut off at the nucleon mass. The main contri- 
bution comes from the region of g=2~3, and rather insensitive to the cutoft 


momentum. 
The resulting cross section is 
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doy _ e gh b° ( 
dw 4n 24(2z2)? M 


15 ; 
x| (Zo ; ; 1,—3Lr) Saeed sin?é Joos, 


Po— Lat C) Ee I, 


The other term M253" is obtained by putting 
2 
e "5 —4A7j,(tr) DY") V(t); 


and 


in (5-11). In a way similar to (5-24) M53" is calculated as 
M¥s5 = —4n(2n)*| drja(tr) | dqe™ D1 Ye"(r) Ys" (Tq, #) = 


2 


Using the formula (5-15), the interference term with the direct F1 transition 


(5-9) is finally found to be 


(5-27) 


(5:28) 


u(r) 


=o dr | dqru(r) jaltr) jlqr) DS Ye" (0) Yq) Ta, #). (5-29) 


(5-30) 


ak Ny—3" __ + 2 15 K 
mae Mi; =sin’é cos0 a U(k 0) oe 
co M 1 
oe \ar| dq | deo ru(r) jo(tr) ja(qrng®(1—w") w [ L(+ ) aque L(—) | 
0 0 = 
=sin’@ cos@- 2 ar A ) egh 6 (4p—Ua tC) Lh, 
V 42 Serre 
where 
es) M 1 
es jar \ dq\ dwru(r) jo(tr) jo(gr) gw (1—w") 
0 0 —1 


1 (a ae ‘ 
ONE —gKw) (O+1+¢qKw) ae A he 


The cross section reads 


500s Sey Bet) | OG ane: 
dw An 64(2z2)? M (Hp—Pa tC) Kh 


x(in+ 3 -L, +- iat iG r) sin’@ cos@. 


(5-31) 


(5-32) 


} 
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Vv 


The resulting differential cross section is displayed in Table III, by addins 
(5-27) pao (5-32). Comparison with experiment’ is done only for the cos @ 
and sin?@ cos@ terms, in order only to know whether the contribution from the 


7-32 term is appreciable or not. 


The effect on the cos@ term is negligible, 


but that on the sin’? cos@ term is of appreciable order of magnitude with the 
opposite sign. 


Table III. ‘The coefficient of cos@ and sin?@ cos@ in the differential cross section of the 
photodisintegration of the deuteron. Theoretical values are the interference terms between 
the direct F1 transition and the y-3z term. 


Calculated Observed Calculated Observed 
E, (Mev) coefficient of coefficient of coefficient of coefficient of 
cos@ (yb) cos# (ub) sin26@ cos@é (pb) sin2@cos@ (pu) 
80 0.01 1.6 Deis 1.4 
190 0.02 0.92 —0.16 0.64 
290 0.05 0.61 —0,.24 _ 


a SSI a cr 


§ 6. Discussions 


It has been found in §3 that the contribution of the 7-32 interaction to 
the magnetic moment of the deuteron is surprisingly large. The S-S term 
is negative, so that this works so as to reduce the D-state probability. The 
order of magnitude of this term is comparable with the difference between 
the magnetic moment of the deuteron and of its constituents. Furthermore, 
the S-D term is much larger than the S.S term. It is difficult to find the 
magnitude and even the sign as is seen in Table I, because the inner part of 
the D-wave function plays an important role. From Tables I and H, one can 
find that the contribution from 0.2<r<0.3 is larger than that from r— 0.3 for 
both the magnetic moment and quadrupole moment. It is, however, remarkable 
that the contribution from the outer part, r->1, to Psp is as large as the S-S 
cern: 

It seems to be difficult to draw any conclusion from our analysis, because 
we have to take the following points into account: 

1) pss and fsp are both proportional to the pion dissociation probability of 
the nucleon, ¢, so that the magnetic moment is sensitive to ¢. It is plausible 
to take ¢ 0.8, which is suggested from the isovector part of the charge form 
factor for large momentum transfer. If ¢ is found to be smaller, the effect on 
the magnetic moment is reduced. 

2) The effective coupling constant / of the 7-37 interaction has been taken as 
0.2. Since this value is obtained by the perturbation theory through the nucleon 
closed loop, 4 may be reduced by the pair suppression, as other phenomena 
related to the nucleon closed loop. In this case, we have to give up to inter- 
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pret the isoscalar form factors.” They might be explained in terms of, for 
example, the isoscalar w meson.” 

3) Other contributions to the magnetic moment should also be added, for ex- 
ample, the additional magnetic moment from the L-S potential,” and the rela- 
tivistic effects.” They are both considerable order of magnitude. 

The results on the electric quadrupole moment is summarized as follows: 
Qss is negligibly small, though the sign and magnitude again critically depend 
on the cutoff radius. Qs, is about 20 to 30% of the observed value. This 
strongly depends on the inner part of the D-wave function. The contribution 
from the outer region, r> 1, is 0.78% of the observed value. Contrary to the 
magnetic moment, the quadrupole moment does not depend on ¢ so much, be- 
cause € appears as (/4,—/4+¢). The effect of the 7-3z term on the quadrupole 
moment is in any way less embarrassing than that on the magnetic moment. 

The effect of the 7-32 interaction on the photodisintegration is less im- 
portant than the above two problems. The 7-32 term certainly contributes to 
cos @ and sin*?4@ cos@ terms in the angular distribution, but the magnitude is not 
so large. In this calculation, we have introduced, on account of the technical 
reason, the cutoff momentum at the nucleon mass, instead of the core radius 
in the integration with regard to ry. This is not an essential point. It is found 
that the inner part of the wave function is not so important in the photodis- 
integration, furthermore the D-wave function does not appear as far as the 7-3z 
effect is concerned. 

In conclusion we are tempted to emphasize that the 7-327 interaction cannot 
be disregarded in any photonuclear reaction, especially in pion photoproduction 
and electromagnetic properties of the deuteron. 


The authors would like to express their sincere thanks to Professors 
N. Fukuda, H. Suura and Y. Miyamoto for discussions. They are also indebted 


to Professor T. Uno and Mrs. H. Kono for computational work by the use of 
FACOM 128B. 


Appendix 


We shall show that there appears a modified coupling constant 2 commonly 
in various processes.” The pion-pion rescattering 
effect is taken into account, for definiteness, by the 


chain approximation method, with the interaction > tha 
Hamiltonian given by wnt YR a 
= — 4 ag( 9: €ij3.9, P;)’. (A-1) 
If we neglec ion-pi ; i ; 
; eg oe the Bien pion PeSeatier tne correc- Fig. 7. The three-pion diagrams 
tion completely in the diagrams, in Fig. 1, Fig. 2 of the isoscalar part of the 
and Fig. 7 (the electromagnetic structure of the auc cone 


pion-pion interaction included 


nucleon), there appears a common factor, in the shaded part 
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Oy=AGe (kh), (#=1, 2) (A-2) 
where G,’() is the two-pion part of the isovector 
electromagnetic form factor of the nucleon with the SAO eae 
pion-pion interaction neglected. If we substitute the Ji OP ee 
chain diagram, illustrated in Fig. 8, for the pion- Fig. 8. Pion-pion interac- 


tion in the chain ap- 


pion scattering part in the shaded area of Fig. 1, 
big. 2 and Fig. 7, ©, is altered in the following way, 


proximation. 


Oro= Orv : (A-3) 
1—X(F) 


where X(k) is a contribution from a single bubble in Fig. 8, given by 


es st 2 
C= l= é 
37° " E41 ( Ee 


According to the renormalization procedure given by Miyamoto,'” © in (A-3) 
can be put into the form 


Ze! Ce (A-4) 
fe A ee DCR) 


where 


= aes Gah 4 
ere [X() —X(—4)] 


=1+ 24 (1+- 2 agate Ef =+y =a) 


with the renormalized Hauling constant (the observed scattering length) a, 


given by 


aa teieee (A-5) 
1—X(—4) 


On the other hand, G (FR) is also modified to the “ observed” form factor 
G,() due to the pion- pion interaction, 


G.0(B) > GaP) =Ga (R) Fe); (A-6) 


where F,(k’). is the electromagnetic form factor of a pion, given by 


2 — D(O) (A-7) 
F(R Die) 


Substituting (A-2), (A-5), (A-6) and (A+ ()oin,(A4)5.we obtain 
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O=4 4, _*_G,(¥), (A138) a 
ay D(O) 
7 
which can be written in the form ; 
O=1G,(#), (A-9) : 
in terms of the observed form factor G,(k’) and the modified coupling constant : 
7, given by : 
i 
peal eae bate (A-10) 
ao D(0) 1 
T 
: 
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Detection of the high energy photons in primary cosmic rays provides us with useful 

data for the study of the origin of cosmic rays, because they move in straight lines and 
bring information on the directions of their sources. Two methods are described to detect 
such photons through the secondary particles produced by them in air. 
i) A part of photons can produce mesons capable of reaching the sea level through photo- 
nuclear interactions with air nuclei, although the majority of them are absorbed in the 
atmosphere by producing electron pairs when their energies are 1010-10. ey. These mesons 
do not suffer considerable scattering from the original direction of photons, and higher 
intensity of mesons in a small solid angle containing the direction of the source can be 
detected in comparison with the average intensity. The lower limit of the photon flux 
detectable by this method is estimated to be about 4-10-8 cm™? sec? for photons of 200 Gev. 
ii) For photons with energies near 10! ev, it is possible to detect cascade showers initiated 
from them when observations are made at mountain altitude. Discussions are made on the 
detection efficiency of these showers by the special arrangement of shower detectors. Mini- 
mum detectable flux of photons of 102ev by this arrangement is estimated to be about 
2-10-" em=sec +. 


§1. Introduction 


It is well known that primary cosmic rays are nearly isotropic in the vici- 
nity of the earth. Besides the slight anisotropy coming from the solar activity, 
one hardly finds any anisotropy exceeding 0.1 per cent. This extremely small 
degree of anisotropy can be attributed to the effect of galactic magnetic fields ; 
the magnetic field strength of the order of 107° Gauss is strong enough to 
stir cosmic-ray particles which would otherwise bring some information from 


their sources. 

In view of this situation, attention should be paid to the neutral components 
of primary cosmic rays. Among various neutral particles known at present, 
only ;-rays are of our interest. Other particles (neutrons, neutral mesons, 
neutrinos, etc.) are inadequate for our purpose either because they are unstable 
or have too weak interactions to be observed efficiently. 

Several attempts were made” to catch primary 7;-rays in the upper atmos- 
phere. In the present stage, however, the results are preliminary and no in- 
formation has been obtained so far about the source direction. 

Most of the ;-rays falling on the earth produce electron-positron pairs in 
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the upper atmosphere and are absorbed in the air without causing any effects 
to the cosmic-ray intensity at sea level when their energies are 10°-10" ev. It 
should be noted, however, that a small fraction of the 7-rays can produce mesons 
through nuclear interactions with air nuclei. If mesons produced by the photons 
from a certain source are observed at sea level without suffering appreciable 
deflections from the original direction of photons, we shall detect these mesons 
whose intensity is above the average level within a small solid angle contain- 
ing the direction of the source. Due to the small probability of the nuclear 
interactions of 7-rays, a very large detector with good angular resolution has 
to be employed in order to detect this effect. This effect was proposed as a 
possible mechanism for the interpretation of the point source of cosmic rays in 
Orion found by Sekido et al.” The present analysis is, in a more general view- 
point, to discuss the validity of the experiment making use of the above-mention- 
ed effect. 

When the energy of a primary photon is sufficiently high, an electron-posi- 
tron pair produced by the photon develops itself to the so-called “cascade shower” 
and its tail will reach the ground level being observed as an extensive air 
shower. According to the calculation on cascade showers, energy of the order 
of 10“ev is required for incoming photons in order to be detected efficiently 
with ordinary air shower detectors at sea level. This threshold energy can be 
reduced to about 10%ev when observations are made at mountain altitude. 
These pure cascade showers can be distinguished from the showers produced 
by the nuclear component of primary cosmic rays by reference to the “meson 
contents in them. A plan of the experiment of this type is presented by Maze 
et al.,” and the analysis from this viewpoint is carried out also by the Tokyo 
Air Shower Group.” 

To detect showers of 10”ev, a special arrangement of air shower detectors 
is necessary to increase the detection efficiency of low density showers as well 
as the S-N ratio to nucleonic air showers. Quantitative analysis on the detection 
efficiency of such showers are given in the second part (§ 8-§ 9) of the present 
paper. 


§ 2. Observation of meson produced by photons 


Let I, be the intensity of mesons at sea level produced by primary 7-rays 
with energies greater than Fy. J, is related to the intensity J,()) of the primary 
photons at the top of the atmosphere in the following way: 


[,=M,PJ,(E.) (cm@*sec™’), (2-1) 


where P is the probability of the nuclear interaction of a photon and M, is 
the mean multiplicity of mesons which are produced in the nuclear collision 
and are capable of reaching the sea level. On the other hand, the intensity J, 
of mesons produced by the nuclear component of primary cosmic rays is 
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P= View (hy (em sec strs’), (2-2) 


where J,(E,) is the intensity of the nuclear component of primary cosmic rays, 
and M, is a quantity corresponding to M, in (2-2). If photons and nucleons 
with the same energy are assumed to behave similarly in the atmosphere, one 
may put M,=M,.* 

At the top of the atmosphere, the dispersion of the direction of each photon 
from a source will be extremely small. As a result of the deflection of various 
causes of secondary mesons in the air, however, the image of the source view- 
ed with mesons will have some extension. Experimentally, J, in (2-1) is esti- 
mated from the ratio of the counting rates of particles when the source direction 
is in and out of the field of vision of the detector. Assuming that mesons from 
photons are distributed uniformly in the finite solid angle 2 and- that these 
particles are observed by a detector having a solid angle 2, we obtain the 
above ratio for 2,2) as 


TL 2) 7h Zi: (273) 


It is clear that this ratio is determined most precisely when =O.) Am this 
case, the degree of anisotropy 1s given from (2-1) and (2-2) as 


joe tpl M, PJ (Eo) _ PI y(Eo)_ (2-4) 
I, § 0 M,, Jn( Eo) 2o Jn (Eo) 2 


§ 3. Nuclear and electromagnetic interaction cross sections of photons 


The meson production in photo-nuclear collisions is experimentally studied 
with 7-ray beams from an electron-synchrotron. The knowledge on these inter- 
actions is restricted, therefore, to about 1 Gev for 7-ray energy, and no direct 
information is available for energies exceeding this limit, while field theory 
suggests that the cross section of the photo-nuclear interaction roughly remains 
constant for higher energies. We now assume that the cross section o, 1s con- 
stant and is equal to that determined experimentally for E~1 Gev, 1.e. 


_=10-* cm’ per nucleon, (3-1) 


for photon energies larger than 1 Gev. 
As for the electromagnetic interaction, theory is considered to be correct 
up to considerably high energy. The pair production cross section in air is 


expressed as follows: 


ee ees e104 Aa cr (3-2) 


pair = N pe 


: Se ed 5 ; 
* This assumption may not be so bad, as one would suppose, In view of the recently em 
phasized mechanism of the meson production by photon-nucleon and nucleon-nucleon collisions ; 


see reference 5). 


s 
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where A is the mean atomic weight of air nuclei, N represents the Loschmidt 
number and X, is the radiation length in air. (3-2) holds only in the case 
where E> 137m,.c?Z7!*, which is well satisfied in the energy of our interest. 
Combination of (3:1) and (3-2) leads to the value of P in (2-4), 

Pace F 3 10 (3-3) 


O pair 


where we tentatively assume the A dependence of the photo-nuclear cross 
section. 


§ 4. Scattering of mesons 


As mentioned before, the observed direction of #-mesons deviate from that 
of primary photons. The following processes are considered as those result- 
ing in the deflection of mesons in the atmosphere. 

a) Angular distribution of z-mesons produced in the photo-nuclear interaction. 

b) Deflection at z- decay. 

c) Coulomb scattering of “-mesons on traversing air. 

To compare the magnitude of the angular deflections through the above- 
mentioned processes, it is convenient to compare the transverse momenta given 
to the mesons in each process. 

a) It is currently accepted that the transverse momentum of mesons produced 
in the nuclear interactions is approximately 500 Mev/c essentially irrespec- 
tive of their energies. 

b) The maximum transverse momentum given to “mesons through z- decay 
is easily estimated to be about 30 Mev/c from the mass difference between 
the z-meson and the //-meson. 

c) Mean transverse momentum acquired by mesons when they pass X radia- 
tion length of. matter is given as P,~E,X"?/c, where E,=21 Mev. For 
mesons coming vertically, Y~25 and P.~100 Mev/c. 

It is clear that deflections of mesons due to the processes (b) and (c) are 

sufficiently smaller than that due to the process (a) to be neglected with a good 

approximation except for mesons with zenith distances near 7/2. Then, the 

mean amount of the scattering of mesons is simply expressed as follows as a 

function of their energy E,,, 


0,=500/E, Mev. (4-1) 
Table I. 
Ey Ey 0, 
2 Gev | 10 Gev 14° 
5 30 5.7 
10 80 29 
a 200 1.4 
aT 
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In Table I, values of 0, are given for various energies of mesons E,, with a 
rough estimate of EK, corresponding to each value of E,,. One may regard that 
@, is related to 2 in the following way, 


2Q),=22(1—cos@,). (4-2) 


a 


In addition to the effects considered above, the geomagnetic deflection must 
be taken into account especially for particles with large zenith distances.” 
To estimate the order of magnitude of this effect, we shall treat a special case 
in which particles come from the north. Let 17 be the absolute strength of 
geomagnetic field and @ its inclination. H can be considered as constant 
through the paths of mesons. For particles with a zenith distance €, the com- 
ponent of geomagnetic force effective for the motion of the particle is horizontal 
with a magnitude 


Hj,=H sin(a+-2/2—). (4-3) 
The angle of deflection becomes for Om <1 
0,,=300 HL sin(a+7/2—C)/Em, (4-4) 
where L is the path length of mesons. L can be expressed as follows: 
L=h(a, secC). secl. (4-5) 


Here h(x) represents the height of the atmospheric level with the depth x 
g-cm™? from the top of the atmosphere and 2 is the mean depth of nuclear 
‘nteractions of primary photons along their paths. The value of x can be 
equated to the mean free path for the pair production of photons and 9X)/7 g-cm” 
from (3:2). For €=0, En=3 Gev and L=2.1-10°cm from (4:5), and 0,,<~6-10~* 
or 3 degrees for H=0.47 Gauss and @=249°. from (4-4).* On the other hand, 
for €=80°, E,=20 Gev, L~1.8-10'cm and @,~0.11 or 6 degrees. Here it is 
noted that mesons with positive and negative charges are deflected in the op- 
posite directions. Then, for ¢=80°, the separation of images of a source due 
to mesons of different signs of charge is about 12 degrees which is sufficiently 
large compared with the extension of each image defined by 0, in Table I. 

In this special case, the geomagnetic force does not alter the zenith distance 
of the incoming particles. This condition no more holds in general. As an 
example, the difference in the paths between positive and negative particles is 
shown in Fig. 1 when the detector ‘5 directed to the east. As shown in this 
figure, the path length of a positive particle is longer than that of a negative 
one, which results in the difference in deflection angles and in the intensities of 
two images of the source because the survival probability of positive mesons 
s smaller than that of negative ones. 


* Numerical computations of this effect was carried out by Murayama and Kamiya,® and 
Kamiya” pointed out the east-west asymmetry in the cosmic-ray intensity due to this effect. 
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Fig. 1. Difference in paths of positive and negative mesons observed 
in the same direction at sea level. 


§5. Minimum observable flux of photons 


The lower limit of the flux of 7-rays detectable by the method suggested 
above depends on the accuracy of the determination of R in (2-4). For in- 
stance, when R is determined within an error of 1%, the value of Jmin deduced 
from the following equation obtained by combining (2-4) and (4-2) is regard- 
ed as the minimum detectable flux of 7-rays: 


=2 
Intu =o In( Ea) =6.7 (1 ~0086,) Jy(E,). (5-1) 


Table II shows the values of J,,;, for different values of &). 


Table II. 
Ey J» (Eo) Qo | ed ae 
10 Gey | 3.0 1072 cm™? sec7! str7} | 0.20 str 1.9 10-2 cm=? sec™l 
30 8.0 1073 SL) LORS 8.3 1074 
80 2:3) 108 | 7.9 1073 6.0 1075 
200 6.0 1074 2.0 10-3 | 4.0 10-8 


In the above discussion, R is assumed to be determined within an error 
of 1%. This error depends on the total number of observed cosmic rays and, 
therefore, depends on the area of the detector and the time of observation. 
(Here we neglect errors other than the statistical one.) 

Let ¢, be the time in which the detector is directed towards the source, 
t, be the time measuring the background intensity and N, and N, be the total 


numbers of particles counted in the respective time intervals. Then, (2-4) is 
written in another form: 


R= Ni/t _y 
N,/ts 


The error in R is given by the expression 


(5-2) 
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LOE 2 SANA \3, (ANG? ype 
(42 )'= +R) i )+( |=a4+R)(— +2), (5-3) 
where JN, and 4N, are the errors of N, and N,, which can be put Ni? cand 
N,” respectively, by considering the Poisson fluctuation only. 

When the direction of the detector is fixed, the time of observation of one 
source is limited in the time of its passing through the field of vision of the 
detector. This time depends on the position of the source in the celestial 


\ 


sphere. For the given declination 0 of the source, it has a value 
7206, secd/z, (min.) (5-4) 


where 6, is a diameter of the field of vision of the detector. 

When E,,=10 Gev, 0, should be about 6 degrees according to the value of 
6, in Table I, and the time of observation is about 24 minutes for a source 
near the celestial equator (0=0°). In general, we can catch a source twice 
a day with the detector of a fixed zenith distance. The total time, therefore, 
becomes about 50 minutes per day. Remaining time can be used to measure 
the background intensity, so that we can put N,<N,;. Then, (5-3) becomes, 
with a good approximation, 


AR/R=(1+R)N,*". (5-5) 


To make JR smaller than 1%, N, must be larger than 10‘ for R<1. Since 
the intensity of mesons with £,,—10 Gev is several m~?sec7! str~’, an obser- 
vation for about one month is necessary with a detector having an effective area 
of 10m? in order to detect a 7-ray source by means of the above-mentioned 
method with an accuracy within 1%. A cosmic-ray gas Cerenkov telescope con- 
structed by Sekido et al.” has an area of 20m? and has an angular resolution 
of about 3.5 degree. This will be adequate for the present purpose. 


§ 6. Possible sources of high energy photons 


Estimates of the intensity of ;-rays through various processes have been 
performed by Morrison” and by Savedoff for energies up to 10° ev. For energies 
above 10° ev, y-rays will exclusively be produced in nuclear interactions through 
the decay of 7-mesons. Therefore, the amount of 7-rays produced in a source 
depends on the mechanism of acceleration of nuclei, the density of matter in 
the region in which the acceleration takes place, the time of storage of particles 
in this region, etc. Uncertainties :n these factors make it difficult to estimate 
the 7-ray flux quantitatively. We shall refer to two possible sources which per- 
mit some discussions on the j-ray flux. 

i) The sun. The sun emits cosmic rays associated with intense solar 
flares. Such an event is observed by cosmic-ray detectors distributed over the 
world as an unusual increase of cosmic-ray intensity. Morrison” has pointed 
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out the possible existence of photons produced through the bremsstrahlung of 
electrons accelerated at the same stage as protons. It is further noted that a 
part of accelerated protons may undergo nuclear interactions in the solar atmos- 
phere which result in 7-rays as decay products of mesons. On account of 
the very steep energy spectrum of solar cosmic rays, however, secondary parti- 
cles of these ;-rays produced in the earth atmosphere will be more easily 
detected by neutron detectors at high latitudes rather than by the meson de- 
tectors described in the preceding sections. It is noted that this effect may be 
observed only by neutron detectors placed at the point where the sun is direct- 
ly overhead of it at the time of the flare. 

At the most significant increase on Feb. 23, 1956, over ten times above 
the normal intensity was observed at high latitudes. Let 7, be the average ratio 
of the number of photons to that of protons of the same energy near 1 Gey 
produced at the time of the flare, and 7, the probability of escape of protons 
from the accelerated region where the magnetic field is supposedly strong. The 
expected percentage of increase of the neutron intensity will be 


10° Ph.m 


I, 


% » (6-1) 


where P is given in (3-3), J, and J, are the intensities of neutrons at high and 
low latitudes, respectively. If 7/7. is 0.1, about one per cent increase would 
be expected for P=3-107 and J,/I,=2. 

ii) Crab nebula. It has become evident from the observation of the strong 
polarization of light from the Crab nebula that electrons with energies 10"—10" 
ev exist in the nebula with an appreciably high density. Hayakawa" pointed 
out that about 3-10->cm™*sec™' would be expected for the flux of photons of 
10" ev at the top of our atmosphere according to Burbidge’s model™ on the 
formation of these high energy electrons in the nebula. This value is much 
larger than those estimated from the models by Oort et al. or by Hayakawa 
et al."” which predict the photon flux of about 107’ cm~? sec™!. Our method will 
provide the useful data to test whether Burbidge’s model is acceptable or not, 


§ 7. Comparison with an emulsion experiment 


The minimum detectable flux of 7-rays shown in Table II should be com- 
pared with that in an experiment to catch 7-rays with emulsion near the top of 
the atmosphere, being about 5-10-° photons em=? sec7! irrespective of their 
energy above 10 Mev. Our value (107*10-'cm=? sec™!) is comparable to this 
value for photons of energies near 10" ey. 

Although the present method is not so direct as the observations with 
emulsions, it has advantages over the latter in the following respects. Our 
method allows to obtain day-to-day data especially for sources with time vari- 
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ations of intensity and quickly to follow sudden events such as solar flare effects 
and nova explosion. 


§ 8. Detection of the showers of photons 


Cocconi” has pointed out the possibility of detecting 7-rays with energies 
around 10!2 ev by observing the cascade showers initiated from them. As 
mentioned in § 1, however, it must be taken into account that these showers have 
very low particle densities even in the region near their axes, and the detection 
probability of these showers depends strongly on the number and the arrange- 
ment of the shower trays. 

Let us confine ourselves to the case in which observations are performed 
at 600 g-cm~ in atmospheric depth (4,500 m above sea level) with nine particle 
detectors, each surface being one meter square. At this height, photon showers 
of 102ev have a mean size of about 400 particles and have a mean value of the 
age parameter s of about 1.4. On the other hand, the mean age of the ordinary 
air showers initiated from the nuclear component of primary cosmic rays is 
about 1.2 and their size spectrum Pn ail Cena ae ee Piece 
is represented approximately by | ] 
the following expression, 


Ea ZeN') 
=5,.3- TON /AL0) +0.0251n(V/108) 
(8-1) 


This equation is identical with 
that given by Greisen”” except 
the two times larger value of the 
first numerical constant taking 
the difference in the altitude into 
account. (His equation is derived 
from the analysis of the density 
spectrum of extensive air showers 
at 3,200 m.) (8-1) is also in good 
agreement with the size spectrum 
of extensive air showers measured 
by Kulikoy et al.’ at 3,860 m 


Particle density 


above sea level. Fig. 2 shows hi ACN FE MR eave ese et ey oe oo) 

the lateral distribution of particles 10 1 10 10? 10°m 

in the showers with the size of Distance from the shower axis 

400 and with s=1.2 ANG Se. Fig. 2. Lateral distribution of particles in the 
: . heed : showers with the size of 400. Solid Jine ;: nucleonic 

As shown in Fig. 2, the ensity air showers (s=1.2). Dotted line: photon showers 


of particles in the shower with (s=1.4). 
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the size of 10° or less is of the order of one per meter square even within one 
meter from the axis and therefore it is hardly expected to. determine the size 
and the arrival direction of the individual shower with a good accuracy. 


$9. Estimates on the frequency of the showers 


To make discussions quantitative, we assume that the nine trays are ar- 
ranged as shown in Fig. 3. For the distance between the neighboring trays, it 
is desirable to make it as small as possible in q q q 
order to obtain a high detection efficiency for Seen 
small showers. We assume it, however, to be five A 
meters to avoid the possible contamination of is 
local showers. L] oLF LJ 

Let the point P in Fig. 3 be the position 
of the axis of a shower, 7; be the distance be- 


tween the axis and the 7-th tray and J, be the [] [J [] 
particle density of the shower at the position of <= 5m <> 
that tray. We further assume that showers are Fig. 3. An example of the 


: t of the showe 
recorded whenever pein tgbk teat ae ae 


i) particles are detected in any three of the aye to ead 
nine trays (showers having particles in four or more trays are rejected), 
and 

ii) only one particle is detected in each of these three trays (showers having 
two or more particles in any of these three trays are rejected). 

These limitation to the showers must be necessary to discriminate the low 
density photon showers from the nucleonic air showers. Then, for instance, 
the probability of detecting one particle in each of the first, second and third 
tray and none in the trays from fourth to the ninth is 


3 9 3 9 
MI der* Ml ets= I 4, exp] — 33 4]. (9-1) 
Paul j=4 t=1 Jel 


Therefore, the probability of detecting one particle in each of any three (and 
not four or more) trays is 


7(N, s, r) = {S1(H 4} exp| — ¥4 4], (9-2) 


where 7 represents the distance of the axis of the shower from the center of 
the detector. Here 7 is regarded as constant in the different positions with the 
same value of ry, This approximation causes little error on the final result. 
The first summation in this equation must be performed for all combinations 
of any three trays out of the nine, the number of such combinations being .C;=84. 
Fig. 4 shows 7 as a function of r for showers of different sizes. 
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An effective area of the 
detector for showers with the size 
N and with the age s is defined 
by 


(9-3) 
Fig. 5 shows the size dependence 
of the effective area of the detector. 
rates of photon 


showers and nucleonic air showers 


Counting 


with our detector are given respec- 
tively as follows: 


Nucleonic air showers 


F,( 2 N) | 
dN 


co 


i= | 


Photon showers 


SON, sai.2) dN, 
(9:4) 
I= [FUN SW. s=icA)aN, 
Sone f>(N)dN represents the 
differential size spectrum of the 


Table III shows 
the counting rate of nucleonic air 


photon showers. 


showers for different ranges of 


their size. 
Table III. 
N tbs 
3-102—103 3.5 103 hr71 str} 
103— 104 12.5 108 
104—105 7.2 108 
105— 108 1.9 103 
total 2.5 104 


a 


Since the effective solid angle for 
accepting the air showers is about 
one steradian, the total number 


4-108 4:10’ 


— 
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i 
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Detection probability 


10m 


Fig. 4. 


10°m 


Distance of the axis from the detector 


Detection efficiency versus distance of the 


shower axis from the center of the detector. 


Solid 


Dotted line: photon showers (s=1.4). 


(s=1.2). 
The 


line: nucleonic air showers 


number attached to each curve represents the 
size of the shower. 
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Effective area 
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Fig. 5. Effective area of the detector versus shower 


$size. 


Solid line; nucleonic air showers. Dotted 


line: photon showers. 
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of showers observed by our arrangement of the trays is approximately 2.5-10* 
per hour. 

As one of the possible sources of high energy 7-rays, we again refer to the 
Crab nebula, According to the estimate by Cocconi,’” 6.4-10~* photons mas 
sec"? may be expected for energies in 10°+10'*ev. These showers correspond 
to those with the size of 400+25 at our altitude. If we assume that the size 
spectrum of photon showers has the form of N~**dN in the range of the size 
from 3-10? to 10° (7.5-10"ev —2.5-10" ev in energy), the frequency of showers in 
this energy range normalized to the value given by Cocconi is about 30 m™ hr, 
Since the average effective area of the detector is about 30 m”* in this range as 
shown in Fig. 5, the expected counting rate of the showers by photons from 
the Crab nebula is 9-10%hr~’. This value may be compared with that of back- 
ground air showers (2.5-10‘hr~’), resulting in the signal to background ratio 
of about 4%. If the size spectrum of the photon showers extends beyond 10%, 
higher S-N ratio may be obtained. 

These photon showers have very steep zenithal dependence owing to 
the strong attenuation in size with atmospheric depth. In fact, the size of 
showers by photons of 10” ev is about 150 when they fall with a zenith distance 
of 30° and will hardly be detected by our trays. Thus we shall detect a few 
per cent higher intensity of showers compared with the average value when 
the Crab nebula is within about twenty degrees from the zenith of the detector. 
It also means that the experiment must be carried out in the latitude band where 
we can observe the source near the zenith. For example this should be 77N—39°N 
in order to aim at the Crab nebula (declination: 22°N). 

In general we define the minimum flux of photons observable by this method 
as the value giving the S-N ratio of 1%. For 7-rays of 10° ev, the minimum 
detectable flux is 2.5-10*-10-?(30 m’)~? hr?—2.3-10-7 cm™ sec}. 

To facilitate the experiment, it is desirable to make the above-mentioned 
S/N as large as possible. The following ways are effective for this purpose. 

i) Observation at higher altitude 
At 500 g cm~*(5,800 m above sea level), the sizes of photon showers are 
about two times larger than those at 600 gcm~*. Then S/N becomes about 
three times larger taking the increase of the frequency of background showers 
into account. 
ii) Use of the shower trays of larger area 
By making the area of each tray as 2m’, S/N can be increased by a 
factor of six. 
iii) Increase of the number of trays 
By adding one more tray, S/N can be about 50% higher. 
iv) Anti-coincidence method 
To reduce the effect of background showers, it is effective to place 
several trays about 20~30 meters far from the center of the detector in 


‘as 
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a 


anti-coincidence with the shower signal. It will be effective for rejecting 
showers with the size near 10‘, which are the main part of the back- 
ground showers. 


The author wishes to express his cordial thanks to Prof. Y. Sekido for his 
valuable suggestions and encouragement throughout this work. He is also greate- 
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The form factors in the leptonic three-body decays of K-meson are studied in terms of 
the dispersion theoretic techniques developed by Goldberger and Treiman. Assuming that 
the Kz-resonance has a dominant contribution to the dispersion integral, we can show that 
the consequences of the partially conserved current hypothesis studied by Bernstein and 
Weinberg follow from the theory under the weaker conditions on the high energy behavior 
of the divergence of the current. 


§ 1. Introduction 


The extension of the conserved vector current hypothesis’ to the other 
weak currents has been proposed by a number of authors.”” For the strangeness 
non-conserving current, Bernstein and Weinberg® have discussed a_ possible 
relationship between two form factors appearing in the leptonic three-body 
decay of K-meson. In their treatment, B.W. have made two basic assumptions 
on the high-energy behavior of the form factors, i.e. (a) form factors have, at 
most, definite finite limits when the momentum transfer g? becomes infinite; (b) 
the matrix elements of the divergence of the current J, between the K-meson 
and the pion state becomes zero in the limit g?>0©o. 

In view of the fact that we do not have much knowledge concerning the 
high energy behavior of form factors in the general case, assumption (a) is 
usually adopted. Assumption (b) is the so-called partially conserved current 
hypothesis. In the nucleon §-decay, this hypothesis seems to be well justified 
for the axial vector part of the process.” This is partly because we know the 
structure of each term of that part (a pure axial vector term and an induced 
pseudo-scalar term) and partly because of the equal mass approximation for 
the neutron and the proton masses. The complications due to a mass difference 
between a parent particle and decay products have been remarked by Goldberger 
and Treiman’ in connection with the hyperon 8-decays. In fact, a number of 


authors” have already pointed out an inevitably approximate nature of the above 
hypothesis in the hyperon leptonic decays. 


* This work was supported by the U. S. Atomic Energy Commission. 
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In the Kj, processes, this point would be much more serious because of 
apparent large mass differences between the K-meson and the pion. 

Thus, in the K, decays, it is desirable to seek a weaker assumption than 
(b) of B.W., yet one under which we may hope to obtain a certain relation 
between two form factors. 

In this paper we shall consider this point and shall show that the assump- 
tion (b) of B.W. can be weakened as follows: (b’) the matrix element men- 
tioned in (b) has, at most, a definite finite limit in the limit goo. Namely, 
even under these two assumptions, (a) and (b’), only one parameter is needed 
to describe the K,, decays. 


In the following we shall give a brief review of the problem in § 2 and 
the form factors are studied in § 3 by means of the dispersion theoretic tech- 
niques developed by Goldberger and Treiman.” In particular we shall show 
that the result of B.W., as well as of the phenomenological intermediate vector 
boson theory can be obtained in the pole approximation for the s-wave or the 
p-wave Kz-resonant state. In § 4, we shall briefly discuss the Kz scattering 
correction to the pole approximation and the final section is devoted to the 
discussion of our results. 


§ 2. Effective Hamiltonian” 


We study the following reactions, 


Ktoatit+ {4}, ee 


where 7+ means /* or e~. 
The relevant Hamiltonian may have a form: 


(Ge 


Ay= ae ',-Ja+hermitian conjugate, 
\y 


ja=(Gura(l tis) $.) + Geral +75) 4») +h.c., (2) 
Ja= (Gey. +75) 4) + ae) 


where ¢, is the field operator of the particle a and we assume that the |4I/| 
=1/2 rule holds for the strangeness non-conserving current , 1,6.) J gulseengreos 
spinor in isotopic-spin space. We further assume H; to be time-reversal invari- 
ant. ; 

The matrix element of the process, K*->2°+/l* +», 18 given by the fol- 
lowing form: 


NM (22)1id"(P, + P, +P. — Px) OP) ra(l1+7s) uP.) 


xa | FeO), (3) 


“2 
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where /; is the momentum of the particle 7. 
We shall study the strong interaction part in Eq. (3) by means of disper- 
sion relations. By invariance arguments, we have 


(| SF I(OIK = sap MPa Pe Plg) + Pa Pda), 
a / ot KO 
f= (Pe Pe) 5 (4) 


where F,(q?) is a real function of q’*. f,(q*) and g,(q°) of B.W. are simply 
related with F;(g°) as follows: 


fo(q’) =25F; (q’) ) 
9.(¢) =Fi(q’) —h(q). 


(5) 


§ 3. Dispersion relations 


Instead of studying Eq. (4), we shall study the matrix element given below : 
ee 0 
H.AP,, Pr) =V/4Peo Pxo60|-C—Ja(0)|2°K* (in)), 
. : V2 


= (Pg—P,) al (S) + (Prt P,)aFx(), 
= (Pet Pe)* (6) 


We assume that F;(¢) is analytic and regular on the ¢-plane except on the cut 
[—(mx«+m,)*, —co]. In order to write down the dispersion relations for F;(¢), 
we need a knowledge of the high-energy behavior of F;(¢). As was mentioned 
in the Introduction, we make the following two assumptions concerning this 
point” : 

(a) F,(¢) has, at most, a definite limit (zero or constant) for ¢>0o along 
the real axis. 

(b’)  (Pet+P,)ala=f(¢) =FF,(F) —(m2-—m,7)F,(¢) has, at most, a definite 
limit (zero or constant) for ¢-co along the real axis. From these two as- 
sumptions, we see that /,(¢) may remain finite in the limit ¢->co, while F,(é) 
must go to zero, at least, like 1/F. Sugawara and. Kanazawa® have recently 
proved that in this case F;(¢) can be expressed in the following dispersion 
relations, 


= a is “ — Eh 
R()=F(o)+—— | ae aug rie) 


ers Bite NN? (7a) 
(m yotmy)? 
So cl Dial 2 ete ion een 
f(s) = 7 | ds oa.6 tee (7b) 


uv 
(m ptm)? 


and since f(¢) has the same analytic properties as F,(€), we have 
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a ‘boatload capa kasd Gta 
f@=fl@)t— | a me sel (8) 


(m ig tmz)? 


In the above expressions F,(co) and f(co) are unknown real values of the 
functions at ¢=oo. 

Actually this representation of F,(¢) is equivalent to that .of B.W. he 
difference is that they have set f(~)=0 (the partially conserved current hy- 
pothesis) and from this condition they have obtained the relation between F,(c) 


pod i PETA TPR (eed ie 


af 
(me m 2 


1 i : 
Pelee yea i dé! Im F,(—€’). 


mMer—-M, 


(m etm)? 


We have already argued in the Introduction the reason why we do not take 
f(co) =0 in our studies (see also § 5). 

At this stage we should like to emphasize that our following discussions 
are valid if the one subtracted forms of Eqs. (7a) and (8) are meaningful, 
even if Eqs. (7a) and (8) are not. Thus our conclusions” obtained in this 
section may be independent of the validity of the theorem due to Sugawra and 
Kanazawa. 

Now we see from the above considerations and Eq. (7) that only one 
parameter has appeared in our theory; i.e. F,() or the subtracted constant 
in the case of the subtracted form of Eq. (7a) (see later discussion). This is 
the consequence of assumptions (a) and (b’), and if we make further weaker 
assumptions, two or more parameters will appear. Thus we may say that our 
set of assumptions” seems to be the weakest one in the general circumstance, 
in which a dynamical structure of the external source J, is not known, to 
obtain a possible relation between FAG as: 

Let us turn to the study of Eqs. (7a) and. (8). In order to make the 
unknown high-energy contributions less important in the following calculations, 
it is appropriate to make one subtraction for Eqs. (7a) and (8) at ¢=0. 


co 


5 aes TCS) 
FF) = F009) — \ ds’ eel pe)? 
(myetmy)? 9) 
ae Bie oe, inf Crs) 
fe) FRO) ae a ds" ae)” 


(myetmyz)? 


where 
4 (0) = nx —m,?) F,(0). 


In the following, we suppose F,(0) to be a parameter” which is determined 
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from the experimental lifetime of K-meson. The absorptive parts in Eqs. (7b) 
and (9) are obtained from the following equations : 


G_ 70) fo(2yiK ov 2Pae 


DD) 
f fs 


linei s CP : | dita eres <0| 


ao oY 


0 a 
=n LH (Py + Pa Ps) (Ol_F,- a0) n(n jnol 01K" DV 2Pe, 
Ves 


(O~—my") bn0(£) =Jro( 2), (10) 


where we have put a complete set of states |7) between J,(0) and j,0(0). 
Following Goldberger and Treiman,* we suppose in Eq. (10) that the sum of 
a complete set of states is taken as half the sum over “in” and “out” states 
to make sure of the reality of Im F; at all stages of approximation. The lowest 
mass intermediate states contributing to Eq. (10) are the Az states. As we 
have no sound knowledge concerning the higher mass states in Eq. (10), we 
must be satisfied to treat the problem in the lowest mass approximation. Then 
we follow the familiar line in the dispersion theory treatment. In the c.m:s. 
of the initial Kz system, if we consider the spatial part of H, in Eq. (10), we 
easily obtain evidence that Im F#, has contributions from the p-wave states of 
the Kz system. In the same way, (P,+Px)a:-Im H.(P,Px) gives us Im f, and 
the s-wave states contribute to it. We need the total isospin 1/2 states for 
the Az system, because of our assumption of the |4/|=1/2 rule for the strange- 
ness non-conserving current. 
Thus we have, in the lowest mass approximation, 


Im F,(—€’) =tangp($) Re Fi (—€&), 


j =e =/ : =) CYL) 

Imf(—s’) =tan¢s5(¢’) Ref(—S’), 
&’ > (mx+m,)*. 
gi(s’) is related with the phase shifts of Kz scattering, i.e. 
tan 93(¢") = Re (ey sin Os1),) 
1 —Im(e"?s*/2 Sin Os1/2) 2 
my a (oP), cin d 

tan pp(é") = Rete P* sin dps,,) (12) 


is . > 
1—Im (e’ Pla sin Op),) 


where 0,1. is, in general, a complex r-wave phase shift of the Kz scattering 
with the total isospin 1/2. 


From Eqs. (9) and (11), we obtain the approximate solutions of the form 
factors 


F,(€)=F,(0) exp| — : de! eo 
1 ses’ +c) |’ 


(m yetm,,)2 


ao ol 
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Sef ry Rae n f a ¢s(5") 
FE) (0) exp | |i idea | (13) 


(mxetmy) 2 


Here we note that these solutions are meaningful for finite ¢, and since we 
know from the experiment’ that the Kz system has a resonance, Eq. (13) 
would be a good approximation for -¢ near that resonance energy (the pole ap- 
proximation). 


From the definition of f(¢) and Eq. (13), we have 


F,(2)=F,(0) exp| — - 2 tee 


(myetma)? 


a 2 2 1 ¢ i S Y (") 
F,(¢) = (mx —m,”) h\(0) - {exp| — er \ Pee | 
(mjgetm yz)? 
¢ fe 2 ¥alS") 
of exp] — Siren male (14)* 
zu ae i ( ces) 
and from this, we have 
1 rn 2 ayes é! 
F,(0) =—— (mi —m,') Fy(0) | ds! OM al 2 1 (15) 


(mctmry)? 
Now let us derive the result of B.W. in the pole approximation for the Az 
resonant state. If the elastic scattering of Kz dominates the integral in Eq. (14) 
in the physical region of Kis, ie. for €:[—(mx—m,)*, —mi]," we may ap- 
proximate ¢,(¢’) by 
ps($") = 9s1;,("), yp($') = Opy,(5"). (16) 
(A) The s-wave resonance case 
If the Kz resonance is s-wave, the limiting case of the pole approximation 
for this state can be expressed as follows : 
Bayete em,"), 


Ono? — 0, 


(17) 


where 0(é’—m,?) is a step function and m, denotes the resonance energy of 
the Kz system. 
Then we have 
FG y= Fa): 


Cea gee (18 
F,(é) ee tye F,(0). 


* See Note added in proof. 
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This is the result of B.W., as is easily seen from Eq. ie p 


(B) The p-wave resonance case 


In the same way, for the p-wave resonance, we have 


2 
AG) 2 0), 
S +m, 
(19) 
2 2 
- 
F,(¢) = ——_-_ #, (0). 
y(¢) = rae i 
This is the result!’ of the intermediate vector boson theory with the phenome- 


nological interactions of the following form: 


H/ = 97 Ba(br9abx—$x9aPx0) +h. Gr 
together with 
H,=91Be[ (Pure(1 +75) $.) + Gera(1 +75) $.)] +h. c., 


where g;, g;' are the coupling constants and B, is the vector boson field with 
the mass m,. The only difference between our calculations and those of B.W. 
or the intermediate boson case is just the normalization convention. But this 
does not make any difference, for, as we have mentioned before, we must fix 
F,(0) so as to give the correct lifetime of the Kj. 

Thus we see that the practically interesting result of B.W. can be repro- 
duced, without the partially conserved current hypothesis, in the lowest order 
approximation of dispersion theory treatment. Of course, our calculations are 
meaningful only if W\(¢) has no zero-point at ¢=0. In order to study this 
question, it will be necessary to know a dynamical structure of Jz as well as 
that of strong interactions. From the experimental viewpoint, it will be pos- 
sible, in principle, to know F,(0) by looking at the high energy tail of the °- 
energy spectrum. In particular, this is promising for the K,; decay! because 
of the negligible electron mass. 

In connection with the subtraction point, the real trouble compared to the 
3-decays'” is the fact that we cannot define or find the unique point of €, where 
the renormalized coupling constant of the process can be defined. Thus we 
shall await future experimental information concerning this zero-point problem 
OteF (Fe): 

Finally we should like to make two obvious remarks: i) From our dis- 
persion theoretic viewpoint, the exactly conserved current hypothesis’ is not 
acceptable if (0) is not zero; ii) if F,(0) turns out to be zero, the results 
of B.W. in the pole approximation are not meaningful. This is because, from 
Eq. (9), M(¢) can be expressed in the power series expansion of ¢/(m«+m,)? 
in the physical K,,; processes and the first term starts with @. Only a first few 
terms in the above expansion may be important. This fact gives a quite dif- 
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ferent effect compared to B.W.’s formula, when the K,; decay is considered (see 
also reference 13)). 


§4. Correction due to Kz scattering’” 


In the preceding section we have shown the equivalence between our treat- 
ment and that of B.W. in the pole approximation for the Az s-wave resonant 
state. To consider the effect of Kz scattering in detail seems to be very dif 
ficult and may not be meaningful due to the present situation of experimental 
data of both Kz and K,;, processes. For the Kz resonant state, however, we 
could use the experimental data. For a non-resonant amplitude, there is no 
reliable calculation, but it is expected to be small. Assuming Az s-wave reso- 
nance,” we may tentatively write amplitudes for these states in the following 


form: 
ay, i ey 
A : Binds. us ed ilies 15 (20) 
k me —ik' LT 
ge ay 
75 = BS) 18 eee h S é 
ieee ates he ROE (21) 
il ( ky h(t) 
1—-— dt=—s 
1d Wale bes See 
(m Ktm7) 2 


52 
= } 
Re ae Oi) 
2(me+m2) —m— 
Op” waa 
where m,, [’ and k’ are the mass of K*, the reduced width of the resonance 
and the c.m.s. momentum of the Az system, respectively. 7 is defined as the 
residue of the resonance amplitude in the pole approximation (the effective 
coupling constant of K*Kz) and is related to m, and J’ as follows: 


s=1+- 


? 


Yk 7 m, L". (22) 


The factor 1/3 comes from the isospin consideration. O,(s) is the Legendre 
function of the second kind. 

Eq. (21) can be obtained from the dispersion relations for the partial wave 
amplitudes for the Ka scattering by assuming that the contributions from the 
unphysical cuts are well approximated by the K *-resonance and by taking this 
contribution to be a pole. Although this approximation neglects the low energy 
ax scattering effect completely, recent experiments’ seem to show a resonant 
feature in rather high energy 77 systems. Therefore as an approximation to 
the nearest singularity, our treatment would make some sense. 


Eqs. (20) and (21) are too complicated to enable us to draw a quantitative 


562 J. Tizuka 


conclusion. As our approximation Eq. (17) depends solely on the value of the 
reduced width J’, we shall postpone the detailed study to a future communi- 


cation. 


§ 5. Concluding remarks 


In this paper we have studied a possible relationship between two form 
factors in the K,, decays by means of dispersion theoretic techniques. By cho- 
osing the subtracting point at ¢=0 in the dispersion relations for /,(¢) and 
f(é), the one parameter F,(0) was introduced into the theory. Supposing F,(*) 
has no zero point at ¢=0, we have found the approximate solution, Eq. (14), 
for F,(¢) in the lowest mass approximation. Then we have shown that we can 
obtain the result of B.W. as well as that of the intermediate boson theory 
depending on the assumed resonant state of the Az scattering. In § 4, a pos- 
sible correction to Eq. (17) due to Az scattering effect has been briefly sug- 
gested. 

Turning to the zero-point problem of F,(¢) at ¢=0, it is suggested that 
the experimental information on the z’-energy spectrum in the K,; decay could 
provide us an unambiguous answer to this question. Thus, if /,(0) turns out 
to be non-zero, we can obtain the following conclusions from our standpoint: i) 
The exactly conserved current hypothesis is objectionable ; ii) even if the results 
of B.W. are in agreement with experimental data, this fact does not necessarily 
mean the validity of the partially conserved current hypothesis; iii) in the case 
of the p-wave Kz resonance, while the B.W. hypothesis is meaningless, our 
solution Eq. (14) may be applicable to the analysis of the processes. On the 
other hand, if F,(0) is proved to be zero, we can conclude: 1’) Our work 
has no meaning at all; ii’) the exactly conserved current hypothesis is not 
inconsistent with the analyticity requirements in the dispersion theory frame- 
work; iii’) the practically interesting results of B.W. are not meaningful. (This 
is clear if we look at the z°-energy spectrum in K,3 decay.) 

Now let us discuss the hypothesis of B.W. in detail. These authors have 
speculated that 0,J,. transforms like the K* field. This is based on an analogy 
with those of nuclear $-decay,” where the divergence of the axial vector cur- 
rent (0,J,") transforms like the pion field. As is well known, this is approxi- 
mately true, only when that operator is taken into the matrix form between 
nucleons (the mass degenerate fields). If we go to the hyperon decays, these 
considerations may become less conclusive. Although the global symmetry 
could eliminate this difficulty in good approximation, so far there seems no 
positive evidence that this symmetry does work well in the hyperon /-decays.! 
In the Kis processes, the mass difference between the K-meson and the pion 
could cause much serious difficulties, (d= (mx—m,)/m,.=2.5). Although Tiomno, 


Te 
20) 


Behrends and others” have proposed the attractive symmetry in which the 


ry 
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pion and the K-meson are treated in the unified way, these authors” have argued 
at the same time another possibility such that the proposed symmetry is valid 
only in the absence of the K-coupling so as to give the various mass splitting 
among baryons. These considerations have also been proposed by a number 
of authors.” One of the common features in these schemes is that the pion 
and the K-meson fields are distinctively treated. In these situations we should 
ask if it makes sense to introduce the hypothesis of the partially conserved 
current in the K,, decays. 

Finally we must add that we do not necessarily argue that our assump- 
tions (a) and (b’) are suitable and weak enough to analyze the processes. 
Merely we should like to point out that there will be no relation between two 
form factors beyond these assumptions. 


Acknowledgments 


The author is indebted to Dr. D. Lurié for instructive discussions and 
comments. In particular, the author would like to thank Professor Y. Nambu 
for his suggestive discussions and valuable comments. 


Note added in proof : 


This result has been obtained by S. W. MacDowell in a slightly different way. See S. W. Mac- 
Dowell, Phys. Rev. 116 (1959), .1047. The author is indebted to Dr. S. Furuichi to call his attention 
to this work. The above author has discussed the subtraction problem by examining the high 
energy behaviors of spectral functions, Im F, and Im F,—{(mg?—m,”)/€} Im Ff, in our notation, 
and has concluded that F, need at least one subtraction, while F,—{(m,x2—m,2)/E} F, does not. As 
we have studied F, and F,—(m,x2—m,?) F, both with one subtraction, it seems to be no apparent 


contradiction between his work and ours. 
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We achieved a detailed analysis” 
of the properties of ~-meson,” using 
the data of second and third z-nucleon 
resonances and of 5 Bev z-nucleon 
inelastic scattering under the basic 
assumption: #-meson is a composite 
particle of a nucleon and an anti- 
nucleon. By this analysis, we got 
rather large p-meson mass 5~6/ and 
small -z coupling constant F?/An 
—1~2 as compared with the results 
of Frazer and Fulco’s theory.” It 
may be an interesting problem that 
whether these results are consistent 
with the theory of the electromagnetic 
structure of nucleon or not. In this 
short note, we shall give an outline 
of our theoretical investigation of this 
problem. 

According to Frazer and Fulco, the 
imaginary part of electromagnetic 
form factor (vector part) is expressed 


as follows: 


Im F, (t) = — (eF,*(t) Y/Y t)0,(2).* 


t 2 


yoz—_—y?, (f#: a-meson mass) (1) 


By the direct calculation of diagrams 
Fig. 1, Fig. 2 and Fig. 3, we get 
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SE) 
BP 2p ee v 
ee lo 
An 32 yv+1 e(v' |e 


resi ee ee 
lg PERE a dope ere 


(—1l<v<0), (2) 
(4=unit) 


where mand F represent renormalized 
p-meson mass and (-7 coupling con- 
stant respectively. Mm, 1S a constant 
related to the bare f-meson mass as 
mentioned by Gell-Mann.” By the 
calculation of Fig. 4, Fig. 5 and Fig. 


* As to the meaning of the notation, see 
reference 3), though our notation is slightly 
different from theirs. 
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Fig. 3. 


6, we get the following dispersion re- 
lation : 
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where , and m, are the constants 
which are related closely to the coupl- 
ing constants of the direct p-nucleon 


coupling (Fig. 6). We can prove the 


validity of this expression in any higher 
order diagrams. Using (1), (2) and 


(3), we get 
Im F(t) = — (e?/1/t)Z 


(Wt) ie! ek 
\mi—t—2 (6) 19 7 


a 
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Since the special case 2, =72)=11.= © 
corresponds to Frazer and Fulco’s 
theory, our theory contains three ad- 
ditional parameters, viz. three right- 
If we use (0,1) 
state” (neutral vector meson) instead 


hand zero points. 


of /-meson, we get the same expres- 
sion as (4) for the iso-scaler part by 
the same calculation. 

In the case m, m;> 4/2 and m,?/m? 
~1, we may put F),=m,/m?— J (0) 
in the integral of this expression. In 
this approximation, (4) becomes 


(m*—2(0))? k 
Im F,(¢) = ‘(eM we, 
m F;(¢) ESET a 


x (1- / 


My 


~)ImF2), (8) 


where Im F,;’(t) is the one calculated 
by - O:K.G.Z." and —PiGer tie 
analysis of the recent data using this 
expression is in progress. 

This method is also applicable to 
various problems related to z-z reso- 


nance such as two-pion exchange 


nucleon-nucleon potential and KKaz 

interaction. 

1) H. Nakamura, Prog. Theor. Phys. 26 (1961), 
431. 


2) K. Itabashi, M. Kato, K. Nakagawa, G. 
Takeda, Prog. Theor. Phys. 24 (1960), 529. 
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3) W. R. Frazer and J. R. Fulco, Phys. Rev. 
117 (1960), 1603. 

4) ™M. Gell-Mann, preprint. 

5) G. F. Chew, R. Karplus, S. Gasiorowicz and 
F. Zachariasen, Phys. Rev. 110 (1958), 265. 

6) P. Federbush, M. L. Goldberger and S. B. 
Treiman, Phys. Rev. 112 (1958), 642. 


Evidence for Quadratic Spin-Orbit 
Interaction* 


N. R. Yoder and Peter Signell 


The Pennsylvania State University 
University Park, Pennsylvania, U.S.A. 


July 24, 1961 


This note reports some results of 
an investigation into the static potential 
shapes which will account for the 
widely accepted proton-proton singlet 
even-parity data. The results support 
the hypothesis of a quadratic spin- 
orbit term, such as the one proposed 
by Hamada.” 

A systematic search, using a high- 
speed electronic computor, has been 
performed in an attempt to fit a central 
potential to the pp S and D phase 
shifts? at 95 Mev and 310Mev and 
the low-energy mp parameters” 4d 
and 7. The potentials used were of 
a continuous, connected line-segment 
form, their values at arbitrary con- 
necting points being adjustable.” An 
adjustable hard core was usually used. 
In addition, the potential was required 
fobeconnect swith an~OPEP tail “at-a 


* Supported in part by the U. S. Atomic 
Energy Commission. 


radius of 24/e (u=pion mass). The 
non-relativistic Schrodinger equation 
was solved numerically in an automatic 
program which varied the potential 
at each point of adjustment to minimize 
a chi-squared function of the devia- 
tions from the experimental parameters 
(a, 7% “and: phase shiits). Many 
searches were made, using different 
initial potential shapes and core radii. 
It was found that the parameters were 
matched quite well by the final poten- 
tials,” with the sole exception of the 
D phase at 310 Mev. The latter was 
in every case 16° to 17°, although the 
experimental value was supplied as 
1Oib. 
some variation should be allowed in 
the OPEP tail, so the connecting point 
was moved out to 2.4f/pc. The 
search then gave a better overall fit, 
including to the D phase at 310 Mev. 
However, in order to produce this 
better fit, the potential became +0.5 
Mev at 2f/pc. Since the OPEP is 
—0.75 Mev at 2h/pc, the change was 
not acceptable if one wished the 
potential to be near OPEP in this 
Since the D phase was too 


It was thought that perhaps 


region. 
large, a potential was needed which 
was more repulsive in the D state at 
high energy. A short-range repulsive 
term proportional to L(L+1) was 
added® and it produced the desired 
effect. We therefore conclude that if 
one requires a static potential with an 
OPEP tail, a quadratic spin-orbit term 
is necessary. 

The computer work was carried out 
in the A. E. C. Computation Center at 
New York University and in the Com- 
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putation Center of the Pennsylvania 
State University. 


1) T. Hamada, Prog. Theor. Phys. 24, (1960), 
1033. 

2) The phases used were 169 =22+1.59, 10,=4—+ 
0.49 at 95 Mev and 18)=—11+45%, 16,.=12.5 
+2° at 310 Mev. 

3) Used ap=—13.4+2.8 h/uc and 79> =1.87+0.05 
h/ uc. 

4) This eliminated restricting the potential to 
a particular functional form. 

5) The shape parameter predicted by these 
potentials was between +0.003 and +0.014. 

6) This is the quadratic spin-orbit term; from 
invariance arguments no other static forms 
are available. 


Motion of an Impurity Atom in 
One-Dimensional Lattice 


Shohei Kashiwamura 


Physics Department 
Kyoto University, Kyoto 


August 7, 1961 


Recently, Rubin investigated the 
statistical dynamical properties of a 
heavy particle (of mass 7’) contained 
in a cubic lattice (of particles of mass 
m) and derived a Gaussian Markoff 
process for the motion of a heavy 
particle in one- and three-dimensional 
lattice.” His discussion, however, is 
based on an approximate solution of 
autocorrelation function for the case 
m'>m. Turner also obtained the 
autocorrelation function of the velocity 
of a heavy particle in a one-dimen- 
sional lattice.” This note represents 
the exact solution of an infinitely ex- 


tended linear lattice containing an 
isotopic impurity particle with arbitrary 
mass. 

Because of the linearity of equa- 
tions of motion, the solution for the 
impurity particle (at site 0) can be 
expressed in the form 


g(t) = 5! Un (t) Um (0) 


+ Va(t)vm(0), (1) 


where w,»(0) and v,,(0) are the initial 
values of the displacement of the m- 
th particle from its equilibrium posi- 
tion and its velocity, respectively. It 
can be shown that the fundamental 
system of solutions of our linear dif- 
ferential equations of motion {U,,(¢), 
Vn(t)} is given by, when m/m’—1 
=€<0, (€>—1) 


Un (t) = U_n(t) =[1+E(1—4n.0)] 
p=1 
x he +2&) W Jetn tet oek) bs (2) 


Vn(t) aa) Vents) Ss - [1 a (1—4n 0) | 


7 € 
x {24 Sacms m 41 (2at) — i+é 
DU [P= Taree) =] 
pal 
X Jacms py +1 (2at)}, (3) 


and when €>0 
Oy, (1) = Ven (t) =[T eC tae) | 
Xi) "26 heey a 
X cos {2a@(1+6&) (1426) -172} 
+ Jam (2et) +26 Dy (eine 
x (1+2€)?"Jarm—» (2at)}, — (2’) 
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Vint) = V_m(t) 
1 


=—— {i ef (1428) 47—1] 4, o} 


< {(-1)"€(1 STD Pat raali 
x sin {2a@(1+&) (1+2€) 772} 


“i Xu J stm p)+1 (2at) 
p= 


pee Ga ie) 
p=0 


Kdacptnahet (2at)}, (on) 


where a= (K/m)"”, K is the harmonic 
force constant and J, is the Bessel 
function of order 7. It is also readily 
seen that there is a relation between 


two functions U,,(t) and V(t), namely 


It must be noted that all terms that 
appeared in Eqs. (2) and (2’) tend 
to zero in the limit too, except the 
trigonometric terms which appear in 
the case €>0. Apparently, these non- 
vanishing oscillating terms express 
the fact that the localized vibrational 
motion can exist when m!<m.”. 

The velocity autocorrelation function 
of the impurity particle and the condi- 
tional probability distribution function 
are given by 


(vq (t) vo(0) /{v0(0)?)= Ur(t); (5) 

P(v, t\v’, 0) 
=N{v|v’ U, (2), kTm’[1—U,(2)"}, 
(6) 


where the average means the en- 


semble average of an initially canonical 
distribution and ¥t{v|M/, o} represents 
a normal distribution with the mean 
M and the variance o. The auto- 


correlation functions given by Eggs. 
(2) and (2’) show the following facts : 

(i) When the impurity particle is 
lighter than other particles the auto- 
correlation function U,(t) given by Eq. 
(2’) does not vanish in the limit t= © 
and it can not be expected that the 
distribution (6) approaches to the 
equilibrium Maxwellian 
independently of v’. 


distribution 
The equiparti- 
tion of energy also does not establish. 

(ii) When the impurity particle is 
heavier than other particles, the auto- 
correlation function U,(¢) given by 
Eq. (2) gives just the same result 
with that obtained by Turner. In this 
case, the approach to the equilibrium 
distribution and the equipartition of 
energy are ensured in the limit ¢> ©. 

Details of this problem will be 
discussed in a full paper in near 
future. 


1) R. J. Rubin, J. Math. Phys. 1 (1960), 309; 
2 (L961), ator 

2) R. E. Turner, Physica 26 (1960), 269, 274. 

3) E. Teramoto and S. Takeno, Prog. Theor. 
Phys. 24 (1960), 1349. 


Note on K’-p Interactions at 
4.00 Mev/c 


Shigeo Minami 


Department of Physics 
Osaka City University, Osaka 


August 2, 1961 


According to the experimental re- 


sults tore kop" collisions,” "the 
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angular distributions for the three 
processes 


K-+pro7 4+", 
K-+port4+s°, 
K+p>K +2, 


at 400 Mev/c seem to contain certain 
large cos’J terms, although the pro- 
cesses up to about 250 Mev/c may be 
approximately described in terms of 
the strong s-wave interactions in K-p 
system. In order to explain the re- 
markable property, Capps” assumed 
that the large cos’? terms (which he 
referred as the 400 Mev/c anomaly) 
result from the strong interactions in 
the total angular momentum J=3/2 
state of the K~-p system and dis- 
cussed the parity of the J=3/2 state. 
His assumption may probably be 
natural since the main feature of the 
angular distributions for the three 
processes at 400 Mev/c may be ap- 
proximately expressed by the form 
(1+3cos’@). When we pay attention 
to the magnitude of the cross sections 
for K~-p collisions, however, it may 
be impossible to find out any anomaly 
in the neighborhood of 400 Mev/c 
from the experimental results” for the 
energy dependence of cross sections 
not only of absorption but also of 
elastic scattering.* Moreover the ex- 
perimental results are inconsistent with 
an assumption such that only an 
isotopic spin state plays the most 


* Because the experimental data are scanty, 
we think it necessary to examine in detail 
whether or not there is an anomaly with respect 
to the magnitude of cross sections, 


important role in K--p interaction 
at 400 Mev/c or 300 Mev/c because 
of the following facts. i) The con- 
tributions from J=1 state to the 
absorption processes are comparable 
to those from J=0 state (see Table 
VI in reference 1)), where T indicates 
the isotopic spin of K-N system. 1) 
o(K~+p—>K°+n) = (1/10) o(K~+p 
—+K-+p). This means the follow- 
ing circumstances. The contributions 
from J=1 state to the elastic K-p 
scattering are comparable to those 
from J=0 state and the interference 
between the two isotopic spin states 
has a large effect on the scattering. 
Therefore it may be unreasonable to 
assume that the large cos*@ terms in 
the angular distributions result from 
the strong interaction only in a state 
belonging. to J=3/2, 71 (or. J=si2: 
I=0), although it is necessary to have 
much experimental data in order to 
draw the conclusion with confidence. 
In this note we should like to point 
out that the interference between 5, 
and ds. states (or the interference 
between fi). and fy. states) is mainly 
responsible for the angular distribu- 
tions of A~-p scatterings at 400 Mev/c. 

For simplicity let us examine the 
angular distributions for K~-p  scat- 
tering omitting the suffix for isotopic 
spin state. We denote the partial 
wave amplitudes for K~+p—>K~+p 
and K~+p—-2t+3X+* reactions as 
Rj =|R;'| exp (2i0;') and Ti=|T}| 
X exp (27a,") respectively, where J and 
/ represent respectively the total an- 
gular momentum and the orbital an- 
gular momentum in the initial K~-p 
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state. When the states up to J=3/2 
are taken into consideration, the ex- 
perimental results for the angular 
distributions 1+ (4~12) cos’@ may not 
be explained unless the interference 
effects are taken into account, because 
the s,. state which gives isotropic 
angular distributions may still play 
an important role in K~-p collision 
at 400 Mev/c. Among the interference 
effects between the s,,, and other 
states, it is only the interference be- 
tween the s,,. and d;,. states that 
gives the large cos’J term. If cos 
2(O2—932) is nearly equal to 1, the 
experimental results may be explained 
even if the contributions not only 
from p-wave but also from d-wave 
are smaller than those from s-wave. 
In the case of |R3.| = (1/3) | ca SO 
example, the angular distribution for 
K--p scattering may have the form 
(1+5cos’@) if cos 2 (Oj2—%)2) =1. 

In the reactions K~+p22*+*, 
we can also develope our discussion 
along the ne sas. im. AK o-p 
scattering. If the interference between 
Tupeand. Tap 38 mainly responsible 
for the angular distribution with the 


same 


large cos’¢ term, then |sin 2 (a4 /2— %3)2) | 
turns out to be very small. Capps” 
suggested a 3° polarization measure- 
mentain K-pn +2° reaction—m 
order to examine the parity of the 
J=3/2 state and showed that the 
interference between 7’ i sand the 
J=3/2 amplitudes in the polarization 
intensity is proportional to 


2 25 |T4/2| -|T 3p sin 2 (Qtj2— %/2) 
312) 42| o | T 3/2 sin 2 (@!)2—@3)2) cos 4 | 


“sind. .. (1) 


If |sin2(a}j.—a%.)| is very small as 
was mentioned above, it may be diffi- 
cult to expect a large cos#sin@# 
dependence of the polarization intensity 


at 400 Mev/c. 


Finally we want to make some 
discussion about p and d wave interac- 
tions in K~-p collision.* It may be 
expected that d-wave K~-p scattering 
takes place through the mechanism 
via some kind of KKzz-interaction. 
Since the K~ meson momentum 400 
Mev/c corresponds to the threshold 
energy of K~+p— Y,*+7 reaction, 
the 400 Mev/c anomaly may have 
something to do with the Y,* produc- 
tion. According to the experimental 
data,” the 
distributions are isotropic in the K-p 
collision up to about 850 Mev/c. If 
the spin of Y,* is equal to 3/2 and 
its parity is even as is expected from 
the assumption of Global symmetry, 
and if the parity of K~ is odd, then 
d-wave K~-p interaction may play 
the most important role in K”~ +p— 


Y,* production angular 


Y,*+27 at low energy. 

Since the K~ meson momentum in 
K--p scattering at 400Mev/c is 
Piel Oo GL 0e Cm the impact para- 
meter 7+(<0.8 107% cm) which is 
responsible for p-wave interaction 1s 
nearly equal to the impact parameter 
which is responsible for the strong 
(3/2, 3/2)-interaction in z-N scatter- 


* We cannot neglect the contributions from 
p or d wave because the experimental value 
for the absorption cross section due to J=0 
(or [=1) state seems to be larger than the 
limiting value of s-wave absorption (xA?/2 
=10 mb). 
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ing or nearly equal to the mean radius 
of the charge distribution for proton. 
Therefore we may expect the strong 
p-wave interaction in K~-p collision 
at 400 Mev/c. If it is the pi, state 
instead of the s,. state that plays the 
most important role in K~-p colli- 
sion, the large cos*# terms in the 
angular distributions may result mainly 
from the interference between fyi) 
and ps. states in K~-p system. 


1) L. W. Alvarez, UCRL-9354, August 11, 1960, 
and Proceedings of the 1959 International 
Conference on High Energy Physics at Kiev. 

2) R. H. Capps, Phys. Rev. Letters 6 (1961), 
375. 

3) J. P. Berge, P. Bastien, O. Dahl, M. Ferro- 
Luzzi, J. Kirz, D. H. Miller, J. J. Murray, 
A. H. Rosenfeld, R. D. Tripp, and M. B. 
Watson, Phys. Rev. Letters 6 (1961), 557. 


On the Generalized Nilsson Diagram 
Takeo Inoue 


Department of Physics 
The Institute of Humanities 
and Sciences 
Nihon University, Setagaya, Tokyo 


August 9, 1961 


Since the proposition of Davydov 
and Filippov,” some modified asym- 
metric rotor models have appeared,” 
and succeeded in explaining the pro- 
perties of the low-lying levels of the 
even-even nuclei in the extended region 
of mass number. On the other hand, 
in the rare earth region, the actinide 
region and mass 25 region, rotational 


spectra of axial symmetric rotor is 
observed.” Nilsson” calculated the 
single particle level of the spheroidal 
potential, and coupling with the unified 
theory, succeeded in explaining the 
low-lying level structures of odd nuclei 
in these regions. At the same time, 
this simple model was used to deter- 
mine the equilibrium shape of the 
nucleus in these region with plausible | 
result.” 

Using the Davydov-Filippov theory, 
several authors” found the two groups 
of nuclei, with asymmetry 7~10° and 
7~26°, respectively. The transition 
between them occurs at N=88—90, 
N=100—116, and N=136—138. This 
gross structure is of interest. To see 
whether this is explainable by the 
Nilsson model or not, his potential is 
generalized to asymmetric ellipsoidal 
potential, changing the expressions 
(A2a). and (A2b) in his paper, by 
the following expressions 


5 5 
We — Go (G) j1---€ cos (;— = nn) : 
3 3 
Rl ae 


Eigenvalues and eigenfunctions were 
computed for N=1~7, 7=6~—6, 
7=10°, 20° and 30°, and v values used 
are those which Mottelson and Nilsson 
have used in their analysis of odd 
nuclei. 

Figs. 1 and 2 show the diagrams 
for N>126 and Z>82, respectively, 
the solid line giving the diagram for 
7=0 (Nilsson) and broken line for 
7=30°. Diagrams for intermediate + 
values, omitted in order to avoid con- 
fusion, lie between these two extreme 
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iki N> 126 


Big ei, 


cases except for the points where the 
Nilsson diagrams cross. 

Stephens et al.” analyzed rotational 
spectra of odd nuclei in this region 
and assigned Nilsson orbitals for the 
last odd nucleons. The number of 
these nucleons are given in the squares 


of the corresponding orbitals. In this 
region, according to the Davydov- 
Filippov theory, Po’**" and Ems «9 
are those which have equilibrium shape 
with 7~26°.. The last nucleons of 
these nuclei may occupy the configu- 


‘rations specified with a circle in these 
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E Z>82 


figures. It is interesting that most of 


these orbitals have, both in the proton 
diagram and the neutron diagram, 


broken lines far lower than correspon 


ale 


ing solid lines, showing that, equili- 
brium shape of these nuclei may be 
7=30°. It should be emphasized that 
high angular momentum states of 
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upper N-shell (j15/. and 713. here) play 
an essential role in lowering large 7 
configurations. An analogous profile 
can be shown for the region 126>N 
>82 and 82>Z> 60, and less decisive- 
ly in the low mass number region.” 

Although the single particle model 
using the effective potential is too 
rough to predict anything decisively, 
it seems to the author plausible to 
say that these nuclei have asymmetric 
deformation. 


1) A.S. Davydov and G. F. Filippov, Nuclear 
Phys. 8 (1958), 237. 

2) <A. S. Davydov, N. S. Rabotnov and A. A. 
Chaban, Nuclear Phys. 17 (1960), 169. 
A. S. Davydov and A. A. Chaban, Nuclear 


3) 


4) 


5) 


6) 


7) 
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Approximate Constancy of Adiabatic Invariants 


L. M. GARRIDO 


Facultad de Ciencias 
Zaragoza, Spain 


(Received May 6, 1961) 


In this paper we give general criteria to be satisfied by a slowly time-dependent Hamil- 
tonian in order to possess adiabatic invariants of m-th order. We evaluate also the degree 
of approximate constancy of such adiabatic invariants, We end up the paper applying our 
methods to the motion of a charged particle in a magnetic field, i.e. to the harmonic 
oscillator. 


§ 1. Introduction 


In plasma physics the so-called guiding center approximation treats the 
motion of charged particles in a varying electromagnetic field as a gyration 
about the guiding center which in turn moves through space. The separation 
of these two motions can be valid only if the change of the field in space and 
time is slow. 

To study those motions the concept of adiabatic invariant is important. 
Precise formulation of the notion of adiabatic invariance has been given by 
Chandrasekhar” and Lenard.” Kulsrud’ believes that there are many quantities 
that are adiabatic invariants of higher order, even though we only know that 
they are invariants to a lower order. 

If the guiding center approximation 1s valid, the adiabatic invariant of the 
gyration is assumed constant. It is interesting to know the error made when 
this is done. Therefore we should try to study the approximate constancy of 
adiabatic invariants. Adiabatic invariants are strict constants of the motion if 
the fields are constant. 

Lenard proved the adiabatic snvariance of the action integral of a one- 
dimensional non-linear oscillator to all orders. His paper is a generalization 
of the work of Kulsrud who studied the same concept for the harmonic oscil- 
lator. In Lenard’s paper the time-dependent Hamiltonian corresponds, for fixed 
time, to a periodic motion. 

In this paper we will generalize the results obtained by other authors in 
several points. First of all, we will not require that the time-dependent hamiltonian 
represent snstantaneously a periodic motion ; the unperturbed hamiltonian, 
though, must correspond to a periodic motion. Secondly, we give general cri- 
teria to be satisfied by the slowly time-dependent hamiltonian in order to pos- 
sess adiabatic invariants of m-th order. Thirdly, our method allows us to 


i at Fg “nmin 
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evaluate the degree of approximate constancy of such adiabatic invariants. 

Adiabatic invariants are quantities that remain constants of the motion 
during an infinitely slow variation of the external parameters of the system. 
Their usefulness lies in the fact that they remain constant to a very good ap- 
proximation even when the external parameters vary at a fmite rate. In real 
plasma physics the external parameters always vary at a finite, though slow, 
rate. That is why our calculations can be applied to actual plasma problems. 
The method used in this paper is based on the introduction of the interaction 
picture” for classical mechanics. 

We end up our paper applying the general techniques presented in the 
same to the motion of a charged particle in a magnetic field that varies in time 
slowly but at a finite rate. We evaluate the errors that are made in plasma 
physics when the adiabatic invariants are taken to be exact constants of the 


motion. 


§ 2. Adiabatic invariants 


We suppose that the Hamiltonian H(t) of the system depends explicitly on 
time. As a matter of fact such a Hamiltonian, H(z), varies continuously with 
time from an initial value, Hy, at the instant ¢ to a certain final value, Hi, at 
the instant 4. We write 


T=t—-bt, — BE (1) 


and design by H(z) the value of the Hamiltonian H(¢) at the time instant 
t=f+7T. H(z) is a continuous function of + that we suppose given. The 
rate of evolution of the system from time # till time 4 depends only on the 


-parameter JT. We plan to study the case in which T' is very large. 


If we define the parameter €=1/T7, the limit €>0 implies the indefinite 
decrease in the rates of change of external parameter. While the physical 


time ¢ goes from f to 4, the fictitious time parameter + changes from 7=0 to 
le 


Therefore 
Je UUs IK—9 & Bs ACh ir. (2) 
We have to study the evolution of the system under the action of the 
hamiltonian H(z) when < goes from t=0 to r=1. We plan to expand the 


corresponding evolution operator in powers of 7’~, 
A quantity £ is an adiabatic invariant to the m-th order, if a positive 


constant MZ can be found such that during the time interval T(T-cc) the 
variation of £ satisfies 


M. (3) 


KS 
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Even though we have studied elsewhere” the interaction picture for clas- 
sical mechanics, we will do it again now for the case in which the Hamiltonian 
H(t) depends explicitly on time in order to write the corresponding equations 
in terms of the fictitious time + and of the fictitious Hamiltonian H(7r). 


§ 3. Interaction picture 


The dynamical time evolution of a function A=A(q, p) of the sets Of ca- 
nonical conjugate variables, i.e. the total time evolution if that function A does 
not depend explicitly on time, is given by 


GA 25 OH OA OH OA 


are (4) 
de a Bp, 0g, Og, OP: 


where H=H(q, p, t) is the Hamiltonian of the system referred to the physical 
time ¢ The same equation written in terms of the new time variable < and 
of the Hamiltonian H(z) is 


A 
a4 =T[2, Al, (5) 
where the square parenthesis stands for the commutator between the quantities 
within. The operator 2 is Liouiville’s differential operator given by 


omy lias, Aol an 
t Op, 0g; Og: OP: 
The time evolution may be integrated introducing a differential operator 


S(z) written as a function of Liouiville’s operator 2. Such operator S(z) is 
defined by means of 


(6) 


A(q(z), p(t)) =S(@) Algo, po) S* (7) (7) 
where gi and pj are the values of the sets of canonical variables at the time 
origin, i.e. 

qo=Gi(0),  Ppw=P: (0). (8) 
The boundary condition satisfied by S(+) 1s evidently 
Ser. (9) 


If we enter with (7) into (5) we obtain the differential equation satisfied 


by the evolution operator 


NO =TS(2) 240, po» Tt) (10) 


The differential equation and the boudary condition can be both included in 


the following integral equation 
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Tr 


S(2)=1+7| = SCAND Caitnee ay, 


We are interested in the operator S(1). 

We would like to discuss now the time dependence of the operator 2. 
The Hamiltonian never has dynamical time dependence since its total time 
derivative is equal to its partial time derivative. Therefore H=H(q, p, = )de 
pends on time < only because of the explicit time dependence of the same. 
Besides Liouiville’s operator may be written formally as 


Q=HI (12) 


where 7 is the double operator defined as 
[Om SERA: Oa ak (13) 
é Op; Odi Ogi Op: 

But J is invariant with respect to a canonical transformation. As a matter 
of fact, this is the actual content of the well-known invariance of the Poisson’s 
brackets with respect to the above-mentioned transformations. Therefore J is 
invariant with respect to the time evolution of the system which is a canonical 
transformation. Consequently, 2 depends on < only through the explicit time 
dependence of H(z). Let us now pass to the interaction picture. We define 
H,=H(0) as the unperturbed Hamiltonian, and S,(7) the evolution operator 
generated by H,. We define the interaction picture evolution operator S,(7) by 


A(q(z), P(=)) =Si(z) So(z) A(qo, fo) Sa '(z) Si*(¢). (14) 
The perturbation Hamiltonian is defined by 
fi, (tc) = H(t) — Fh, (15) 


Hamiltonian that depends on time explicitly. From it we can construct another 
Liouiville’s differential operator that we will call 2; (qopor). 

Entering into (5) with expression (14), we find out the integral equation 
satisfied by S,(z). 


T 


Si(z)=1+T | de'S,(<’) Qife] (16) 
0 
where 


Q2(r|=S,(z) 2; (gopot) So (z) (17) 


is the perturbing Liouiville’s operator in the interaction picture. Such operator 
depends on time + on two accounts: Firstly because Hi,(~) has an explicit 
time dependence, secondly because the unperturbed evolution operators S)(7) 
acting on the canonical set of conjugate variables that enter in the definition 


— 
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of 2,(~) will induce the time dependence of the unperturbed motion in the 
same. Now, since the operator J of (13) is invariant under canonical transfor- 
mations and remembering the symbolic expression (12), this second time de- 
pendence induced in ,;(7) corresponds to the time dependence induced in 


H,(2)=H,(q, p, t) by Sx(z) ; 80, symbolically 
2,\7]= Ai, (@o(t), Poe) tL (18) 


where 
Gio(t) =So(7) geo So (7) 3 Pio(=) =So(t) pio So (7). C9)); 


The slow time dependence of the perturbing Hamiltonian implies that 
2:(go, Po ) does not contain the large parameter T, while S,(z) of (17) should 
more exactly be written, as 


So(t) > So( Tz) = So(Z) (20) 


when %=0 as we will suppose from now on. 


§ 4. Periodic motion 


We suppose that the unperturbed motion generated by H) is periodic. 
There are two kinds of periodic motions. Consider a system with a single 
degree of freedom. For such a system phase space is a two-dimensional plane. 
The first type, designated by the name “libration”, occurs whenever both q 
and p are periodic functions of the time with the same frequency. Its orbit 
in phase space is closed. For the second type the coordinate qg itself is not 
periodic, but is such that when q is increased by some value, the configuration 
of the system remains essentially unchanged. This motion will be referred to, 
simply, as rotation. The values of the position coordinate, that indeed in this 
type of periodicity is invariably an angle of rotation, are no longer bounded, 
but can increase indefinitely. In dealing with systems of more than one degree 
of freedom, the motion of the system is said to be periodic if the projection 
of the system point on each (q:, p:) plane is simply periodic in the sense defined 
for motion of only one degree of freedom. We suppose that the Hamilton- 
Jacobi equation is separable in at least one set of canonical variables. Then 
the projected motions are independent of each other, and their nature may be 
readily examined. 

It is well known that, for periodic motions, when the value of the angle 
coordinate changes by unity the corresponding separation coordinate goes 
through a complete cycle. For the libration case this means return to its origi- 
nal value, while for the rotation type of periodicity the behaviour is more com- 
plicated. In general it is therefore possible to express a periodic separable 
coordinate as a Fourier series. The same may be said of a function of the 


separation coordinates such as, for instance, the perturbing Hamiltonian. We 


; 
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a 


will limit ourselves to the cases when this Fourier expansion is possible. 

We have to assume now that the necessary conditions are met so that the 
unperturbed periodic motion introduces a time dependence in H,(qo(t), po(t), 7) 
such that this function may be represented as a sum of simple harmonic mo- 
tions involving variable coefficients that account for the explicit time depen- 


dence of H,.. So we may write 
Fi, ao(t); Po) pt Sey ee 2 ee (21) 


The coefficients h;(7) would not depend on time < if the perturbing Ha- 
miltonian did not have explicit time dependence. The constants w; represent 
the fundamental frequencies and all its harmonics of the unperturbed periodic 
motion. : 


§ 5. Approximate constancy of adiabatic invariants 


Let us suppose that the functions A(g, #) represent constants of the motion 
of the unperturbed motion. For them it holds 


So(t) A(qopo) Sot) =A (qofo) (22) 


and, therefore, its time evolution will be given by S,(<)A(q@ofo)S,7*(<). As 
usually done, the integral equation for S,(z-) is solved by iteration. Thus we 
get the following expansion for S,(1). 

ie uy yl 

SL) =1+7 | de! EAE aia | ae" | dz" OT 1 Te") 
0 0 0 
1 ol (2-1) 
+7" de! | de’. | de® 2,[eO] [ee]: O fe] 4 =. (28) 
0 0 0 
The general term in this series is equal to a multiple integral of a chrono- 

logical ordered product of Liouiville’s operators 2,7]. This fact is a well-known 


theorem in quantum mechanics, which has recently been extended to classical 
mechanics.” 


Therefore the m-th term of series (23) satisfies 
1 ca (r-l) 
fis | az | fe ree | deh Oe) nO be | 
0 0 0 


. t 1 
n 


7 Lome | 
=r jar fart | de {2,[2] 9,[2]--2,[-]}- (24) 


0 0 0 


where the symbol { }_ means chronological ordering: It rearranges the prod- 


uct of time-labeled operators in the same order as the time sequence of their 


7 Oe 
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label, the latest one in time being last in the product, i.e. operators appear in 
the order, reading from left to right, of growing time values. 

Let us now study the value of an integral whose integrand is a rapidly 
varying periodic operator as it is 2[c] since in (21) we are going to consider 
T large. For instance we will study the value of 

ab 

Ry = | 246) eles"? dr (25) 

0 
where 2;,(r) is Liouiville’s operator corresponding to h,(z). Integrating R;(T’) 
m-times by parts and provided that 2,(c) and its first m derivatives are zero 
for t=0 and for t=1, we find 

R (—1)™*? : phe Q,(z) 

(op =| Roy eee ONS 
AT) (iay Ty". a hae a eo 


0 


integral that is quite small for large T. The operator AiO (c)/ a ceaenls 
Liouiville’s operator for d”‘*h,(z)/dz”"*. Let us now try to evaluate the action 
of R,(T) on the adiabatic invariants if the derivatives of order higher than m 
of 2,(t) are not zero at the initial and final times. We integrate again by 
parts and obtain 


“ Hh 
(aS Bae Glog ee an OG) at il ie GEE AD 
a L xe ] Ak | oa iia See We < rf. 
i ) Go,T)"** iw; T Bigot: 7T=0 to; 1 \e ‘ ane a 


(27) 


To find an upper limit of this expression for T->oc we neglect the term 
containing the integral since by the same procedure of integration by parts we 
can show that such a term contains powers of 1/T higher than the other terms. 
Since the operator d™*2,(z)/dz™"* does not contain the parameter 7’, we can 
in general find an upper bound to the action of the same when it acts on a 
certain constant of the motion of the unperturbed system. Let us call M, and 
M, the upper bounds of d™'0,(¢)/dz™ atthe instants c=1 and 7=0 respec- 
tively. Then the action of R;(T) on such adiabatic invariant is bounded as 
follows, 


M+ Mo _ | (28) 


WRT II <- 


Cre : 

The same can be said for any of the integrals whose sum is the right-hand 
side of the series (23). Applying identical procedure of partial integrations to 
each one of the 7 integrals of the general term (24) of (23), we will find that 
for large T such a term 1s of the order 


ee ED 


a 
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provided that H,(+) and its m first derivatives are zero at 7=0'and c=. ; 
So we deduce that all the constants of the motion of the initial Hamiltonian 
Hy are adiabatic invariants of order m+1 of the slowly time dependent Ha- 
miltonian H(z) provided that H,(z) and its m first derivatives are zero at the 
beginning and at the end of the interval 4—4#—=T which we suppose to be very 


rge. 
. * The precedent statement includes as a particular example the case of adiabatic 
invariance to all orders when H,(zc) and all its derivatives are zero at the ex- 
tremes of the long time interval. We may deduce for this case that the dif- 
ference between S,(z) and 1 is smaller than any power of 1/T. We know that 
in certain cases,” such a difference behaves as e~’. 
The above said conditions can be simplified if T is large but finite. Then 


the constants of the motion of the periodic motion are adiabatic invariants of 


order m+1 of the Hamiltonian H(t) if this Hamiltonian and its mm first deriva- 


tives are zero at the beginning and at the end of the time interval. 
The present technique provides a method of evaluating the approximate 


constancy of the adiabatic invariants for large but finite TJ. Indeed for the 


constants of H) we have 


A(q(1), pA) ~A(q(0), p(0)) = 4 
as eee esas toyrr Dy - 
=| 2 Geyryes [ee Gem a, ACG), pCO) | BO) 


since all the other terms of §,(1) contribute much less to this difference. 

We would like to emphasize that this proof of the adiabatic invariance of 
the constants of the motion of the unperturbed Hamiltonian is not based on the 
smallness of the perturbation Hamiltonian, but rather we have required that 
the perturbation Hamiltonian evolving under the action of the unperturbed one 
be a purely oscillating function of time without non-oscillating components. 

We are going to examine presently the adiabatic invariance of the constants 
of the motion of the Harmonic oscillator. We will see that the deduction of 


many well-known results implies a small modification of techniques developed 
so far. 


We would like to remark here that the procedure of introducing the inter- 
action picture for classical mechanics allows us not only to show when we have 
adiabatic invariants of m-th order, but also to evaluate the variation of such 


adiabatic invariants during the evolution of the system when T is large but 


finite, this last result being of great interest. 


§6. A differential equation 


In the same way as, from the differential equation of motion (4) of analyti- 
cal dynamics, we can deduce an operational equation (7), for the adiabatic 
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invariants whose time evolution is given by S,(ct), we can deduce a differential 
equation 


a = od 

c Op; Ogi Ogi Op; Sy 
corresponding to a Hamiltonian that is the perturbation Hamiltonian in inter- 
action picture. With the help of this differential equation, stability conditions 
can be discussed. 


dA) _ pyr OFA[E] 9AC=) _ OFA[r] 8AG) 


§ 7. Application 


We plan to study now the motion of a charged particle in a slowly time 
depending uniform magnetic field. In particular it is interesting to examine 
the approximate constancy of the magnetic moment of the charged particle. 

‘The motion. of such particle is essentially equivalent to that of a simple 
harmonic oscillator provided that we identify the Larmor frequency with twice 
the frequency of the oscillator.” The magnetic moment is proportional to the 
action variable of the oscillator. 

Therefore in this paper we will limit ourselves to study the approximate 
constancy of the action variable for the simple harmonic oscillator. 

The Hamiltonian for this problem is 


(epee mart (32) 


2m 


Here w is the frequency that we will suppose a slow function of time 
t 
V=w0(T ee) (4) . (33) 
‘ ) e 


The action integral J for a simple harmonic oscillator is equal to the energy 
divided by the frequency of the oscillation. Making use of the method described 
above, we can easily determine the change in J for a variation of w. 

The usefulness of performing a canonical transformation to the action-angle 
variables to study this kind of problems is well known. Therefore we shall 
make a canonical transformation from the set (q,p) of canonical conjugate 
variables to the new variables (@, J) defined in such a.way that they reduce 
to the ordinary action-angle variables when the Hamiltonian (32) does not 
contain explicit time dependence, i.e. when the oscillator has a constant frequen- 
cy. As is usually done, we shall choose the generating function to depend on 
g, 9, and z, and in such a way that it reduces for constant w, to the generating 
function of the well-known” canonical transformation to the action-angle variables 
for the simple harmonic oscillator of constant frequency. Therefore the gener- 
ating function is 


G(q, 9,7) =+-mo(t) ¢@’cot?. (34) 


tS 
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which yields the following expressions for the momentum p and the action J, 


p=mogd cotd, 


je mog — (35) 
2 sin? ’ 
and the new Hamiltonian written in terms of 0, J is 
dz OG 1 @ , 
l= Sa J sin 26 (36) 
CELE diac * 2G R977) 
where 
pe een cok ay peas (37) 
T dt 


The partition of H’ into unperturbed term H,’ and perturbation in order 
to obtain the interaction picture is immediate, 


fet — od, 
ul o : (38) 
a (@) ; 


Let us examine if the conditions sufficient for the adiabatic invariance of J 
are fulfilled. The unperturbed equations of motion are 


< =0()=0(£), 

39 
dt _ ee 
dt : 

whose solutions are 
ie) =O, | (1) ar=0 Thole) a 
se) =O le pp ) at =Oo+ \o@) /, 
J(t)=Jo (40) 


‘ where 6=4,(0), Jo=Jo(0) are the initial values of these variables. Indeed J 


is a constant of the motion of /i/.. The perturbing Hamiltonian H,'=H,'(t) 
in the interaction picture is 


; - aes ( : 
HVTE]=S0(2) HI) SMG) =p So sin2 (+ T| we") de!) (41) 


0 
which for large T is a rapidly oscillating function of the general form (21) 
that fulfills all the sufficient conditions to assure the adiabatic invariance Obie: 
In our case only one function h,(z) appears and it is V/2Ts fac) we 
We would like to remark a peculiarity proper to ‘the simple harmonic oscil- 
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lator, that is, that H,/[z] is not quite a periodic function without constant Fourier 
term, but it is rapidly oscillating and such that H,/(r) of (38) is a small per- 
turbation compared with H,’ property that is much stronger than those needed 
to prove the adiabatic invariance of the constants of the motion of H,’. Indeed 
we have 


See oF (42) 
Ey I aise 
that goes to zero for large T provided that w never becomes zero, as is the 
case for a charged particle in a magnetic field. As a matter of fact the proofs 
presented so far to show the adiabatic invariance of the action integral of the 
harmonic oscillator were based on this peculiar property, that is, why they 
could not be applied to other mechanical systems. 
From formula (30) we obtain the following value for the variation of the 
action integral in the interval (0, 7’) 


wo(c) 
w(z) 


aJ=J(1)—J(0) =—Jo| eon? (40+ Po!) ds’ ae (43) 


for whose deduction we have used 


> 


ae ea eo 


| — —_ (44 
oJ <00 00° “oJ ) 
and the fact that 
OG Ct) 7. (45) 
04 (t1) 
If @ and its m first derivatives are zero at -=0 and 7=1, i.e. if the first 
m-+1 derivatives of w(z) are zero at >=0 and r=1, the integral in (43) is of 


the order 1/T”*?. In such a case, therefore, the action integral is adiabatic 
invariant of order m+2. Observe that this is so even if w(0)#(1), ie. m 
the case when the magnetic field in which the charged particle moves changes 
from a constant initial value B, to another constant final value By, provided 
that this change takes place in a very long time compared with the Larmor 
period. 

Integrating (43) by parts we will obtain the corresponding value of OJ. 
Finally we should remark that sometimes it is convenient to evaluate the average 
of the resulting 9J over equally weighted values of 4%; and to evaluate this 
average (OJ )o, we may need second terms of the perturbation series (23) since 
this average of (43) is identically zero. 


§ 8. Conclusions 


We should like to call the reader’s attention to a paper by S. Tamor” in 
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which he extended the adiabatic invariance concept for a one-dimensional oscil- 
lator to the case where the frequency has one singularity for finite time. We 
have studied here only the case where the Hamiltonian does not possess such 
a singularity. However, the case of a singular Hamiltonian can be handled by 
the formalism here presented. The study of this problem and the new conclu- 
sions at which we arrive, will be done elsewhere. 

The assumptions taken in this paper may be summarized stating that once 
the Hamiltonian is splitted into the unperturbed part and the perturbation, this 
last one considered as function of g=q(t), P=fo(¢) solutions of the unperturbed 
motion, should be a sum of rapidly oscillating terms when the time interval T 
becomes very large. Under these conditions the constants of the motion of the 
unperturbed Hamiltonian are adiabatic invariants of m-th order if the perturbing 
Hamiltonian and its m—1 time derivatives with respect to the explicit time 
dependence of the perturbation are zero at the initial and final time instant. 

In order to compare this approach with the one by Kulsrud® we may say 
that ours is more general since it is based on an operational development of 
classical mechaics and on the introduction of the interaction picture. By our 
approach we can treat the adiabatic invariants of the harmonic oscillator as a 
particular example of our general theory as soon as we split the Hamiltonian 
into the unperturbed part and the perturbation as it is done in the application 
in which, precisely, we studied the harmonic oscillator. If this is done, the 
conclusions at which both approaches arrive coincide. 

Finally we remark that, as it happened for the harmonic oscillator, the 
unperturbed Hamiltonian may be time depending also. Its constants of the 
motion are adiabatic invariants provided that the perturbation in the interaction 
picture fulfills the required conditions. 
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A quantum mechanical theory of the attenuation of the longitudinal ultrasonic wave 
in metals due to the conduction electrons is developed according to the general theory of 
linear response given by Kubo. When the mean free path of electrons is longer than the 
wavelength of the ultrasonic wave, the result is reduced to that given by the ordinary 
perturbational treatment and is not equivalent to the semiclassical one obtained by Pippard. 
The discrepancy between these two treatments appears mainly in the effect of the interaction . 
between conduction electrons and moving impurities. It arises because in Pippard’s theory 
the interaction is averaged out from the outset’ and appears as a fictitious field driving 
electrons, not as a random force. The treatment of scattering in Pippard’s theory seems 
to be incorrect when the mean free path is longer than the wavelength. Though the cor- 
rection is small in the absence of a static magnetic field, it seems to be important when a 
static magnetic field is applied in perpendicular to the wave propagation. 


§1. Introduction 


The experiments of Bémmel” ‘and later workers” have revealed that in pure 
metals at low temperatures the cause of ultrasonic attenuation is a direct inter- 
action between the ultrasonic vibration and the conduction electrons, and that 
the magnetic field dependence of the attenuation constant is oscillatory when a 
static magnetic field is applied perpendicular to the direction of the wave propa- 
gation. Many theoretical investigations of this phenomenon have been put for- 
ward. Among them, the first complete theory for the case in which a magnetic 
field is not present was the semiclassical one developed by Pippard.” 

Pippard® also explained the oscillatory behaviour of the magnetic field de- 
pendence pointing that it may arise from matching of the wavelength of the 
sound wave and the diameter of the cyclotron motion of conduction electrons, 
and proposed the possibility to determine Fermi surface from these measurements. 
His explanation has been shown to be essentially correct by a more complete 
discussion of Cohen, Harrison and Harrison,” whose theory is a straightforward 
generalization of Pippard’s one” to the case in which a magnetic field is present. 

The feature of Pippard’s theory” is semiclassical; where, using the Maxwell 


* This paper is based on a thesis submitted by the author in partial fulfilment of the require- 
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equation and the transport equation of the electronic current by which electric 
field and current produced by the sound wave are related to one another, field 
and current are determined in a self-consistent way. In the calculation of the 
electronic current, we must treat the scattering mechanism carefully. Electrons 
are scattered by impurities (or thermal phonons) which are fixed on the lattice. 
When the sound wave is present, impurities also move with the lattice and drag 
electrons. Therefore the electronic current produced by the interaction with 
moving impurities should be added to the ordinary one written by the form cE, 
o being the conductivity and E the electric field. This effect may be called 
collision drag effect. Pippard made the assumption that the scattering can be 
described by a relaxation time +, and that the distribution toward which relax- 
ation takes place is a displaced Fermi distribution centred at the local velocity 
of the lattice. Because of the assumption, the collision drag effect appears in 
his theory as a fictitious field proportional to u/z, where uw is the particle velocity 
of the lattice. 

The theory is in good agreement with experiments.” From the theoretical 
point of view, however, we shall not be satisfied only by such agreement. As 
long as the wavelength of the sound wave is longer than the mean free path 
of electrons, Pippard’s treatment may perhaps be permissible. However, when 
the mean free path is longer, an electron experiences by no means the dragging 


force as sucha field. Isn’t it required to treat the scattering more carefully as 


a random force? It is our purpose in this article to answer this question. 

In the absence of a magnetic field, however, the problem becomes only an 
academic one. For, in this case, the attenuation remains to be finite even at 
the limit sco, and so, when g/>1, effects of the scattering give only small 
corrections to this main term which is independent of the treatment of the scat- 
tering mechanism. When a static magnetic field is applied perpendicular to the direc- 
tion of the wave propagation, the circumstance is quite different. As the motion of 
electrons in the plane perpendicular to the magnetic field is quantized, there appears 
no attenuation at the limit s—>°o, unless the frequency of the sound wave is equal 
to integral multiple of the electronic cyclotron frequency. Therefore, the at- 
tenuation essentially comes from the scattering, and we must answer the above 
question at first, before analysing experimental data of the magneto-acoustic effect. 

The attenuation has been observed experimentally for the transverse waves 
as well as for the longitudinal ones, and there exists little difference between 
these two cases. However, the former is a little more complicated to treat 
theoretically, for we must take into account magnetic interactions there. As main 
features of the present problem are included in the case of the longitudinal 
wave, we treat, for simplicity, only this case. The results can be easily gene- 
ralized to the case of the transverse wave with a minor modification. 

Furthermore, we consider in this paper the case in which a static magnetic 
field is not present. In the presence of a magnetic field, it is required to modify 


oe 
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the treatment as there appears the Hall field; but the general expression obtained 
here for the collision drag effect will be valid even in this case. 

Here we take an orthodox approach. The interaction Hamiltonian between 
the conduction electrons and the sound wave is first determined and then its 
contribution to the elastic constant of the lattice is calculated, the imaginary 
part of which gives the attenuation of the sound wave. 

In § 2, Hamiltonian is discussed in some detail. Then we give the formulae 
for the elastic constant and the attenuation constant in §3. §4 is devoted to 
the calculation in the second order approximation, which is permissible when 
the mean free path of conduction electrons is long enough. In §5, a more 
general expression, which is not limited to the second order of the scattering, 
is given by the method of a canonical transformation. In the last section, § 6, 
we summarize the results and give some arguments, comparing our results with 
semiclassical theory. 


§ 2. Hamiltonian 


For simplicity, we consider a monovalent metal with m atoms per unit 
volume. In the presence of the longitudinal sound wave, the displacement of 
j-th ion from its equilibrium position R,; is written as 


E,(t) =[Q (a) exp (¢q- R,) + O* @) exp (—7q- R;) Jeg, (2-1) 


where q is the wave vector of the sound wave, eg its polarization vector and Q 
and O* are its amplitude. 

Then the Hamiltonian of the total system, consisting of the sound wave and 
the conduction electrons, is given by 


H.+ Het fe, (2:2) 


where H, is the Hamiltonian of the conduction electrons, Hg is that of the 
sound wave and H,9 is the interaction Hamiltonian between them. 
H, consists of three parts; 1. 


H,=H,+ H+ Gi. . (2-3) 


Here H, is the periodic part of the one electron: Hamiltonian and, in the second 
quantization representation, is given by 


Hy= Le ena, Qeo > (2-4) 
Ko 


where a, and a,, are, respectively, the creation and annihilation operators of 
electrons with the wave vector and spin «. If we take the free electron model, 


wT (2-5) 


€ K > 
2m 


where m is the effective mass of the conduction electrons. 
/ 
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H, is the interaction of electrons with the fixed scatterers. For the case 
of impurity scattering, provided for simplicity that impurities are all of the same 
kind, it is given by 

Hy= >) > UC) exp (tk-R,) px; (2-6a) 
Ke, 4p 

where 

Pr = D1 exp(—ik-r:) = 2) at ke Gre» (2-7) 
which is the k component of the electron density. Here r; is the position of 
the i-th electron, R, is the position of the y-th impurity, and U(k) is the matrix 
element of the impurity potential U(r) between the electronic states with the 
wave vector « and «+k and is assumed to be independent of «x. 

When the cause of the scattering is longitudinal thermal phonons, the dis- 
placement of the j-th ion by phonons from its equilibrium position R, is taken 
to be 


m= >. [ax exp Gk- Rj) +9," exp(—ik-R;) Jer, (2-8) 


and H, is given by 

H,=n os ikV (k) Px (q-x+4x*), (2-6b) 
where gq, and q,* are the normal coordinates of the longitudinal phonon with 
the wave vector k and polarization vector e,. V(k) is the matrix element of 


the positive ion potential V(r), and if positive ions are replaced by a uniform 
positive background, it becomes 


V (k) = 288 (2-9) 


The last term H, of (2-3) is the Coulomb interaction between conduction 
electrons, which is written as 


“ 


Ha SS M(k) Pen. (2-10) 


“a 


When the free electron model is taken, the coefficients M(k)’s become 


2 
M(k) =e (2-11) 


The interaction Hg between the conduction electrons and the sound wave 
consists of two terms H,{? and H&; i.e. 


Fg= A. + H.§, (2-12) 


where H.% is the ordinary interaction and H is that which arises from the 
motion of scatterers by the wave. As long as the amplitude of the wave is 


4 ) 


7 


Theory of Ultrasonic Attenuation in Metals 593 


smaller than the wavelength, H. takes the same form as (2-6b) ; i.e. 


Hse =—in9 V (4) [,e_-,O (2) — 9, O* (@) J. (2-13) 


H may be called the collision drag interaction, and for the case of im- 
purity scattering, it becomes 


He? = 34 10s Ree) Ure Re) 


= 1D) UG) exp Gk-R,) [exp (ik-E,)—T]fe, (14a) 


where r; is the position of the i-th electron and &, is the displacement of the 
y-th impurity, which is given by (2-1) if we replace R,; by R,. In order to 
obtain the electron-sound wave interaction in the form linear to Q and Q*, we 
must expand the exponential function in the square brackets. Such an expan- 
sion may be permissible only when k §<1, © being the amplitude of the wave. 
The maximum value of |k| which contributes to (2-14a) is of the order as 
where a is the force range of the impurity. Therefore it is required for the 
linearization of (2-14a) that the condition 


a>s (2-15a) 


is satisfied. If QO is one of the thermal phonon modes, it may be satisfied, but, 
when it is the macroscopic sound wave, § may be a thousand times of the in- 
teratomic distance and (2-15a) can hardly be realized. But for a while we 
confine ourselves to the case a>€. It will be shown later that the result ob- 
tained in such a way is valid beyond the condition. Then (2-14a) can be line- 
arized as 


Hip =—i SD be UC) {expl-7h—@) -Ry]P-2QO —ce}, 16a) 
where the ae ae of e, has been taken as x-axis. For the case of phonon 
scattering, H. is given by 

Hg = x ps {(V rR, —§;— 9) — Vii—R,—£)) | 
—[V(r,—Rj;—9) —V@i- Ry) J} 
=i} ) DA (k-e) Vik) explik—-f) RiP. (q_-¢+97*) [exp (k- €;) —1]. 
es (2-14b) 
In order to obtain the interaction linear in Q and Q*, there occurs the same 


problem as in the case of impurity scattering. Here the condition for expanding 
(2-14b) with &; and linearizing the interaction is’ given by 


to, > é, (2-15b)* 
kal 
* The maximum frequency of excited phonons i 
value of the wave number is of the order (kgT/hv,). 


s of the order (&g7'/h) and so the maximum 
Hence the condition k&<1 becomes (2-15b). 
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where v, is the sound velocity. Under this condition, (2:14b) is reduced to 
Figg = eh, yy kk; V (k) Pr { (k- Cnea) (G-n-g+t Treg) Q (z) 
k 
a (k- €j.-¢) (eee once) O* (t) } . (2 k 16b) 


§ 3. Elastic constant and attenuation constant 


To calculate the attenuation constant a, we consider the motion of. the 
amplitude O of the sound wave, which obeys the equation of motion 


=) OW ee, 1 OF.g ) : 
0+2Q=-4 ( ace (3-1) 
where d is the density of the crystal, 2 is the unperturbed frequency of the 
sound wave determined by the Hamiltonian He, the triangle bracket means the 
average over the distribution of the conduction electrons in the presence of the 
sound wave, and the subscript J means the average over the distribution of 
impurities (or thermal phonons). 
We write the right-hand side of (3-1) as 


/ OFeg \ : 

= aes —- ray : Soe 
a Or /r 4 Q (3-2) 
where A is the contribution of the conduction electrons to the elastic stiffness 
constant, the imaginary part of which causes damping of the sound wave. Then 
the attenuation constant is given by 


en | ,ImA. (3-3) 


Vs 
Thus our problem is reduced to the calculation of the imaginary part of the 
elastic constant A. 

For the case of impurity scattering, we get 


ee. ae Sree 
aor 1797 (q) Pq +i 2 > ke U(k) exp[i (k—q) -R,] Pp. (3-4) 


Therefore A is given as follows: 
RG eee eds 
AQ=— {ing (D)<0a)r+i D) ke UCI) (SX exp[i(k—9) ‘Rilrn)) }- (3-5) 


From the above expression we can see that it is first required to calculate <4) 
and ¢/;,.) (k#q) in the linear approximation to SS 


The calculations for two cases, impurity scattering and phonon scattering, 


can be carried out almost in a parallel way, but, when thermal phonons are 


concerned, equations are more complicated because of the inelasticity of the 
scattering. So we treat hereafter mainly the case of impurity scattering. 


er: 
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§ 4. Second order approximation—long wavelength limit 


We now proceed to the calculation of the contribution of the conduction 
electrons to the elastic constant according to the general theory of linear response 
given by Kubo.” We denote the density matrix of electrons in the presense 
of the sound wave by o’(t) and expand it as 


o (t)=c0+da(t), (4-1) 


where o specifies the equilibrium state in the absence of the wave. do(t) is 
calculated in the ordinary way. 

In the calculation, one of the most difficult problems is how to deal with 
the Coulomb interaction H,. In this case, there can occur two kinds of effects 
from the Coulomb interaction: The first is the effect of the electron-electron 
collision to the attenuation and the second is the screening of various inter- 
actions. The first, however, is expected to be small as the mean free path of 
electrons determined by the electron-electron collision is in most cases much 
longer than that determined by the electron-impurity interaction." Hereafter, 
we neglect the first effect. 

For the purpose of taking into account the screening effect only, it is suf- 
ficient to take the Hartree approximation for the Coulomb term. Exchange 
effect will not be important at least qualitatively. Then 


ioe Hartree — ne M (k) (Gr a (z) Pr) (=k 
te 
= Y} Mk) (Troe) pnt SS Mk) (Tr do-(t) Pn) Pow 
k he 


From the first term of the second expression arises the screening of the inter- 
action between electrons and the fixed scatterers; so, instead of omitting this 
term, we replace the potential U(k) in the Hamiltonian H;, by the screened one 
Uk). 

In this approximation, the Hamiltonian of the conduction electrons perturbed 


by the sound wave is given by 


H+ Hig (t) + H.8(2), (4-2) 
with 
H=H,+#H,, 
Fig (t) = a Mk) (pn) Pn» (Px O=Tr do) Pre (4-3) 


Here H(t) also gives effectively the interaction between electrons and the sound 
wave. <(,)’s should be determined in a self-consistent way. 
In the linear approximation, the density matrix do(t) obeys the equation 


in 00) =H, do: (t) |+[ Hee (t) + Hee @); ©], (4-4) 
t 
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which is solved formally in the ordinary way. Using the solution, <) is given 
by 
(Prp=Tr do (t) Pr=l—ing V(q) Pr|P—g? ae 2 pa ke’ U(k’) €Pr| P11? 


x exp (—i(k’—q)-R,) |Q+ y M(K’) €Px| 01> Px» (4-5) ) 


with 


é>+0 


(Al BY = lim’ 2 | dee" Tro[A (t), Bl, 
z ‘ 
0 


AG Seas, (4-6) 


Here the frequency w is not equal to 2 in (3-1), but is renormalized including 
the real part of the right-hand side of (3-1). In the following calculation, the 
abbreviation 

Ck|k! ) = (Pr | P-1rd (4-7) 
will be used. 

In order to determine (;,)’s in a self-consistent way, we must solve these 
simultaneous equations of infinite dimension, which is impossible in general. 
However, in the second order approximation of the electron-impurity interaction, 
the solution can be found in the following way. 

From (3-5), it can be seen that for the purpose of obtaining A to the 
second order of U(k)’s we have only to calculate (/,) to the second order and 


—<o,)’s for k’=q to the first, for the second term of (3-6a) already has the factor 


U(k). 
For k=q, (4:5) becomes 


(pa) = {—ég[nV(q) +m.U(q) Kalay—i Oo k, U(k) (q\k) exp|—7(k—q) -R,]} Q 


ot M(q) <qiq@)< fa) Hi daweg M(k) Cqlk> CPx): 


where », is the impurity concentration. In the first term n,U(q) is always 
much smaller than 2V(q) and it is only to modify the magnitude of the direct 
electron-sound wave interaction constant a little, so we ignore it hereafter. It : 
should be noticed here that, if we expand <k|k’) with H, perturbationally, the : 
zeroth order term vanishes unless k=k’, as is shown in the Appendix. From 
this fact, the above expression is reduced, in the second order approximation, to 


(Pq) = {—ingV (q) (qq — i BO he U(k) (qk) exp[—i(k—q) -R,]} Q 
+M(q) Cala <4) + Bo M(k) (q\ky® (end, (4-8) 


where the suffixes (1), (2), --- mean respectively that the suffixed quantities are 
exact up to the first order, up to the second order, and so on. 
For k<q, (4-5) becomes to the first order, 
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CK) = {—ingV (q) (kg)? -i 21 ke U(K) (klk) exp[—i(k—g) -R,]} Q 


+M (q) (klqd? (04) + M(k) Chk) Con). (4-9) 
We can obtain (¢,) immediately from (4-8), taking the lowest order, as 


_ —ingV(9)<a1a 
Gp as 4-10 
; 1—M(q)<q|q)” ae 
From (4-8), (4-9) and (4-10), <p,>” and <p,» (k%q) are given by 
(pq) ={— ingV (q)<qiqQn? __ | _ingV (q) Mk) q\ko? <kl qn 
dies M(q)¢q\q)”" keaL (1—M(q)<qlq))* A-M(k) (ki k)) 
7 U(k ky? — 
Bu t ( <q Jacks i(k—q): R,] |e, (4-11) 
(1—M(q)<qiq)) A—M(k) kl ky) 
p,)? = |~ es ing V (q)<k\q) o 
((—M(@)<4qlay”) A= M (i) (h| ky) 
_ yo the U(k) klk) exp[—i(k—@)-R,] 2 
~ 1—M(k)<(k|ky® +2. oe? 
Finally, inserting (4-11) and (4-12) in (3-6) and taking the average over 
the random distribution of impurities, we obtain A in the second order approxi- 
mation of the electron-impurity interaction. The result is 


{ea Vala} 1 | [nqV (q) F M(k) {Cq|k>® Cklqy} 2 
g \ 1-M(q)<alar® }2 


AM= 


(1—M(q) (qlqy®)? A—M(k) (klk) 


ngV.(q) ke U(k) {33,. CalkY”® expli(q—k)-R, J+ RID® exp[7(k—q) -R,])}7 
—M(q)<qiqo®) G—M(k) kl k)) 
ky AEUSIE Toa 

Bask 4-13 
4M (k) (k|RY® a 
where the terms in the square brackets have arisen from the motion of impuri- 
ties, that is, the collision drag and its reaction effect. 

Then let us examine the physical meaning of each term in the expression 
(4-13) and estimate its magnitude. The detailed calculations will be given in 


the Appendix. 
First we consider the zeroth order term of A, which is given by 


g k¥a 


oe 


eae [nq V (q) P<alay i (4-14) 
¢g 1—-M(q)<q\a” 


If we introduce the screened interaction potential V(q) difined by 


Siete V(q) 
V ct Ws LE ep (4-15) 
= M@<qlay”! 


the imaginary part of (4-14) can be written as 


ete oe oe es 
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ites ae [ng V(q) FIm¢q|q)”. (4-16) 


As q is much smaller than the Fermi wave number kr, (q|q>\ is given by the 
use of (A-4), (A-5) and the relation w=gqv,(v;: sound velocity) as 


3n 


SCP pererens (1+i— Pe.) (4-17) 
acp 


Hence, using the relation (2:13), we get 
[11—M(q)<q|q)| =1430,7/¢ vr, where.«w,’=4zne"/m. 


We can see from this that the screened potential (4-15) is the same as is ob- 
tained in the Thomas-Fermi approximation.” 

Finally, we obtain Im A® and the attenuation constant a at the limit 
Z+co(Z: the mean free path of the conduction electrons) as 


Im A= — e NMUPUs, (4-18) 
ee Us AN. (4-19) 
Sadun 
This is equal to the result obtained by Pippard,” and is also the same as given 
in the ordinary transport theory. q 


Next we remark that in the third term of (4-13) the screened potential of 
the moving impurities is not 


ACh U(k) 
U (k) =—-____ 4-20 
0) = MG) EE] aro 
but 
UL(k) ae eee aes 
1—M(k) (kk) 
As will be shown in the Appendix, 


(4-21) 


(klk) = lim 2) FE) —P(Even) (4-22) | 
é>0 e €,—€,,,+hwtié : 
When w=0, the difference between U(k) and U(k) vanishes and they are equal 
to the adiabatic screening obtained by Takimoto.!? When w*0, however, U (k) 
has the imaginary part; in other words, there occurs retardation of the motion 
of electron clouds which screen impurities. 
(4-22) becomes for k<&kp 


) 3n 3 
Chel Tey cs (1+ eae 2 
2p ; Fy kup 7 (4 3) 


and this expression shows that the imaginary part is small unless w= kup, or 
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impurities move rapidly compared with the time duration for electrons to pass 


through the force range of an impurity. In the present case, we can see that 


w/kvg=(q/k) + (v;/vr) is much smaller than unity and such a retardation effect 
is small and can be ignored. 


Now we consider the physical meaning of each term in the square brackets 
of (4-13). The first term 


1—M(k) (kk) 


comes from the last term of (4:8) which determines (/,>, when we insert in 
(> the first term of (4-9). (-)(k%=q) is the k component of the density of 
electron clouds which screen impurities and the first term of (4-9) means that 
it is affected by the positive charge density wave produced by the sound wave. 
Therefore A, may be regarded as the effect of deformation of the screening 
electron clouds. There does not appear such an effect in the ordinary treatment, 
where impurities have a given screened potential, or, in other words, electron 
clouds screen impurities rigidly. 
The physical meaning of the second term 


A=, nav @) ky U(k) {> (q\k)® exp[i(q—k)-R,]}, (4-25) 


Ae Bla @ je Ao28 SS RCL (4-24) 


can be understood easily. This gives the effect of the motion of impurities to 
the electron density (p,); ie. the collision drag effect. 

The next term 

Al ¥7 ngV(q) ke Uk) {0 Cela” expli(k—@) -R,]} 7 (4-26) 
q k+a@ # 

has the same form as A, but its meaning is a little different ; i.e. it is a part 
of reaction of the collision drag effect. 

The last term in the brackets 


[he Uk) PRI? 


Pgs (4-27) 
ee oe eH, 1—M(k)Ck\k)® 
is also a part of the reaction. The imaginary part of A, becomes 
Im A,=- 32 [Re U(k) Pm (hk): (4-28) 
gq? ka 


This term may well be regarded as damping of the motion of impurities which 
run through the viscous fluid of the conduction electrons, where the interaction 
potential between electrons and impurities is the screened one (4-20). 
The calculation of these terms is carried out in the Appendix and the re- 
sults are as follows: 
Im A;=Im A®-0 (2 ee b ; " (4-29a) 
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Im A,=Im A,/=—Im A®-O G4 ), (4-29b) 
UF 
Im A;=Im A.0[ " ; (4-29c) 
q 


It is seen from (4:29a) that the deformation of the screening has only a negli- 
gible contribution to the attenuation. 

Pippard took into account only A, in his calculation as the effect of the 
motion of impurities, and the existence of the terms A,’ and As, i.e. the reaction 
of collision drag was pointed out explicitly by Cohen et al.” In their semiclas- 
sical treatment, however, these reaction effects are numerically negligible except 
for very high frequencies, though the collision drag effect has a contribution of 
the order 1/g/ compared with the zeroth order term, when g/>1. 

It should be noted here that there is a difference between our result and 
the semiclassical one: that is, in our case, the most important term among the 
effects of the motion of impurities is the reaction effect A;. The difference 
arises because in the semiclassical treatment the interaction between moving 
impurities and electrons is taken into account as a fictitious field, which is already 
averaged out over the distribution of impurities and proportional to 1/z, while 
in our treatment the interaction is considered as a random force the average of 
which is to be taken at the end of calculations. 

If we neglected the effects of deformation and retardation of the screening 
electron clouds around impurities, the expression (4:13) can be simplified. It 


becomes 
Im A? =1 Im| [ngV (a) Fala | 
g 1—M(q)<qlqo® 32 
+ : d|ar@ k, U(k) Im{ 33 (q|k>® exp[i(q—k) -R,] 


+k|q>” exp[i(k—q) -R,))} 1+ [ke U(k) Hm ¢aiey® |, (4-30) 


using the screened potential V(q) and U(k). 


§5. Method of canonical transformation 


Our treatment in the preceding section has some drawback : 
(1) In order to linearize the Hamiltonian H.&, we had to assume the condi- 
tion (2-16), which can never be realized. 
(2) As there appears coupling between various components ¢¢;)’s of the e- 
lectron density through the Hartree field, the calculation is limited to the second 
order of the scattering. 

At the same time, we have shown that some of the effects obtained from 
the Hamiltonian (4-2) can be neglected in our problem. Therefore we start 
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in this section from a simplified Hamiltonian for which such effects are elimi- 
nated at the outset, and try to construct a new formalism of the problem by a 
canonical transformation, which does not require the condition (2-16), and is 
not limited to the second order. 

In the treatment of the preceding section, the screening of the interaction 
between electrons and moving impurities arises from the Hartree term 


oe M(k) Cn) C-k 


eas f 


in the Hamiltonian (4-3). As we determined there (p;,)’s for k*:q as well as 
(p,> in a self-consistent way, there occurred retardation and deformation of the 
screening. As has been shown, however, such effects are small and can be 
ignored, and so we have only to calculate the screened potential U(k) in the 
absence of the.sound wave and replace U(k) in HS by U(k), instead of ad- 
ding the term au (k) (0, to the Hamiltonian. Then the Hamiltonian we 


treat in this section is, in place of (4-2), 
Hy +H,;+ HY +H& + M(q)<Pq) -a (5-1) 


where (~,) must be determined in a self-consistent way. 

In (5-1), the electron-sound wave interaction H&> can not be written in 
the linear form to Q unless the condition (2-15) is satisfied. To avoid this 
difficulty, we look for such a canonical transformation exp (iS) as eliminates 
NB ee gy Re 

exp(—iS) (H,;+H®) exp (iS) =Hr. (5-2) 


We can see that, if the coordinates of electrons are transformed to a new co- 
ordinate system oscillating together with the sound wave, HJ is eliminated. 
The explicit form of this transformation can be easily found to be 


S@)=— [v_gQ(t) +vqQ* @)], (5-3) 
where | 
pees («.— a a) Le (5-4) 
Wis 1k az 


is the q component of the electron velocity operator in the direction of e,. 
This transformation is the same as was used by Blount” and Tsuneto,” but we 
shall discuss it in some detail in our formalism. 

Let us show that (5-3) satisfies (5-2). In the case of impurity scattering, 
expanding (2-14a) we obtain 


Fy+ HP = DTS Te) Li beg) OT Pon OP (— Re). 
pike n=0 nN. 


We have also 
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a2 eae Nias am 
exp (48) Hy exp (=45) = Hain SPP =) ee 


a - = Uh) 4 [7k.Q]" Px—ng exp(—ik-R,), 


using the relation 
[Pr; Vagl= Wks/ nt) Prog: 
Comparing the above, it is seen that terms for k>gq in the summation x 
are nearly equal in two expressions. The most effective terms in the summa- 


tion are those with & of the order a. Therefore if the force range of the 
impurity is much smaller than the wavelength of the sound wave, or 


ga <1, (5+ 5a) 


the two expressions are nearly equal and we can say that the transformation 
(5-3) eliminates H{”. 

Similarly, in the case of phonon scattering, the condition for such a trans- 
formation to be available is given by 


q(hv,/ksT) <1. (5- 5b) 


The discrepancy, which appears when (5-5) is not satisfied, comes from that 
HS in (2-14a) is written by the rigid ion model, while the transformation (5-3) 
eliminates that given by the deformable ion model. The difference between 
these two models disappears when (5-5) is satisfied.” 

Now let us examine how terms other than H.J?+H, are transformed. 


Among them H, becomes by the transformation 


“2 


exp(—iS) Hy exp (iS) =H,+:[ Hy, S]+ - (To, 5), Spt 


2 
BY spiel gs vi | (ie i q) ah axe Q—c.0.| 
Mth Tae 2 
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Z oe >" | (ice + : a) (2+ 4) Fr em Qee Ooh, 
m Ko Z oe 


From this expression we see that the higher order terms proportional to Q” 


(n=2, 3---) can be ignored if the amplitude € of the sound wave is much smaller 
than the wavelength or 


q¢ <1. (5-6) 


Similarly it is shown that the higher order terms of Q arising from the trans- 
formation of /7{? and M(q) (q)-q can be neglected under the same condition. 


Therefore the term which arises by the transformation and should be taken 
into account is the following one: i.e. 


MWe yee 
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: fe) : 
He” =i|H, S}+ ho =m 1zav_g@— 2, |O @)' + ltwvg— a ]O* @}, ~ +7) 


where we have introduced an operator a{/) defined by 


Ko 


il ; 2 2 
MO Wags ol Fig | >) [to—2-a) ategeter. , (6-8) 
1 y 4 


After all the Hamiltonian in the moving coordinate system is determined 
as follows: 


Hy+ H,+H® +H&*+M(q) (Pq) 0-a- (5-9) 
Let the transformed density matrix be 
os (t) =exp(—iS) o’(¢) exp(@S). (5-10) 


Then the motion of os/(t) is determined by the Hamiltonian (5-9) and if we 
expand os/(¢) as 
od (t) 0+ Aos(t), 


dos(t) is obtained in the same way as in§4. As is shown easily, the average 
{X)==Tr 4doX is written in the moving coordinate system as 


(X)=(X5)s+- Tro (X8—X), cee 
with 
-. XS=exp(—iS) XexpGS), (Y)s=Tr dos. 


Now we proceed to the calculation of (9H.9/9Q*) to the first order of Q 
using the expression (5-11). . In the calculation of 


() 
ae ) =ingV (q)(Pq)> (5-12) 
putting X=, in (5-10), we have only to take 9,°=/, in the first term and 
Po’ — Pol Pq, S| in the second term. Higher terms are smaller under the condi- 
tions (5-5) and (5-6). Therefore 
(Pq = {—ingV (q) {Pq|P-a> +m (pqliwv—-q—&4) —ing} QO+M(q) €0q|C-q? Cap: 
(5203) 


‘By partial integration we can prove the relation 


Ga pap 
(0q|twv_q) — 19 —= (0q|@_9), 
m 
where the acceleration operator @_, had been introduced by the definition 
j g=—-[v_g, Hot Ai. (5-14) 


Gg oars 


Using the above relation, (5-13) can be rewritten as 
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(Pq = —ing V (q) (Pale + (Pqlmay} QO+M(q) €Pq\P- (Pas (5-15) 
with 
a®)=a_,—a®, = —|v_q; HA; ; (5-16) 
ih 
It is of some interest to note that, if we average (5-15) over the impurity 
distribution, we get the transport equation of the electronic current. Then the 


correspondence between (5-15) and the transport equation is, except for a con- 
stant factor, as follows: 


—ingV (q)Q+M(q)<p) — electric field, 


(0q|P-q> — > conductivity,” , 
(Pqlma) Q —- collision drag effect. 
To obtain (0H,Y”/0Q*), we differentiate both sides of (5-2) with Q*. Then \ 
Aw as hh ; 
exp (—7S) Se exp (iS) = i| ees |= : : 
Hence as 7 
SE (SiS eos tp Geen ee (5-17) j 
dQ* ih 
From (5-17) and (5-11), we get 
aH . . wf 
( ane (may )st+ Tro {may —exp (iS) ma exp(—iS)} 3 
= {—ingV (q) (ma? |e «> + (may? |maX)y} Q+ M(q)<ma|e_@><Pq)- 


(5-18) 
Here we have derived the second expression using the relation 


(a iwv_4) = — = Tro[a®, v_g]+<a|d_q), 


which is proved by partial integration, and further omitting the higher terms 
which arise from the second term of the first expression of (5: 18), for they 
vanish when the average is taken over the distribution of scatterers.* 


* Expanding the second term of the first ae of (5-18) with Q, we obtain 


3S A, Uh) exp(ik-R,) Q {Tr (oon) + (Tr (opp q) ke Q+~ 4, 
where Trop, has ne form, in the free electron approximation, as 


Trop;,= “ D,, exp(—ik-R >. On real, 
Therefore 
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Solving (74) from (5-15), and inserting it in (5-12) and (5-18), we finally 


obtain 


IngV(@ P<eqle-a? de ing V (4) [CPql mag) — (may? |P-4? | 
Oe M(q) (Pq\P-a> ie M(q) (Pq|P-a 


) Vi ) Za: ()y 
+| (mas? |ma'%) Ee M(q) «may |P-> (qglmaxg? |} : (5 : 19) 
ae 


ae 
q 


1—M(q) ¢PqlP-a? 


This expression corresponds to (4-30) in the preceding section, but is not re- 
stricted to the second order approximation. Moreover the condition to be re- 
quired for the validity of the linear approximation is not (2:15) but (5-5) and 
(5-6). 

It is of some interest to see how (5-19) is reduced in the second order 
approximation. If we rewrite (5-16) explicitly for the case of impurity scat- 


tering, we obtain 
mat) = + D) 3) i(ke—9) Uke—q) exp[ + ia) -RyJesx, 6-20) 
KE Ok 


which is nearly equal to the coefficient of QO and Q* in (2-16a) if the condition 
(5-5a) is satished. Using this expression it is easy to show that (5-19) is 
reduced to the (4:30) under the condition (5-5a). Though in §4 calculations 
were carried out under the condition (2-16), it has been shown that the result 
is valid under the conditions (5-5) and (5-6), which are expected to be always 


satisfied. 
§ 6. Summary and discussions 


We have obtained the expression of the electronic contribution to the elastic 
constant as (5-19). It is not based on any a priori assumption on the collision 
term and is valid whether the mean free path otf electrons may be longer than 
the wavelength of the sound wave or not. In this expression, effects of the 
moving scatterers are written by use of the operator ma@_\”= (1/ih)[mvq Hr, 


which is the force exerted by impurities to electrons. From the general theory 


of irreversible processes,” it is a natural result that the collision drag effect is 


given by the correlation of this force. 
When the electron-impurity interaction is so weak that gi>1, the second 


order approximation is permitted. Then (5-19) is reduced to (4-30), which 
was calculated by the use of the linearized interaction Hamiltonian HO+H2. 

Here we must refer to two points about the interaction Hj’. The first is 
the problem of the screening. If the motion of the impurities is rapid, screen- 
ing electrons can not follow the motion adiabatically, and there occur effects . 
of the nonadiabatic screening. Furthermore, if there exist other forces exerted 
to electrons, for example, an external electric field, screening electrons are also 
affected by them. ‘That is, the effective interaction potential between electrons 


> R a a eee ee eee ge ee ee ee ee Ne eet ee r 
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and moving impurities depend on these circumstances. In the present case, we 
have seen that these effects are numerically negligible. However, there may be 
cases such that these effects should be taken into account carefully. 

The second problem is the linearization of this interaction. In order to 
obtain H.4 in the form linear to the amplitude of the sound wave, it is required 
to assume the unrealistic condition (2-16), as was discussed in §2. From the 
theoretical point of view, it is of some interest to see whether it is permitted 
to calculate the response under the assumption of an infinitesimal small dis- 
turbance in the theory of linear response, when the phenomenon is linear in 
macroscopic scale but not so in microscopic. In this case, our treatment in § 5: 
has shown that the results obtained under the condition (2-15) is valid beyond 
the condition. 

The discrepancy between our result (4-30) and the semiclassical one given — 
by Pippard and others was pointed out in § 4. Here we discuss this point in 
more detail. 

Now let us calculate the transition probability for a phonon (of the ultra- 
sonic wave) to be absorbed or emitted by the interaction Hamiltonian H.4” +H. 
Then we must calculate the square of the matrix element, which is carried out 
as follows: 


| (FS + ee |2) =| (FA 12) |? + (FAO |) Gee |S) 
+ (Ff |e? |2) GH | A) +| (FA 2) |?. 

We can see that each term of this expression corresponds to that of (4-30) one 

to one. That is, the result (4-30) is essentially the same as is obtained in such 

an ordinary treatment. In the semiclassical treatment, if we expand the result 

with (g/)~', we can see that contributions from the terms corresponding to the 

last two terms in the above expression cancel each other in the order (gl)7. 

As a result, it is permissible to ignore the reaction effects of the collision drag. 

On the other hand, such a cancellation can not generally be expected in the 
above expression. In fact our calculation showed that only the last term contri- 
butes to the order (g/)™. 

Though our treatment is quantum mechanical and that of Pippard semiclas- 
sical, we must remark that the discrepancy does not come from the quantum 
mechanical effect. As was mentioned in § 4, it comes from how the average 
was taken over the random distribution of impurities. 

The problem which has been left to be discussed in future is whether our 
expression (5-20) agrees with that of Pippard in the case g/<1. Tsuneto® 
discussed this problem, but he took the average over the impurity distribution 
on the stage of Eq. (5-15), which is equivalent to the assumption taken by Pip- 
pard. The more careful discussions are required. 

Finally we will give some arguments on the magneto-acoustic effect. When 
a static magnetic field is present, we should modify the treatment taking into 
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account the Hall field. There is, however, no need to alter the general expres- 
sion for the collision drag term, if only (2-4) is replaced by the Hamiltonian 
in a magentic field. Now we consider the magnetic field dependence of the last 
term in (4:30). This term is the sum of various contributions and each contri- 
bution has the form 

> Im— (klk = 

1—M(k) (k|ky 


he 


which is just the same as the attenuation of the sound wave with the wave 
vector k except for a constant factor. Therefore, even if each contribution shows 
any oscillatory behaviour, it may be smeared out by the summation over various k's. 
From this argument, it is reasonable to expect that the last term of (4-30) 
depends on the magnetic field monotonically, and that it does not contribute to 
the oscillatory behaviour of the magnetic field dependence of the attenuation 
constant though the magnitude of its contribution cannot be ignored. To obtain 
definite conclusion, however, further investigations are required. 

The author wishes: to express his sincere thanks to Professor R. Kubo, 
members of his laboratory and Dr. T. Tsuneto for valuable discussions. 


Appendix 


In this Appendix, we shall give the perturbational expansion of (| 0-1? 
to the first order of the electron-impurity interaction in the free electron ap- 
proximation and estimate the magnitudes of A;, A», A,’ and A; in § 4. 

: The zeroth order term of (k\k’) is given by 

; : IL 
, {kl k/>®= lim — 
é 


>+0 2 


ee 
ei | dt &-"' Troy iin (), Ong | 
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co 


= lim a \ ae pate cat, di (Ex) {(xle—*"" |e’) Cx! |e®""" |x) exp[2 (€.— &e) t/h| 


E>+0 in 
0 


— (xe |’) (x/]e“™'" |e) exp[i(€.r—€.)t/K]}, (AI) 


where f(€) is the Fermi distribution function and («|A|«’) is the matrix element 
of A between the electronic states with the wave vectors « and x’. 
As can be seen easily, the expression (A-1) vanishes unless k=k’, and 


when k=k’, it becomes 


0) — 9 ]j F (Ee) —f(Eern) (A-2) 
ee ite €.— Een + hotié 


When w<kvr, the real part is obtained approximately as 


Re (km H2 HL Leow) (A-3) 
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Especially when k<ky, it becomes 


Rech hye (A-4) 
2€p : 
The imaginary part of (A-2) is given by 
Im(k|k) = —2iw du ( oe) a| wo 5 Ca ) | 
ECG a, 4 fOr pee Scones 
— 2 2€p kup (A-5) 
0, foro, > 2k. 


Proceeding to the calculation of the first order, we obtain 
Ck|q>? =(qlq) Onqt+ Xt U(q—k) F(k, q) exp[i(q—k)-R,], — (A-6) 
: #& 
where F'(k, q) is given in the free electron approximation by 


a 1 PAP ees he) a F (Ex) AA Ses ) 
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The calculation of this expression can be carried out in an elementary way, 
though it is rather tedious. The result is as follows. 


When k<2k,y and q<2k,, the imaginary part is given by 


Im F(k, qg=- TO 3n 2! = ste Se ge So, ay! (cos Oe ew: 
Rh 2€y gkvs ‘(cos O—cos (4, + 6,’) |[cos O— cos (A, —4,’) J 
So, 0,1 (COs 7) | 
= ee ee a Ne eS —————} , A-8 
V [cos 6 —cos (0, +9’) [cos O— cos (4,—0,’) | (A-8) 
with 
am 
0=kgq, 
cos6, =—@ PE =, cosdé so _ k 
; kup 2 F ; UF 2khr 
COSO yt ee oO exe era ee 
Ur 2hp , . Ur 2khp 


Here the factor S,(cos 9) takes the value +1 or 0, and is shown in Fig. 1. 


In the later calculation, it is required to obtain the average of (A-8) over the 
direction’ of k. For q<k<k,, the averages become 


{Tm (ey q) Vay ce oe 
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cos 0 


Fig. 1. 
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The calculation of the real part cannot be carried out analytically in a 
general case, so we do it for the case k<ky. Then we obtain 


Refikig) > 


-. A-10 
h 2€p kqvr ( ) 


Now we estimate the magnitudes of the imaginary part of A;, A, and A, 
in § 4, using the above results. By the use of F(k, q) defined above, they are 
rewritten as 


Pe Se rere hoe q) Pe et (Ate) 
q’ ka : soeakecqig? 


ImA, = [ng ¥(q) Ju kU(k) U(q—k) cos6 ImF(q,k), — (A-11b) 
g hea 


mA, n,[kU(k) f cos?0 Im (k|k). (A-11c) 
q ie 


To estimate the orders of magnitude, we assume that the force range of the 
_ impurity potential is of the order kp,.and further put U(k) =U=const for 
k<kp. Moreover, we use the expressions (A-4), (A-9) and (A-10) for F(q, k) 
and <q|q)”, though they are valid only for k€ky. Then (A-11) are calculated 


as follows: 
t 3 h s 
inan(Sior eat, 
rmA,= (Be jupe) . 2a (A-12b) 
h 2€p UR 
imA,=— (S| S2) - SE (A-12¢) 
h 2€p q 


The relaxation time of conduction electrons is given by 
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Cos 
== n, 91 |U(k) |? 1—cos@) 0(€,—€e+x), Where 0=xe+k, (A-13) 
k 


is calculated in the same approximation as above as 


eh = Sn JUS 


t 2S. 


Then, making use of the expressions (4-18) for Im A® and putting vet=, 
we obtain the results (4-29). 


1) 
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The subtracted Chew-Mandelstam equation is studied in the approximation that the 
contributions from the unphysical branch cut are neglected. The following result is found: 
When the cut-off function is introduced into the Chew-Mandelstam equation, the subtracted 
Chew-Mandelstam equation has a new kind of solutions which are not the solutions of 
the unsubtracted equation. On the other hand, any new solutions are not obtained in the 
no cut-off case and the subtracted equation becomes equivalent to the unsubtracted one. It 
is shown in the cut-off case that the new solution has a very different feature from those of the 
solutions of the unsubtracted equation when the repulsive interaction is introduced by means 
of the subtraction and that the new solution has at least one zero on the real axis. The 
dynamical and kinematical resonances appearing in the solutions are also discussed. 


§ 1. Introduction 


During the last few years; the analytic properties of the scattering ampli- 
tude, as a function of energy or momentum transfer, have been deeply studied” 
from the viewpoint of the dispersion theory. The argument is based on the 
axioms; that is, the Lorentz invariance, the microcausality, the asymptotic con- 
dition, and the mass-spectral condition. Using the results of these studies, 
Mandelstam” conjectured the double dispersion relation for the scattering ampli- 
tude and gave the program of determining the scattering amplitudes by combi- 
ning the unitarity relation with this dispersion relation. This program was car- 
ried out on the pion-pion scattering problem by Chew and Mandelstam” and 
they obtained the coupled non-linear integral equations from which one could 
determine the partial wave amplitudes except for some kind of ambiguities. 
While the Hamiltonian formalism necessitates the complete knowledge of the 
underlying dynamics from the beginning, the dynamics of the system is not 
completely given in the Chew-Mandelstam (C-M) theory, because we use only 
certain fundamental axioms which the amplitude should satisfy. The above 
mentioned ambiguities correspond to this fact. For the study in the elementary 
particle physics, this feature of the C-M theory may, however, be particularly 
appropriate and it is very important to see what kinds of ambiguities arise in 


the C—M theory. 
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There are two kinds of these ambiguities: The C—M equation has a similar 
structure to that of the Chew-Low cquation. The latter equation has not a 
unique solution.” This ambiguity is related to the free fields for the unstable 
particles.» Therefore, we have a similar situation for the C—M equation. The 
other kind of the ambiguity is related to the subtractions for the dispersion 
relation. One subtraction introduces an arbitrary constant into the C-M equa- 
tion and consequently we have a number of C—M equations which have different 
forms from each other, according to the number of the subtractions performed. 

In the well-known applications of the dispersion relations as the semi- 
phenomenological analysis of the experimental data, the number of the subtrac- 
tions is determined in consideration of the high-energy behaviour of the em- 
pirical total cross section. However, we impose usually the low-energy approxi- 
mation on the C—M equation. In this case, the high-energy behaviour of the 
solution of the approximate C-M equation has no direct connection with that 
followed from the empirical knowledge. Furthermore, the above mentioned 
method gives us only the knowledge about the minimum subtractions, and there 
is no reason for prohibiting further subtractions. We therefore have not any 
method in deciding the number of the subtractions apriori, when we stand on 
the viewpoint of the C—M theory. In order to get a definite conclusion for this 
situation, it may be very important to study how the subtraction changes the 
low-energy behaviour of the solutions. This problem is the main object of the 
present paper. 

We shall find in § 2 the following result: If the cut-off function is intro- 
duced into the C—M equation, the subtracted equation of course has the solutions 
of new kind which are different from any solutions of the unsubtracted equa- 
tion. However, these new solutions cannot be obtained in the no cut-off case, 
_and both equations, subtracted and unsubtracted ones, become equivalent to each 


other. We shall further discuss in §2 and §3 some properties of these new 
solutions for the cut-off theory. 


§ 2. The solutions of the subtracted Chew-Mandelstam equation 


For brevity, we shall consider a special scattering system in which all four 
particles in the initial and final states are spinless neutral and have the same 
mass /¢ and for which the scattering amplitude does not show the complicated 
structure such as the anomalous threshold. With the aid of Mandelstam’s con- 
jecture, we get the dispersion relation for the s-wave scattering amplitude F(v) :® 
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* The amplitude F(v) is expressed in terms of the s-wave phase shift as Fi) =—jf2t# 
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where » is the square of the three-momentum in the center of mass system and 
we have assumed the existence of a pole term. 

The C-M equation for s-wave amplitude is obtained from this dispersion 
relation in the following way. The second term of the right-hand side of (2-1) 
can be modified by using the unitarity condition 


ae ies 
Oe eee oes aR; a) 
m Fo) = 9/2 FO) P- RU), (2-2) 
where R(v) is the ratio of the total to the elastic s-wave cross section, i.e. 
RW) = Chota (v) / Orie (Y), (233) 


and it is possible for us to put R(») equal to unity in the case of low-energy 
scattering. The last term of the right-hand side of (2-1) is the contribution 
from the unphysical region. The knowledge about it is obtained by using the 
crossing symmetry and the unitarity condition. Through this term, the C-M 
equation of the s-wave amplitude is coupled with other partial wave amplitudes. 

The resulting C-M equations are too complicated to solve analytically. 
Therefore, we shall neglect the contribution from the unphysical region as a 
first approximation and get the following uncoupled equation, 
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We can easily have the exact solution for this equation. The disregard of the 
contribution from the unphysical region causes the strong violation of the cross- 
ing symmetry but this fact is not a matter of importance for our purpose. 

By changing the variable »y+a-—>y, Eq. (2-4) reduces to the following form, 


foe) 


0 1 ‘ Te Te Towel Sint ae, i 
FQ) =e += | dv’: K(") Ff’) aA 


? (2-5) 


where 


KO =,/ pate Bee, (2-6) 
OE (v—a)+p 

and we artificially introduced the cut-off function f(y), in order to find the 

important properties of the C-M equation mentioned in the last paragraph of 

§1. The subtracted form of (2-5) becomes 


2 


(2-7) 
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FQ) =a(2-——-) tat EY | dv KON SO) TaD Goa? 
where we assume <a, and the new constant a4,=F(»%) becomes real. 
Our first task is to find the general solution of (2-7), and we shall employ 

a similar method to that used in the case of Chew-Low equation.” Let us consider 
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the functions F(z) and X(z) of complex variable z defined by 


Yo , , |F( eyie 
Fe)=a(t—4-) tat | olay KW) SOBER ye 


and 


Pp eS 2.9 

DOES. F() | (2-9) 
The physical amplitude F(v) is the boundary value of this analytic function 
F(z) when z approaches to the real axis from the upper half plane. For the 
time being, we shall restrict ourselves to the case a>0. The function X(z) 
is the generalized R-function in this case and from the Herglotz theorem,” we 
get the following general form of X(z), [see Appendix 1]: 


Sees farce) so aS mz (2-10) 
Sere ite Aga”) | a ESE oe 
where a,, and E,, are real constants which satisfy the conditions* | 
m= 0, (2-11) 
—s Weegee Bs glee 4. (2-12) 
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The subtraction in (2-7) imposes the restriction 
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In order to have the general solution of (2-7), it is necessary to discuss 
the asymptotic behaviour of the function F(v) or X(v) for large v. Let us treat 
this problem separatly for the following two cases, i.e. the cut-off theory and 
the no cut-off theory. 


A. The cut-off theory 


We assume that the cut-off function /(v) has a simple form :** 


SY) =0 for UV Vina’, 


Ff) =1 for v<ymee, 


* Tf l/ag—1/z (d/ KV) FO) W2<0, the solution of (2-7) never exists. This fact corresponds 


to the appearance of 'the ghost state. It is easily seen that we have no ghost pole for the wide 
range of the coupling constant a) even in the case of no cut- -off, ie, f (vy) =1. 

** We can see that the result in this subsection A is held for the case of the smooth cut-off, 
as the second term of the right-hand side of (2: 17) still converges in the limit y>co, 
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and: it is obtained that 
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by virtue of the existence of the cut-off factor. By inserting this result into 
(2-7), the right-hand side becomes 


(—% +a, A+ (a+ 4B) 2 4o(4). 
7 a 5 
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If the first contribution vanishes, 


(case (1)) Fv) ~ oly, const., aS yo, (2:15) 
vy 
otherwise we have 
(case (2)) F(v) ~ const., as y— oo. (2-16) 


These are the conditions which the general solution of (2-7) must satisfy. 
Expand the right-hand side of (2-10) in powers of (1/z), 1e. 


roo[t- Hv 20-2 3) 
ff RO psejn(h), osm 


and we immediately see that the asymptotic conditions (2-15) and (2-16) are 
automatically satisfied by the function X(z) for the cut-off theory. Thus we 
~ can get the general solution of (2-7). If the coefficient of z in the first term 
of the right-hand side of (2-17) does not vanish, the corresponding F(v) has 
the asymptotic behaviour of (2-15) [case (1)]. If it does vanish, that is, 


/2 
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the asymptotic behaviour of F(») behaves as the case (2): 


lim Fe) =| — u (ay Kes Uae, SC. (2-19) 
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We shall hereafter call the solution of the former type the first kind solution 
and that of the latter type the second kind one. 
Consider the unsubtracted equation (2:5). By using the same method as 


in the case of the subtracted equation, it is seen that the solution of the unsub- 
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tracted equation also has the general form (2-10). However, the asymptotic 
behaviour of the general solution of (2-5) for the cut-off theory is only that of 
the case (1), because of no subtraction. From this fact, we get an important 
result that the first kind solutions of the subtracted equation (2-7) coincide 
with the solutions of the unsubtracted one (2-5), and the second kind ones 
are new solutions appearing in virtue of the subtraction. It may be considered 
that these new solutions give the amplitudes for the scattering due to the dif- 
ferent interactions from that considered in the beginning. This means that, in 
the cut-off theory, it is possible to introduce the new interaction into the system 
by means of the subtraction. 

In order to study the dynamics concerning the second kind solutions, it 
should be noted that the second kind solutions of (2-7), 


1 [F(v’) |? 


ye RI eR DN Ph Pero | 

Fi) =a(=--—-) tat = EO) 100) a oe ae 
satisfy another unsubtracted equation 

FO) =a 404 | dy Ke) fe) FOr, (2-20) 


where C is given by (2-19). This fact can be verified by solving (2-20), but 
we only note here that the subtracted form of (2-20) also coincides with (2-7) 
and that (2-20) requires the asymptotic behaviour of (2-16) [case (2)]. Eq. 
(2-20) differs from (2-5) in the existence of the constant term C, which repre- 
sents the contribution from the new interaction introduced by means of the 
subtraction. 

Before treating the no cut-off case, let us discuss some important property 
of the simplest second kind solution which is very interesting from the view- 
point of practical use. In order to satisfy the condition (2-18), we cannot take 
all of a,,’s to be zero, except for the special case as ajp= 1/2)" d'K(') FQ’) /v”, 
which we leave out of consideration here. The simplest solution of the second 


kind has one zero at vy=E, i.e. 


> 


1 yoy 
+- eareahe (2-21) 


FQ) =| -— | © larKen re RES BV oh 


and is uniquely determined, since the parameters a and FE are now fixed by the 
conditions (2-13) and (2-18): 


a= a=| ~ Sie: “won su sale (2-22) 


and 


"od Ae <—_ ee 
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4-2 PK py 
. 


. E=E=- Ronse) ee pases plete 2 Po. 1(2223) 
— +42 Pa Kv) se) —_1 
ee AY FO) vy’ (vy—v') 


. The first kind solution which has one zero js expressed also by the same ex- 
i - pression as (2-21) but the parameters a and E have the different values from 
; @ and E£, respectively. These parameters @ and & of the first kind solution 
are not uniquely determined in contrast to the case of the simplest second kind 
solution, because we have not such a condition for a/E* as (2-18). We, how- 
ever, see that the first kind solution exists only for the case [the proof will be 
given in Appendix 2.] 
a/E = 0. (2-24) 


On the other hand, for the simplest second kind solution, the following result 
is obtained [see Appendix 2]: 
a/E<0 for C>0 
and a/E>0 for C<0. 
Thus the simplest second kind solution still exists when the @ and E& have the 


negative ratio, ie. @/E<0. The situation is illustrated in Fig. 1 for the two 


typical cases of the simplest second kind ee 


solution. The shaded region represents ® IZ LTE 
the domain in which the first kind solu- ; 

3 tions (2-21) exist. Fig. la corresponds (a) The case of C>0 

; to the case.C>0 and Fig: 1b to C<0. 

It is seen that the simplest second kind aoe 

| solution for C>0 is isolated from the A @ Z 
first kind ones, and therefore, this second 6 ee 

; kind solution may have a very different (b) The case of C<0 

feature from those of the first kind ones. pig 1. The domain of the solution. The 

In aoe we shall find that the positive shaded region represents the domain in 
C corresponds to the repulsive interac- which the first kind solutions (2-21) 


exist. The black point shows @/E for 


tion and the negative C to the attractive Faia sian escuditiarineetiticn) 


one. From these facts, it may be ex- 
pected that the subtraction essentially changes the dynamical property of the 
original system when the subtraction introduces the repulsive interaction (C>0). 
Contrary to this case, when C’<0, the first kind solution continuously tends to 
the simplest second kind one in the limit of aa and EE. Therefore, in 
this case, the significance of the subtraction may considerably decrease. 

When we take into account the contribution from the unphysical region, 
both functions F(z) and zF(z) are not the generalized R-functions. Thus we 
cannot use the same method as has been employed. However, the result obtained 


> ap a SOS Pe, Ra AE ee eee vo eee ee 
" 3 
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in the last paragraph reflects the following general situation: The non-uniqueness 
of the parameters a and E for the first kind solution corresponds to the Castillejo- 
Dalitz-Dyson ambiguity” in the Chew-Low static theory as was mentioned in the 
Introduction. So the first kind solution of (2-21) contains the contribution from 
the. interaction which is related to the unstable particle.” Our condition (2-24) 
just reflects this last fact. Hence, this condition (2-24) has a wider range of 
validity, because the above situation is sufficiently general, and the result obtained 


in the last paragraph is presumably valid for the case of the exact C-M equa- 
tion. 


B. The no cut-off theory 
In the case of f(v)=1, the C-M equation becomes 


Fe) =ao(—-—) 4 + favKw) ee (2-7)! 


0 x (a) as) 


The asymptotic behaviour of the integral 


IFO)? 
(iy) (ig)? 


[avKe) 


for large » depends on the unknown high-energy behaviour of the solution F(») 
itself. We shall, therefore, discuss the possible high-energy behaviour expected 
from the expression (2-10). This expression is written as 


TL 1 a 
€ = | —— _— a Kote ee NS m Fi 
X (v) | z = | dv’ K(v’) [a ab 
1 m> 
le [a KO Gap tie] e-8 


Contrary to the cut-off case, the second term in the right-hand side diverges 
logarithmically as y>0o. Therefore, we can expect the following two cases as 
possible high-energy behaviours of F(v) : 


(case (1)) Fi) ~ Xconst., aS y— oo (2-26) 
vy 


and (case (2)) FQ) shee eonetm as yoo, (2-27) 
log v 

The latter case occurs when the condition (2-18) is satisfied. From these con- 

ditions, it is seen that every solution tends to zero as y—> oo, in contrast to the 

cut-off theory. The solution of which high- -energy behaviour is constant is never 


obtained, because the high-energy behaviour of the integral term in the C-M 


equation becomes independent of the number of the subtractions. This special 


sieidien 
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feature leads us to the peculiar result which will be shown below. 

Let us study the consistency of the conditions (2-26) and (2-27) with the 
original equation (2-7). Since the problem is trivial as to the imaginary part 
of F(v), we shall consider only the real part, and get the following results for 
the dispersion integral term of (2-7) [the derivation will be given in Appendix 3]: 


Gaoy “pla é Ke)IFO)! 


(v—v’) (y%—’) 
i SCD LACIE _ KO) FO)? 
~— 2 fa BODE pay RIEL 
~ (Z+0C/») +0(logy/v?) +++, for the case (1), (2-28) 


[{M+0(1/log») +0(1/(log»)*) ++, for the case (2), (2-29) 
where M is the constant given by 


Ke) | Ene, Jer 


yy—v' 


i | ay 


Here we have used the fact that the Senate form of the dispersion integral 
[see (2-5)] converges by virtue of the above-mentioned special high-energy 
behaviour. Inserting (2-28) or (2-29) into (2-7)’, we can see that the right- 
hand side of (2-7) has the behaviour (2-26) or (2-27), respectively, if and only 
if (ao/%) —a=M. Therefore, the subtracted equation is reduced to the unsub- 
tracted one and the no cut-off theory does not produce any new solution, even 
if the subtraction is performed. 

Finally, let us give the remarks for the case aj<0. In this case, F(z) 1s 
not the generalized R-function. However, the general form (2-10) can be ob- 
tained by using the property that zF(z) is still the generalized R-function in 
each case of the equations (2:5) and (2-7) for C<0. The restriction (2-11) now 
vanishes but the argument in this section 2 is also. valid. 


§ 3. The physical meaning of the second kind solution 


In order to clarify the dynamics implied in the second kind solution of the 
cut-off theory, we shall discuss the modified Lee model whose Hamiltonian is 


defined by 


H=Hit AY +H, (3-1) 
= >i mv" (p) or (p) + pe my Gp) $n (p) + x OnaK An, (3-2) 
P fe 


Hea, 3 LO fog (p) tuv(pt) ante.c.]— 5 dmersy* (p) #r(P) 
nec V 20% 


Gian =p) (3-3) 
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Tera - = FR SE) -[¢w (p’) hy (p) ax t an|, (3-4) 
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where w,=\/F+/£, (¢ is the mass of the @ particle and we assume that the 
physical V particle and N particle have the same mass m. The interaction 
Hamiltonian H,” is added to the Lee model. 

The .N-J scattering amplitude F(w,) is defined by 


F(a) =($O}V,|N> 2: ES COFACH ‘li (3-5) 


V /NWy Wa Wq 


where |N) and |¢,'~) are the N-particle state and the incoming N-@ scattering 
state, respectively. V, is the operator ; 


: “dy (p’) dy (p) ax. 
Qe? Vv 20% we, Q Caihehe =p+q) V dang 0 OK 
(3-6) 


_ By using the Chew-Low method,” the following dispersion relation [the ert 
Low equation | is obtained : 


[ V,.=- Yo vACD) DF (p) fx (p— q) + fe pas PAC wat! 


IF (on') |? * 


a / / ~ 
F (ax) ee oe “4 f4+— (ee K(om ye ae (Wn’) 6, ~ taf Pe : 


(3-7) 

: rv 
Here we assume that the physical V-particle state and the N-@ scattering states 
¢,*”’s form a complete set in the sector considered. [As will be shown after- 
wards, this assumption is true only for certain restricted values of f. Here we 


consider only such case.] In (3-7), the coupling constant gy is the renormalized 
one, and . 


PEAS leet aeilye . 
Cas ae 20k , Power J Ge 
ery 1 : ; ; 
plod Be ) ee) 
and 
Ria = = [oe — ep? (3-10) 


Eq. (3-7) has a similar structure to that of Eq. (2-20). The asymptotic be- 
haviour of K(w) as w—>oo is different from that of Ki) as v->oo, [see Eq. (2-6) ]. 
However, this difference is not of importance, because the choice of the cut-off 
function absorbs this difference. Therefore, the solutions of this equation (3-7) 


may have the similar feature to that of the second kind solutions in 


ee 


¥ f . 
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§ 2.* Comparing these two equations, (2-20) and (3-7), we find that the 
constant C in (2-20) corresponds to the coupling constant f in the interaction 
Hamiltonian H,”. 


Next, let us calculate the F(w,) by the Schrédinger method. The result is 


1a CON x i Jo” ae Sa a (3-11) 
ee! —— 9) L(wzp+m+ié) 
Panel 
g.2 ae 
Jo Wzn—OMy 
where 
. aj». Cm) 
Omy=J ( rare Cag 3:12 
cies 1—fL(m) 


The right-hand side of (3-11) has a pole corresponding to the physical V-particle 
state at w=0. Furthermore, in the case of f<0, the amplitude (3-11) shows 
the resonance behaviour or has a singularity corresponding to the appearance 
of new bound state. The energy of the new pole or the resonances are given 
as roots of the equation, 


i 2 
9) L? (E+ m) =0, 
(f/92) + (/E—émy) 
where the L?(H+ 7) is the quantity which corresponds to the Cauchy principal 
value of the integral (3-8). This equation can be rewritten in the more con- 


venient form as 


ae 

1—fL®(E+m) |= (Golf) _ : (3-13) 
Le | E+ (9¢/f){1—fL (im) J" 

The behaviour of the right-hand side and that of the left-hand side as the func- 
tion of E are shown in Fig. 2 by the dotted and solid lines, respectively. The 
intersections of these two lines.show the positions of poles and the resonance 
energy. Here we are interested only in the low-energy resonance, because the 


* The variable vy in (2:20) can be written as 


1 
y= alo p) tae, 


2 
where w is the energy of the incident particle in the /aboratory system. Eq. (2:20) becomes 
3 2 29 1 * 7 Kw’) flo’ LCOS 
Osage cog oe ) dol Kw) 0) ie 
where coarse 
GN LE 
(0) =" 224 
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Thus the correspondence of (2-20) to (3-7) is clear. 
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(a) The case of f>0 


(b) The case f<0 and U—f- L(m)]>0 


(c) The case f<0 and 1—/: Lim)]<0 


Fig. 2. The behaviours of both sides of the equation (3-13). 
The solid lines represent the behaviour of the left-hand 
side and the dotted lines that of the right-hand side. \E, 
is the resonance energy, Ey is the energy of the additional 
bound state and Ey) shows the position of zero of the 
scattering amplitude. 


high-energy behaviour of the 
left-hand side of (3-13) 
largely depends on _ the 
special choice of the form 
factor f(w). The other 
special feature of our model 
is the fact that the scattering 
amplitude always has one 
zero. The position is given 
by the root of the equation, 


(f/90°) +[£o— omy] *=0, 


or equivalently the root of 
the equation 


Eo+ (9°/f) 
x[1—fL(m) |? =0. 


This energy E, just corre- 
sponds to the pole in the 
left-hand side of (3-13). 
[See Fig. 2.] 

Now we shall summa- 
rize the low-energy beha- 
viour of the scattering am- 
plitude (3-11): 


(a). The case 70; 
The interaction H,” is re- 
pulsive. Accordingly, there 
appears no new bound state 
and no resonance, but the 
amplitude has a zero for 
the negative w. 


(b) The case that F208 


and [1—fL(m)]>0: The 
amplitude shows the reso- 
nance behaviour in the low- 
energy region and_ other- 
wise, the new bound state ap- 
pears in the region 0<w<yp. 

(c) The case that f<0 
and [1—fL(m)]<0: There 


Subtraction in the Chew-Mandelstam Equation 623 


appears always the new bound state for the negative w. 


As already mentioned, the constant C in (2-20) corresponds to our coupling 
constant f. Then the positive value of C means the repulsive interaction and 


we have, in this case, the scattering amplitude which shows the very strange 
behaviour, namely it has no resonance but has one zero. 


§ 4. Discussion 


As was shown in § 2, the C—M equation changes its charactor by introducing 
the cut-off factor. Therefore, it is very important to investigate whether the 
introduction of the cut-off factor has a physical background. One possibility 
may be that the cut-off factor is introduced as that reflecting the effects of the 
inelastic processes which were neglected because of the assumption R(v)=1. 
However, we have not yet gotten any definite conclusion for this possibility. If 
we consider R(v) as a given function, R(v) does not play a role of the cut-off 
function, because R(v)—>1[see (2-3) ]. 

Any way, the cut-off procedure makes it possible for us to introduce the 
new dynamics into the theory by means of the subtraction. When the attractive 
interaction is introduced, we may have the new solution (the simplest second 
kind solution) showing the resonance behaviour in the low-energy region. We 
can also get for the unsubtracted equation the solution which has the same 
feature as that of the above-mentioned new solution, because we can get the 
first kind solutions tending continuously to the second kind one in this case. 
However, the resonance of the first kind solution corresponds to the so-called 
“ kinematical”) resonance which is seen in the Dyson model” and for which 
the energy and the width of the resonance are the free parameters. In the 
resonance of the simplest second kind solution, however, these two quantities 
are determined by fixing only one parameter a, in Eq. (2-7). Thus this kind 
of resonance is the “dynamical”. It may be very difficult to distinguish to 
which types the empirical resonance belongs. If the width of the empirical 
resonance is considerably different from that given by the second: kind solution 
for which the energy of the resonance is taken to be the empirical value, this 
resonance may correspond to a kinematical one. However, when this theoretical 
width is consistent with the empirical value, we can interpret this resonance 
from the both points of view, as mentioned in the conclusion of § 2. 

When the subtraction introduces the repulsive interaction, the: second kind 
solution has the feature which is quite different from that of the first kind ones. 
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Appendix 1 


The derivation of (2:10) 
From the definitions (2-8) and (2-9), the following properties of the func- 
tion X(z) are obtained: 
(a) X(z) is the meromorphic function of z with a branch cut along the 
real axis from @ to +, and it has a zero at origin. 
(b) From (2-8), we get the relation 


2 
Fi “a t (axe VSO) aan ‘Ime, 
and we see that, in the case of a >0O, X(z) is the generalized R-function, i.e. 
Im X(z)>0 for Imz>0. 

(c) For the boundary value », we have ImX(v)=K(v)f(). 

(d) X()/vl j= 17 a0. 

(ec) X(%)=1/a. 
According to the Herglotz theorem,” we get the following general form for the 
function X(z) which satisfies the conditions (a), (b) for a@>0O and (c): 


Im F(z) -|- 


1 ¢ z y’ y’ 
X(e)=At-4+D2+— (a=. aes A+ iui 


where A, B, D, a, and E,, are all real constants and satisfy the conditions 
B<0, D=0 and a,=>0. 


The constants A, B and D are determined by the condition (d) as follows: 


A=08-8=0 
and 
IT gee ie We ACO WLM ree Qn 
D= ee ie 77 dv’ — ¥ E. > 0. (2-12) 


Inserting these values into (A-1-1), we obtain the general form (2-10). The 
restriction (2-13) is derived from the condition (e). 


Appendix 2 
The derivation of (2-24) 


Let us consider the function zF(z). Here we shall denote the first kind 


solution by F(z) and the second kind one by F®(z). From (2-5), itis ob- 
tained that 


Im[zF (2)J={-— lw KW) fW) ar Imz 
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The quantity in the curly brackets has definite sign, and this means that the 


function zF™(z) is also the generalized R-function whose property requires the 
important condition 


ey eer Oni (2-24) 


On the other hand, for the second kind solution, we have the following 
relation from (2-20): 


7 


Im[zF® (z)]={C— AEBAC A } Ime. 


Fare i 
Therefore, F(z) is not the generalized R-function for C>0. Consequently, 


it is obtained for the simplest second kind solution that @/E<0 for C>0 and 
a/E>0O for C<0. 


| dK) FU) 


Appendix 3 
The derivation of (2-28) and (2-29) 
We shall consider the asymptotic behaviour of the integral 


110) = | a Ko) HO 


for large v, when the behaviour (2-26) or (2-27) of F(y) is assumed. Separate 
the integral region into two parts by 7 which is sufficiently large but is smaller 
than v, and we get 
vi FU) 
110) ~| a Ko) HOF +p [ate oe 

where we use the fact that K(v)~lasy->c. The first term in the right-hand 
side damps as fast as 1/y for »>co. For the second term, the following results 
are obtained: 

(1) For the case F(v) ~ (1/»), 


o 


1 
the second term= D yee eS Du ~ const. x + 0Ulogy/).. 


(2) For the case F() ~ (/logy), 


: * ; 1 ove ( 1! e nese | 
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By using the formula 
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for n¥%1, the above expression becomes 
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The two-pion contribution to the absorptive part of the forward nucleon-nucleon scat- 
tering amplitude in the unphysical region is calculated numerically in Cini-Fubini approxi- 
mation. The magnitude of the contribution to the absorptive part from multi-pion (three 
and more-pion) intermediate states is evaluated from the relations used as sum rules and 
it is found that a resonance appears either in 7’'=0, J=1, odd parity state (neutral vector 
boson) or in T=0, J=0, odd parity state (neutral pseudoscalar boson) or in both states of 
the multi-pion system. If the resonance is caused by a neutral vector boson with 3 pion- 
mass, the magnitude of the rationalized vector coupling constant is fy2/4z=1.2. 


§1. Introduction 


Yukawa theory of pion-nucleon interaction has been successfully applied to 
many phenomena. For example, the existence of one-pion exchange process 
between two nucleons has been verified by looking for the pole of the S-matrix 
element” and by investigating the outer part of the nuclear potential.” 2-N 
scattering and the iso-vector part of the electromagnetic structure of the nucleon 
may be explained if we assume a z-z resonance in the T=1, J=1 state.?” 
Using this knowledge of z-N scattering, a nuclear potential due to two-pion 
exchange process has been calculated and this potential is qualitatively in agree- 
ment with the intermediate part of the (semi-) phenomenological potential.” 
The above processes are those in which only z-N vertex and an annihilation of 
a nucleon pair into two-pions and 7-2 scattering take part. 
for example, the iso-scalar part 


There are still many unsolved problems 
of the electromagnetic structure of the nucleon and the multi-pion exchange process 
in nucleon-nucleon scattering which is responsible for the inner part of the nu- 
clear potential (hard core and L-S force of short range, and so on). 

The big size of the iso-scalar part of the mean square radius of the charge 
distribution of the nucleon and the small size of the iso-scalar part of the 
magnetic moment of the nucleon suggest the existence of a resonance in the 
T=0, J=1 state of three-pion system which may be approximated by a vector 


boson strongly interacting with a nucleon through vector coupling. We cannot 
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yet find a resonance solving three-body problem, though there are many theories 
; predicting the existence of a neutral vector boson (or resonance) and a neutral 
j pseudoscalar boson (or resonance). If there exist such resonances, they have 
. effect on nucleon-nucleon scattering.” 

Whether there is a big contribution from multi-pion exchange processes to 
nucleon-nucleon scattering or not is important if we want to solve nucleon- 
nucleon scattering dispersion-theoretically. Recently, several authors” have pro- 
posed to deal with the nucleon-nucleon scattering on the Mandelstam’s two- 
dimensional representation, deriving dispersion relations (integral equations) for 
the partial wave amplitudes. The kernel of these integral equations is deter- 


_— 


mined from the absorptive part of the amplitude in the unphysical region. 
However, as we stated above, the information that is available about the ab- 
sorptive part in the unphysical region is limited only to low-mass intermediate 
states contributions. As to three- and more-pion contributions, it is impossible 
to calculate. Some authors considered that they were suppressed by subtractions 
and that their effects came in only through low-energy parameters such as scat- 
tering lengths. 

The aim of this work is to evaluate the contribution to the absorptive part 
of the nucleon-nucleon scattering amplitude in the unphysical region from multi- 
pion intermediate states and to see if the multi-pion contribution to the forward 
nucleon-nucleon scattering amplitude and the iso-scalar part of the electromagnetic 
structure of the nucleon can be explained in terms of the multi-pion resonance 
consistently. 

In § 2 we calculate the contribution to the absorptive part of the forward 
nucleon-nucleon scattering amplitude in the unphysical region from two-pion 
intermediate states. For the calculation, a spectral representation of z-N scat- 
tering is necessary, and we use one in Cini-Fubini approximation.” 

In § 3 we apply the relation to unpolarized p-p and n-p scattering, and to 
spin singlet p-p scattering. We substitute experimental data into the both sides 
of the relation regarded as a sum rule (the relation with one- and two-pion 
absorptive part and without three- and more-pion absorptive part in the un- 
physical region). By comparing the both sides of the relation, we evaluate the 
magnitude of the contribution to the absorptive part from multi-pion intermediate 
states. In § 4 we try to answer the question: “In what state of the multi-pion 
system does a resonance appear?” There we approximate resonances by bosons. 
The effect of the resonance on the iso-scalar part of the electromagnetic structure 
of the nucleon is also discussed. In the Appendix we explain the details of 


the calculation of the contribution to the absorptive part from two-pion inter- 
mediate state. 


§ 2. The dispersion relation” 


As is well known, the dispersive part, D(E£), and the absorptive part, 
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A(E), of. the S-matrix element of the forward nucleon-nucleon scattering satisfy 
the dispersion relation, 


Z _ P ( A(E) dE’ 
EO A eee (2-1) 
= where £& stands for the energy of the incident nucleon in the laboratory system. 


D(E) and A(E) are related to the S-matrix element in the following way, 


Cp; q|S—1]q, p) = (22) *i0 a(o)|- ene -] ©) +A), E=m 
4 0 Yo 


= (27) *i0* (0) lee on ee | @@)-iA@)), E<m (2-2) 


(22)"p2q 
p q (m, 0) (E, q) (Ec, — |) (Ee, qc) 
We gq 
(m, 0) (E, 49) Gh =the) - Ga op) 
Laboratory system Center-of-mass system 
ior: 


and in the physical region related to the total cross sections of nucleon-nucleon 
scattering and nucleon-antinucleon scattering in the following way, 


A(E) = GEL) co ar 


and (2-3) 


A(E)== fa SONGS Tee 


where E, and g, are energy and momentum of the incident nucleon in the center 
of mass system.* D(E) is known experimentally if the differential cross sec- 
tion for forward scattering is known for spin singlet and triplet states, respec- 


tively, 


2 2 ; fo) 
D (Ey + A{E) = a oe up : (2-4) ** 


As experiments seem to indicate lim o(E)=const, two subtractions may be 


sufficient, and we use the following Aicpertion relation, 


* 29E2=m(m+E), E2=m'+¢q,’. 
** The index i stands for singlet or triplet. 


rh ee 
ee eS < 


ie 2 


if 


ee ne Ph be 
jv 2 


ee ee eee a ee ee 
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dD. | SAG as 
D(E) =D(m) + (B=) “ae pag t Em) Tin —| (EE, (E’— Ey) (E/E) 
(Me. A(E pees k= wie 5 A(E’) dE" 
T : a7) (E’—E) (E'!—m)? (E’— mn 
(2-5) 
As experiments seem also to indicate 
Oxy (EL) oes Cy Lon ie a0 ews 
we can use the following dispersion relation, 
Pf. ACE9dE’ 
D(E) =D(m) + (E—-m) lim ~ ee E,) (E’—E) 
, (E-m) f _ ACE’) dE! (E—m) (_ A(E")dE' 
ia ue (E’—m) (b/— jah m8 J (E'—m) (E'—E) 
(2-6) 


All terms except for the fourth term in the right-hand side of Eq. (2-5) 
and the 3rd term in Eq. (2-6) are expressed by observable quantities through 
qs. (2-3) and (2-4). The fourth (third) term, however, is an integral over 
the unphysical region, and there A(E£) is not directly related to observable 
quantities. In this unphysical region, A(#) can be expressed formally as 


A(E) =(22)"(P°) wag) Di plFaln) (nl falP) 2 (Pa—+4) wag), (2-7) 


where intermediate states are states with nucleon number zero, i.e. one-pion, 
two-pion and more-pion states—the n-pion state has a spectrum running from 
m—n'/2m to —oco. In this section we calculate the contributions from one-pion 
and two-pion intermediate states. At present, we do not know how to calculate 
the contributions from multi-pion intermediate states. Though the importance 
of multi-pion contributions is reduced by subtraction(s), they do not seem to be 
negligible. We estimate their magnitude in the next section, making use of the 
dispersion relations. 


One-pion contribution to A(E), A,,(E), is exactly given by” 


2 2 
A. 2) = === (=e ao rt) { es o'-a*+0"-e0"-e) 
4n 2m \ 2 Z Z 2 
> 1 
0 (E-m+ =}. (eS 
2m 


* g is the pseudoscalar coupling constant. 


haa ee 
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The two-pion contribution to A(E), A,,(E), can be calculated using the 
spectral representation for z-N scattering. In this work we use Cini-Fubini 
approximation,” i.e. we include z-N pole, S and P wave z-N scattering and S 
and P wave 2-2 scattering——-we supply the contribution form 2 scattering 
to the z-N dispersion relation by Chew, Goldberger, Low and Nambu.2* We 
neglect Coulomb interaction and assume charge independence. Through the 
investigations by many workers the presence of a resonance in P wave 2-2 scat- 
tering has been found favourable®” and we assume the resonance and we use 
the results of the phenomenological analysis by Bowcock et al..** As to S 
wave 7-z scattering, we have not so detailed knowledge as we have on P wave. 
S wave z-z scattering may, however, be much smaller than P wave because 
resonances do not appear in S wave in chain approximation.” Therefore, we 
neglect S wave z-z scattering. We assume for z-N scattering that the (3, 3) 
resonance gives the only important contribution to the integral and we neglect 
small phase shifts in z-N scattering. Thus, we leave only z-N pole, (3, 3) 
resonance and P wave 2-2 resonance. We use zero-width approximation to (3, 3) 
resonance. 

With these assumptions we can calculate A,,, and the results are tabulated 
in Table I (with z-z resonance) and in Table II (without z-z resonance) .*** The 
result in Table I is qualitatively in agreement with the previous result’ based 
on the Chew-Low equation. The derivation of these results is given in the 
Appendix. The notation is 


2 aI} 2 2 
Ay =A? + 7)-77 Ay? +01- 0? Ase +7)- 72a! a? Aye +0'-e0°-e As” 


+71-7’o'-e0"-eA,””. (2-9) 


Table I. Al. CE) 


PA Des) he Al Ae Ag Ae A 
; 2.00 | 0.00 0.00 0.00 0.00 0.00 0.00 
2.05 — (0.07 0.66 0.03 0.60 0.10 — 0.06 
Melo —0.41 1.08 —0.04 0.81 0.36 —0.27 
2.6 —1.08 1.98 — 0.06 1.28 1.02 — 0.70 
3.0 —1.87 2.84 —0.04 We) 1.83 —1.08 
4.0 —8.5 6.5 == 118} 3.6 1.2 = 3.0 
5.0 Zo) AZ ohll 3.5 0.2 =—(6 
| nnn EEE 
uP 
Sa iat ee 
Ea 2m 
* Legendre expansion does not converge for ¢=—(momentum transfer)2S—26 and we put 


Aj 0) Lore t<o— 26. 
** See the Appendix. 
ek We use the units A=c=m,=1. 


< 
* 
« 
* 
, 
) 

' 
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Table Il. A,,(E) (without z-7z scattering) 


The evaluation of errors is given in the Appendix. 


§ 3. Application to nucleon-nucleon scattering 


In this section we substitute experimental data in both sides of the disper- 
sion relation with the absorptive part calculated in the previous section but 
without that from multi-pion intermediate states. By comparing the magnitudes 
of the both sides of the relation as a sum rule, we can estimate the magnitude 
of the contribution from multi-pion intermediate states to the absorptive part in 


the unphysical region. 


For forward scattering amplitudes the dispersion relation holds for singlet 
scattering and triplet scattering, respectively.” In this paper we discuss singlet 


p- scattering and unpolarized p-p and n-p scattering. D(E) and A(E) are 


82k, » . 9 
D(E) =—— (sin*03 cos*é§+5sin'd3 cos'd3+::-), 
mM Ae 
82k “ 
FAT) © (sin?10$+5 sin? 1924 +), 
mM de 


for singlet p-p scattering and 


Dik) = * (sin'0§ cos ‘05+ sin *03 cos *0$+3sin*d} cos*d$ 


+5sin “dp cos *0p+5sin'd5 cos'd3+---), 


230 


A(E) == * (sin* ‘03+ sin? °0p+ 3 sin? 903+5 sin? 902+ 5 sin? 102+... 


m* qe 


for unpolarized p-p scattering and 


D(£)=— 


mM’ de 


(3-1) 


(3-2) 
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ai 5 8 : 
2 aie (3sin “ds cos *03+ sin *0p cos*02+ 3 sin *0s cos*dh 
c 
CERN) 39 
+5sin*ds cos*dp+-:-), (3-3) 
Bat IOP * 2190 * 2191 - 9199 
Cie ss (sn Os +3sin**d0p+5sin’ 705 +++) 
mM Qe 


1d : ; . Fa 
+—{*— (3sin’ “05+ sin? *d2+8 sin? *03+ 5 sin? *0 + ---) 
mM Ae 


for unpolarized n-p scattering. 


As we neglect Coulomb force and assume z-N interaction is charge inde- 
pendent, nucleon-nucleon scattering is also charge independent. Hence, only 
the precise experimental data of n-p scattering is sufficient for our purpose. 
n-p scattering experiment, however, is not so precise as p-p scattering experi- 
ment except at thermal energy. There are no reliable phase shift analysis of 
n-p scattering. On the other hand, there are unique sets of phase shifts at several 
energies for p-p scattering.” ‘Two protons, however, interact through Coulomb 
force besides through nuclear force,* and at present it is impossible to get rid 
of the effect of the Coulomb force from phase shifts of p-p scattering completely. 
In this paper we use Stapp’s nuclear bar phase shifts’? as true nuclear phase 
shifts, and we use the scattering lengths, the effective ranges and the shape 
parameter obtained from low-energy v-p scattering. 

For p-p scattering between 10 Mev and 310 Mev we have precise knowledge 
on D(E) and A(E) from phase shift analysis.” Of course, DUE) and A(E) 
depend on the choice of the sets of phase shifts, but the dependence is rather 
small. This may be because they are closely related to observable quantities. 
Above 310 Mev we use for oj, the data collected by Hess’ and. the data ob- 
tained since then.” At low energies we consider o;,,, approaches o;,,, the 
cross section in the effective range approximation. The latest data on scattering 


lengths, effective ranges, and shape parameters of m-p scattering is as follows :** 2 
a= (—23.74+ 0.09) X¥10-* cm 
Tos= (2.6704 0.023) % 10°? cm 
P,=0.017 + 0.028 
(3-4) 


a,= (5.39 + 0.03) x 107” cm 
ror (1.704+ 0.028) X10-¥ cm 
P,=0 (by assumption). 


* The effect of the electromagnetic interaction on 7-p scattering may be negligible. 


Tied 
Berga Cot = aude ET Gel, 
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We use the data reported in references 17) and 19) for total cross section of 
nucleon-antinucleon scattering. ; 

At first we apply the relation (2-6) to unpolarized m-p scattering. For the 
sake of convenience, we rewrite the relation : 


au fen As, Ce yale 
(E—m) lim P| Acs (BE) di" _ 
via ‘ 


DE) =Din) + (E’_E) (EIEy 


E,>m 
™ 


ae ~ 2 LA ay ines - 
m?(1—7roe) (m—2B+ B’/2m—E) (2B—B*/2m) 


E=m( AE) —Ag(E) jp), Eom (___A(E/)dE’ 
aaa heats ncn Gee i} (E’—m) (E’—E) 
Eon eA dE 
; 3-5 
eae \ (E’—m) (E’—E) Ge) 


where A,,,; is the absorptive part in the effective range approximation, the second 
line in (3-5) is the contribution from deuteron intermediate state, and 7 is related 
to the binding energy of the deuteron B through B=7*/m. As there is no re- 
liable result of phase shift analysis of 7-p scattering, we use D(E) calculated 
from phase shifts which are obtained from (semi-) phenomenological potential 
method (by Gammel, Christian and Thaler” and by Hamada”). As scattering 
lengths and effective ranges, we use 


as=—16.78 a,=3.809 
TiO Pelee OS 


which are the same as (3-4), and we neglect P, and P, as the dependence of 
the result on P is negligible.* For high energy scattering, we assume 


Oyy(E) =oyy(E)=40mb, E> 20 Bev. (3:6)** 
For the absorptive part in the last integral in (3-5), we use 
A(E)=A,,(F)+A,(E), m>ES>m— 26/2m 


3 (3-7 
AE ee m—26/2m=>E>—m. 


Among the neglected intermediate states, low mass intermediate states (three- 


pion, etc.) may contribute to D(£), but the contribution from massive inter- 
mediate states may be small as 


lim A(E) + —2. 
E+—m—0 


* See the application to unpolarized p-p scattering. 


iy There is no significant reason for the value 20 Bev. The dependence of the result on this 
energy is small as the integral in the 3rd line in (3-5) is logarithmic divergent. 


PNAC 
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The result is tabulated in Table III and shown in Fig. 2. 


Table III. Unpolarized 7-p scattering 


GCT and H stand for “calculated using phase shifts from potentials by Gammel, Christian 
and Thaler? and by Hamada ”, respectively. (We use phase shifts from semi-phenomeno- 
logical potential as there is no reliable phase shift analysis.) 


Bey left side of (3-5) ast ont ss 4th line bis ead enee 

€ | A j . | . . 

t GCT | H ine in (3-5)) te ae right side 
Tp 0.09 —0.16 032 | 0,03 049) | 9-07) Soar 
20mn 0.43 0.49 1.34 | 0.06 == COM =0149 0.25 
30 0.68 | 0.64 ar. || 0.08 Son) e060 > | 0.51 
40 | 0.73 0.70 200 | 0.11 0300", |, w =0:87 9) 0.64 
60 | 0.78 | ure 2.62 0.15 086 Tenet hon dln aetOlrs 
90 0.74 0.69 2.98 0.21 9,90. 1, s= 148.) 0.81 
120 «= | 0.69 | 0.64 520. 0.25 =0,00-3) = TTS 0.78 
160 | 0.62 | 0.54 | 3.39: 4 0.28 —0.95 | 2.07 0.65 

D(E) 
1.00 


right-hand side 


ee 
~ 
~ 


Rea _~ 
— i 


~~ GCT} lefthand 
~H 


0.50 + side 
0,00 F 
—+ E(Mev) 
| l 
0.50 sf 100 150 


Fig. 2. Unpolarized n-p scattering 


Solid line is theoretical curve without 3 or more pion contributions 
(right-hand side of (3-5)). 
Broken lines are experimental curves (left-hand side of (3-5)). 


We can conclude that the contribution from three- and more-pion intermediate 


states to the unpolarized n-p scattering is small. 
Next, we apply the relation (2-6) to unpolarized p-p scattering. 


t Be Oe le’ 2  e. Sa ee ae 


4 
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E—m ,. t Aes (E") / 
s =9 9 EA es dE 
D(E) =D(m) +—_ lim P| (E'—E,) (E'—E) 


m 


BOL ACE) Ae (E) ry. E-—m j A(E") dE! 
(E’—m) (h'/—E) 4 (E’—m) (h'—E) 


m gcd 


re 


E>=m ie Bis CS) a eee (3-8) 


The assumptions (3-6) and (3-7) are also assumed here. We use the scat- 
tering length, the effective range and the shape parameter obtained from 7-p 
scattering assuming charge independence, 


a=—16.78, r=1.887, P=0.017. (3-9) 


Table IV. Unpolarized p-p scattering 
Dexp is experimental value (left side of Eq. (3-8)). 
“Assumed 3z resonance” stands for the contribution from one vector boson exchange 
process (mass=3 pion mass with rationalized vector coupling constant /7-?/4z7=1.2). 


Bi, Deup | vet inel® aad 3rd line a egos 4 
(Mev) pean tes H in (3-8) | line | a rn | Pes +) rig: 
| | i i 

969 | 0.92 | 0.90 | 103 | 1.06 | 0.04 | —o24| 004 | 090 | -008 | 0.82 
14.16 | 0.81 | 082°| 093 | 1.05 | 005 | -029| 005 | 086 | —o11 | 0.75 
198 | 072°] 076:| 087>| 1.05 | 005 | —o33]| 0.06 | 083 | —oJ4 | 0.69 
25.63 0.77 | 0.74 |-083 | 106 | 006 | 0.36] 008 | 084 | 018 | 0.66 
304 | 081 | 0.72 | 0.77 | 111 | 009 | —040] 0.10 |. 0.90 —0.25 | 0.65 
68.3 0.7 0.70 | 0.74,| 119 | 012 | —0.44] 015 | 102 | -0.35 | 0.67 
95 0.7 0.69 | 0.73 | 125 | 014 | -046| 019 | 112 | -0.42 | 0.70 
Aba ee 107 067 | 0.70 | 1.31 | 0.17 | —047| 020 | 1,21 | —o51 | 0.70 


The results are tabulated in Table IV and shown in Fig. 3. In order to see 
the effect of the change in the magnitude of parameters, we consider the fol- 


lowing three cases, 
(a) a=—12.4 r=2.02 P=0:016 
(b) @a=—11.0. r=1.87 P=0.00 
(CG) 4110. (r= 1.877) Pa Ole 


The results are tabulated in Table V. The dependence of the results on a, r 
and P is small. We find from these results that multi-pion intermediate states 
give rather big contribution to unpolarized p-p scattering. 

As there is no experimental data of high energy polarized nucleon-nucleon 
scattering and polarized nucleon-antinucleon scattering, we cannot apply the 


per 
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Fig. 3. Unpolarized p-p scattering. 


theoretical. curve without 3- or more-pion contributions 
(right-hand side of (3-8)), 

— — — right-hand side of (3-8) with 3z resonance (mass=3 pion 
mass and fy2/4x=1.2), 

—-—-— experimental curve on potential method, 
circles are experimental points. 


Table V. Theoretical values assuming various sets of low energy parameters 


(3-9), (a), (), (©). 


Ee Right side of (3-8) without multi-pion contribution 
ee (3-9) | (a) | () | (c) 

9.69 0.90 0.97 0.91 0.92 
14.16 0.86 0.91 0.84 0.84 
19.8 0.83 0.88 | 0.79 0.79 
25.63 0.84 0.89 0.81 0.80 
39.4 0.90 0.94 0.85 0.84 
68.3 1.02 1.04 0.95 0.95 
95 112 tae 1.03 1.03 
145 1.21 1.24 1.10 1.10 


relation (2-6) to polarized scattering. In the twice subtracted relation (2-5), 
the contribution from high energy scattering and nucleon-antinucleon scattering 
is suppressed, but the contribution from low-energy scattering is enhanced. As 
we have little knowledge on low-energy P wave scattering, we can apply the 
twice subtracted relation (2-5) only to singlet p-p scattering. With the same 
assumptions as were made in the last application of (2-6), we obtain the result 


tabulated in Table VI and shown in Fig. 4. The result is very dependent on 


ae ree en ee ee ee ey 


eo. i ae 


re es 


A es, ae) Ds es 


oe a | ee = = 


Ae a wr | ete. ee ae 


oe 
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the choice of the low-energy parameters a, 7 and P and we find that the ex- 
perimental error in P,, +0.028, prevents us from deducing a conclusion from 


polarized scattering (see Fig 4). 


Table VI. Spin singlet p-p scattering 
Dexp is experimental value (left side of Eq. (2:5)).  Dtneor iS the right side of Eq. (2-5) 
(without 3- or more-pion contribution). 
“Assumed 3x resonance” stands for the contribution from one vector boson exchange 


process (mass=3 pion mass with rationalized vector coupling constant Fy2l4x=1.2). 


: Dineor aire | Assumed 
Ean D without 3 or more pion contribution on 30 
(Mev) yess asta wae MG, cea titer oe resonance 
[t6-9) Aites (oye mama) (c) 
7 | 21 28 41 157 46 38 = jks hy 09 | 06 
LOGE fo 20 OES aie fe Subs cat PA) 87) 1 le ae ee 
| | i| 
00a, a6 34°) | SOT be, 90) | 65 bes 188.) hos Sia ees 
| 
D(E) a=—16.78 
——} r=1.887 
a0F l P=0.034 
Oe eis a=—16.78 
oT SF} r= 1.887 
P=0.017 
FAO) 
a=— 16.78 
= —} r=1.887 
et >< | P=0.000 


ae E(Mev) 


| 
100 200 


Fig. 4. Singlet p-pf scattering. 


Circles are experimental points. Solid lines are theoretical 
curves without 3- or more-pion contribution (right-hand 
side of Eq. (2-5)). Broken line is the theoretical curve with 
multi-pion resonance (mass=3 pion mass and fy2/4z=1.2). 
The experimental error in P prevents us from evaluating 
the magnitude of the multi-pion contribution to singlet p-p 
scattering, 


§ 4. Discussions and conclusion 


Let us assume there is a boson not yet discovered or there is a resonance 
which can be approximated by a boson. The interaction Lagrangean density is 


vere > fa) 
L=f.p$d or igs¢7 = @, for scalar boson, 
Xu 


rr 2 fe} 
L=if  $7sPO+19 P7570 . ——@, for pseudoscalar boson, 
Xn 
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L=if $7,998, + 2dr ow Ip for vector boson, (4-1)* 
or 
L=ifady 7,06, or 9, G76 $ bu, for axial vector boson, 
where 
ow. Cc yiterey ee 
and 


Pu» = 0¢,/0x, We 0¢,/Ox, 6 


As to the isospin state of the boson, J=0 and 1 are possible. The Hamiltonian 
(4-1) stor f=0. For 7=1,'¢ in (4-1) should be replaced by 7.¢,. 
The one boson exchange contribution to the absorptive part of p-p scat- 


tering is 
al ap) 
ee = meno 2. O(E—E,), (for scalar boson), 
4m 
ae ( pohly ) (<-+01-e0?-e——a!-o") 0(E—E,) 
2m \2m>" ~* Z vA os 
(for pseudoscalar boson) 
ily BY 102 2 : 
a as ae a 0(E—E,) at ES Got e07-6)0( Eh -B,), 
2m 2B 2m 
(for vector boson), 
(4-2) 
and 
2 I al 2 2 ,,2 
A= fs ( Siege 4o )on—E,) ee AH! (1 + gt-eo?-e 
2m 2 2 2m 2 
—<-¢'-<") O(E—E,), (for axial vector boson), 


for both T=0 and T=1 bosons, where we have neglected the terms of the 
order of magnitude O(#/m) and where + is the mass of the boson and 


E,=m—[2/2m. 
For unpolarized n-p scattering, (4-2) should be multiplied by a factor 2 in 
the case of iso-vector boson and should be multiplied by zero in the case of 


iso-scalar (neutral) boson. 


* We neglect the possibility that the boson is with higher angular momentum as it seems 


less probable. 
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The boson (or resonance) appears in other phenomena. If the G-parity of 
the boson is odd, the iso-scalar vector boson with vector coupling contributes 
to the iso-scalar part of the charge distribution of the nucleon, and the iso- 
scalar vector boson with tensor coupling contributes to the iso-scalar part of 
the charge distribution of the nucleon. 

In the following we assume that the multi-pion contribution can be approxi- 
mated by the contribution from multi-pion resonances which are approximated 
by bosons, and we assume that the number of the resonances is either one or 

; two. Then, it is deduced from unpolarized n-p scattering that the boson(s) 
must be neutral as the contribution from multi-pion resonance is small and as 
neutral bosons do not contribute to (charge exchange) m-p scattering. It is 


4 deduced from unpolarized p-p scattering that either a (neutral) vector boson or 
was . . 

; a (neutral) pseudoscalar boson or both bosons are necessary as the multi-pion 
: intermediate states have to give negative contribution to unpolarized p-p forward 
‘ Table VII. The sign of the contribution to D(E) from bosons 

¢ Spin parity (coupling type) unpolarized p-p singlet p-p 

Ry : : es fee ot eevee sae See ewes oes See ee 2a aS —— 

; Ss hs + + 

iy RS _ | f 

a V(V) ws | oJ 

i Vv(T) | - | + 

S A ot. - 

% 

E 

4 


scattering (Table VII). In the case of pseudoscalar boson we can not distinguish, 
in Our approximation, pseudoscalar coupling and pseudovector coupling due to 
the equivalence theorem. In the case of vector boson, vector coupling and 
tensor coupling gives different contribution to polarized scattering. However, 
experimental errors in low-energy parameters (especially that of P) prevent us 
from distinguishing between pseudoscalar boson, vector boson with vector coupling 
and vector boson with tensor coupling. If we neglect experimental errors, both 
relations for unpolarized p-p scattering and for singlet p-p scattering are satisfied 
by neutral vector boson with rationalized vector coupling constant, 


Le =1.2 


An 


A 
“ 
f 


and with 3 pion mass.* 


* Unpolarized p-p scattering alone gives 


le EE ae 
4r Ge Sy Ip) t Leek 


where we have neglected the possible resonances which can be approximated by a scalar boson 
and by an axial vector boson. If they exist, the magnitude, 1.2, increases. 


2 
r 97? #W=1.240.2, 


we i 
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Iso-scalar vector boson with vector coupling contributes to the iso-scalar part 


of the charge distribution of the nucleon. The mean square radius is given in 


the lowest order by” 


2 
(r#)= 2D 


? 


where 


2 hi ah d' 
eee eee ee | 
mye 6 in? (ie m?)? (4-3) 


As the integral in (4-3) is divergent, we restrict the domain of nica to 
values of g for which @<M’. With f,°/42=1.2 and p=3m, 


V Alp ves (41, SaClOe Cin)! fOr es 772 
= (0153 =Am? 


(4-4) 
=0.60 =9m? 
= 0.92 =16m’. 


The experimental value of 1/(7,7) is 0.8107" cm 
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Appendix 


The calculation of As,(E) 

The two-pion contribution to A(£), A2,(E), is calculated by using the 
spectral representation for z-N scattering in Cini- Fubini approximation.” We 
assume that for z-N scattering the (3,3) resonance gives the only important 
contribution to the integral, and suppose that 2-7 scattering is dominated by a 
resonance in the T=1, J=1 state. In this approximation the T-matrix for z-N 


scattering may be represented as follows,* 
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where s=(p—hk)’, 5=(p—)’, t=(k+))’, W, E and gq are total energy, total 
nucleon energy and magnitude of meson momentum in the center-of-mass system 
and index r stands for “ resonance. ” 


With the above spectral representation, we calculate the two-pion contribu- 
tion to the absorptive part, using the technique given in the previous paper.!” 
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We use the following values for nucleon mass, m, meson mass, 7,, resonance 
energy (kinetic energy of pion in laboratory system), £,, and rationalized 
pseudoscalar coupling constant, g,’/47, 


m=939 Mev, 
Mz=140 Mev, 
E,=180 Mev, 
J, (An 144, 
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The contribution from S-wave a-7 scattering, a‘*)(t), is evaluated using 
Table VIII. We can find the contribution to A,, by 
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As the magnitude of a‘? is supposed to be 
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the contribution from a‘? (¢) may be negligible. 
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Table VII 

ays Mer ui eS Mayo _J@=Jo* K®=K®=K®=K® 

2.05 0.0016 0.00026 

2.2 0.0030 0.00038 

26 | 0.0046 0.00060 

3.0 | 0.0053 0.00078 

4.0 | 0.0059 0.0012 

5.0 0.0059 0.0015 
PAM eT i eek en URE Ty IE A De ee ee 
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On w+N>Y-+27+K Reaction 


Shigeo MINAMI 


Department of Physics, Osaka City University, Osaka 
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Reaction x+N-+Y-+zx+K at high energy is studied by taking into account the effects 
of Y* and K*. Since the isotopic spins of Y;*, Y>* and K* seem to be equal to 1, 0 and 
1/2 respectively, we may expect that, for example, z~+p>29+2-+K+t and 2-+po5t++n7+K0 
take place mainly through the processes 2~ +p 50+ K*>30+7-+ K+ and 2-+poY *+K> 
2*+n~+K° respectively. The cross sections and angular distributions of z+N—>Y*+K and 
z+N-—Y-+K* processes are examined, and the effects due to Y* are compared with those 
due to K*. 


§ 1. Introduction 


As is well known the recent measurements on K~-p collision at 1.15 Bev/c 
have shown the remarkable results for the existence of the Y,*, Y,)* and K* 
which are the isobaric states in A-z, 3-2 and K-z systems respectively.» 
In order to study K meson interactions at high energy we think it worth while 
to examine how these isobaric states have the large effects on K meson reactions 
and to compare the effects due to the K* with those due to the Y*. In this 
paper we should like to study +N—>Y+2+K reaction. 

Let us pay attention to the z~-p collision at high energy. In 2”+p> 
+*+2°-+K° reaction, it may be impossible to expect the effect of K* because 
the isotopic spin of K* seems to be equal to 1/2. In 2 +p—>3°+27+K* re 
action, it may be impossible to expect the effect of Y,* because the isotopic 
spin of Y,* is equal to zero. Therefore these reactions take place mainly through 
the following processes. 


a +p Yo*+K°>St+a2°+R’, 

n+p 3oS+KY 5S 4+27+K*. 
On the other hand, in the study for <*> +p>A+2~+K* it is necessary to take 
into account the following two processes : 

a +p>YP4+K*7>A+a +K* 
and 

a-+pr>A+K* > A+a°+K*. 


It is interesting for us to examine which process plays the more important role 
in 2 +p>A+n7+K* reaction. 
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It seems that the spin of Y,* may be equal to 1/2” and that the experi- 
mental results are consistent with J=1/2 or J=3/2 (J indicates the spin of 
Y,*).. We now assume for simplicity J=1/2. With respect to the spin of 
K*, both S=1 and S=0 cases (S indicates the spin of K*) are taken into 
consideration although it has been shown in the previous paper" that the as- 

sumption of S=1 rather than that of S=0 is consistent with the experimental 
results for K~-p collision at 1.15 Bev/c. 

First of all Y,*/z- and Y,*zx-interactions are investigated along the same 
line with our study for K*zK-interaction,” and the values of coupling constants 
for these interactions are estimated. In § 2a detailed account of determination 
of coupling constant for Y,*/z-interaction is given. By making use of the results 
for coupling constants, the following processes at w=2 Bev and 3 Bev are studied, 
although any reliable experimental data have not yet been reported, where w 
means the total energy of incident pion in the laboratory system. 


(Aix te poe de tr Be, 

(ii) 2 +p—> Y?-+K*, 

(iii) az +po"°+K*, 

(iv) a +p A+K*. 
In §3 it is shown that how the cross sections and angular distributions of 
processes (i) and (ii) depend on the parity of Y,*(orY,*) and on the type of 
NK or NAK interaction. In § 4 the processes (iii) and (iv) are studied on 
the assumption of S=0 or S=1. In §5 the processes z*+p—>Y+2+K. together 


with 7 +p>Y+27+K are discussed. § 6 is devoted to the conclusions and dis- 
cussions. 


§2. zw-A scattering and coupling constant of Y,*Az-interaction 


When the spin of Y,* is equal to 1/2, the Hamiltonian of Y,*/z-interaction 
is given as follows: 
He mish e* Ov.o* 16° Qh, P+E- Ovo" |+h. es (1) 
1; 
O= (2) 


he 

where ¥’,¢, and ¢ are the wave functions of the Y,*, A and 2 respectively. 

The propagation function of Y,* is modified along the same line with our study 
for K*.° Then its expression can be written down in the following form. 
Q4 (1+ )*k?+ (M+m,O77)? Sy 


put aves B 
7 ae) eal el mM 


repens mde 


— 


op Mot com 


t+ - 


ve 


fe watt 


‘ 
0 


E 
A 
A 
in 
e 
oy 
> 
ie 
ae 
= 
4 
¢ 


Pe A ee ee) MS 


ath 


ve" a 


ORREE SCT CONN Oe EH erg en 


| ay 
a ge 


PRAT pret ene 


On 2+ N5Y+24+K Reaction 649 


n= =-+( lye A 
/) i 7 are (5) 
ie = 4 [Re + (m+) *|LF? + (mas #)") 
e473 (6) 
gg AOS oars (7) 


— AR? 


where m,(my), M, ¢, m and mx are the masses of A(3), Y*, z, nucleon and K 
meson respectively. For simplicity we adopt the following approximation. i) 
The € and 7 in the numerator of Si(k) are neglected. ii) In the expression 
for the denominator of S,(k), the damping effect is taken into account up to 
the first order of € and 7. Then 


Sp(R) ee, irk— —M 


fees (3)’ 
Oni Fe +M?+2é R+2Mm,O'7 


As was pointed out in the previous paper,” the imaginary part of denominator 
of 277S,(k) should be multiplied by the factor 2 in order to obtain the correct 
expression for the modified propagation function. Thus we get the following 
S,(z) as the expression of modified propagation function of Y,*. 


Sp(k) = ; i k= M 


aoe ; (3) 
- i B+ M2446 4+4Mm,O0"7 | 


It can easily be seen from the following consideration that this Sr(k) gives 
the correct value of cross section for z-/ scattering at the just resonance energy. 
Since the spin of Y,* is equal to 1/2, the angular distribution for z-/ scattering 
ought to be nearly isotropic. We now examine the differential cross section at 
0°. At the just resonance energy, #°+M’=0 and the quantity A turns out to 
be equal to the magnitude of momentum of pion p* in the center of mass system. 
Employing the Sp(R) in Eq. (3)”, we obtain the following expressions for the 
differential cross sections at 0°. 

i) In the case of O=1 (see Eqs. (1) and (2)), 


Mami) | 
WG) (AO) yee re ‘5 ; 
(LG castince A)/ ) UE ate PW ‘ptm, +m)? 


ii) In the case of O=77s, 
[=m 0" (9) 


se(T-A)/ AL) at c= Ant 
CAG, omens (a )/ ) to AM: 2p *2(y/ pm e —m,)? 


First let us examine the expression of (8). At the resonance energy Vp tt+mse 
=1.01645 m,. If we set approximately v ‘p+ me ms, Mam, and ¢°/m, =, 
Eq. (8) turns out to be 
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a 
ClGresenanas (z-A) /d2) at 02— po . R (10) 


Next let us examine the expression of (9). Since p**/m,’ is a small quantity, 
Vp P+ me— mg 1/2( p/m.) = 1/2(~*7/M). 


By means of the relation 


(M—m,)?—2=4M?p*/[ (M+m)?-# = 4M? p**/4M?=p™. 
Thus Eq. (9) can be expressed approximately as follows, 


(dO pesonance (2-A ) /d2) at 0° = eS 


*2° 


(11) 


It is needless to say that the values mentioned in Eqs. (10) and (11) agree 
with those obtained by kinematical study. 

We try to estimate the value of coupling constant. The denominator of 
Sp(k) can be written as 


. ee é *2 2 ‘ 
+ M? +4884 4Mm,O7= (E,+E*)| (E,—E*) +— SBM | 


E,+E* 
(12) 
From this it follows that 
PY ne Gi /4ay A | E,—Bp+“m 12] (13) 
2 Zhe Ey 


where E, and E* stand for the resonance energy and the total energy of the 
colliding system respectively, and /"/2 indicates the half width of Y,*. Putting 
the experimental value /'’/2=15 Mev, we obtain the following results. 


i) In the case of O=1, i 
F,?/4z=0.0907. . (14) 
11) In the case of O=i7,, 
F7/42=11.3, ; (15) 
The value of coupling constant for the following Y,*.z-interaction can be 
estimated by the same way as in the case of Y;,*Az-interaction. 
Hy se =F 3[f Od's-$* +8 Ob of +¥ Oss $-] +h: c. (16)* 


Taking into account the factor which is derived from the consideration about 


* It must be noted that any assumption with respect to the relative SA parity (or the relative 
Y,* Yo* parity) is not introduced because the O/ in Eq. (19) (or the O in Eq. (1)) can be chosen 
independently of the O% in Eq. (20) (or the O in Eq. (16)). 
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isotopic spin and assuming that the half width of Y,* is equal to 15 Mev, we 
obtain the following results. 
i) In the case of O=1, 
F3/4z=0.039. (17) 


li) Inthe case of O=27,, 


F2/42=9.83. (18) 


§3. 2>+p>Y,*+K° and x +p>Y,*-+K* reactions 


As the K meson-hyperon-nucleon interactions, the usual interaction Hamil- 
tonians are used, that is, 


te ee Sie Yara? = a j 
Hysxr=9s(v 2 DP o+ O's, Onot+V 2 Ps Ol bn One +50 O' , Gxt —Vy0O! bn OH) 


--h. c., (19)* 
SEW tO Ob, c& +h, OUR Gxt) +h. c., (20)* 
fel 
Ole (21) 
175> 


where Ox? corresponds to emission of K* meson or _ y;,*(or Y\*) 
absorption of K~ meson, and similarly for ¢%. In the 
study for K meson reactions at high energy, the recoil 
of nucleons may not be neglected and it may be necessary 
to adopt the relativistic method in our calculation. In 
this paper the cross sections for these reactions are evaluat- 
ed by means of perturbation theory. Fig. 1 shows the 
diagram corresponding to the lowest order perturbation.** 

When we denote the four momenta of proton, pion, 
Y,* and K meson as i Pp, F and g, respectively, the 
differential cross sections for z~+p— Y,*+K° can be Figs? 
expressed as follows. 


de ATA Sem) 
dQ p/ ptm? +p? +H)’ K FEE’, 


Kf |L|2 >? = f MEE eee | 27) (FQ) + (me—C?m) (IF) 
(42)°[ —m?—me?—2(1¢) + ms} 


+2¢€, Clm2(FQ) + €,mM(Iq)} “+ camM (ng +C?m’) |, (23) 


* See the footnote on the preceding page. 
** If some Yo* NK (or Y,* NK) interaction is introduced, another process must be taken 


into account. 


652 : S. Minami 


Table I. 
Yn ___ Interaction type Ont | 
Coefficient Mtese e Ori: O=i7s | 
G —(1+my;/m) | —(+my/m) 
€, =1 4 
é, | 1 et 
é; 1 i 


C, &, €; and €, are given in Table I. Hereafter the coupling constant in the 
case of O=i7;(or O'=i7;) is discriminated from that in the case of O=1(or 
-O’=1) by the notation of prime (’). 

The differential cross section of z~+p—Y,*-+K* can similarly be expres- 
sed. In this case it is necessary to take into account the factor which is derived 
from the consideration about isotopic spin. The total cross sections for 7” +p 
Y,*+K° and 2-+p—>Y,*-+K* at w=2 Bev and 3 Bev are shown in Table II 
and Table III, where the values of coupling constants F;°/4z=0.039, F;y”/4z 
=9.83, F?/4z=0.0907 -and F,”/4z7=11.3 obtained in § 2 are adopted. 


Table Il. The total cross sections for z~+p— Yp)*+ K® 


Cross section o(x~+p— Yo*+K°) 
Interaction type ere, o=2 Bev © on ae Bev : 
Pye O=1" | 0.0463 (gs2/4z) mb 0.0271 (gs?/4z) mb 
| O=i7; 6.02 (g;%/4z) mb 6.13 (gs2/4z) mb 
= EES Ee : ‘ ss es | a ee PET. 
O'=in, O=1 0.0070 (9s’2/4z) mb | 0.0131 (gx/2/4z) mb 
O=17; | 4.77 (gy/4z) mb 5.27 (gs’2/4z) mb 
a a a as 
Table HI. The total cross sections for 2~+p— Y,*-+K+ 
2 ; aoa cy 2k, os pen Ot 
Rio Cross section | * a(x +p— Y,*-+K*) 
Interaction type : w=2 Bey ita Pa ey: wee few et 
Ory | O=1 0.0604 (942/4z) mb 0.0343 (92/42) mb 
; a | O=i7; | 4.08 (942/47) mb 3.94 (9,2/4x) mb 
Fa ‘ oat”, a ie 
O'=ir, O=1 0.0107 (9,/2/4x) mb 0.0177 (94/2/4z) mb 
O=i7, 3.02 (94/2/42) mb } 3.24 (94/2/42) mb 


From these results we can see that the values of cross sections in the case > 


of O=i7s are about 100 times as large as those in the case of O=1 independ- 
ently of the type of NK (or NAK)-interaction. This is mainly due to the 
difference of magnitude of coupling constant. Since the angular distributions 


; 
i 
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of K* for 2 +p>Y,*"+K* have similar forms to those of K°® for 2-+p> 
‘ , : 

Y,*+ K*, we show in Fig. 2 and Fig. 3 only the angular distributions for the 

latter process. ; 
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- ee | N 
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Fig. 2. The angular distributions of K° for Fig. 3. The angular distributions of K® for 
nz +p—>Y,)*+K° at 2 Bev. mz +p— Yo*+K® at 3 Bev. 


§4. 2 +p>2’+K* and z +p>A+K™ processes 


We have previously studied K meson-pion interaction” taking into account 
the effects of K*. And the values of coupling constants for K*7K-interactions 
have been estimated as follows. When the interaction Hamiltonian in the case 
of S=0 is given by the form 

H,=mxG, P(X) -aP(x£) pax), (24) 
G,7/42= (0.15~0.20). (25) 
Z @,¢ and ¢, are the wave functions of K*, K meson and pion respectively. 
When the interaction Hamiltonian in the case of S=1 is given by the form 


jek, =G, ?, Ta (¢ cle Ad 6) ? (26) 
AprenOL, 


G,?/42 = (0.35~0.45). (27) 


Adopting these interaction’ Hamiltonians we try to evaluate the cross sections 
for 27+ p23°+K* and n+p >A+K* reactions at o=2 Bev and 3 Bev. The 
differential cross sections for the former process are expressed as follows. 


i) In the case of S=O, 


Seton (oe) EE 
da pV ptm t+ p+)? m: An An 
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ii) In the case’ of S=1, 


LL ES eae katie” Pant (Ge) (22) 
dQ pV p+m4+/ p+)? \ 4a Az 
[= ons 


eye a ay AAP Ce SPE BOeU 
2 2 TF) 2 m? 
=in( ms (Sey -2 
| m Bi m m 
T and F are the four momenta of proton and X° respectively, and p and & are 
the momenta of pion and K* respectively. @ is the angle between the direction 
of incident pion and that of %° in the final state. 

Similarly we obtain the expressions for differential cross sections of z~+p—> 
A+K**. The total cross sections for <~+p—>3°+K* and 2~-+p>A4+K* re- 


actions are shown in Table IV and Table V, where the values of coupling 
constants G,’/4z=0.15 and G,’/4z=0.35 are adopted. 


(29)* 


: : Table IV. The total cross sections for z~+p— 59+ K*0 


eo = 


Sp eat, Cross section a(x +p— 39+ K*?) 
Interaction type a: A w=2 Bev w=3 Bev 
cae O/= 0.0371 (gs?/4z)' mb 0.0357 (gs?/4z) mb 
O’=ir; 0.0052 (gs’2/4z) mb 0.0052 (gs”2/4z) mb 
S=1 Of= 0.990 (gs"/4z) mb 1.17 (9332/4) mb 
O’=i7; 0,148 (gy”/4z) mb 0.223 (gs2/4z) mb 
a 


Table V. The total cross sections for z~+p—>A+K*0 


4 Cross section o (n+ p—> A+K*®) 
Interaction type eet Wel hae wal ie aot ae Bev 
ee O/= 0.0513 (942/42) mb 0.0377 (9,2/4z) mb 
O/Li7, | 0.0067 (g4/2/4x) mb 0.0053 (9,/2/4z) mb 
S=1 (Ol — 1.27 (942/42) mb 1.18 (942/427) mb 
Olea. 0.189 (94/2/4z) mb 0.226 (g,/2/4z) mb 


* With respect to O’, see Eq. (21). 
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From these results we can derive the following conclusion. THe valuesvat 
cross sections in the case of S=1 are 20~40 times as large as those in the 
case of S=0O independently of NK (or NAK )-interaction. 

Since the angular distributions of A for 2~+p>/A+K*® have similar forms 


to those of 3° for 2-+p—>23°+K**, we show in Figs. 4 and 5 only the angular 
distributions for the latter process. 


T = (> Caan ey Oe Sa | 


ee 40 
CDEno= 0 Oli Gene 
(II): S=0, O’=i7, 
#2 got, ED: S=1, O'=1 
ny gi (LV): S=1, O7=17; w 
or p> 
5 
B= 
@ 20 % 20 
z 
10 10 
ee ea i (IV) BSeee (pater jose ! 1 . 
Gam B07) 160°) 90> $1207, 150° 180° Oo= SOT G0" 90? 120% 7 150A 
(C. M.S.) (C. M.S.) 
Fig. 4. The angular distributions of 5° for Fig. 5. The angular distributions of £° for 
n+p 59+ K*0 at w=2 Bev. n+p 59+ K*0 at w=3 Bev. 


§ 5. Some remarks on 7+N>Yia7ik reactions 


In this section not only 27 +p—>Y+2+K_ but also a*+pY4+24+K re- 
actions are studied on the basis of Y* or K* model. Since the isotopic spins 
of Y,*, Yo* and K* are equal to 1, 0 and 1/2 respectively, it may be said that 
a+p—>Y+a2+K reactions take place mainly through the following processes. 


Repo Kh SALE KR, (A) 
nt +p St Ks St +a + K* (B) 
Neat Ke, (C) 
t+poltK Yo D+a +k", (D) 
a t+pS°+K** ol +e+K". (E) 
From this model it follows that 
o(at--po St bat +K) =20(a* +p 5 +0 +K"). (30)* 


* Moreover, perturbation calculation gives the following relation : 
o(nt+poSt+n+K*) =0(n7+po2+a° +K*). 


. 
; 


a | a 
i 4 e* 
~~ he aed 


/ 
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Kee: 

Now let us make some discussion about the process 77+p—>S"+K** in 
reaction (E). When we denote the R-matrices for the states of isotopic spin 
[=3/2 and I=1/2 as Rs, and Ry, respectively, the lowest order perturbation 
calculation gives the following result because the matrix element of the lowest 
order (gsG, or gsG,) for this z7+p—-~+K** process turns out to be zero.* 


R32.= —2 Rip: (31) 
From (31) it follows that 
o(n tips 4K) ont pst Ree (32) 


In the process z+ N>Y*+K—>Y+2+K (for example, a~+p>Y,*+ K°> 
SYttn-+K) or 2+N>5Y+4+K*>5Y+2+K (for example, a~+poS+K*> 
Y°42-+K‘*), it is conventional to discuss Y* or K* data in terms of a simpli- 
fied model in which they are produced and decay “isolated”.** Then the 
main features of angular distributions of K° and 3° for 2~+p>2*+27+K° 
and z~+p—>3°+2~+K* may respectively be represented by the forms of those 
of K°® and 5° for the processes 7~+p—>Y,*+K° and 2~+p>5°+K™. Thus 
we may say as follows. The angular distributions and energy spectra of ¥* in 
reaction (B) or (C) have similar forms to those of 3° in reaction (D). If the 
mass difference between Y,* and Y,* is neglected, we may expect the similar 
situation between reaction (A) and 2~+p—>Y,*+K°>3*+2°+K°. 


§ 6. Conclusions and discussions 


It has been shown in the previous paper® that S=1 rather than S=O is 
consistent with the experimental results for K~-p collision at 1.15 Bev/c. On 
the basis of this result our discussion is developed under the assumption of 
S=1. Comparing the results mentioned in Table III with those in Table V, 
we may say as follows. 

i) If the Y,*4z-interaction is of scalar type (that is, O=1), the effects of 
K* on 2° +p>A+z~-+K* reaction overwhelm those of Y,*. 

ii) When the Y,*4z-interaction is of pseudoscalar type (that is, O=i7s), 
the results depend on the N/K-interaction type. If O’=1, the effects of Y,* 
are comparable to (or slightly larger than) those of K*. If O’=i75, the effects 
of Y,* overwhelm those of K*, ; 

Next let us discuss the angular distributions for 7+N—->Y*+K (for ex- 
ample, 2” +p—Y,*+K°) and z+ N>Y-+K* (for example, 2~+p—>3°+K*) pro- 


can O(n +p >29+n- + Kt) =o (x-+p>3-+79+K*) is confirmed by experiment, the result 

may mean that the perturbation theory cannot be applied to such problems. 
. ** The “isolated” model in K~+p>A+n*t+n7 reaction seems to be far from realistic. But 
this may be due to the interference effects arising from the requirement of Bose statistics for the 


final pions.» In the z+p>Y+xz4+K reactions, there is no need to take into account such inter- 
ference effects. 
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cesses. Each process is of course one of the processes in which nucleon core 
is changed into hyperon core. But there is a remarkable difference between 
them. The K* corresponds to a resonant state for pion cloud or K meson 
cloud of baryon, while the Y* corresponds to a resonant state for the core in 
the center part. Therefore it can be expected in 2-p collision at high energy 
that the angular distribution of hyperon in the latter process rather than that 
of Y* in the former process has a peak in the backward direction. Such a 
property as this may be seen through Fig. 2~Fig. 5. Since Fig. 2 and Fig. 3 
show the angular distributions of K° for a~+p—>Y,*+K° process, the angular 
distributions of Y,* are larger in the forward than in the backward direction. 
Although the angular distributions of ¥° are remarkably larger in the backward 
than in the forward direction, it must be noted that they are nearly isotropic 
in the case of O’=77;. Thus we may say as follows. If the experimental data 
show that the angular distribution of S°(or 3*) for 27 +p23°+2°+K* (or 
a*+p—>X*+2'+K") reaction at 2 Bev~3 Bev is isotropic, then the assumption 
of O’=i7, is consistent with the experimental results. 

Let us try to make some discussion about the case of O’=i7;. In this case, 
the mechanism of z~+p— 3°+ K* process is similar to that of K~-+N->N-+K* so 
far as the type of interaction is concerned. As was shown in the previous 
paper,” the angular distributions of protons in K~+p>p+K*~ reaction at 
1.15 Bev/c are isotropic and those at 2 Bev/c have a peak in the backward 
direction. Since K~+p—-p+K*~ at 1.15 Bev/c corresponds to the reaction in 
the neighborhood of threshold energy, it may easily be expected that’ K*~ is 
produced predominantly in s-state. The angular distributions of protons at 
2 Bev/c may be interpreted as follows. i) In high energy region, a number of 
partial waves contribute to this reaction. ii) A* will be emitted by the collision 
in periphery of the nucleon. On the other hand, not only the angular distribu- 
tions of 3° for 2-+p—>3°+K* at w=2 Bev but also those at 3 Bev are nearly 
isotropic when O/=i7,-type interaction is adopted. This is mainly due to the 
following situation. The 2 +p—>+3°+K*° reaction takes place through the in- 
teraction caused by a K meson exchange instead of.a pion exchange. As 
mx l3", it may be said that the K*° in 7 +p—>3°+K”™ will be emitted by 
the collision in the inner region of nucleon compared with K*~ production 
in K-+p>p+K*~ reaction. If the mass of a virtual K meson were equal to 
that of pion, the angular distributions of 3° for 7 +p>+"+K™ at w=3 Bev 
would have a peak in the backward direction. As the pion energy is increased | 
further, it may probably be expected that the 2° turns out to be emitted predom- 


inantly in the backward direction. 


| ee tera To ee * nk ? 
f 1) ata we se * - “ es ~ 4 ? ai Sf Y Ae matt ‘ 
aga oe PEN ey “ TT phe Sa 5 oo 
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Dynamical Theory of Ultrasonic Attenuation. II 
Note on the Weinreich Relation 
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The Weinreich relation for longitudinal sound waves is derived from a general standpoint 
and it is pointed out that in weak collision cases an anisotropic structure of the Fermi sur- 
face reveals itself in the anisotropy of the acousto-electric effect. It is then shown that the 
same results follow for transverse cases when an allowance is made for the fact that the 
local Hall fields generated by a sound wave can yield a net electric current in the propagation 
direction of the wave. 


§1. Introduction 


The ultrasonic attenuation in a conduction electron system is attended 
with a secondary effect. Since a sound wave loses a part of its energy, the 
electron system necessarily gains the energy. At first sight it seems plausi- 
ble to think in a simple manner that the energy is transferred directly to the 
electron system in a form of the kinetic energy in the propagation direction of 
the sound wave, as a result of which there comes out a net current of the 
electrons in that direction, which is the secondary effect in question. Starting 
from a phenomenological energy balance equation based on this standpoint, 
many authors’ have calculated the steady field, the acousto-electro motive force, 
keeping this current, and some of them have derived a fundamental relation, 
the Weinreich relation, between the e.m.f. and the attenuation.* 

However, the situation is not so simple, when viewed from a microscopic 
standpoint. The electric field under consideration is the steady part of the 
space-time average of the local field in the medium which the individual electron 
feels. The local electric field generated by a longitudinal sound wave (in an 
isotropic case) certainly points in the propagation direction and it is natural 


* Further processes are of course possible in principle. Namely, the current will generate 
other sound waves in the medium by an interaction with the thermal lattice vibrations. The repe- 
tition of such processes will result in infinite (eventually non-convergent) series for the e. m. f. 
as well as for the attenuation constant. However, we shall not be concerned in this article with 
this rather academic problem, and shall confine ourselves to the first process, the attenuation of 
the original sound waves, and to the second process, the e. m. f. directly associated with the first 


one. 
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that a net steady field arises in that direction. However, the local electric field 
which is induced by a transverse sound wave and which is directly connected 
with the attenuation of the wave points, on the other hand, in a direction 
perpendicular to the propagation direction and it is unnatural from a symmetry 
reasoning that a net steady field arises in the propagation direction, or else in 
a particular perpendicular direction, if we disregard the effect of the magnetic 
fields also generated by the sound wave. 

It is the purpose of the present article to clear up these points with the 
use of the general method developed in the author’s previous article,” hereafter 
referred to as I, in which particular attention was paid on the screening of 
the electromagnetic interactions between the sound waves and the conduction 
electrons. In § 2 it is shown that the Weinreich relation holds in longitudinal 
cases between the attenuation and the steady electric field under mild restric- 
tions. In § 3 it is shown that in transverse cases the steady electric field vanishes 
in isotropic cases, but the Weinreich relation holds between the attenuation and 
the steady Lorentz force.* 


§ 2. Acousto-electric effect in longitudinal cases 


The same notation and terminology as were used in I will be used also 
throughout this article. To be calculated is the steady electric field exerted on 
the conduction electrons in the presence of propagating longitudinal sound 
waves. The electric field --eE(x, t) is given by 


or) Pe fee re : 
i )=e| gradg(x, t)+ = A(x, |, 


or, in Fourier components, 
—¢€E(x,t) =>) Fle; o)e"™ (2-1) 


with 
P(e, «) =i] e6(e, 0) 2 Ae, w) | oC), era) 
ts 


where ¢,(«#) is the charge density operator, and @(«,w) and A(«, w) are re- 
spectively the effective scalar and vector potentials in the deformable medium, 
related to an incident sound wave through Maxwell’s equation. The sum in 
Eq. (2-1) is extended over (#, w) of the propagating sound waves, that is, 
over (x, w) and (—x, —w) in our case. 

Now, the average of the field has to be taken over the distribution function 


Wee ier ber 


* 
We owe to Prof. S. Nakajima for calling our attention to it. 
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where fj is the equilibrium distribution in the absence of the sound waves and 
fi.is the first order change in their presence whose expression in a matrix form 
is represented by Eq. (3-2) of I. Since we are dealing only with the steady 


part of the average, the average over fo does not concern us, and the lowest 
order terms are 


F°=(—eE(x, t) ienay 
= 21D) h(E.) —fo(E,)}< qlH'(#, w)|P)Dyy(w) F(—#, —w), (2-3) 


k,® Pg 


where 
H'(«, 0) =—0,(#) A,(e, 0) +9)(«) b(e, «) (2-4) 


with 0,(«) denoting the current density operator is the perturbation due to the 
sound waves. 

If we suppose that sound velocities suffer negligible anisotropic influences 
from the conduction electrons,* the propagation direction of the sound waves 
in the medium is parallel to the incident direction provided that there occurs 
no anisotropy in them from other origins. 

In the longitudinal case the field parallel to the propagation direction (taken 
to be z-direction throughout) is 


Fe= 0D {fol En) —fo(Ea)} i«|( p| oC) la? |? 


k,o P,d 


X Dogo) (1-2) |e, 0) 


where p and g specify the eigenstates of the total Hamiltonian of the system, 
and the Lorentz condition together with the same sum-rule type identity as was 
used in deriving Eq. (3-10) of I is again used. It will be shown later that the 
above expression describes the dominant effect. In terms of the longitudinal 
electric susceptibility /’(«, w) defined by Eq. (8-2a) of I, which is a sufficiently 
general expression for our purpose provided that a diffraction of the incident 
sound waves does not occur, we have 


Roa Dinl"(e, 0) (1-25) |6(e, 0)? 


= Melmr(«, 0) (1-25) isle, oF (2:5) 


the last equation being due to the identity /’(—«, —w)=f*(«, wv). Substituting 
the solution of Eq. (3-14a) of I for ¢(«, w), we obtain 


=i 
= 2x Im( C= | dale, 0) 2 (2-6) 
A Le e+Anl’ (x, w) «)| 


* That this is the case is shown in §7 of I for weak collision cases (ck/S>1), but strong col- 


lision cases (k/<1) have not been examined yet. 
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The attenuation constant, on the other hand, can be derived from the dis- 
persion relation ((5-3a) of I): 


| ph eek oe aed (2-7) 
2 |» M «'+4al'(k, w) 


7 Owing to the actually valid inequalities :* 


Rel'(«, wv) ~ReI’(0, 0) > («’, ImI’(k, w)) 


and 
OP Ua), (2-8) 
where w, is the longitudinal sound velocity given by 
2e5 024), Le Pte pat (2-9) 
Be rar eRe PCG, 
we have 
? 1 
i gr, ee ok CA UPN | ( tet ). (2-10) 
eer a 2Mu; a «+42I'(«, w) 


Comparison of Eq. (2-10) with Eq. (2-6) gives 


2 
Oye MO» 


FS AM; 42| "(x : w) i" 


ets 1 
BO 


where Q is the energy flow density of the sound wave 


O=2nMu,| Meo) * 


| evs | 
If we define an equivalent electric field E,° by 
F=—nek,, 
where x is the electron number density, then we obtain the Weinreich relation 
The factor 2 arises from the difference in the definition of the attenuation from 
the conventional one (attenuation of the amplitude instead of that of the 
energy). This relation is quite general, being valid independently of the col- 
lision mechanisms as well as of the degree of the degeneracy of the conduction 
electrons. 
From now on, a scattering-free degenerate electron case will be discussed 
somewhat in detail. For acase of degenerate Bloch electrons of a single band 


* Otherwise, sound waves cannot exist in the medium. 


ae 


4 
» 


~ 


Dynamical Theory of Ultrasonic Attenuation. II 663 


with mean free path longer than the acoustic wavelength, a, is expressed in 
terms of an integral of certain geometrical quantities on the Fermi. surface. 
The Weinreich relation implies that the same is the case also for the accusto- 
electric effect. In other words, the anisotropic structure of the Fermi surface 
reveals itself also in the anisotropy of the acousto-electro motive force. An 
analysis of the Fermi surface with this effect seems in principle more powerful 
than the analysis with the attenuation, for the present effect will be to a con- 
siderable extent free from the excess anisotropies mentioned in $7 of I.* 
Now, we shall examine whether the anisotropic structure of the Fermi 
surface can yield a remarkable steady e.m.f. in a direction perpendicular to the 
propagation one. To see this we have to evaluate the steady electric field in, 
say, 2-direction (one of the principal axes), which is from Eqs. (2-2) and (2-3) 


R= —i dy ee P(x, w) (1- 2) 6 k—w) Az(«, @). 


Thus the ratio E,° to E,’ is equal to that of (w/c) A,(k, w) to é(«, wv). From 
(AII-3) of I this ratio is given approximately by 


vee 
—ArzKay(«, wo) | (P= aa Kale, »)), (2212) 
c 


where K,;(«, w) is defined by (AII-2) of I. Kao(«, w) can be reduced as fol- 
lows. 


Koo(@, ©) =7 34 i fo(Ex) —fo( Ens) } (kl 09(—«) |k+«) C+ «| 0,(u) |e) 


1 cae 
x{ WAC eee fy | 
7 oa eet ead os » 


ee, of. Vz (k) {1 +iahwd (Ep — Ens. +No)} + Oe 


Cc ke ke 


(Uo) ) 


where v,(k) =(i/N) (OE,/Okz), (vo) is the average Fermi velocity and interband 
effects are dropped out. The symmetry relation v,(—k)=—v,(k) simplifies 
the above expression to 


2 
Kao(«, w)=—— ho 3 he Vz(k) 0(Ep.—Enset hw). 
(é © Ex 


Using the same notation as in §7 of I, we have 


Riser acc ls OOS en Hey: (2-13) 


[grad Ex.|” 


where 7 is the path on the Fermi surface having the property that 


—* A numerical estimation for a typical metal shows that this effect is strong enough for 
being detected (see also Mikoshiba’s paper of ref. 1)). 
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cos 2 =—"— (2-14) 
|| Vo 
holds everywhere on the path. If 8, an angle between a velocity on 7 and z- 
direction, were supposed to be 2/2, in which case we denote the path by 7’, 
then the integration vanishes on account of the relation v2,(—k) =—v,(k). 
Hence the magnitude of the integral depends, besides on the anisotropic struc- 
ture, also on the deviation of 7 from 7’. However, this deviation is extremely 
small in practice so that if the Fermi surface is moderately smooth, the quantity 
under consideration may be quite small. The restriction on the smoothness is 


irom Eqs. (2°12) and (2°13) 


| | 0k) 5 sin ods| <|(—_v* “®) _» sin ds}, (2-15) 


J |grad E;,|’ /|grad E;,|? 


he 


except for extremely high frequencies. Only under this restriction is the pro- 
cedure in deriving Eq. (2-6) justified and the Weinreich relation valid. 


§ 3. Transverse cases and discussions 


The aim of this section is first to show by the same procedure as before 
that the steady electric fields in the presence of a transverse sound wave arise 
only from an anisotropic structure of the Fermi surface, and then to show, after 
calculating the steady part of the Lorentz force, that the Weinreich relation 
holds between the attenuation and the Lorentz force. 

The steady electric field in the direction of one of the principal axes is 
from Eqs. (2-2) and (2-3) 


Fl — YY (fx) foes) } Oo) [kt > (eb | (1) |) 
x P ind (RU E,. +h + | Ce, wy 
i. —170 Sa NK, a vas : “a 
Exp — Ens etho ‘ } “4 


~y hwe? | Vz(k) 
—_ 2 


= —-0 sin dds 
no An’ c*K y |grad £;,|* 


A,(x, w)|?. (3-1) 


It is evident that the above integral vanishes in isotropic cases, and, barring 
exceptional complexities, will be very small in anisotropic cases. Meanwhile, 
the steady electric field in z-direction has the same structure as E, in the pre- 
vious section, and hence the same conclusion follows. Thus, so far as we 
confine ourselves only in the electric fields, no appreciable steady field is pre- 
sent in any direction, especially none in isotropic cases. 


Now, we turn our attention to the Lorentz force, which is 


thse a 
isd 
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a | p+* 4, rot A 
MC (G td 
py fide) eGemy en en A, Co, w/t, (3-2) 
K,@ MC 


where we have retained only the steady part of the second order terms. Taking 
the average of the above expression, and retaining only the steady parts, we 
have 


4 
Biba Dili) {2+ 31 fBy) fal Ea) (P| 8= 0) |a)1* Dau) flee, 0) 
x, P,d 
==) (ih) Alea) | Aal hs w)) = — >) Kk Im d(K, a) |As(x, o) |’, 
where 4(x, w) is the transverse susceptibility defined by Eq. (8-2b) of I. Substi- 
tuting the solution of Eq. (3-14b) of I for A,(«, w), we have 
il Aga. 
ee Im( ss : —| See “3 Be3 
K Gea Cand, i oe lJ (K« w) | ( ) 

The attenuation constant for the transverse case, on the other hand, can 

be derived from the dispersion relation ((5-3b)) of I) 
j 2 


; 2 . 
of 1+ Nea — > Le ee |- Ce et oe 
M #—a'/c?+4r7d(k, o) 


Assuming that the sound velocity suffers no appreciable influence from the 
conduction electrons, we obtain 


a, = Oe Im ( 1 x (3-4) 


2Mu,c? ee —w?/ce?+4nd(e, wo) ; 
Comparison of Eq. (3-3) with Eq. (3-4) gives 
a, 23, et -, 
0 (3-5) 


where Q is the energy flow density of the sound wave 
(eon Nias ju ee) | 
ne | 
If we define an equivalent electric field E,’ by 
Fi=—nek;; 
then the Weinreich relation follows 
ieee (3-6) 
| Beet 20 


Eq. (3-6) is indirectly proved in n-type Germanium; namely it is used in a suc- 
cessful order estimation of the inter-valley scattering rates in that substance 


eis ies | 
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(see the paper of G. Weinreich et al. of ref. 1)). 
In what follows our results will be discussed in weak collision cases. Let 
us consider a free electron case for simplicity. As has been referred to in I, 
the attenuations in weak collision cases are determined by dynamical properties 
of those electrons whose velocities are such that the electric field they feel is 
steady as a result of the Doppler effect. Such electrons make a closed circle 
on the Fermi surface. Owing to the sinusoidal spatial distribution of the electric 
field with a definite wavelength, there occurs a steady deceleration as well as 
acceleration of the electrons. However, on account of the slight inclination of 
their velocity vectors with xy-plane, there remains the second order effect in 
the electron system. That is to say, in the longitudinal case the electrons gain 
E the energy from the sound waves directly in a form of the kinetic energy in 
z-direction, and there follows accordingly a net current of them in +:2-direction. 
The driving force of this current is nothing but EZ, obtained in § 2. The situ- 
ation differs a little in the transverse case though the results are the same. As 
a direct consequence of the interaction the energy of the sound wave is partly 
transferred to the kinetic energy of the electron system in the direction of the 
induction force with no net current nevertheless followed because of the sym- 
metry, but a net current arises in the propagation direction as a result of a 
superposition of the local Hall currents. 

Finally, it should be noted that the steady field Z,° in the longitudinal case 
is just the same as the frictional force that gives rise to a resistance to an 
electronic motion interacting with the thermal lattice vibrations. The results 
obtained hitherto show that the transverse sound waves should have effects of 
the same order on the electric resistance as the longitudinal ones, at least in 
a frequency range in which the attenuations for both waves are the same in 

order. According to the results’ of I, this is the case with w’s less than 10° or 
so, so that under ordinary conditions no appreciable effects are expected for 
natural thermal lattice vibrations, but it is not so with artificial vibrations. 
The same discussion is given independently by Stoltz.” 
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The a-particle reduced widths 7,2 for the ground state in Po?!9 and Po?!2 are calculated 
on the basis of the nuclear shell model. The calculations are made taking the boundary 
condition in an approximate way into consideration. The effects of the configuration mixing 
of the parent and daughter nucleus wave functions on y,2 are examined and it is found that 
they give quite large contributions to 7,2. Some features of the distortion of the two nucleon 
wave functions arising from the configuration mixing are discussed graphically. It is shown 
that the wave function of relative motion with the mixing of the level which is lowered 
from the upper band by spin-orbit force would correspond to the bound electron-pair in 
the superconducting metals. Although there are some unavoidable uncertainties in the course 
of the calculations, it is concluded that the wave functions derived by conventional shell 
model calculations can explain the major part of the experimental values of 7,?. 


§ 1. Introduction 


It is well known that the independent particle model is remarkably suc- 
cessful in explaining the various problems of the nucleus, including the nuclear 
reactions. The justifications of the independent particle model on the basis of 
the strong nuclear forces between nucleons have been made by Brueckner et 
al.” However, their theories treat only the case of the infinite nuclear matter 
‘and do not describe the behavior of nucleons in the low density region of 
nuclear surface. Although there are some studies for a dilute Fermi gas, it 
is not clear whether the conclusions from the studies of the endless dilute gas 
are applicable to the structure of nuclear surface without any modification. 
Perhaps the true theory of nuclear surface will have the finite size effect as a 
matter of first consideration.” Unfortunately, there are scarcely any clear-cut 
experimental facts concerning the characteristic nucleon-correlation at the nuclear 


surface.” . 
As is well known, the physical quantity which gives a simple measure of 


nucleon-correlation at the nuclear surface is the reduced widths for the composite 
particle channels, such as for deuteron or a-particle. In this paper we shall 
examine to what extent the experimental values of 7.’ are explained by the 
independent particle model within a finite well, such as harmonic oscillator 
shell model. In the case of light nuclei, we can expect large 7,’ also from the 
independent particle model,” since both protons and neutrons are in the same 


668 K. Harada 


orbit and the size of the a-particle and light nuclei are not so different. There- 
fore, we shall examine the cases of heavy a-decaying nuclei in which one might 
be able to expect large difference between va (1.P.M.) and 7.’(exp.) if the nu- 
cleus has nucleon-correlation at the nuclear .surface. 

Recently, Mang” has calculated the ;.”s for nuclei around Pb**® on the 
basis of the nuclear shell model, and obtained good agreement with the experi- 
mental data. However, he discussed only the relative magnitude of 7° and 
not the absolute values, because he neglected the boundary condition at the 
nuclear surface. Since for the evaluation of the absolute magnitude of 7,” the 
boundary condition at the nuclear surface is very important, we have tried to 
calculate 7,2 taking into account the boundary condition as far as possible. 

Moreover, we have examined the effect of configuration mixing on the value 
of 7.” and found that it gives quite large contributions to the 7,°. For the case 
of Po”® decay, it is concluded that the nuclear shell model with configuration 


_ mixing can explain the experimental value of ;,° satisfactorily, and we need not 


assume any other mechanism of “ clustering” of particles at the nuclear surface. 


§ 2. Method of calculation 


The most general theory of a-decay is developed by Thomas” from the 
time-independent R-matrix theory of nuclear reactions. He derived the relation 
between the decay constant 4 and the reduced widths 7,° in the following form: 


jie 
7 SACs P (al) 
re at 


where P, is the familiar barrier penetrability. The reduced widths amplitude 
Yar can be expressed as 

PTs fag Weta, ees 
Taz= q/' eat Ost Na (La) x (LimM—m 


JM) Y," ( : ) Vc aledduiderage 
(2) 


where ¢ jy and ¢j;-, are the wave functions of the parent and the daughter 
nuclei. %, and Y,"(R/R) are the internal wave function and the angular part 
of the centre-of-mass motion of a-particle, respectively. 

As is well known, the barrier penetrability P, is very sensitive to Ro 


_ beyond which a-particle is not influenced by the nuclear force. However, the 


recent optical model analyses of a-nucleus scatterings have determined the shape 
of the nuclear potential at the nuclear surface fairly definitely. In Fig. 1 we 
reproduce the nuclear optical potential of Pb® for 40 Mev a-particle determined 
by Igo.” Due to the strong absorbent of nucleus for a-particle, the inner parts 
of the potential are not determined, but all potential-sets which have the same 
form at the nuclear surface can give good agreement with the experimental 
data. Assuming that the shape of the potential-tail will not be sensitive to the 
energy, although the main body of the optical potential is, we have determined 
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Fig. 1. Various optical potentials of Pb for 40 Mev a-particle which can 
give equally good agreement with the experimental data. For real and 
imaginary parts the left and right scales should be taken, respectively. 
These have been determined by G. Igo.® 


the interaction radius R, as 10 fermi (=1.4A"*+1.6 fermi) for the cases of a-decay 
of Po” and Po”? in which the energies of a-particle are several Mey. Idealizing 
the nuclear potential as the schematic one drawn in Fig. 1, we calculate the 
barrier penetrability Pz, and then from the experimental values of the decay 
constant, we derive the a-particle reduced widths for ground state of heavy 
nuclei which are to be compared with the theoretical values.* 


* The reduced widths 6? given by Rasmussen” are derived under a different definition from 
ours. His definition and its relation to ours are 
A= (62/h) e264, 
§2=AnkRy Vo? = 120 122 


where [p= TEE ; 


670 K. Harada 


As mentioned in the Introduction, our aim is to calculate the ya; by using ~ 
Eq. (2) on the basis of the nuclear shell model. For this purpose, the following 
assumptions are made for the wave functions.* 
(1) The a-particle wave function is of Gaussian type. 


%a(1234) = oad) | exp] —° ~ (64 2 2) | (42) 9° 70°12) %0'\34), 
aed { (3) 


§:=—G=(n—-"s), E.= a r3—Ty), —— (7, +1r2—T3—T4) 


VA, V 4 Z 
Yo: spin singlet function. 


The constant 7 is chosen so that the 7ms radius of the charge density is 
equal to the measured value (1.6 fermi). From the equation 


Roa 3 (tar: —R) La); (4) 


we have 


8=0.44 fermi~?. 


(2) The wave functions of the parent and daughter nucleus are shell model 
wave functions with seniority zero (in this paper, we treat only even-even nuclei: 
Po”’, Po*’). For the single particle wave functions, harmonic oscillator func- 
tions are used: 


pee Ve Line 


Cry = Sees v (br Vv ‘bh G yie Se ee 3 (2 ; yn —t1\ jm) Mes (= ) ana" a 
(5) 


where 
Live x y+l+1/2 (—)* .2\h 
+112 (Bp?) = 31 ( ee “) raat 


With the above assumptions, we get the reduced widths™ for the ground 
State transitions of even-even nuclei, in which cases all angular momenta of the 
parent, daughter nuclei and of the outgoing a-particle are equal to zero. It is i 


(pest ak =e CAN Nae al 4 . 
MIN “om. \31(A,—2)! 2!(A,—2)! ; 


x 4/ 2n+3—A, | 28H A, 
(A,\-1) (2, +1) © (As—1) (2j4+1) 


> 


x O (Ro). (6) 


A, (As) is the number of protons (neutrons) in the unfilled subshell with quantum 
number »/; 7,(»3/3 3) in the parent nucleus. The second factor is the double 


* We adopt the same notation as Mang’s. 
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parentage coefficient.” The last factor is the overlap integral between four 


nucleons in the 7, and j, orbits and the a-particle leaving the daughter nucleus 
with the orbital angular momentum zero: 


O(R,) = | Po* (jr, Jp=0) Pn* (Fs's In=0) %2(1234) Yo (=) dda, C0) 


Integration implies also the summation over spin variables. Since the 7%,(1234) 
includes the spin-singlet function, we must transform the jj coupling represen- 


tation of each two-nucleon wave function to the L-S 
Then 


coupling representation. 


O (Ro) =T (00 ; frjr) T (00 5 jsjs) | b,*(L=0, S=0) dL 0S =0) he Mo ar. dle, 
(8) 


where 
—) th) 


T(L=0, S=0; jn) =4 QitDWlAbihs 0).  @) 


By using Talmi transformation coefficients CINE nls TINGS NGL thes cole 
lowing expression is derived, 
O (Ro) =T (00 ; fj) T (00 sisi) \ 3 <NSnqs; 0|N, SNS ; 0> 
X(N, Sms 5 0] yhvls 5 O><N, Sra ; 0| Vale Vela i 0» 


x Jong 8 (F1) Png s( Fa) Pngs (Ss) dxs( Ro) 


“ ats exp| —-6 (EP +5) + 2) | (42) ~*? 


x Ey? S9 Fy? do, dE dé,(42)*d2e 


=7T (00; 7:71) T (00 s Jajs) Do (NSnzs ; 0|M SN2S; 0) 
My ne 
X(N, Sm55 Ol rbd; 0)¢NaSmes 5 0| v5 2532s ; 0) 
(Ly) Pf (net BEC 1/ DM! YY 
CTs 


n,! 2! ns! 


6 ie a ( s—b ee Die N! (46)*" 112(4bR,) er BRE 


ob B+b (N+1/2)! 
2 pac So, bys(Ro), (10) 
= 30.5) vys( Ro) 


where N,, is the maximum of N and is given by 


Nm=2. +h +234 ds. 


‘2 
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Table I. The size parameter 6 
—— of the harmonic. oscil- 
lator is determined as 


Pie 
ts Roe Pys(Ro) 


NL |. Po®®(S=—18.5)* | Po2!°(S=—16.7)* follows. The eigen- 
Fite = ee ey se Ce state in the infinite 
Ae | eee | ee harmonic oscillator 

Be e718 | 0.757 well which is regular 


at infinity cannot have 
* § is the well-known shift factor and is expressed as 


— Rp, 2Ma — Ea) 


an open channel. 
Therefore it is obvious 
that the shell model 
wave function does not 


S= 


in the W.K. B. approximation. 


Po?” 6=0.11 satisfy the boundary 


= cx(Szb)*-" 26 40R) condition which we 
r---1 normally impose upon 

(TO? mit) s 
a compound state in 
resonance’ reaction 
theory. Then, instead 
of fitting the logarith- 


mic derivative of the 


Po” 6=0.11 


b\Nn-N 


Cu( SER) EDR: a5 
(10° unit) 


git 
internal wave function 


to the external one, we 
determine the size para- 
meter 5 so that the 
value of the harmonic 


5 
' 
1 
7 
| 
' 


10 
oscillator wave func- 


tion at R).is the same 
as that of the square 
well wave function 
satisfying the bound- 
ary condition at R) ex- 
actly. At this stage 
we regard the size 
parameter } as a free 
parameter which ad- 
justs only the magni- 
tude of wave function 
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tions at R,, which satisfy the boundary conditions, are easily calculated’ and 
are given in Table I. On the other hand, we see in Eq. (10) that 7, is written 
as a sum over ¢ys(R,)’s with numerical coefficients dependent N. The relative 
amount of the contribution to 7, from each term is mainly determined by 
transformation coefficients, but it also depends on the size parameter 5 through 


CN Na Sigis 
the factor (=) (’ys(Ro). However, it is found that the latter dependence 
j , 


on bis rather weak within the reasonable range of 4, and thus could be neglected. 
In Figs. 2 and 3 we show the magnitude of each term of 7, as a function of N 
when 6=0.11, as an example. It is thus seen that the maximum contributing 
wave function to 7, may be taken as ¢49s3(R,) in both cases of Po” and Po™, 
and b is determined as 0.106, so that the above boundary condition is satisfied 
for this partial wave, which gives 0.8 for r=1/2- Ry ¢ijs( Ro). 


§ 3. Numerical calculation for the cases of Po” and Po” 


To evaluate ©(R,) in Eq. (10) we have first to calculate a number of 
Talmi transformation coefficients which appear in the coefficients Cy. We carry 
out these tedious calculations using the formula derived by Arima and Terasawa.” 
The Talmi transformation coefficient which appears as the first factor in the 
summand of Eq. (10) may be written in a rather compact form: 


CNS, 253 0|N,S, NS; 0) 


te a a RC a ae gee 
sgxee N ONIN (2N, 41)! (2M+)!! ¥ (2n+1)!! 


n>? 


ai CON EI) coon Net 
SAG! 2A) Eu. G4)! 


(QN,+D! N;! 
{9(N,—n+2) +1}! (N,—n-+z7)! 
Bog ae (20 N=) ell LCN t) 
=> (n—i)! §2(N—n)+1}!! (N—7n)! 


49 


lee 


The numbers of the sets (N, m, 2, 73) that satisfy the condition of the energy 
Ponservation ares216 and, 273~for the cases ‘ot Po”® and Po™, even when pure 
configurations are assumed. The experimental and calculated values of 7,” are 
given in Table II. 

It is worth while to point out that in the case of pure configuration the 
calculated Cy’s change their signs alternately with N. Consequently, all the 
summands in Eq. (10) have a same sign and thus are added without any can- 


=o. Hg 


pate ee 


a Pe ot 


See ee 


tee 


= a 


a ee Pee 


- 


674 K. Harada 


Table II. 


Po Po212 
E, 5.33 Mev | 8.81 Mev 
—12 
Po 1.22 x 10-24 5.31 X 10712 
S —18.51 —16.66 
pie 15.7 ev 143 ev 
2 eile 0.88 1074 0.80 x 1078 
Texp. MRY i 
Temes 0.31 ev (3.3 ev) | 1.3 ev (7.1 ev) 
2 2 1 1 oe 2 le +) 
Ttheor (ieee "60 ( =) 110 20 


UE EE EEE EEE EEE 


cellation, because ¢/ys(R) also changes its sign successively with N at the surface.* 
Nevertheless, it is seen from the last row of Table II that the Vier 1S rather 
too small compared with 7-2». 

In order to see whether the configuration mixing will increase the 7 tier, 
we take the case of Po”’+»Pb™ decay, in which case the elaborate shell model 
calculations have been done by several authors.”’** Employing the wave functions 


obtained by them: 
|Po™”°) =0.943] (hoj2)? J=0) +0.101| (Fr/2)? J=0) —0.317| (13;2)°J=0), 
|Pb”) =0.865| (p12)? J =0) +-0.308| ( fo)" J =0) +0.377| (ps)2)° J=0) 
—0.122| (t122)?J=0), 


lengthy calculations are made with the result shown in parentheses in Table II. 
It is seen that the j:ieor is increased by almost one order of magnitude compared 
with the case without configuration mixing. 

In the course of the numerical calculations, we found that all the products - 
of Cy’s and the mixing coefficients have the same sign as Cy’s for the pure 
configuration, thus the summand in Eq. (10) are again added without any 
cancellation. To see more clearly, this strikingly large contributions caused by 
the configuration mixing, it will be interesting to compare the relative wave 
functions of two protons and two neutrons for the cases with and without the 
configuration mixing. We do this for the wave functions in which the centre- 
of-mass motion lies in 5S and 4S state, since in these cases overlapping with 


* On the contrary, in the inner region the summation consists of terms partially cancelling 
each other, 

*™* Strictly speaking, the nuclear force ¢Serber, Gauss) and the size parameter used in the 
calculations are slightly different in each case. Following the procedure of Horie and Sasaki,!® we 
recalculate the Po?! case taking the same parameter as in Pb2, and the result is 

| Po) =0.946] (Ag/2)?.J =0) +0:143] (f7/2)2J =0) — 0.290] (i5/3)2J =0). 
The minor changes of mixing coefficients which resulted from this recalculation are not important, 
since there are inherent uncertainties in the experimental reduced widths. 
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3 ' the a-particle wave function becomes maximum. They are written as: 
4 proton (5S) 
no mixing: ¢(r)=5S. 0s|Oh, Oh) $os(r) 
0.0630 
with mixing: ¢(r) =()943. 0; Os|Oh, OR) 4 5(7) +0.101(5S, Os|1f, Lf) bos(1) 
0.0630 0.2764 
—O.s1/C09; 15|02, 02) ¢,;(r), 
= O16 7.7 
proton (4S) 
no mixing: ¢(r) =¢4S, 1s|0h, 02) 4,,(r) 
= (2097 
with mixing: ¢(7r) =0.943(4S, 1s|0h, 0h) ¢1s(r) +0.101¢4S, 1s|1f, 1f) f(r) 
—0.2697 — 0.4088 
—0.317¢4S, 25|0:, 02) ¢,(r), 
0.3934 
neutron (5S) 
no mixing: ¢(r)=5S, 0s|2p, 26) ¢o.(r) 
0.4071 
with mixing: ¢(r)=1.242(5S, 0s|2p, 2p) ¢os(r) +0.308¢5S, Os|1f, 1f) ¢os(r) 
0.4071 0.2764 
—0.122(5S, 1s|0z, 02) ¢1.(7), 
—(0.1677 
Z neutron (4S) 
no mixing: ¢(r) =<4S, 15|2p, 2p) is (7) 
0.03169 
with mixing: #(7) =1.242(4S, 1s|2p, 2p) ¢1s(r) +0.308¢4S, 1s|1f, 1f) fis(r) 
0.03169 — 0.4088 
—0.122¢ 4S, 25|02, 02) ¢bo5(r). 
0.3934 
The numbers written below the transformation coefficients are their numerical 
values. These relative wave functions are shown in Fig. 4 and Fig. 5, together 
with the wave function of the a@-particle for the purpose of comparison. 

From Fig. 4, we see that the configuration mixing makes the overlap ap- 
proximately two times as large as that of the case of no mixing for 5S centre- 
of-mass motion, and that the overlap is rather insensitive to the adopted size 
parameter, which is seen by looking at the @-particle wave functions given for 
2=2b and 4d in Fig. 4. The relative wave function for 4S centre-of-mass mo- 
tion undergoes less distortion due to the configuration mixing than that for 5S 


one, since it has already a large 1s component, ve(AS- tstOh On) 1s large, ever 


in the case of no mixing. 
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4S with 


Fig. 4. The relative wave function of two protons. 


Similar situations are seen in the case of two-neutrons. In this case, how- 
ever, the relative wave function for 4S centre-of-mass motion changes its sign 
from plus to minus due to the configuration mixing. Because of the two facts 
(i) that the centre-of-mass wave function 48 and 5S have opposite signs at the 
nuclear surface Rj, and (ii) that the relative wave function corresponding to 
the 5S centre-of-mass has the plus sign, this change of sign is favorable for the 
construction of di-neutron. 

It is noteworthy, in both 4S and 5S cases, the distortion of the relative 
wave function, by which the latter resembles more to the a-particle wave func- 
tion than no mixing case, is mainly caused by the mixing of the (¢:3,.)? configu- 
ration which inherently belongs to the upper band, 6fw. Owing to this, mixed 
relative wave function contains high frequency wave. This situation corresponds 
to the bound electron-pairs'” in the superconducting metals. 
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3.0 


Fig. 5. The relative wave function of two neutrons. 


44s not 


For the case of Po”’—>Pb™** decay, a reliable wave function of Po 
available because of the lack of definite knowledge about the position of the 
single particle neutron levels which belong to the 6/#w band. For example, 
the js. level predicted by Nilsson’? has not yet been observed experimentally.” 
Banerjee and Zeh calculated the Po” and Pb*" wave function assuming the 
Serber type 0-force for p-p and n-n force by neglecting the mixture of ( j15/2)”. 


Their results are: 
|Po™*) =0.914 (Agj2)? + 0.256 (fra)? — 0.317 (ar5)0)", 


|Pb®°) =0.935 (Yon)? + 0.325 (tu 2)? + 0.141 (d5y2)”. 


Although the wave function |Pb™*) is less certain in view of the above-mentioned 
circumstance, in order to obtain a rough estimation for the effect of mixing 
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for Po”? we take |Po”°) x|Pb"°), each factor being defined above, for Po“ )has 
the first approximation and calculate ;,’. This amounts to neglecting the n—p 
force. The result is also shown in parentheses in Table IL. 

In this case, the agreement with the experimental value is not so good 
compared:‘to the Po” case. However, there is a plausible reason for it, that 
is, the neglect of the mixing of the jis. level and the mp force. As is seen 
in the Po”® case, the jis. level is expected to play an important role for the 
construction of the neutron-pair. Presumably, the —p force will act partly for 
the formation of p-p and n-n pairs, and partly against it. The latter effect will 
contribute to the formation of n—p pairs. The questions relevant to the 2p 
force will be studied in a later paper. 


§ 4. Discussion and conclusion 


It is found from the calculation of the a-particle reduced widths that the 
wave function derived by the usual shell model calculation with a limited amount 
of configuration mixing can account for the major part of the experimental 
values 7,7, if we further take into consideration the boundary condition’ at the 
nuclear surface appropriately. In other words it is found that the configuration 
mixing strongly reinforces the formation of @-particle in nucleus. The reason 
why the configuration mixing has a large effect on the 7,” is that only the s- 
wave part of the relative motion contributes to 7,", and the amplitude of this 
s-wave part is much increased under the influence of the short-range nuclear 
force which caused the configuration mixing. In particular, it is stressed that 
the mixing of the level which is lowered from the upper band by the spin-orbit 
force plays an important role for nucleon-clustering. It may thus be concluded 
that, although some unavoidable uncertainties enter into the course of the 
calculations, the independent particle model with mixed configurations can ex- 
plain the experimental values of 7,”. 

Finally we should discuss R, dependence of the experimental and theoretical 
ya. For reference, we give the numerical values of penetrability P) and shift 
factor S at the Ry,=10 fermi and 10.5 fermi in the following Table. 


Table III. 
| Ry * Po2l0 Po2l2 
Py 10.0 1.210744 0.5xX10711 
10.5 1.8 X 107-38 200 X10 
S 10.0 | —15:5 = 16:6 
10.5 —18.8 —16.8 


$$ ee 


From the above Table it can be seen that Ya (€xp.) is very sensitive to Re. but 


7a (theor.) is not so sensitive. Therefore our quantitative conclusion does depend 
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) rather critically on the assumption of R,=10 fermi. However, since one cannot 

- possibly take a smaller value than 10 fermi for R, (see Fig. 1), which means 
that our Fike /Yesp given in Table II would be the lower limit, the conclusion 
in this paper need not be changed. 


Acknowledgements 


The author would like to express his sincere gratitude to Prof. H. Horie, 
Prof. M. Kawai, Dr. M. Soga of Tokyo Institute of Technology and Dr. A. Sugie, 
Dr. T. Terasawa for helpful discussions: and encouragement throughout the 
course of the present work. He also thanks to Prof. H. Horie and Dr. A. Sugie 
for valuable advices about the manuscript. 


References 


1) K. A. Brueckner and J. L. Gammel, Phys. Rev. 109 (1958), 1023. 
L. C. Gomes, J. D. Walecka and V. F. Weisskopf, Annals of Phys. 3 (1958), 241. 
2). Van Hove, L., Physica 25 (1959), 849. 
Y. Wada, Prog. Theor. Phys. 24 (1960), 920; 25 (1961), 713. 
3) R. J. Eden and V. J. Emery, Proc. Roy. Soc. A. 248 (1958), 266. 
J. Da Providencia, Proc. Phys. Soc. 77 (1960), 81. 
4) D.H. Wilkinson, Proceedings of International Conference on Nuclear Structure, Kingstone, 
Canada (1960). 
5) J. K. Perring and T. H. R. Skyrme, Proc. Phys. Soc. 69 (1956), 600. 
6) H. J. Mang, Z. Physik 148 (1957), 572. 
H. J. Mang, Phys. Rev. 119 (1960), 1069. 
7) R. G. Thomas, Prog. Theor. Phys. 12 (1954), 253. 
8) G. Igo, Phys. Rev. 115 (1959), 1665. 
' 9) J. O. Rasmussen, Phys. Rev. 113 (1959), 1593. 
10) R. Hofstadter, Rey. Mod. Phys. 28 (1956), 214. 
11) A. M. Lane, Rev. Mod. Phys. 32 (1960), 519 
12) H. Noya, A. Arima and H.Horie, Prog. Theor. Phys. Suppl. No. 8 (1959). 
13) I. Talmi, Helv. Phys. Acta 25 (1952), 185. 
A. Arima and T. Terasawa, Prog. Theor. Phys. 23 (1960), 115. 
M. Moshinsky, Nuclear Phys. 18 (1959), 104. 
R. D. Lawson and M. G. Mayer, Phys. Rev. 117 (1960), 174. 
14) A.M. Lane, Proc. Phys. Soc. A. 66 (1953), 977. 
15) W. True and K. Ford, Phys. Rev. 109 (1958), 1675. 
N. Newby and J. Konopinsky, Phys. Rev. 115 (1959), 434. 
P. Banerjee and H. Zeh, Z. Physik 159 (1960), 170. 
16) H. Horie and K. Sasaki, Prog. Theor. Phys. 25 (1961), 475. 
17) S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 29 (1955), No. 16. 
18) B. L. Cohen, R. E. Price and S. Mayo, Nuclear Phys. 20 (1960), 370. 


680 4 
: Progress of Theoretical Physics, Vol. 26, No. 5, November 1961 

4 

: Nonstatic One-Boson-Exchange Potentials* 

rf 

f Norio HOSHIZAKI,** I LIN and Shigeru MACHIDA 

3 Department of Physics, Rikkyo University, Tokyo 

r (Received July 14, 1961) 


A list of the nonstatic one-boson-exchange potentials between two nucleons is given. 
The potentials are obtained exactly in the momentum space. In the coordinate space they 
are given up to the order M-? in the M-1 expansion. (M is the nucleon mass.) 


§ 1. Introduction 


The existence of resonance or bound states with isospin and angular mo- 
mentum zero or one has recently been anticipated from both experiments” and 
theoretical speculations.” It also results from the Sakata model,” especially from 
the hypothesis of the full symmetry between p, 7 and 4.*’ If such a resonance 
is really present, it will more or less affect the two-nucleon force. Actually 
several authors®~® have discussed on this problem. At present, of cource, no 
definite conclusion has been drawn because of our poor knowledge about the 
nature of such states. It may still be hoped, however, that the two-nucleon 
phenomena could give useful information about the above-mentioned states. 

The aim of this note is to calculate extensively the nonstatic two-nucleon 
potentials due to the exchange of a boson, assuming that the resonance or bound 
state with definite spin and parity can be approximated by an actual particle 
with the same spin and parity. These potentials are expected to serve as a 
basis or guide in the more systematic analysis in the future investigations. 

In this note we would like to consider spin zero boson and spin one boson. 
The interaction Lagrangian density is 


 (Ish99, ; (S) ; 
ee ae 
ae Fi Gi7 69,4, (V) 
for scalar boson, 
; L’=9rgips$o+ : . Vi7s7 $9.9, . 
: for pseudoscalar boson, 


¥ * This work has been done as a part of the 1960-61 Annual Research Project on the Theory 
i of Nuclear Forces organized by the Research Institute for Fundamental Physics, Kyoto University. 
** Nippon Gakujutsu Shinkokai Foundation Fellow. 


“eee 
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; L'=9y¢i7,0¢,+ GO ww PPuvs 
Zt . 


for vector boson, 


and 
JaP irs $b, , (PV) 
et = ‘i _—. A 
“oy F iT8om PPavs CAL 
for pseudovector boson, 
where 
ony Gas (SATs Ta) [2% 
and 


Puv=9,9,—9, Oy - 
For iso-triplet boson, ¢ or ¢, is replaced by 7,46, or 7,4,:. Mixing of (S) and 
(V) for scalar field and mixing of (PV) and (PT) for pseudovector field are 
not allowed, assuming that the theory is invariant under charge conjugation or 
time reflection.’” 

In the next section we give a list of the nonstatic one-boson-exchange po- 
tentials (OBEP) calculated from the above Lagrangian. These potentials are 
derived following the method adopted in reference 11). The two-boson-exchange 
potentials are left untouched throughout this paper, because they are expected 
to have little effects on the outside of the force range in which we are mainly 
interested. 

§3 is devoted to the following discussion. First, some features of the 
present potentials are mentioned. Secondly, remarks about the attempts to ex- 
plain the origin of L-S force by ¢ meson are briefly given. Finally, we refer 
to a possible method of investigating the bosons which have been predicted by 
the full symmetry theory of the Sakata model. 


§ 2. One-boson-exchange potentials 


i) The potential is defined in the momentum space as the interaction kernel 
in the integral equation for the two-nucleon system. Then we can decompose 
the potential, where two incoming nucleons with momenta p, —p are scattered 
into a state with p’, —p’, as 


V=V,4+-CSEXD) vy, +4 


ASE Ca a Oe jae Cae DEAT BR V; 
L pe : 


hay 


4 (oO EX g) (oT EXD 4 (6.6) Ve, o 


pe 


where 


V; == V; (k’, q, (k x q) =) > 


sins ee A aN 


<=" =) yee ee we eee 


682 N. Hoshizaki, I Lin and S. Machida 


and 
k=p'—p, q=(p'+p)/2, S=(e% +o) /2. 


vis the mass of a boson under consideration. The whole expression of V; 
corresponding to the one-boson-exchange process is given in the Appendix. 

One merit of working out the calculation in the momemtum space” 
be to make the M/~! expansion of the potential unnecessary, M being the mass 
of a nucleon. This point would become more important when we consider 
heavy bosons (u<M). In spite of this advantage, however, we are still going 
to expand the potential with respect to q/M and k/M, in order to transform 
it into coordinate space. (//M-expansion need not be made here.) The va- 
lidity of this 1/~! expansion has been discussed in reference 11). It has been 
concluded that the q/M-expansion is valid for gS4/,c, 4, being the mass of a 
pion. 

This criterion may also remain valid for other boson cases. Now we tabu- 
late OBEP up to the order of M7: 


may 


a) scalar boson 


Van fe (yt 4 U9") 4 of 1), ; 
PeAG M? Mia )+ M' coe 
aap ay aug 1 . a 
W=99 35, 7 tO(S, (2b) 
Toy st: . 
.=0(—_} (2c) 


As is well known the vector interaction of the scalar boson has no effects on 
the nuclear force. 


8) pseudoscalar boson 


Vi=—(fo+—4 ge), f \1— Lr AS Boies ED +0/ 1 )} 
¢ 


2M“) 4M? MM?" Mia M* 
x s, va (3a) 
Vi= (fot ge) O( 1) + _ Vie, (3b) 
Vee ed (3c) 
V (k xa) Vee (3d) 


with 


Fak attewe, ee ee p 1 
Va= (sng) Fe) 2M? at aM 7s »0(GR): Bo) 
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7). vector boson 
2 : 
v=o f1- k (k-q)* -|- Co me ee oh o 5h on I LG 
sms? AM? ire Mo Mad PM w "42M? @? 
a 1 
+97 0(. aan) tfrgro( Me -)+F7 0 ax) (da) 
Sh Py ee | Deayeee £1 1 fee ow hee 
V,= (Oi es Take: 2A fee a esi NS ie ak 
Bes yt a ak a Mo 
+9Iy O( =.) + fra 0 (+4 o(--|; (4b) | 
ano. | te 1 1 k* (k-q)* 
Vi=—-9 + fr Jv — + fr’- {1 al -} 
pe gee Capit” a AM? | Mt? 
ane ; Vat g70(1, )+Frgr0 (= ,)+f#0 (1), (4c) 
Beye or Oa) A Fre Ol) tHe 
(4d) 
fy i “ Viet 90 () + Sfoty ( -)+fr (4), 
(4e) 
iL 2 Kk? 1 » 2 Ae ic (k-q)” | 
zs 2 es eee es 1 esa (4 
V; 4 Gy M? We ty Gy Me Sle ww? | 4M? mn M ae 
2 ; 1 
SAIS peel od +frJvrO (1) +r0(4,), (4f) 
with 
, 2 1 ( it 
Vig= tv Vie? bg 0 |— Me =z) + frgrO (15) +f70(—7,). (4g) 
da) pseudovector boson (PV-coupling) 
reno “ 
fete a o( 1 (5b) 
V, 9 Ja 2 ie) “5 M 4 
1 ea ak OA et KG): | Ty o( 1.) 
ae Coa Mi AME Miok) 8M)’ 
(5c) 
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Vi=Vut0(—), 
with 


; cial ( ee 
Vets ea iiaiah 


0b) pseudovector boson (PT-coupling) 


rn fh a foe Ur} vat o( te) “ 
= pe (6b) 
Tee (6c) 
V (k A) . DPA. (6d) 
ps 
with 


If we consider iso-triplet bosons, all V;,’s given above should be replaced by 
(7-7) V;,. In the case that the e meson interacts with nucleon after decaying 
into pions, g and f in the above equations will be replaced by gF,(k’) and 
SF, (Rk), Falk’) being the nucleon form factors. 

It would be in order here to remark the following. As is known, the form 
of the nonstatic part of V2, Vs, V, and V; is not unique. 


Because of the i- 
dentity 


(k- gq) {(@-k) (o&-q) + (6 -q) (6 -k)} =q?(o-k) (6 -k) 
+k (o¢"-q) (o”)-q) us (o™ -kXq) (o-kXq) on. (kXq)? (o-oo), (7) 


the Vj,,-terms on the right-hand side of the expressions for V., V3, V, and V; 
can be summarized as 


Vig eq) (9 +k) (6g) + (+g) (6 +k) } U4. (8) 


This term together with the retardation term, 9?(k-q)?/M?w‘, can be transformed 
into the fourth order potential by a suitable unitary transformation. The static 


part and L-S potential, on the other hand, are free from this ambiguity up to 
the second order approximation. 


a an diame 
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In this note we use, for the sake of simplicity, the representation in which 
the term (8) together with the retardation term, g?(k-q)?/M’', are transformed 
into the fourth order. We therefore omit these terms from Eqs. (2) ~ (6) in 
what follows. 


ii) List of the potentials in the coordinate representation 

The potentials in the coordinate space are given by the Fourier transforms 
st Ueg) Eqs) : 
dk 
(22) 
q in V(r, q) means a differential operator on the two-nucleon wave fuction, 
Var v) 72. Then V(r, q) can be expressed as a sum of the static part, L-S 
force and other nonstatic forces, each of which is given below. 
a) The static limit W(r) of V(r, q) is well known. Here we reproduce it 
for the sake of completeness : 


Via Vk, qe. (9) 


wa pls (10a) 
An 
for scalar boson, 
2 
Wand (for Kae) {2 (o?-0) $a) +Snt(a)}, (10b) 
ae 3 
for pseudoscalar boson, 
2 
wap 2 g(x) +p FE { 2 (0%) 62) —Suto}, (10¢) 
An Ax SP es 
for vector boson, 
Wa pie | 2 (o"-@) $(2) +SnZ(a) |, (10d) 
7 
for pseudovector boson (PV-coupling), 
and 
Wan fa | ; (0.2) (2) + Svt(a)}, (10e) 
18 
for pseudovector boson (P7T-coupling), 
where 
Aha ae (14 g +5.) Ras (11) 
Ghe ee ee 3 Ce a Je 
with x=pr, » being the mass of a boson under consideration. 
8) The L-S force, Vzs(r) (E-S), is given by 
eee fe Is. ye (1+ 1 Cas (12a) 
VE ae 4n 2M? eae 


for scalar boson, 


eh a - 


y—2)  Vy(r) (6+) (@-q)/t2 is given by 
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s Gao ave awe ae Oe (1+ +) —, 

coe a dae SP aM ten z/ x? 
(12 
for vector boson, 
and 
ecmiitis al (126) 

\ ions Sy ee Paes : } 
a a OT? z/ x | 


for pseudovector boson. 


7) Other types of the nonstatic potentials. 
7-1) The quadratic spin-orbit force, Vzz(r) (aL) (o'?L)* is expressed as 


: 2 2 
Vir=t eee (1+ 2 =e =) ) (13) 


4n M? Le x 


for vector boson. 


Ceri 1 Lenten? 
V, —— pe Pe si (-1 -) : 14a 
eat 4z M? a 2 Mg mt a) 
for vector boson, 
2 9 2 
Vi=—# - ae (2), : (14b) 


for pseudovector boson. 


0) Corrections to the static central and tensor forces: 


2 2 
Wie ie ie (2), (15a) 


for scalar boson, 
2 


wren (fet tg,) (4 


An oM AM? ai ; (oo) $(x) +SnZ(a)}, 


(15b) 


for pseudoscalar boson, 


ry 2 2 2 slp | 2 
wian[ oe (4 ala fete a fet 
; AMe OMA). dn ae Mg 


gy i FrGr ye 2 } 
+1 io ime ri f+ fats (2-6) $2) ~SuZ(2x)| 


; eae (6% -L)=(e-L) (@®-L) —1/4(x-p—p-x) (o® hie ea 7) (o® +x) — (0.7) | 


ch a 
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ie. iG 2 q il Boe 
pT 40-0) (142) | (15¢) 
for vector boson, 
2 2 9 
Wrap te T{ % (o.0%) (2) —Sutca}, (154) 
for pseudoyector boson (PV-coupling), 
and 
2 2 
Wrap Fe To -0®) $(2) +Sur(a)}, (15e) 


for pseudovector boson (PT-coupling). 


The 0-function terms are neglected in the above expressions. 

These formulas will be valid only in the outside of the core region. Near 
the core region the M~'-expansion cannot be allowed, because in this region 
the contribution from high momentum part, k= Mc, is not small. Moreover, in 
this region, the higher order effects should be taken into account. 


§ 3. Discussions 


i) Characteristics of the nonstatic OBEP 


As shown in Egs. (12a) ~ (12c) the L-S potential is obtained as an attractive 
force (multiplied by (r®-7™) in the case of iso-triplet bosons) with the magnitude 
of order (4/M)? in the case of scalar, vector and pseudovector bosons. The 
fr9r-term in the case of vector boson is only exceptional and has the magnitude 
of order p/M. No L-S force is obtained from pseudoscalar boson or pseudo- 
vector boson with pseudotensor-coupling in the /*-approximation. 

As to the other nonstatic forces we only mention that their magnitude is, 
in general, of the same order as that of the L-S force. 


ii) Some remarks about the attempts to explain the origin of L-S force by 
f meson 

High-energy p-p scattering seems to indicate that the large L-S type po- 
tentials are probably present. Breit" proposes to regard this L-S force and 
the repulsive core as originating in the interaction through vector meson with 
mass~9y,~12",. The coupling constant, gy /Ax, is estimated to be 300~1700, 
which seems to be unreasonably large. Furthermore, Sakurai” claims that this 
presence of a large E-S force can be completely accounted for if there exists 
a strongly interacting neutral vector meson (or a sharp resonance in the J=0, J=1 
state of the three-pion system) of mass ~3/4,~4/,, with the vector coupling to the 
nucleon of the order g7/42~4~7. However, his L-S force, if it be present, 
necessarily accompanies a very strong repulsive central force (about (//p)*-times 


: 
5 


ace” Fo 


Set aye 
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larger than Vzs) as is easily seen from Eqs. (10 c) and (12 b). The tail of this 
repulsive force extends into one-pion-exchange region and appears therefore to 
be improbably large as it has been pointed out by Breit.” Furthermore, Breit® 
and Ohnuma® criticize Sakurai’s conjecture from other point of view. 

Gupta” considers the L-S force arising from the neutral scalar meson with 
p~2", which is coupled strongly to the nucleon, gs'\/4z~14. In this case, too, 
the strong (attractive) central force necessarily appears in the one-pion-exchange 
region, and it may be inconsistent with the available low energy data. 

Fujii” calculates the potential arising from the two-pion P-wave resonance 
(I=1, J=1) at an energy of about 4.3y4,. This resonance corresponds to a 
vector meson with J=1 (-meson). The coupling constants, gy and fy in Eqs. 
(4a) ~ (4g), can be replaced by hF,(&*) and AF,(k*), where F.(k*) are the nu- 
cleon electromagnetic form factors and h is the  meson-pion coupling constant, 
h?/42~5. Then it is estimated at #?=0 that gy?/4n~0.4, fy°/42~5.5. In his 
potential, the f;gy-term in Eq. (12b) gives a main contribution. The nature 
of the spacial extension of his potential is influenced by F,(k’). 

ili) A possible method of investigating the bosons predicted by the full sym- 
metry theory of the Sakata model 

In the Sakata model, », 2 and A are assumed to be fundamental particles. 

Furthermore, the full symmetry between these particles has been assumed by 
Ogawa.” Then iso-singlet 2)/-(and z,’’-) meson* is predicted to exist. This 
boson would contribute to the nuclear force in the outside of the core region. 
Several resonance states** with J=0, 1, which are obtained in the system of 
two baryons and two antibaryons, would also contribute to the nuclear force. 
In order to investigate whether these bosons really exist or not, the following 
approach*** may be possible : 
a) The one- and two-pion-exchange potentials with the contribution from pion- 
pion force neglected, (OPEP+TPEP), are subtracted from the phenomenological 
potential, Vy nen, which can reproduce all the available experimental data. We 
then investigate whether or not the remaining part may be identified with the 
potentials due to the exchange of bosons mentioned above, 


Vioum-7 (OPER +-TPEP) =23 (OBER): (16) 
or more simply 
P)  Vonen— (OPEP) =5 (OBEP), 
according to whether *(OBEP) <TPEP or *(OBEP) >TPEP in the region 
under consideration. Finally, we mention that this approach should be applied 
to the phenomena on which the potential in the core region has little effect. 


* The mass formula of elementary particles by Matumoto® and by Sawada and Yonezawa®) 
gives the mass of 7’ (m’) to be 615 Mev (377 Mey). 


** The mass formula® predicts the energy of these levels to be 753 Mey and 849 Mev for 
I=1 state, 1135 Mey for J=0 state. 


* The detailed analysis is made in reference LShe 
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Appendix 


Exact expression for the nonstatic one-boson-exchange potentials in the mo- 
mentum representation 
In this Appendix we give an exact expression of V;,’s in Eq. (1). 


(a) scalar boson 


ES a 1S TORE Se eC 


(Ey +M) (Ey+M) AE» Ey 

2 = 
Y= (1- Meee PPS \* Bi: (A -2) 
my (Ey +M)(E,+M)/ 2E,E, 

4 — 

oe pea iae “ 4, (A-3) 
Hides AE», E»(Ey1+M) (E,+M) 

1 


where E,=(p’+M’)*” and 4d=P- P stands for principal 


ke+ ye = (Eyr— nD) ; 
value. 


(3) pseudoscalar boson 


venta) CoStar mae) Ot 
aoe Vege (hc hy) Ve. (A-4) 
van (tot aha) (garage) Ree 
+E Vea + Eq Ey)" 4V (A-5) 
Vi=Vig, (A-6) 
eA Sa (A-7) 


Age) M(E,+£,+2M) ag Pele" +P) 


te BE: iM 4, 
—fp (Ey +L» +M(Ey+E,))} = EVE; (Ey +M) CEs +M) (Baas) 
(A -8) 
Les pt M (Ey +E£,+2M) vs (A -9) 
Vp=to( fot sir) AB yi Ep (Ep +M) (E, +M) 


690 N. Hoshizaki, I Lin and S. Machida 


(7) vector boson 


ip, 2 Pp 2 
V, =i (1 : eae eae +( | oe al: oo 
ad Lilet Sag seas veneers S Ey EM er Me 


PrPr. 4 — —9M M(- p’ Bik © ) 
in ye Gates ee EytM  E,+M 


(Ei Ey+ 2M) (p'-p)* 5 __(Ey—Ey)'M__| 
(FE, +M)? (£,4+™M)’ (E,,+M) (its +M) 


Weis {( (PPP) __ (p: p’—P) )'+ (p’—p)* (p’Xp)* 
pe Ey tM | Oper ts § (Ey +M)? (£,4+™M)? 
= p’ P (Ey, +M) (Ey +M) 4, 
(Eyr— Ey)" (ee Win 4+M +] 4E,) Ey 


(A-10) 


aoe (2+ (Ep +E,+2M) (p’ Ey 
(Ey +M) (E,+M) 


Vi=|97 (3+ ee +M) 
ee eal a ays Ha) : | 


—_ — (EptE, +2M) (E,,+E,) aa = 
Soe ( 72+) (E,+M) Me 2 oP he ine 


a CO pe OF +2M)?’ tvIv 
Ve Iv 
4(E,,+M)? (E,+M)? L 
y M(Ep +E, eM th Dis) (Ep tk, +2M) /2 
(£,4+M)?(E, +M)? 
ee {(1+ fd ED y+ (Ep — Ey)" | 
L (E,+M) (£E,+M) 4(E,,+M)? (E,+M)? 
(Eat M eee M) je 
4E E>» 


V3= [9 aor (Ea ip)” _SvIv | Moana E,)?* (Ey +E,) 


x 


se q 
4+ 2 Via> (A-12) 


4(Ey+M)(E,+M)  p 2(E,y+M)(E,+M) 


eae |(p'— =piie EMRE NeazE 


— (L,,—E,)*- _M(Ey +E, +M) —} |. ee 


4(Ey+M) (E,+M) a ate weet (A-13) 


(aS oe 
V=—| 97+ 4220 (y+ Ey +2M) +20 (By + Et a 
UL 


x- pe 4 ag 
4E,,E,(Ey+M)(E,+M) (A-14) 


Nonstatic One-Boson-Exchange Potentials 691 


/ 4M / 2 
od ee area ee (ee 
; ONY E,+M ek Dad SEER mena eT | 


(Ep Es)” | fy Lp ap : 
(Ep+M) (E,+™M) ie ye {(p'—p)' (14 (Ey + M) (E,+M) ) 
es p’ P (Ey tM) (E,+M) 7 
sae ener 2 E, a | 4B» Ey 
BST) Vi, (A-15) 


L 
with 


Ver=| —9s? By + Ey +2.M) + ees (p"+P’) so 


/ 
, M) (Ey +E (1+ ed 2 
X {2 y+ M) (By M) (Ky By) (14 
Oe ere) | |e ee 
“TEASE eee aa Mey ee EE) (en 1) (hee) 
(A-16) 
(0a) pseudovector boson (PV-coupling) 
(p' Xp)” Tp CARI) 
Vo=92 4, 
et EE. (EM) 
he ay. 18 
a = pep }_f_g, (A-18) 
a Za (BEGIN) (he Me) 22h es 


M* (Ep tip +2M )* = 
/? (BE, +M) (E,+M) 


PAD By E OAM By ARF 2M) Ht Ty ay, 


V2= —9. | 


4 (Ey +M) (E,+M) AE E 
( p DK p p (A-19) 
Ve=—ga {1+ — ea Ss =D a W eat Oh 
rater 4(Ey+M)(E,+M) | (Ep +M)(E,+M) 
_ MEY tEAM) Ey Ey oe 7B y,, (A-20) 
[? (Ey +M) (i+ 4) Ey» Ne 
Va Vig (A: 21) 
pp Se Bigs Md Beg te Md) pe (9) aay 
Mie ee } Ds pi 
: (Ey +M) (E,+M) AE yr 
(A332) 
with 
Via 9 pees + Es + M (Ep + Ey)} M— (Eg t+ Eo tM) HIG. (4.23) 
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(db) pseudovector boson (PT-coupling) 
Vix fe | 2 (By t Ep) Epi t+ Ep +2M) — (Ey Ey)*| 
¢_ Eat E,) Ep th, t2M) 7, Fy, (A-24) 
SE, E,y(Egt+M) (E,+™M) L 
__'¢3|_('—p)* (Ey tE,+2M)" _ (fy 
Me fel 4(Ey+M) (E,+M) Med a 
x {1 Ste De Aes eek iy, (rea ra (A -25) 
4 (Ey +M) (E,+M) Pinks we 
Vi=—fe- Ey +E, t2M)* BAe (A - 26) 
4 “AE, E, (Ep + M) (Ey +M) 
= Sal (p= p)?(— P+ AE eee 
Mirra Dare Panag orn 3 
/ — 2 
(14 pp y' (Ey: +M) (E,+M) z_-&X® Vi) 
(E,+M) (E,+M) SEE» ye 
(A +27) 
with 
(p-—p)* 
Ve — fi] (Ey +E,) (Ey + Ey 2M) eee \— (Ey —E,)*| 
pd (A-28) 
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The effect of the anisotropy energy on the screw spin structure is investigated. Various 
spin structures found in dysprosium, holmium and erbium are shown to be stable if the 
anisotropy constants of second, fourth and sixth orders have appropriate magnitudes and 
signs. The anisotropy energies decrease with rising temperature at different rates according 
to their orders. This temperature variation of the anisotropy energy causes the magnetic 
transitions between different spin structures in these rare-earth metals. It is shown that 
the state with the oscillation of the z component of the spin which has been observed. in. 
the high temperature phase of erbium is always stable just below the Néel temperature when 
the second order anisotropy makes the easy axis of the spin parallel to the c axis. 

The change of the pitch of the screw with temperature due to the quadrupole interaction 
is also calculated on the basis of the molecular field approximation and it is shown to be 
too small compared with the experimental result. 


$1. Introduction 


The neutron diffraction experiments on the single crystals of dysprosium, 
holmium and erbium done by Koehler, Wilkinson, Wollan and Cable?” at Oak 
Ridge have revealed that the magnetic structures in these rare-earth metals show 
characteristics of a screw structure. According to their experimental results, 
dysprosium takes a helical arrangement below 179°K and undergoes a transition 
to the ferromagnetic state at 87°K. The direction of the spin is in the c 
plane and the pitch of the screw is temperature-dependent. Holmium shows a 
similar magnetic behavior in the whole temperature region below 133°K, but 
a small component of the magnetic moment parallel to the c axis appears in 
addition to the screw structure in the c plane below 19°K. In erbium, only 
the z component of the spin oscillates in the temperature region from 80°K to 
52°K and, superposed to this oscillation, the oscillation of the perpendicular 
component is found below 52°K. Below 20°K, the magnetic structure of 
erbium changes to a conical structure in which the z component aligns 
parallel to the hexagonal axis but the xy component still takes a screw arran- 
gement. The details of the experimental results obtained by Koehler et al. are 
summarized in Table I. 

In a previous paper” with a similar title to that of the present paper, we 
have considered the magnetic behavior of dysprosium and holmium on the basis 
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Table I. Ordered spin structures of Dy, Ho and Er observed by Koehler, Wilkinson, 
Wollan and Cable. 


| fh | Ty 
Dy ap 87°K | 179°K 
Ly 0 | 0 | 0 
Hy ferro | screw 
y 26.5° | 43.2° 
Hogan T: 4 19°K | 35°K | 133°K 
Ly ferro 0 0 | 0 
BY screw screw screw | 0 
g 36° 36° | 50° 
Er cl 20°K 52°K. 80°K 
Hy ferro oscillate oscillate 0 
By screw screw 0 0 
g 43.4°-45° pop i aye 


w#, and yw, represent the parallel and perpendicular components of the magnetic moment to 
the c axis. g is the interplaner turn angle. 


of the spin wave approximation and have discussed a possibility of a magnetic 
transition from the ferromagnetic state to the screw state and the temperature 
dependence of the pitch of the screw. There, we have assumed that the Fourier 
transform of the exchange integral J(q) has two maxima at q=0 and q=Q, 
and put all the types of the anisotropy energy out of our considerations except 
the axial anisotropy energy of the lowest order which keeps the spins in the 
c plane. However, the anisotropy energy is important, as stated in the previous 
paper, and can never be neglected in rare-earth metals. The purpose of this 
paper is to investigate the effect of the anisotropy energy on a spin system with 
the exchange interaction which in itself stabilizes a simple screw structure, and 
to explain magnetic behavior of dysprosium, holmium and erbium. 

The anisotropy energy relevant to the hexagonal close packed structure can 
be decomposed into the following spherical harmonics : 


Hy=Vi+VE+Ve+ Ve, (1-1) 
V2 =D){3S/—S(S+1)}, (1-2) 
V.'= Ey {35S;,' 30S (S+1) S2+2582+3S?(S+1)?—6S(S+1)}, (1-3) 


Vo= Fy {231S,—315S (S+1) S,°+7355;+105S2(S+1)?,S2 
—525S(S+1) S/+294S,—5S*(S +1)? + 40S7(S+1)?—60S(S+1)}, 
(1-4) 
{Si+S 5}. (1-5) 
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In rare-earth metals, all these parts of the anisotropy energy are not always 
negligibly small even for heavier elements. If all of the anisotropy constants 
of axial parts D,, E, and F, are negative, the easy direction of the spin will be 
along the c axis. However, if signs of these constants are not all negative, the 
easy direction of the spin is not necessarily along the c axis nor in the c plane 
but it is possible that the easy direction is between these two directions. In § 4, we 
shall consider what kinds of spin structure will be stable for the spin system 
with the anisotropy energy of Eq. (1-1) and the exchange interaction which 
stabilizes a simple screw structure, and the transition from a conical spin ar- 
rangement to a screw state or other spin arrangements found at low temperatures 
for holmium and erbium will be discussed. 

In dysprosium, V,° which represents the anisotropy in the c plane will also 
play an important part in its magnetic behavior. The effect of this anisotropy 
energy on the screw spin structure will be considered in §2. The anisotropy 
energy in the c plane will stabilize the ferromagnetic state in the first order of 
the anisotropy constant G), but for the screw state this will be averaged out 
and will affect the screw state only in the second order in Gj. Accordingly, 
this anisotropy will effectively play a role of the first maximum in J(q) curve 
at q=0. Thus, if J(Q,) is smaller than the sum of J(0) and the energy 
gain at the absolute zero of temperature by this anisotropy energy, a transi- 
tion from the ferromagnetic state to the screw state will take place even 
for the case in which J(q) curve has one maximum at q=Q). The magnetic 
transition in dysprosium will also be considered on the basis of the idea mentioned 
here in § 2. In connection with this consideration, the fact that the ferromagnetic 
state is realized in gadolinium will mean that here J(q) curve has its maximum 
at q=0. This will be reasonable because we can see in Table I a tendency 
that the pitch of the screw increases from erbium to dysprosium. 

The change of the pitch of the screw with temperature may arise from 
several origins. The exchange interaction itself will give rise to a temperture 
dependence of the pitch of the screw, but as shown in the previous paper the 
calculated temperature dependence did not seem to agree with the experi- 
mental results. The quadrupole interaction will also give rise to a temperature 
dependence of the pitch. The effect of this interaction on the screw spin 
arrangement will be calculated in § 3. The obtained result on the change of 
the pitch with temperature agrees with the experimental results in its tem- 
perature dependence but it seems to be too small in its magnitude. 

When an easy direction is.along the c axis as in the case of erbium, the 
spin structure will be variant according to the nature of the anisotropy energy. 
For the one-ion anisotropy energy, the temperature at which the periodic 
modulation of each of three components of the moment sets in will differ for the 
parallel component from that for the perpendicular component to the c axis because 
of the anisotropy energy. This situation will be investigated in § 5 on the basis 
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of a simplified Weiss approximation in connection with the magnetic orderings 
which appear in erbium in its high temperature phases. In the temperature 
region in which only the z component of the moment is periodically modulated, - 
there will appear the components of higher harmonics with the frequencies of 
odd multiples of the fundamental frequency corresponding to Qa. These higher 
harmonics will have a tendency of squaring a simple sinusoidal modulation in 
accordance with the experimental results. 

In the final section, the function of each part of the anisotropy energy will 
be summarized for each element of heavy rare-earth metals and a brief discussion 
on the exchange interaction will also be presented. 


§2. The effect of the anisotropy energy in the c plane 


According to the neutron diffraction experiments by Wilkinson, Koehler, 
Wollan and Cable,” dysprosium has a screw spin arrangement in which the 
screw axis is along the ¢ axis and the direction of the spin moment is in the 
c plane in the temperature region from 179°K to 87°K and it shows ferromag- 
netism below 87°K. 

We have considered in our previous paper, which will hereafter be referred 
to as YM,” this transition from the ferromagnetic state to the screw state on 
the basis of the following Hamiltonian : 


H=— >): >, J (Ry; — RD) S,;-S;+3D 3: Sa, (2-1) 


where J(R,;—R;) represents the exchange integral between two spins S; and S; 
on the lattice sites R; and R;, and D, represents the anisotropy constant. The sign 
of D) was assumed to be positive in accordance with the experimental fact that 
the easy direction of the moment is in the ¢ plane for dysprosium. With this 
simple Hamiltonian it has been shown that the ferro-to-screw transition can 
take place if the Fourier transform of the exchange integral 


J(q) =O, J (Ry—R,) et - #0 (2-2) 


has two maxima at q=0 and q=@Q, and J(0) is larger than J CO tebl om 
ever, if we take into account the anisotropy in the c plane, the assumption that 
J(q) has a maximum at q=0 will not necessarily be needed in order to ex- 
plain the magnetic transition. Therefore, in the following we shall assume that 
J(q) has one maximum at q=Q). With this assumption, we can show that 
the spin system with the Hamiltonian (2-1) takes a screw spin arrangement 
specified by Q) in which the screw axis is along the ¢ axis and the direction 
of the spin moment is in the ¢ plane at the absolute zero of temperature. In 
this section we shall consider the influence of the anisotropy energy in the c 
plane on a simple screw spin arrangement. 


The anisotropy energy in the c plane is represented, in a hexagonal crystal, by | 


— 
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Vp (Suc isa) A (Sg 65,,)%, (2-3) 


where the anisotropy constant G, will be negative for dysprosium and positive 
for holmium. The axial anisotropy energy represented by the second term of 
Eq. (2-1) keeps the spin moment in the ¢ plane. Therefore, the direction of 
each spin at the absolute zero of temperature is specified by the angle from the 
x axis in the c plane as follows: 


Sep = COS G7) | 9g, SIN Gp, (2-4) 


where S represents the magnitude of the spin. 9; is determined by the following 
equation which is obtained by minimizing the sum of the exchange interaction 
and the anisotropy energy expressed by Eq. (2-3): 


—2>),J(R;—R;) sin(¢;—¢;) —6G, S* sin6¢;=0. (2-5) 
In the absence of the anisotropy energy in the c plane, ¢; is given by 
\ 

=Q:-R;+, (2-6) 


where © is an arbitrary phase angle. A solution of Eq. (2-5) can be obtained 
in a power series of G, as follows: 


9,=9;+0 sin6o,+--, (22) 
d=3G/[J(Q)], (2:8) 

where G and [J(Q)] are defined by 
G=G5', [I(Q)J=I@) —4-J(5Q)— JQ). 2-9) 


The energy gain by this change in ¢; becomes 
S70 I (Oye. (2-10) 
With the use of Eq. (2-7), exp(c¢;) can be calculated as 


=e) (1+70 sin6g,;+---) =e + ~ (e759 —e 7°) + ---, = (2-11) 
This result means that the higher order satellites corresponding to the 7th and 
the 5th harmonics appear in neutron reflections. The ratio of the intensity of these 
two reflections to the primary satellite is given by 0/4. This quantity will be 
an order of 10~° for dysprosium and will be larger than this by a factor of about 
4 for holmium. Therefore, it is not unlikely that the higher order satellite 
corresponding to the 5th harmonic, which has been observed in holmium by 
Koehler et al.,” originates from the anisotropy energy in the c plane. However, 
this anisotropy energy does not give rise to the second harmonic which has 
also been observed in holmium. | 
A spin wave calculation for a screw spin arrangement has been done in 
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YM. According to this paper, the Hamiltonian (2-1) is expressed in this spin 


‘wave approximation by 


H=—NS(S+1)J(Q) + in {An(an* an + an an*) — By (an ant ak)}> 


(2-12) 
Ap= S-[25(Q)— 1 Qt) +I@-W}- IH) +3D)], 2-18) 
Be= [1 {7(@+k)+I(Q—h)} —J(R) +3D,], (2-14) 


where k is the the wave vector of the spin wave. This Hamiltonian can easily 
be diagonalized and the spin wave frequency is obtained by 


Ro,=2(Ai?— Be)”. (2-15) 


The change of the spin wave frequency due to the anisotropy energy in 
the c plane represented by Eq. (2-3) can be calculated in an expansion with 
respect to the anisotropy constant G,. The obtained result is as follows: 


(Rw;,)?=4(AiZ —B;) +2(41A;4+31B;,,—722 o) S0*[ J(Q) ]+ ae 
(for k->0). (2-16) 


As seen from this expression, the spin wave frequency is affected by this 
anisotropy energy only in its second order and this second order term in 0 or 
G, also vanishes in the limit of the long wavelength. Therefore, there is no 
energy gap for spin wave excitation. This fact will generally hold since the 
anisotropy energy can never fix the arbitrary phase angle ¢%. 

The spin wave frequency in the ferromagnetic state can also be calculated 
for the Hamiltonian consisting of Eq. (2-1) and Eq. (2-3). The result is as 
follows : 


hon=2S[{18|G|+J(0) —J(k)} {8D)+3|G|+J(0) —J(k)}}2. (2-17) 


This is a special case of the result obtained by Niira.” In the ferromagnetic 
case, the excitation energy for the spin wave will have an energy gap 


A4=2S[54|G|(D.+|G|) }?. (2-18) 
The energy of the ferromagnetic ground state is given by 


E,=—NS(S+1)J(0) —N|G|S?-+ -Yy. hen. (2-19) 


Thus, the energy lowering is proportional to the anisotropy constant G) in 
this case, while it is proportional to the square of G, in the screw state. 


Therefore, if J(Q) —J(0) which is assumed to be positive is smaller than’ IG, 
the ferromagnetic state will be more stable than the screw state at low tem- 


ee 
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peratures. However, since the excitation en@rgy for the spin wave is larger in 
the ferromagnetic state because of the energy gap, the entropy of this state is 
smaller than that of the screw state. Accordingly, a transition of the first kind 
between these two states will be expected. 

In order to calculate the free energies of these two states, we approximate 
the spin wave spectrum for the screw state by its expansion for a long wave- 
length, 


ho, (k) =[cpke +c (ke +k,7) )?, (2-20) 
where c, and c, are calculated with the use of Eq. (2:15) as 

=25717(O) —J(0)+3D)} |J.(Q){, (2-21) 

€¢=257tJ(Q) —J (0) +3Dp} |Jax(Q)|. (2:22) 


For the ferromagnetic state, the frequency spectrum is approximated by 
ho,(k)=4, for hu, (k) sad 
(2-23) 
=hu,(k), for hu,(k)> 4, 


where J is given by Eq. (2-18). Then the difference between free energies of 
the ferromagnetic state and the screw state can be written as 


F,—F,=NS(S+1) (J(Q)—J0)} -N{|G|—2- EQ] & 
+2 We {4—fe.(h)} 
Z hos(k)s4 
ee Dik Mini lee ty In eee); (2-24) 
Ros (he) <4 


where the first and the second terms are, respectively, the difference in the 
classical exchange energy and that in the classical anisotropy energy, the third 
term the difference in the zero point energy and the fourth term the difference 
in the free energy arising from the spin wave excitation. Eq. (2-24) can be 
calculated for kT > as follows: 


a 


(FF) /N=S(S+1) (IQ) —10)} — {|GI-— 4 SIDI S 


1 ( kT Hl 9.9 
ZS Bhi ee eee tee. (22:25) 
+ ey) 34 8 
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2A 
PC ie G28) 
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where 2 is the atomic volume. From Eq. (2-25), the transition temperature 


T, is given by 
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T.=3-4 [ (\G\-98/2Eryy s*—S(8-+1) FQ) —I1)} |, (2-27) 


/ 


and the critical magnetic field at which the transition from the screw state to 


the ferromagnetic state takes place is given by 


Stn He=~, RTT). (2-28) 


Experimentally, this critical field:is expressed in the case of dysprosium by 
H,=120(T—T.) oersteds (2-29) 
according to Behrendt, Legvold and Spedding.” Comparing Eq. (2-29) with 
Eq. (2-28) and using gS~9, we obtain a value of 7/4 as follows: 
y/A=0.22. (2-30) 
The values of J(0) and J(Q) in dysprosium can be estimated from the Néel 


temperature and two susceptibilities parallel and perpendicular to the c axis 
above the Néel temperature as 


JC O)=3.6 Ko vands J(O) a. 9 (2-31) 
If we use these values and the experimental value of the transition temperature 
87°K together with (2-30) in Eq. (2-27), we obtain 
G=—0.45°K. (2-32) 
On the other hand, the anisotropy constant G can be estimated from the 
experimental data obtained by Behrendt, Legvold and Spedding” on the magnet- 
ization curve in the c plane as 
G=—0.1°K. 2-33) 
Thus, the value of G derived from the relation (2-27) is too large compared 
with (2-33). If we take a value of (2-33) as G, the screw state will be stable 
even at the absolute zero of temperature. This fact implies that the value of 
J(Q) —J(0) decreases with decreasing temperature. Therefore, in order to take 
into account this effect, we express J(q) for q parallel to the c axis by the ' 
following conventional form : 
J(q) =Jo+ di cos qe’ —J, cos 2qc’, 2-34) 


where J,, J; and J, are the three parameters proportional to the exchange in- 
tegrals and c’ is the distance between adjacent layers. Then, J(Q)—J(0) is 
given by 


J(Q)—J(0) =, 2de/Jy+J,/8J,—1), (2-35) 
where 


cosQc!=J;/4J,. (2-36) 


ie ii i. 
ice | 
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The interplaner turn angle of dysprosium has been measured by Wilkinson, 


Koehler, Wollan and Cable.” According to their results, the turn angle is 
temperature-dependent and 


Qc'=43.2° at the Néel temperature T, 
and 3 


. Qc’=26.5° at the transition temperature T,. 
Inserting these values into Eq. (2-35), we obtain 


ILO) ==) (0) 0.05 1d, cate 7 |; 
and 


J(Q)—J (0) =0:006J, at T7;,. 


Therefore, if we assume that J; is nearly independent of temperature, the value 
of J(Q)—J(0) at the absolute zero of temperature will be smaller nearly by a 
factor of ten than that at the Néel temperature. Accordingly, if we assume 
that J(Q)—J(0) is 0.04°K at the absolute zero of temperature, the anisotropy 
constant G will be given by 

G=—0.16°K (2-37) 


which seems to be rather reasonable compared with the value evaluated from 
the magnetization curve. 


§ 3. The effect of the quadrupole interaction 


According to the neutron diffraction experiments, the pitch of the screw 
varies with temperature. A simple molecular field approach for the spin system 
with only the exchange interaction leads to the result that the pitch. of the 
screw is independent of temperature. In the previous paper YM, we have con- 
sidered the temperature dependence of the pitch of the screw on the basis of 
the spin wave theory. Besides the exchange interaction itself, the anisotropy 
energy in the c plane will be expected to have an effect of varying the pitch 
with temperature since this anisotropy energy adds the terms including J(5Q)* 
and J(7Q) to the free energy as shown in the previous section. However, this 
effect will be small compared with the experimental change of the pitch of the 
screw with temperature. Another source of changing the pitch with temperature 
will be the multipole interaction. In this section, we shall consider the effect 
of the quadrupole interaction on the screw spin structure. 

The quadrupole interaction between electrons in two atoms can be expressed 
as 


2 
Soul (3C¢2—p2) (BCP — 07) +12 (66C1— (Pe PII GES 
12 ‘ 


+= {(ne—Ce) (2 —CP) —2(4e9s— 05 ene (20) 
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where R,, represents the distance between the atom 1 and the atom 2. The 
summations with respect to 7 and j are, respectively, taken over 4f electrons 
belonging to the atom 1 and the atom 2. ¢,, 7 and ¢; are the components of 
the position vector p; of the i-th electron parallel to the coordinate axes ee, 
and ¢ referred to the atom 1 and the ¢ axis is taken in the direction of Ry. 
€,, 7, and ¢; can be expressed in terms of 2x:, y; and z; which are the com- 


ponents towards the coordinate axes referred to the crystal as follows: 
F=h2it+hythz:, 
Qi Lit Me yit M32, (3-2) 
=m Lit Ne Vit N32» 


where (4, do, Zs), (71, 2, m3) and (1, m2, 23) are, respectively, the direction 
cosines of the ¢, 7 and ¢ axes with respect to the xz, y and z axes. 

Since the magnetic moments in each c plane perpendicular to the hexagonal 
axis are all parallel in the ordered state of the rare-earth metals which we are 
now considering, we can deal with all the spins on the same c layer as equi- 
valent. Then if we insert the relation (3-2) in Eq. (3-1) and take a summation 
over the nearest neighbor atoms of the atom 1 on the upper or the lower layer 
with respect to the layer on which the atom 1 is situated, the quadrupole interac- 
tion of the atom 1 with its nearest neighbor atoms on the upper or the lower layer 
can be expressed as 


ee es | =< (Ay + Bo) ri rpt+Ao(x? xzftyeZy?7) 
+ (Apt Bzi27+ Bol2c2yfty? 27) 


4 
— 2 (Aa Be) (eines teetiz) £5) — 4 (Ay 2By) win esysh, 


(3-3) 
and 
a 105 ai | 2 1 2 2 2 
Ao ai (- > ming Simin += dim + | Line) 
f ' 
= os = (35 3'— 30 n,’+ 3), 
(3-4) 
2* 105 ae rant PB | 
B= ni | 5 (dom?723 — Yin?n;') + > On — nd} 
5 2 
= = spe (351s —30 n+ 3), 


where the summation in front of the direction cosines is taken over the atoms 
on the upper or the lower layer and R represents the distance between the nearest 
neighbors. In deriving Eq. (3-3) we have omitted those terms which are non- 
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zero in this stage but will vanish after taking an average with respect to the 
equilibrium spin state. 

As Stevens” has shown, in the subspace in which the states of a magnetic 
atom are eigenstates of the total angular momentum which is the vector sum 
of the orbital angular momentum and the spin angular momentum, the follow- 
ing operator equivalence holds: . 

is : 1 
dks, = ALT) Oa Di ii =— OKIE Say toy oa). '5 (3-5) 


9 


4 


where @ is a constant value determined by the magnitudes of the total angular 
momentum, the orbital angular momentum and the spin angular momentum 
and its value has been calculated for rare-earth metal ions by Stevens.” (7?) 
means the average of 7? of an electron over the 4f radial wave function. With 


the use of the relation (3-5) in Eq. (3-3), we obtain the quadrupole interaction 
as follows: . 


sheep 2) pate 5 (AFB) S*(S+1)*+ ASESE+SE Si) 


+ (A+B) S2S+B(Siz S74 Sip S72) 
se (CAP? BY CS aiSicaSiys8i.) (Sid pyres oR 


2-8 (A+B) {(SuySee+ SirSiy) (5. Sit SiS) 


ess San). 5 1 Set SieSu)t |, (3-6) 
A=Aa{r?y, B=Bat(r?y’, (3-7) 


where the summation with respect to 7 is taken over all spins, and that over 
j is taken over the upper and the lower layers. 

The contribution of this quadrupole interaction to the free energy is, to its 
first order, given by its thermal average (Ho). In the screw state of dysprosium 
and holmium, each spin S$; is expressed as 

Sao. 
Sip = Siz COS Gz — S7p-SiN Y , 
F (3-8) 
Sig= Sig 8in GY; + Sig COSY: , 
9;=Q:-Ri +, 


where the ¢; axis is taken in the average direction of the 7-th spin. If we insert 
the relation of (3-8) into Eq. (3-6) and use the Weiss approximation, the thermal 
average of the quadrupole interaction (3-6) can be calculated as 


(He) =p, N(ATB) (14+ 4 c0s20¢’) {3¢S2)—-S(S+1)}*, (3-9) 
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where (S.2) means the average of the square of the spin component parallel to 
the molecular field in the presence of the molecular field. Thus, the contri- 
bution of the quadrupole interaction to the free energy will increase in its magni- 
tude with decreasing temperature as M/° at low temperatures and as M* at 
high temperatures near the Néel temperature. 

The free energy of the spin system in the absence of the quadrupole in- 
teraction can be calculated on the basis of the Weiss approximation as follows : 


F,=NJ(O)(S,°— NET In Tr| exp 2z@) (S:)5¢], (3-10) 


where (S.) means the average value of the spin. component parallel to the 
molecular field. 

Minimizing the sum of Eqs. (3-10) and (3-9) with respect to Q, we obtain, 
to the first order in (A+B), 


— (8:9 IO) — 1 (A+B) €' sin 2Qe!{3(S?)—S(S+1)}*=0. (3-11) 


Expanding J(Q) in the Taylor series around its maximum value J(Q,) as 


J(Q) =J(Qy) + poe @) ) 


and inserting this expression into Eq. (3-11), we obtain the following result for 
the temperature dependence of Q: 


O—Qy= 1/24 (A+B) e’ sin2Qve!_{8¢S;)—S(S+1)}* 


. (Q—Q,)?+::: (3-12) 


ae : . , G<I3} 
— (4? J(Q)/dQ") ee (Sz) 
With the use of Eqs. (3-4) and (3-7), (A+B) becomes 
A+B=2! pi (351s — 30 ns'+3) ot ee (3-14) 


Since this value is negative for the crystal structure of dysprosium and holmium, 
we can see from Eq. (3-13) that the quadrupole interaction has a tendency of 
decreasing the turn angle of the spin for a smaller turn angle than 90° and 
increasing the turn angle for a larger angle than 90°. The temperature depend- 
ence is described by the last factor of (3-13). This factor increases with 
decreasing temperature almost linearly. Therefore, Eq. (3-13) leads to the 
almost linear decrease of the turn angle with lowering temperature. This result 
seems to be consistent with the experimental results. 
Below and near the Néel temperature, (.S,2) is approximated by 


See ire Ly RAO ree 1 
Aug ee IE ol . Stn 3 
{S-") 3 (S+1)+ > ( RT Ridep las S*¢S+1) 5 s(s+p}, 


(3-15) 


i 
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and 


(3-16) 


(sy 10 (P\ TT _ s(s+1)' 
g - 2 
Beary TAS SL 1)? 


Inserting Eqs. (3-15) and (3-16) into (3-13), we obtain the temperature depend- 
ence of the turn angle near the Néel temperature 7, as 


(=O) eo {8(S-441) —3/4)2 1 A+B 


25 Sw : eale A Tee eee OO 
T,—-T Sse oS eta. tT) —G/e\fay(O)/dOen, 
(3-17) 
For dysprosium, 
Sel oy eee | 7 Keeralic sin cy ty (3-18) 


— (1/c”) (d? J(Q) /dQ’) e-e, can be evaluated by using Eq. (2-34) and the value 
Ot (2-31) as 


Hf F(Q) =3.7° : 
= ae ee 3.7°K. (3-19) 


c 
The lattice parameters of dysprosium are given by 
a=3.5903A and <—5.6457 A 


and 

@—27(9 X35): 
With the use of these values and the value of <r?) calculated by Kasuya and 
Watabe” 

tr?) =0.33 A?, (3-20) 


(A+B) is evaluated as follows: 
(A+B)=—8X107°K. (32h) 


Inserting (3-21), (3-19) and (3-18) into Eq. (3-17), we obtain the following 
value for the temperature dependence of the turn angle in dysprosium: 


(QQ) — 0.74 10K. (3-22) 
The experimental value for this is given by 
[ e=2e | 2 RC OES (3-23) 
Ala exp 


Therefore, the theoretical value amounts only to one fortieth of the experimental 


value. For holmium, the situation is even worse because of a smaller value 


of a. 
Thus, we can conclude that the change of the pitch of the screw in rare- 


earth metals is not due to the pure quadrupole interaction. In connection with 


. ee 
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this conclusion, it is noted that the change of the pitch of the same order as 
that in rare-earth metals has also been found in MnAu,” in which the quadrupole 
interaction is considered to be small. 

However, considering the fact that the temperature dependence and the 
sign of (3-13) are in agreement with the experimental results, we could not 
deny that the indirect quadrupole interaction would be a possible source of the 
change of the pitch with temperature. 

We can also calculate the contribution of the quadrupole interaction to the 
free energy in the high temperature phase of erbium in which only the = com- 
ponent of the moment oscillates because of the axial anisotropy which tends to 
make the moment point to the c axis. The result is that this contribution does 
not vanish but gives rise to a similar term to Eq. (3-9). Therefore, the quadru- 
pole interaction is expected to change the period with temperature also for this 
case. However, according to the experimental results obtained by Cable, Wollan, 
Koehler and Wilkinson,” the period in this temperature region is temperature- 
independent. Therefore, we can not explain the case of erbium by the pseudo- 
quadrupole interaction. An indirect interaction of the other type than the 
quadrupole interaction seems to be an origin of the temperature variation of 
the pitch. 


§4. The effect of the higher order anisotropy energy 


At low temperatures, a conical spin arrangement has been found in holmium 
and erbium. This spin structure suggests that the easy axis of the spin moment 
is in an intermediate direction between the c¢ axis and a direction in the c plane. 
The orientation of the spin moment in the intermediate direction is considered 
to result from the competing action of the higher order anisotropy energies 
against the second order energy. In this section, we shall consider the effect 
of the axial anisotropy energies of higher order, that is, E)- and F)-terms in the 
Hamiltonian (1-1). Since the total angular momentum for the heavy rare-earth 
ions is large (J=6 at least), we shall, for simplicity, treat spins classically in 
this and the following sections. This simplification will not cause any essential 
changes in the results except at very low temperatures. 

Now, the axial anisotropy energy for the classical spin can be expressed as 


V(6;) =DP,(cos6;) + EP, (cos 0;) + FP; (cos 0;), (4-1) 


where 6, denotes the angle between the direction of the i-th spin and the-c 
axis, and P,,(cos @) is the Legendre polynomial of the m-th order. Coefficients 
D, E and F stand, respectively, for 2D,S®, 8E)S* and 16F,S°, where Dy, Ho and 
Fy were defined in Eqs. (1-2)—(1-4). These constants vary from element to 
element not only in their magnitudes but also in their signs. If we assume that 
the anisotropy energy for a single ion has: its origin in the crystalline field 
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which is produced by the positive point charges located at the lattice points, 
we can deduce the signs of these constants. 

As to their absolute magnitudes, there are some ambiguities in calculating 
the expansion coefficients of spherical harmonics for the crystalline field and in 
converting them into the coefficients in the spin Hamiltonian (ial) SSA's: ton ther 
signs, on the other hand, the deduction is less ambiguous. So, we calculate the 
signs of the crystalline field coefficients taking only nearest neighbor lattice 
points into account. Multiplying them by the conversion factors a; Sand 4 tor 
the trivalent ions given by Stevens,” we obtain the final result as shown in 
Table II. In this table, the sign of G is chosen so that the x axis coincides 
with one of the a axes of the crystal. 


Table II. The signs of the anisotropy constants 


Ions Tb* Dy3* Ho3* 


Ee? | Tm 

a} a ; oe pt RES UE PO Ba 
D 2 | - ~ | - - 
E - | + + | = | ~ 
F _ | a = So | = 
G a6 = 35 = | ae 


First, we shall investigate the behavior of the anisotropy energy V as the 
angle @ varies. The second order anisotropy simply makes the direction of the 
spin moment either parallel or perpendicular to the c axis according to its sign. 
However, V(@) given by Eq. (4-1) generally has four extrema in the range 
0<@<27/2. Therefore, if we take into account the higher order anisotropy 
energy, the intermediate direction is also expected to become a preferred direction 
of the spin. 

The relation between the behavior of V(@) and the ratios of EF and F to 
D is shown: in Fig. 1. In this figure, E/D—F/D plane is divided into twelve 
regions and the angular variation of V/D in each region is shown schematically. 
The dashed lines are the loci of the points at which the function V(@) has 
one of its extrema for some particular values of 0, i. e. 15°, 30°,---etc. 

As seen from Table II, the representative points for dysprosium and thulium 
lie in the first quadrant, for holmium and erbium in the fourth quadrant and 
for terbium in the third quadrant of Fig. 1. In fact, this is the main reason 
why these metals apparently have fairly different magnetic orderings from each 
other. 

Now, we shall consider the effect of the anisotropy of (4-1) on the spin 
system with the exchange interaction such that a screw arrangement of the 
spins with the screw axis along the c axis be stable. In this case, we assume 
that the exchange interaction is much larger than the anisotropy energy, but 
that the difference in energy between the screw and the ferromagnetic spin 
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Fig. 1. The relation between the angular variation of the anisotropy 
energy and the ratios of the anisotropy constants. E/D (abscissa) 
—F/D (ordinate) plane is divided into twelve regions, where V (0) 
behaves in different ways (two of them are outside of this figure). 
In each region, a polar diagram for V/D is shown schematically. 
The vertical and the horizontal axes represent, respectively, the 
directions parallel and perpendicular to the c axis. A solid circle 
indicates the preferred direction of the spin moment for the case 
D>0, and an open circle for the case D<0, A dashed line is a 
locus of the points at which the preferred angle takes a particular 
value indicated there. 


arrangements is of the same order of magnitude as the anisotropy energy. These 
assumptions seem to be valid to a certain extent in rare-earth metals under 
consideration. For this spin system, the various kinds of spin arrangement may 
be conceivable. However, we take up the following three typical spin structures 
and calculate the energy of each structure to the first order of the anisotropy 
energy as a function of the characteristic angle @ which will be defined below : 


i) The ferromagnetic spin arrangement in which three spin components 
are described as 


Swe sind, 


Siy=0, (4:2) 
Oi So COS: 
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ii) The pure screw spin arrangement in which three spin components are 
described as 


Siz=S cos6 cosQ- R,, 
Siy=S sinQ-R,, (4-3) 
Siz=S sin@ cosQ-R;,. 


ii) The conical spin arrangement in which three spin components are 
described as 


Siz=S sind cosQ-R,;, 
Sij=S sind sin@-R,, (4-4) 
Se COSUE 


These three spin structures are shown in Fig. 2. 


(a) (b) (c) 


Fig. 2. Spin arrangements in (a) ferromagnetic, (b) screw and (c) 
conical states. 
Arrows which represent the spin moments on the successive 


layers are drawn from a common center. 
The energy of each state is given by 
Even. (0) /N=—ZJ(0) S?+DP, (cos) + EP; (cos @) + FP; (cos@), (4-5) 
Fee) N= = J (0) s-— DP cos 00 SEP, (cos 9) -2 FP, (cos6), 
; (4-6) 
Econo (9) / N= —J(Q) S? + {J(Q) —J(0)} S* cos’d 
+ DP, (cos9) + EP, (cos9) + FP, (cos @). (4-7) 


It should be noted that the energy difference between two of these structures 
is of the order of the anisotropy energy. The characteristic angle @ for each 
structure is determined by the minimum condition and the structure with the 
smallest energy among these three structures will be realized. 
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Next, we shall consider the change in. the spin structure with tem- 
perature. In order to do this, we have to compare the free energies of various 
spin arrangements, the calculation of which will be made later in the molecular 
field approximation. But, in order to clarify the essential features of the problem, 
we shall here give a qualitative explanation basing on the energy expressions 
given by Eqs. (4:5)-(4-7), because the free energies would be expressed in 
those forms similar to Eqs. (4-5)—(4-7), in which coefficients S*, D, E and F 
are regarded as temperature-dependent. 

The exchange and the second order terms vary most slowly with temperature, 
and the higher the order of anisotropy, the more rapid its temperature variation. 
Therefore, as the temperature is lowered from the paramagnetic region, a 
screw arrangement will set in at the Néel temperature. Although the axis of 
the screw arrangement (the direction of translation) is assumed to be fixed to 
the c axis, the axis of rotation of the spin moments may point to any direc- 
tion unless the anisotropy is taken into account. Down to a fairly low tem- 
perature, the D-term is only appreciable, and the spins rotate in the c plane 
(8=0) or in a plane which contains the c axis (§@=2/2), according as D is 
positive or negative. The former was named the “ proper screw” structure and 
the latter the “ cycloidal” structure by Yoshimori.”” These proper screw and 
cycloidal structures are corresponding to the states in the central region in Fig. 1, 
because FE and F can be neglected compared with D in this temperature range. 
At the lower temperatures the higher order anisotropy energies grow up, and if they 
have appropriate magnitudes and signs the anisotropy parameters of the spin 
system will depart from the central region of Fig. 1, and consequently, the 
plane in which the direction of the spin lies will begin to tilt from the original 
position. This transition will usually be of the second kind, that is, @ varies 
continuously from zero (or 2/2) in proportion to (T,—T)*. In this arrange- 
ment some spins are along the preferred direction and others are not. 

When the anisotropy energies increase further, a transition to the ferro- 
magnetic state might occur if the difference between J(Q) and J(0) is not 
large. In the ferromagnetic state every spin gains in its anisotropy energy to 
the detriment of the exchange energy. By comparing Eq. (4-5) with Bq tan). 
however, the conical arrangement is shown to be more favorable than the 
ferromagnetic one because of its less disadvantage in the exchange energy. Thus, 
a transition between the screw arrangement and the conical one takes place as 
a result of the competition between the exchange energy and the higher order 
anisotropy energy. This transition is of the first kind except the case in which 
the screw has its rotation axis in the ¢ direction where the transition is of the 
second kind. This seems to be the case for holmium. It is also possible that 
a screw-cone transition occurs before the screw axis inclines. Similarly to the 
case of dysprosium, the six-fold anisotropy in the c plane or the external 
magnetic field will stabilize the ferromagnetic state more than the conical state. 
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Although other spin arrangements than the three which have been con- 
sidered here should be taken into consideration and, in the actual situation, the 
anisotropy energies may not necessarily’ be small corrections to the exchange 
energy, we can understand, from the explanation given here, how the higher 
order anisotropy energy affects the screw spin structures. 

Because of the largest value of the orbital angular momentum, the higher 
order anisotropy will be most important for holmium and erbium among the 
rare-earth metals which have more than half-filled 4f shells. Actually, in the 
lowest temperature phase, the spins of these metals align on a cone, and in 
holmium the conical spin arrangement can easily be transformed to the ferro- 
magnetic state by external magnetic field. Due to the different decreasing rates 
among the anisotropy energies of various orders, the vertical angle of the cone 
increases with temperature as observed by Koehler et al.” in holmium from the 
intensities of the (1010) and (1120) neutron reflections. In the higher tem- 
perature range, holmium has a proper screw structure and erbium has a cycloi- 
dal structure modified by the second order anisotropy energy. The neutron 
diffraction data show obviously that the transition from the conical spin arrange- 
ment is of the second kind in holmium and of the first kind in erbium. These 
facts can be understood as a result of the higher order anisotropy energy from 
the considerations mentioned above. Whether there exists a tilted screw arrange- 
ment in a certain temperature range in erbium is not made clear by the neutron 
diffraction experiment. The oscillation of the z component of the spin moment 
found in the highest temperature phase of erbium will be considered in the 


next section. 

In addition to the appearance of a conical arrangement, there is another 
experimental evidence which suggests that the easy direction of the spin moment 
in holmium and erbium inclines to the c axis. In ordinary experiments of 
measuring the saturation moment in a polycrystalline sample, a magnetic field 
of the order of 10* oersteds is used. The magnetic field of this order is con- 
sidered to be strong enough to align all the spins ferromagnetically, but not so 
strong enough to make this aligned moment free from the easy direction. This easy 
direction will be in the six equivalent directions on the cone if we take into 
account the six-fold anisotropy in the c plane. Assuming that the aligned moment 
in each crystallite points to the easy direction nearest to that of the applied 
field, the magnetic moment induced along the field can easily be calculated as 


follows: 
w [2 7/6 


yes dd | dy sin0 (cos cosé +sin4 sin? cos ¢) 
Zi8 A ‘ 
0 0 


M/N¢p2S= 


aed pac ancaes sin§,, (4-8) 
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where 4, represents the vertical angle of the cone. 

Rhodes, Legvold and Spedding” observed the saturation moment of holmium 
metal which amounts to 91% or, if the g-value determined from paramagnetic 
susceptibility is used, 89% of the theoretical value for complete saturation. This 
corresponds to the cone with an angle of 45°-70°, while the neutron data give 
about 77° for this angle. On the other hand, according to the measurement by 
Elliott, Legvold and Spedding” for erbium, the saturation moment amounts to 
60-89% of the theoretical value. This value corresponds to an angle of 10°-50°. 
The neutron data give 30° and recent data on single crystals reported by Green, 
Legvold and Spedding™ imply an angle of about 17°. In view of the facts that 
the assumption made here is simple and that the vertical angle of the cone 
should be a little wider than the preferred angle, these data would leave no 
doubt as to the inclination of the ferromagnetic moment. By the way, thulium 
shows about 50% saturation” that is equivalent to @,=0. 

Now, we shall calculate the free energies of various screw-type structures 
on the basis of the molecular field approximation, and provide a sound basis to 
the arguments made on the temperature effect. Instead of the condition of 
self-consistency we shall adopt as a guiding principle minimization of the free 
energy with respect to order parameters. The exchange Hamiltonian can be 
divided into the molecular field Hamiltonian H, and the remainder H/, as 
follows : 


He = Hy bas (4-9) 
A= di day (Ry—R;) o;-0,—2)0; 3, J (R;—R,) 0;-S,, (4-10) 
Fis= — di J (R;— Ri) (S;—oa,;) - (S;—o;), (4-11) 


where o,’s were introduced as usual to represent the thermal averages of the 
spins but here they are rather regarded as order parameters which will be 
determined later. 


Considering H) as an unperturbed Hamiltonian we calculate the free energy 
to the first order of the anisotropy energy as follows: 


F=—kT In Z)+ DiC V (8) Dot < Hex pot", (4-12) 
where Z, is the partition function for the Hamiltonian Hj, and given by 
Zy = (47) Won | annie IT, dQ, , (4-13) 
and ¢-+-}) denotes the canonical average with respect to Fit, 
(AYy= (42) -*Z,7 |. | Ae"? II, dQ,. (4-14) 


We introduce here a vector u; which is related to the molecular field acting 
on the i-th spin and is defined by 
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We denote the magnitude of u; by wu; and its direction by (4,, ¢,)* referring to 
the polar coordinate system with the c axis of the crystal as the polar axis. 
Then, by changing the coordinate system for each spin to a new one which has 
its polar axis in the direction of u;, and making use of the addition theorem 
for the Legendre polynomial, the averages in Eq. (4-12) can be calculated 
explicitly as follows: 


F= ii 2iy,J (R;—R;) o;-6;—kT >); In (sinh w;/2;) 


Dy @ cos’4;—1) P, (u;) 
FED (35 cos'0; —30 cos?4,+ 3) M,(u,) 


n FL (231 poss2 315 0688.4 105 cos*0;-—5) 0. (u,) 


ae yd (itp H;) ((S)o—o;) 3 ((S;>o—9%), (4-16) 


where @,(u) is the following average of the Legendre polynomial : 


x 1 
r o 


@,,(u) = \ P,, (cos 6) e*°*® sin do | e* 9 sin Odd, (4-17) 
0 0 
Expressions for these functions and their asymptotic forms will be given in the 
Appendix. 

The free energy (4-16) should be minimized with respect to the order 
parameters o,’s in order to determine the values of these parameters. For 
practical purposes we have to assume a trial form of o; which contains only a 
few parameters. When we choose o,=o0=const. (for all 7), the equation for 
the condition of self-consistency results from the minimum principle, and con- 
sequently, the last term in Eq. (4-16) vanishes. Thus, we are led to the 
ordinary Weiss theory of ferromagnetism. 

In our case, however, where J(q) has its maximum at q which is not 
equal to zero, there are many other ordered states which have less free energy 
than the ferromagnetic state. In most of these states, it is impossible to satisfy 
the condition of self-consistency for every spin if our trial form of o; is simple 
enough to deal with. However, the order parameters which give the minimum 
value for Eq. (4-16) will be regarded as the actually established in our 


approximation. 


* It should be noted that 6; and gy; do not specify the direction of the i-th spin but that 


of u;. 
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If we have sufficient number of exchange and anisotropy constants which 
could be determined from measurements of the magnetic properties on single 
crystals, we can follow the magnetic behavior of the spin system by explicit 
calculations of the free energies under the above-mentioned scheme. 

In order to investigate the properties of the spin system under the external 
magnetic field H, we add the Zeeman energy 


JUnH-S (4-18) 


to the Hamiltonian. Then, the free energy (4-16) is supplemented by 


IttpSH- >," %, (ui), (4-19) 


uy 
unless the magnetic field is very strong. In this case o;,’s will have a uniform 
component, from which we can calculate the susceptibility, the critical field for 
the screw-ferro transition and other quantities. 


§ 5. Magnetic ordering in the intermediate and high 
temperature phases of erbium 


In dysprosium and holmium where the second order anisotropy constant D 
has a positive sign, the spin arrangement just below the Néel temperature 
takes a simple screw structure in which the rotation axis coincides with the 
translation axis, namely the c axis. However, when D has an opposite sign 
the magnetic ordering becomes complicated. Even if the anisotropy is very 
small, the cycloidal arrangement will be modified to some extent. In this section 
we shall treat this case of erbium in the approximation valid near the Néel 
temperature. 

For the sake of simplicity, we shall omit the thorough discussion and con- 
sider only a few cases which interest us and which really give the minimum 
free energy, that is, the metastable state at least. 

First, we put 


Fiz=Sm, cosQ-R,, 
oy=Sm,sinQ@-R,, (5-1) 
o;,—Sm, cosQ-R,. 


The hodograph of the spin moment for this structure is an ellipse. Expanding 


the free energy (4-15) with respect to m’s and retaining terms up to the fourth 
power, we obtain 


4 ESS MY A CA li a hog . > LT? 1 
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In this equation, 7,’ is defined by 


T,=2J (Q) S*/3k, (5-3) 


and it is the temperature at which a screw-magnetism would set in if there 
were no anisotropy energies. It is noted that the last term in Eq. (4-16) which 
offers a measure of self-consistency contributes in the sixth order. 

Since at high temperatures all coefficients in Eq. (5-2) are positive, the 
values of m’s which minimize the free energy are all zero. As the temperature 
is lowered the coefficient of m,’ first becomes zero at T=T., which is given 
by a quadratic equation, 

eee eo) : (5-4) 

ne 5 
and at this temperature the sinusoidal oscillation of the z component of the 
spin moments begins, while the x and the y components are still left as zero. 
This corresponds to the transition at 80°K in erbium. As Q enters the ex- 
pression (5-2) only through 7,’, we can readily see that the value of Q which 
makes J(Q) maximum will simultaneously make the free energy minimum and, 
therefore, the period of the oscillation will not change with temperature in this 
approximation. Below the transition temperature, we have, in our approximation, 


; 0 6S Nie - DV I(r Suid 4B) 
ence Deane Ree Sy eles eons 
cs Boom Wii Dele 2 ion a sod as 


Near 7., the expression which characterizes the second kind phase transition is 


obtained as follows: 


Mz © 


2 — 
(BY Bat 69 


So long as D is negative, the ordered phase just below the transition is of this 
type of spin arrangement. This is true even if the second order anisotropy 
energy is very small. When the anisotropy energy is large, we can safely adopt 
the Ising model. Then, the molecular field approximation leads to the oscillation 
of the spin which has inherently the z component only. 

The temperature at which the modulation of the x or the yy component 


appears is not simply given by 


D_o, (5-7) 


716 H. Miwa and K. Yosida 


in consequence of the previous establishment of the z component modulation. 
Instead, 7, for the y component modulation is reduced and determined by the 


equation 
Ly ae sca, 1 es ey ( ite ) ( 2 4h — 5 = D — #3 E (7 2 fe S210). 
Gia ee eMC yy Pi er 


(5-8) 


For the x component it is generally reduced further, as seen from Eq. (5-2). 
In the temperature range T7'<T,, the elliptical hodograph has the c axis as its 
major axis. m, grows with decreasing temperature as (T,—T)*”, namely the 
transition which corresponds to the one at 52°K in erbium is again of the 
second kind. m, suffers only a little change from this transition. 

As to the 2 component, the situation is somewhat different. When the 
coefficient of 77,” reaches zero, the ellipse begins to tilt. However, this would 
be realized only when E and F have appropriate values as was discussed in 
the previous section. But at such a low temperature as the last transition will 
be expected, the approximation used here would lose its validity. The usual 
neutron diffraction experiment can not distinguish the last structure from the 
second, because six equivalent structures exist simultaneously in an actual crystal 
because of the six-fold anisotropy neglected here, although a possibility that we 
can align them in one direction by an external magnetic field would not be 
denied. 

Next, we shall give an explanation for higher harmonics in z-component 
oscillation. Here we put 


;2=S(m,cosQ-R;+m’' cos3Q-R;), 


5-9 
O~=O7=0. 
The free energy is calculated to the fourth power as 
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Here, we have put T;g=2J(3Q).S?/3k and have assumed that J (3Q) is positive, 
otherwise the last term in Eq. (4-16) should be treated carefully. In this 
equation the terms proportional to mm? and m’ are neglected. In the high 
temperature phase of erbium, m, is given by Eq. (5-6). Once m, takes a 
non-zero value, m’ becomes also non-zero as seen from Eg. (5-10). Theeame- 


plitude of the overtone whose frequency is triple of the fundamental one is 
given by 
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and varies as (T,—T')*” near the Néel temperature. It has an opposite sign to 
m,. Accordingly, the sinusoidal modulation is gradually squared. Similarly, 
we also expect other odd-multiple overtones, although they are much smaller. 
Since the free energy (5-10) depends on Q through J(3Q) as well as J(Q), 
the period of the fundamental oscillation may change as m’ grows. In an attempt 
to see the order of magnitude of this temperature variation, we neglect all the 
anisotropy terms in Eq. (5-10) and obtain for the temperature T<T~,, 


S Via ibaa Tee T; 
aie kT (1- | eee (1- VI oe ee: 12 
- 6 si ag Se 
Differentiating with respect to Q and using the expansion (3-12), we get 
io ed (805) ( T.—-T : 
—Q, ~ —— | 9°13 
QO—-Q, 3 I”(Op) T. (5-13) 


Assuming the form of Eq. (2-34) for J(Q) and adopting Q)c’=51° from Table I, 
we have 


(Q—Q,) c’ = jal ee (5-14) 
T; 

Though the estimate has an ambiguity in determining the values of J’(3Q)) and 
J" (Qy), it leads to about 5 percent increase of the period from 80°K to 52°K 
for erbium. However, this change due to higher harmonics is considerably 
smaller than that which is observed in dysprosium, holmium and in the inter- 
mediate phase of erbium. On the other hand, Cable et al.” observed no change 
in the period in this temperature range. 

Thus, apart from the change in the period, we can understand the spin 
structure of erbium and its variation with temperature above 20°K as a natural 
consequence of the fact that the second order anisotropy constant D is negative. 


§ 6. Conclusion 


We have investigated the effect of the anisotropy energy on the spin system 
with the exchange interaction which makes a pure screw structure stable, and 
have discussed the stability of various spin structures found in dysprosium, 
holmium and erbium and the magnetic transitions between these structures. In 
these rare-earth metals, the exchange interaction itself makes a screw structure 
stable, namely its Fourier transform J(q) has a maximum at q=Qo. The aniso- 
tropy energy determines the rotation axis-of the spin moment and further it 


sometimes modifies the screw structure itself. 
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In the case of dysprosium, the axial anisotropy energy including higher 
order terms tends to keep the spin moment in the c plane. Therefore, at high 
temperatures, a pure screw structure is realized. However, as the temperature 
is lowered, the anisotropy energy of higher order grows. The sixth order energy 
which describes the anisotropy in the c plane stabilizes the ferromagnetic state 
more than the screw state. Therefore, a transition from the screw state to the 
ferromagnetic state will occur at a certain temperature if this intraplaner amiso- 
tropy enerey is large enough compared with J(Q) —J(0). Thus, the magnetic 
transition in dysprosium can be explained by a large anisotropy energy in the 

lane. 

‘ my the case of holmium, the anisotropy energy including fourth and sixth 
order terms will make the spin moment parallel to an intermediate direction 
between the c axis and the c plane. Therefore, taking into account the exchange 
interaction, it can be shown that a conical spin structure is stable at low tem- 
peratures. However, as the temperature rises, the fourth order energy which 
makes the spin moment incline at an angle to the c plane in this case becomes 
smaller compared with the second order anisotropy energy which makes the 
direction of the spin perpendicular to the c axis. It is, therefore, expected that 
the conical structure becomes flat with temperature and that at a certain tem- 
perature this structure is transformed into a pure screw structure. 

In the case of erbium, it is expected that the second order anisotropy energy 
makes the spin moment parallel to the c axis and in competition with this term, 
the sixth order axial term, i. .e., F-term, tends to make the direction of the spin -de- 
viate from the ¢ axis. Therefore, similarly to the case of holmium, the spin struc- 
ture in the low temperature phase will be a conical structure. As the temperature 
rises, it is expected that this conical structure changes to a screw structure in 
which the axis of rotation of the spin moment deviates from the c axis and then it 
changes to a modified cycloidal structure, or that the conical structure is trans- 
formed directly into a cycloidal structure. At present, however,.it is a difficult 
thing to distinguish experimentally between. the cycloidal structure and the screw 
structure with an inclined rotation plane. 

In the high temperature phase of erbium, only the z component of the 
moment has been found to oscillate, In connection with this experimental 
result, it can be shown on the basis of the molecular field approximation that 
the temperature at which the oscillation of the < component of the spin moment 
sets in becomes higher than that for the oscillation of the x or the yy component 
and therefore that the phase in which only the z= component oscillates is the 
most stable near the Néel temperature when the second order anisotropy energy 
makes the c axis be the easy direction of the spin. The oscillation of the z 
component of the:spin can also be expected on the basis of the Ising model. 
However, it is to be noted that there appears no perpendicular component at 
all in the case of the Ising model, whereas in our treatment the perpendicular 
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components are only averaged out by the thermal motion. 

Besides these three metals, the magnetic properties of terbium and thulium 
can also be understood from the same standpoint as considered in the present 
paper, though the spin arrangements in their ordered phases have not so far 
been made clear. Terbium will probably behave in almost the same way as 
dysprosium. Namely, it is expected that it has a pure screw spin arrangement 
in the c plane below the Néel temperature, and that at low temperatures it has 
a ferromagnetic arrangement with the direction of easy magnetization parallel 
to [1010] in the c plane, because the sign of G for terbium is opposite to that 
for dysprosium. In thulium, the preferred axis for the spin moment will always 
be parallel to the c axis. Therefore, we expect that it has a similar spin ar- 
rangement to that in erbium and shows similar temperature effects. But, instead 
of a conical structure, it can become a c-axis ferromagnet at low temperatures 
or in external magnetic field, if J(Q) —J(0) is sufficiently small. 

Concerning the temperature dependence of the pitch of the screw, we have 
shown that the quadrupole interaction would be its possible source. But, although 
the quadrupole interaction gives rise to a correct temperature dependence, the 
change in the pitch obtained from this effect is too small in its magnitude com- 
pared with the experimental result. Therefore, the indirect quadrupole interaction 
might be considered to be a possible source of the temperature dependence of 
the pitch. The indirect quadrupole interaction between spins will be caused by 
the Coulomb interaction between 4f electrons and conduction electrons and also 
by the interaction between spins and lattice phonons, but it could not be expected 
that it would be much stronger than the direct interaction. Further, the quadru- 
pole interaction will also change the period of the oscillation of the z component 
according to our theory, whereas, experimentally, the period of this oscillation 
is found to be independent of temperature. Therefore, at present the origin of 
the change of the pitch with temperature is not clear. 

As for the anisotropy energy, the appropriate values have been assumed 
for each case. The signs of the anisotropy constants assumed in accordance 
with the experimental results can be confirmed by a simple calculation of the 
crystalline field on the screened point charge model. However, these calculated 
magnitudes are sometimes found to be small compared with the values required 
by the experiments. This suggests that the anisotropy energy will be affected 
by the interaction between 4/ electrons and conduction electrons and possibly 


lattice phonons. 

The exchange interaction in rare-earth metals is considered to arise mainly 
from the intermediary action of the conduction electrons. The Fourier transform 
of the exchange integral from this origin can be expressed as 


2 = 1 2 ai) Cla nats Bites sete hae Sr s - 
Tq) = Gs-V)?N* Vil A (4+ Ko) Pe” aK) ER) ” (6-1) 
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where (q) represents the Fourier transform of the exchange integral between 
conduction electrons and 4f electrons, E(k) represents the band energy for the 
conduction electron with the wave vector k, ky the Fermi maximum of the wave 
vector and K,, the vector representing the reciprocal lattice point. If we treat 
the conduction electrons as free, the last sum gives a monotonically decreasing 
function of q+K, and so for this case, even if (q) is also monotonically 
decreasing with gq, the sum over K, might be possible to make J(q) maximum 
at q0. It may also be possible for 4(q) itself to have its maximum at a 
non-zero value of q and further we could not deny that the last summation has 


a maximum at q=Q,+0 for general band structures. 
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Appendix 


Explicit functional forms and their asymptotic expressions for In(sinh w/z), 
D,, D,, DP, and M, which have been defined in § 4, can be calculated as follows: 


2 4 6 
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It can easily be seen that @, varies as the n-th power of @, for u—>0 (near 
the Néel temperature) and as the n(n+1)/2-th power of % for u>c (at low 


temperatures). 
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An attempt to extend the postulational basis of quantum theory by introducing correl- 
ations between the results of measurements, developed in this article, leads to negative joint 
probabilities for otherwise meaningful sets of measured values. Since, so far as can be seen, 
the attempt made is the only one compatible with the theory of random variables, and is 
incompatible with the structure of Hilbert space, we conclude that correlations are absent. 
This result, though it is tantamount to a denial of von Neumann’s projection postulate and 
the ‘reduction of wave packets” on measurement, is nevertheless shown to be entirely satis- 
factory from the physical point of view. 


§1. Introduction 


It has become customary in textbooks and courses on quantum mechanics 
to allege that a measurement of an observable whose operator is X, when per- 
formed on a physical system in a state ¢, will leave the system in the eigenstate 
#2, which corresponds to the measured value 2;. If ¢ is regarded as a vector 
in Hilbert space, the measurement is represented by an operator M which, 
when acting on ¢, projects it in the direction of ¢,; the index i is unpredictable 
on the basis of the usual axioms of the quantum theory, although the change 
in state can be formalized by assigning to M a definite mathematical operator. 
This proposition, seemingly first advanced by von Neumann,” will be called 
the projection postulate. 

The context in which it arose is an interesting one. There are, he sug- 
gests, three stages of causal or acausal description. The first renders measure- 
ment a totally statistical act, allowing only the assignment of relative frequencies 
to measured values without implying what value a second measurement, per- 
formed immediately after the first, will yield. The second stage permits a 
variance of measured values only before an initial measurement, which then forces 
the outcome of later measurements of the same observable in strict deterministic 
fashion. According to the third or highest version of causality, every measure- 
ment is completely determined, as it is in classical physics. The second stage, 


von Neumann holds, is the one upon which quantum mechanics operates, and 
to insure it he introduces the projection postulate. 


* Fulbright Visiting Professor at the University of Tokyo, during the summer semester 1961. 
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Now it is a curious fact that in the applications of quantum mechanics to 
any physical situation this postulate is never needed, even though it is occasion- 
ally invoked—uselessly to be sure—in the explanation of cloud chamber tracks.” 
Among its less desirable consequences are the Einstein-Podolski-Rosen paradox” 
and the so-called reduction of the wave packet. The latter phenomenon, which 
is the contraction of a wave packet spread through space into a delta function 
when a precise position measurement is made, has given rise to the query 
whether quantum mechanics conveys an objective description of physical reality 
or is merely a subjective vehicle for an’ observer’s knowledge. Such grave 
implications, together with important recent reconsiderations® of the measure- 
ment problem, have motivated the present analysis which tends to show an 
inconsistency of a formal sort in the unqualified acceptance of the projection 
postulate. While our discussion will be limited to elementary, non-relativistic 
quantum theory, no obstacle is apparent which would preclude its extension to 
four-dimensional analysis and to field theory. 

Aside from the fact that the projection postulate is almost never included 
among the formal axioms of the theory, its use being limited to collateral ex- 
positions of a vague philosophic kind and of no apparent relevance to physical 
problems, it invites fundamental suspicion for the following reason. The so- 
called ‘Copenhagen interpretation” is said to be a radically statistical one, 
permitting no connection with the prediction-potent, individual events of 
classical physics. Now in every normal theory of probability or random vari- 
ables it is understood that a single observation cannot establish a probability 
distribution, a large sample of observations being required for this end. Yet 
the customary quantum theory, if it includes the postulate in question, claims 
to be a radical probability theory wherein “God plays dice” and at the same 
time pretends to perform the most unorthodox feat of creating, in a single act 
of measurement, knowledge of an entire probability distribution, thus setting 
its competence high above what is regarded as normal by statisticians. It is 
for this reason among others that one of us has in the past directed criticism 
against the projection postulate (understood in von Neumann’s sense),” and the 
strictures were based upon the observation that there are many good measure- 
ments, fully accredited by physicists, which empirically violate the postulate.” 
In the present article an attempt is made to incorporate the postulate in the 
foundations of the quantum theory. The success is only partial, but the effort 
is interesting inasmuch as it shows that negative probabilities are introduced 
when the requisite axiomatic extension is made. 

A set of basic propositions sufficient for all of quantum mechanical analysis 
is the following.” 

1. To every observable there corresponds an operator. 
2. The operand ¢ of the operator represents a physical state. 
3. The numerical values which a measurement upon an observable with oper- 


| 
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ator P can yield are the eigenvalues of P. 
4. When a physical system is in a state ¢/, the expectation value of a sequence 
of measurements on the observable whose operator is P is given by 


ECR) =p= [ yo Pidt= (p*, P¢). 
This axiom is written in the coordinate (Schrédinger) representation ; its 
isomorphic forms in other representations are well known.” 


5. States change in time according to the Schrédinger equation 


or its equivalents in other representations. Added to this list are symmetry 
requirements, like the exclusion principle, which are of perhaps a less funda- 
mental or even derivative status. They will not be included here. Perhaps it 
should be said, however, that a separate premise concerning single-valuedness 
and normalizability of states is quite unnecessary, since such items follow from 
4. The uncertainty principle, of course, is implied by the set when 1 is imple- 
mented by a specific assignment of operators which are empirically found to 
be satisfactory. Finally, 4 can be shown to entail the statement: | (¢*, ¢.,) |’ 
is the probability that the value x; (whose correlated eigenstate is ¢,,) will 
occur in a measurement of X on a system in state ¢. 


§ 2. Covariance among measurements 


The preceding axioms are in complete conformity with the normal pro- 
cedures in random-variable analysis.” What they say ignores correlations be- 
tween the results of different measurements. On the other hand, the projection 
postulate stipulates a very specific correlation between measurements, and it 
cannot be discussed unless our set is suitably enlarged to provide for correla- 
tions. What one would like to know is the probability that a joint measurement 
of two random variables, X and Y, shall yield values x; and yj, provided the 
system is known to be in some well-defined quantum state ¢. The latter will 
be taken for simplicity to be a pure case, not a mixture. By joint measurement 
we mean either two simultaneous measurements of X and Y or, as an interesting 
subclass of such procedures, the measurement of X at time 4 and of Yaat time 
tz. The variables X and Y can of course be identical. 

This specification contradicts the claim, often encountered in the literature, 
that certain variables, like position and momentum, cannot be measured simul- 
taneously. If this were true, such measurements must be ruled out either by the 
axioms of quantum mechanics or by the empirical contingencies of experimental 
physics. The latter is certainly not the case, and the former is impossible 
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because the axioms fail to speak of correlations. The joint probability in ques- 
tion, as defined in the foregoing paragraph, will be designated as 


meay, Ji 3 d). 


Briefly, it is the probability for the occurrence of x; and y,; on the evidence 
¢. It must satisfy the relations 


24 P(t 945 $) =1, (1) 
a F(Z 515 CY=Py3 te), x Agee pO) (tea) (2) 


The ordinary probabilities, P(x,;) and P(y;; ¢) are indeed given by our axi- 
oms, viz: 


Plris $)=|(9%, $2.) |? (3) 


with a similar relation for P(y,; ¢). 

The quantity thus introduced must be carefully distinguished from the 
probability W(z:, y;) that, when x; is known to occur with certainty, y,; will 
ensue. It, too, is given by the axiom set: 


W(2:, yn =l(Pz, Cie: (4) 


If the projection postulate were valid, the following relation might be thought 
to hold: 


PCH, ¥93 $)=|(0*, a) |? Wares 4); (5) 


provided y; is observed immediately after x;. This version, however, cannot 
be accepted because it violates one of the relations (2). 

A possible definition of P(x; y;; ¢), indeed one which is compatible with 
and almost suggested by axioms 1-5, is this: 


P(x, 955 =I Hn), 5) (6) 


The closure relation for complete sets of eigenstates may be used to show that 
this formulation satisfies relations 1, 2 and 3, but it is clearly different from 
Eq. (5) and it does not allow measurements on Y to depend in any way on the 
outcome of measurements on X. For this reason, one might look upon Eqs. (5) 
and (6) as imperfect and search for another possible definition of P, perhaps one 
closer to Eq. (5), at any rate one which introduces correlations. This is best 
done via the concept of covariance, as follows : 

Let X and Y be random variables. Then 


Cov(XY) =E(XY) —y. (7) 


If X and Y are identical, Cov(XY) becomes the variance of X, Var(X). The 
structure of our axioms, particularly 4, suggests at once that we postulate for 
a quantum mechanical ensemble of measurements on a state 
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Cov(XY)=(¢*, XYP) —(*, XP) C9", YH). (8’) 
This interpretation differs from the one which (illegitimately, it seems) takes 
the operator XY to be associated with an observation of X followed immediately 


by an observation of Y. 
Assuming that X and Y are hermitean, one can at once establish the fol- 


lowing reasonable facts. 
If # is an eigenstate of X 


ar lee YoieeD. 
for in that instance 
(WX, XY.) =(X* 0%, Ye.) = 01.9 = EV. 


The same result holds when ¢ is an eigenstate of Y. 
In general, however, Cov(XY) according to Eq. (8’) is complex. But 


Coy*(XY ).=Cov( YX). 
It is therefore indicated that Eq. (8’) be replaced by the definition 


Cov(X¥) = (9%, AXLE 4) _ cy, XY) (Y*, YY). (8) 
We shall thus base our further inquiry upon this formulation, which leaves 
the conclusions concerning eigenstates unaltered. 


A further interesting relation can be easily established. If, in one of the 


well-known forms of Schwarz’ inequality, to wit 


PAG NEUF DEA FOF 
we take f= (X—-Z)¢, 
g=(Y—5)y 
we find at once 
[Cov(XY) PS Var(X):Var(Y). (9) 
In consequence one is permitted to define a correlation coefficient « after the 
manner of random-variable theory : 
a(X, Y)=Cov(XY)[Var(X) Var(Y)]-? (10) 


and the range of o is the expected one, —1<o<1, 
A few examples illustrating these relations seem to be in place. 


a) The spin components of a single electron “anticommute ”. Hence, if 
X and Y are x- and y-components of the spin, 


Cavacy ) = —Zy=(a* b+ab*) (ia* b —iab*) fie 
4 
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rovided the spin function is (7 F ich i i 
p spin function is (7). For a state (’ which is an eigenstate of the 
z-component, either a or & is zero, and the covariance vanishes. 
b) Less trivial, perhaps, is the case of a system with angular momentum 


J=h, we now write X, Y, Z for the components of J/f#. These operators have 
the matrix form: 


Se j0 or -0) Ted emaeay lene 0 
pet Ore lee) 2 OL ee 0 Ort 22 i/e 


Their common eigenvalues are —1, 0 and 1 and their eigenvectors form the 
following list, to which reference will be made again in the next section. The 


Eigenvalue —1 0 1 
5 Ve 7 

~ |) |e 
g =v % 4 
3 VE 3 

by = [-v3 | 0 | [vi | 
-3 v3 -3 
0 0 1 

Saaee es ee 
1 0 0 


operator 
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has eigenvalue —1, 0 and 1. Simple computation shows that, for a state 


fi 


Cov(XY)= - > (a* c—ac*)it > [(a* +c*)b+ (atc)b*] 


x [(a*—c*) b—(a—c) b* It. 
Interestingly again, if ¢ is an eigenvector of Z, the covariance vanishes. The 


same is true, of course, when ¢ is one of the ¢, or #, in accordance with 
theorem a) following Eq. (8’). oe 

Cemex, let us compute the covariance between position measurements at 
time t=0.and at time 4 The operator X corresponding to a measurement of 


xz at t=0 is simply z-; at the later time it is 


eel ee 


| 
; 


where T is the time-development operator, 7’=exp ( ~il Fae). For H we shall 


take the Hamiltonian of a free particle. In that case, since for any operators 


A and B 
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et Be“=B+[A, B]+— (4, [A, B+" 


in the notation of commutator brackets, we have 
X,=e% Pen ate LE XJar+-—P (12) 
m 


where P is the linear momentum operator. In general T satisfies 
Tiga olae 


when it is written in the form of a differential operator; in matrix form it is 
unitary. If the eigenfunctions of an operator Q at t=0 are ¢;, then the eigen- 
functions of the same operator at time ¢ are T'*¢;. To see this, assume the 
equation 


QP =a 
to be satisfied at t=0. Let ¢,' be the solution of 
(T* QT) ¢/=@i' $i. 
On multiplying by T from the left we obtain 
Q(TH$e') =a0'(TH2') 


which means that Ty,’ is an eigenfunction and g;' an eigenvalue of Q. Hence 
qi must equal g,; the eigenvalues cannot change in time. And since Ty,'=¢, 
we have ¢’=T'*¢, in view of Eq. (11). Evidently, ¢;' is the ancestor of ¢; at 
time —¢ in accordance with the Schrédinger equation. 

On using Eqs. (8) and (12) we obtain, upon expansion, 


t 


Cov(XX,) =Var(X) +—-4-Cov(XP) (13) 
vs 


where X without subscript refers to s=0. 


For ¢ we assume a packet of the form 


) = (na*)~“* exp (ike , (14) 
at t=0, which transforms itself into 
| —Qiakat ia’ kt ht 
fem toaty (14 HME) oy m 
: ma* — ai (5) 
2 (« +t) 
m 


OO —— er 
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at time ¢. It is then easily seen that 
Cov(XP) =0 (16) 
so that 


Cov(XX,) =Var(X) = (17) 


at all times. 
The correlation coefficient defined in Eq. (10), however, depends on tf. 
Var(X) has just been computed, and 


Var(X,) =Var (x++ Pp) =Var(x) + !Var(P) +2 Cov(XP). 
m De 


n m 
But Var(P) =f?/2a’, hence, in view of Eqs. (16) and (17), 
Var(X) = [1+( Me ) |. 


2 
2 ma 


Therefore the correlation coefficient between a position measurement at time 0 


o=[1+(45))". 


It remains near 1 if the initial extent of the wave packet, a, is large. The fact 
that it does not depend on &, the speed of the packet, is also reasonable, for 
o¢ is 1 for random variables which are connected by a linear relation, e.g. 


and time ¢ is 


Gey Zoya role 


§ 3. Joint probabilities 


Having shown that the covariance defined in Eq. (8) is not without at- 
tractive features, we next examine the joint probabilities it entails. As is known © 


from statistics” 


Cov(XY) = 34 Play) Li j- ZY - (18) 
= 
Eq. (8) takes this form if we use the alternate expansions 
p= ai a, uj; and v= ds b;V; 


in orthonormal sets « and v which are, respectively, eigenstates of X and Y. 


For then 


’ RS 
1 


(o*, XY¢) =| x py iar ee Yd b,v,dt= ps (a:*b,| us*v;dT) 213. 


Comparison with Eqs. (18) and (8) allows a simple identification (ened esx 
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P(xi,.943 $)=Rla* b, | ut vyde]=RUM, tn), ay) Pap Mv). 9) 


Because of the closure relation these joint probabilities satisfy Eqs. (1), (2) 
and (3). If ¢ is either ¢., or ¢y, they also lead to Eq. (4), but they are not 
in general accord with the projection postulate in the narrow form here under 
consideration. Yet, as is clear from the preceding section, they introduce cor- 
relations between measurements. When X and Y commute 


Pitas Ves $)=P(x:, fh) 0:5, 


provided proper allowance is made for degeneracies. Most unfortunately, how- 
ever, the defining relation (19) does not prevent the joint probabilities from 
being negative. This is a rather essential aspect connected with the present 
attempt to introduce correlations between measurements, and it is difficult to 
see how it can be avoided; its causes lie very deep, and their removal would 
require some radical changes in the axioms listed in the Introduction. For 
such reasons it seemed worthwhile to illustrate the case by computing a few 
examples. 

a) Returning to the system with angular momentum J=1 to which discus- 
sion b) of §2 was devoted, we label the eigenvalues —1, 0 and 1 by indices 
p and o, allowing them the values —1, 0 and 1. The state ¢ has again the 
form of a column vector with components a, 6 and c. For convenience we 
introduce the abbreviations 


ey (a+c), ees (a—c). 


jf CARTS () =P,.=R(¢*, uy) (ot, ) wees 02); 


Now 


u, and v, being the eigenstates ¢/, and ¢, listed in 2b. One finds 


Ot, wad=,/ 1 (0%), 
(g*, uo) =d*, 

ae 
Cea) oa, 1 (s*+5*), 


(oi, )=,/1 (a4ib), 
(vo", iD) reso ds 


(ui*, $) =,/1 (d—ib). 


a 


The last factor of Beis 


Pete fice es 


aig 
Dia vas 0 1 
: es : 
—1 pete 1 near 
og 5 1 i as : ; 
ep at big (iE 
Cree 0 = 0 ii - 
La i 


From these all joint probabilities can be compounded. In the case where ¢ is 


an eigenstate of J, (see § 2b for the form of these eigenstates !) one obtains 


jee eA 
4 
1 1 
If. = Se 0 —— 1 — — 
ee A ri ev 3 1° or +1 
(oe ates 0 
Z 


and 


1 = 
4 4 
Pept ee Ob yD if J,=0. 
wee ke 
4 4 


These are perfectly acceptable probability distributions whose meaning is 
For instance, if J, is known a priori to be 1 or —1, there 
is no chance of finding J, and J, manifesting equal values in simultaneous 
measurements, nor can they exhibit opposite values. One can only obtain a zero 
value for one and +1 or —1 for the other. If J, is 0, the situation is the 
reverse. Notably, negative probabilities do not occur. 

Generally, however, the situation is quite different. If s, d and b (which 
must obey the normalization rule |s/?+|d]?+|o)=1) are taken to be, respec- 


tively, 0.6, 0.6 and 0.53, one calculates 


clear and simple. 


Pra=R Gi(s*—b*) (d-+ib)} = — 0.009. 


b) Let x; be the position x of a particle, y, its simultaneously measured 


linear momentum, sO that (if p=kn). 
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P(x, ks $)=R Ro(q.2) Ca) dan | co“ $ (qs) daa O(n 2) e* eas 


=|? Rig* et* | (gq) eda}. 


Assume for ¢ a wave packet of the form (14). Evaluation then leads to the 
expression 
= . i 2 
P(x, k3 $) =V’2 |c|? cos(k—ho) x exp— | = + (k= ky)? a']. (20) 
Pa Ba: 
The fact that P has an absolute maximum at x=0 and k=& is satisfying, of 
course, as is the diffusive exponential decrease with x and k; but the oscillating 
factor prevents acceptance of the result. 
c) Asa last example, we discuss the joint probability, again in the simple 
case of a moving free particle, for position measurements at different times. 
Here we have 


P( #1; 273 PI) =Ri(G*, $2.) CY, Pat) (PE, Gas) } (21) 
ST: A ra bow 
ib i ht 1—2i ( m \¥? 
h — — 2 — =4 en — —Z aoe 2 
Py, = = exp| ik(e— Xo) +7- ad #|= 9 ( =a exp| oe (x— 22) tf 


—-o 


Insertion in Eq. (21) gives (with certain precautions when ¢>0) 


Ps Par #=R| i b* (x) exp| —7- oe (a—22)'] 


x | (2) exp] i ie -2)']az\. 


Here we use once more the form (14) for ¢. We carry out the integration 
and, to make the result less unwieldy, put 2,=0, obtaining 


a (x- ees 


PO, 2.2 Cy=HR V2m ima? \ ~12 : 5 
x13 $)= 1s | esp eee ae bal. 
es i | Creare 

ht 


Our choice of normalization has been such that p now represents a probability 
density (per unit range of x, and x,.). 


Tw F i.e. i 
o limiting cases are of primary interest. For large ¢, ie. if At/m>a’, 


PO, 24 S~V/2™ exp| —* (4 — 22)". 
ht 2 ht 


This is always positive and has a maximum at the classical position of the 
particle, 2=k)ht/m-t. 
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In the opposite extreme, when ht/m <a’ 


PO, x ) Pie ae a \ ‘e -a)| as 
aha’ t 4 
where 
re (,— me) 
hi) 2m 
or 


P(0, x’; ¢) cccosa+sina. 


For small ¢, 2 can be chosen so that this quantity is negative. Closer inspec- 
tion of Eq. (23) reveals, for finite k) and x, the satisfactory limit 

lim P(0, 2; 000 (x, “0” 2). 

veal m 

In all preceding examples Eq. (19) was employed as the definition of joint 

probability. Although reasonable, this definition is not unique. Its lack of 
uniqueness arises from the circumstance that we have inferred its form from the 
single product moment, (¢*, XX¢), leaving all higher moments (¢*, X"Y"¢) 
with their possible variants Ce ee OA) RCEC.; unspecified. We have there- 
fore considered another possibility which is also compatible with Eq. (18) and 
has certain other advantages, namely 


o 


Pla, 93 $= (2a) | pCa, 8) exp —lax+ hy) ded 


, 
soa 


with 
o(a, 2) =($*, exp[i(aX+2Y)]¢) 


where in accordance with our previous notation X and Y are operators."”. When 
the analysis is carried through for a case similar to example 6 in which X is 
the position and Y the momentum of a particle, but # is chosen to be a super- 


positian of two gaussian functions 
(h(x) fas [2a Yz(1 Beeaic2) (ae ferent ee ene . 


one again obtains a result with a trigonometric factor which can cause P to 
be negative. 

There is, however, a convincing argument which establishes the impos- 
sibility of introducing any sensible joint probability distribution that exhibits 
correlations. 

The analysis of the possibility of introducing joint probabilities in quantum 
mechanics proceeds from the observation that a classical joint probability distri- 
bution is completely determined only if a certain set of its moments is specified. 
In the case of random variables which range over an infinite set of values, 
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specification of all the moments is necessary. 

Let us now return to the previous example of angular momentum 7% and 
attempt to construct a joint probability distribution P(.2;, 97; ), which we now 
write for brevity in the form f(x,y), where X and Y are taken to be 1/hJ, 
and 1/hJ,. The eigenvalues of X and Y are then 1, 0, and —1. It follows 
from postulate 3 that we need to consider only (f(1, +1), f(—1, +1), f(0, +1), 
f(+1, 0) and £(0, 0)—i.e. the space of our random variables has only 9 points, 
so that only nine moments are needed to detemine f(z, y). These moments 
are (xy, (yy, (2°), (9), (xy), (a?y>, (xy), (2*y*), and the normalization 
<1). The classical formulae 


Lat y™\= >) f(z, y) 2* y= m=0, 1;'2-and 7=0; 5.2 
ay 
for these nine moments can be inverted to give 


FC, #1) =1/4 (4 Cay) + (xy) t+ (ay) thay"), 
Fl AED) SYA?) BRE) EY DEO ID), 
FQ) EA) U2 EL PCY) PRD YL Ps 
FAGa OU EBV ES Gem P Gs Aire) pe Cy hae ie SY 
FO SO) Cee Po Lk Ps 
Our previous treatment left all moments with » or m > 1 undefined. 

We now examine all possible quantum mechanical definitions of the moments. 
Moments of the form (x") or ¢y") are already specified as (¢*, X"%) or 
(o*, Yh) by the axioms of quantum mechanics. The other moments (“cross 
moments”) will be taken, in similar fashion, to be the expectation values of 
hermitean operators. These operators will be homogeneous polynomials in X 
and Y, and must reduce to X"Y” for commuting operators. Furthermore, sym- 
metry between X and Y must be maintained—i.e. (x"y") must go over into 


<x™y") on interchange of X and Y. The following choices are then possible 
with a, 3, 7, 0, and € as arbitrary real parameters. 


(ry )=1/2(o*, XY+ YX), 

(2"y)=1/ (2a+8) (GO, |a(X*Y+.YX?) +8XYX|¢), 

(ay )=1/ (204+) (9%, |a(XY?+ Y7X)+8YXY|¢), 

(aig = l/ (27 20 +28) (6%, | 7 (XPY?Y2X2)+0(XYXY4 YXYX) 
+E(XY°X+YX?7Y)|¢). 


The question of interest is then the following: Do there exist values of these 
arbitrary parameters for which all of the f(x, y)(#= a1 0,“beatids Vee peut etry 
are positive for an arbitrary state function id 


—— 
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a 
Cc 


Let us assume that such values exist—in particular, that a satisfactory value of 


€ exists. In order to find what it should be, we calculate certain of the moments 
for the arbitrary state: 


(1)=|al?+|d?+|cP?=1, if ¢ is normalized 
{2*y=1/2(\bP +a*c+ac*+1), 
(ay)=—i/2(a*c—ac*), 

(ayy =a/(2a+8) 2 [(a*+e*)b+ (at+c)b*], 
(xy) =—ia/(2a+f) /2[(a*—c*)b—(a—c)b*], 
Cxty)=1/2(7 +6+6)[27|b)P? + (lal? + lel") ]. 


Now the quantities f(1, 1)+/Q, —1)=1/2((ry>+(z'y*)) and fC, 0) 
+f(—1, 0) =(2?)—(2z’y’) must be positive or zero for any #. In particular, 
for the state a=—1/,/2, b=0, c=1/7/2, (x*)=(x y)=0 -and'(2 yy? -amilist 
also be zero in order to make the two quantities positive or zero. But for this 
state, (a*y*)=6/2(7 +0+€), from which we conclude that € must be zero. 
Having fixed the value of €, we now compute f(, 1). for the state a=exp 
(i2/4)/7/2, 6=0, c=exp(—iz/4)/7/2, for which (xy?)=(2’y)=0, (2°y’)=0 
(as a consequence of €=0) and (xy =—1/2 to give f(1, 1)=—1/8. Thus it is not 
possible to find a satisfactory value of €, from which we conclude that one 
cannot define a non-negative f(z, yy) which exhibits correlations. 

The conclusion that joint probabilities of the usual type cannot be formulated 
in quantum mechanics was reached by De Broglie,” whose reasoning was based, 


-however, entirely on Eq. (5). He regards this equation as fundamental and 


inevitable. 

There arises at this point a rather subtle distinction which is worth noting. 
The inevitable equation, which relates joint probabilities to so-called conditional 
probabilities, is this: 


Te Cay he Maer yr 27, 3) (5') 


where the conditional probability P' is the probability that y, will be observed 
when x; is known to be present or, on our specific condition, P’ is the relative 
frequency of y; ina subclass of measurements all of which yield 2. It 1s not 
necessarily the same as W(2: y;), which represents the probability for the oc- 
currence of y; when x: is known to occur with certainty, that is, when ¢ is 
an eigenstate of 2. The projection postulate is the statement which says that 
P’=W. De Broglie’s argument therefore embraces this postulate ; instead of 
rejecting it, he perhaps redefines joint probabilities in an unusual way. 
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If, as we suggest, there are no correlations between measurements, P' (2449) 
is simply P(y,) in accordance with Eq. (6), and Eq. (5') above is satisfied 
without artificiality, although it is now trivial. 


§ 4. Conclusions 


There appears to be no reasonable criterion for ruling out those instances 
in which joint probabilities are negative. Hence it is necessary to reject 77 toto 
both our definition of the covariance, Eq. (8), and its consequence, such as 
Eq. (19). The axioms stated in the Introduction do not seem to tolerate this 
extension. We are thus led back with evident cogency to the proposition which 
the projection postulate endeavored to avoid, namely to Eq. (6) with its impli- 
cation that measurements of non-commuting observables are in general uncor- 
related. For if (6) is used in Eq. (18), Cov(X Y)=0. 

By this return, however, nothing of value in quantum mechanics is sur- 
rendered. For a certain kind of correlation is automatically carried in the state 
function itself and becomes manifest in the temporal changes of ¢/. The struc- 
ture of the axioms is such that the question as to the connection between a measure- 
ment at time 4, and at another time ¢, need not be asked. Each independent factor 
of the definition (6) alone provides the answer to the proper question: What 
is the probability that X shall have the value 2x; at time ¢ if the state is ¢(¢) ? 
It is, of course, |(¢*(¢), ¢,;)|”. Employing once more the example of a wave 
packet, whose form is Eq. (14) at ¢=0, while ¢(2, 7%) is given by Eq. (15), 
we find for the probability of encountering the particle at 2, ¢ 


iain patents. eee ae 
Cz sb) =| (xa ) [1+ (4) } exp — ae d (24) 
; ma” 


This result has all the qualities needed for the description of the motion of 
particles: It reduces to classical propagation with speed ki/m if either m or 
a is large; it exhibits quantum mechanical diffusion through the dependence of 
its half-width on ¢. And it clearly makes no concession to the occurrence of a 
measurement. If a measurement is made with minimal disturbance, the pre- 
sumption is that it can be repeated at a later time, yielding a result in accordance 
with Eq. (24) ; if it is destructive, repreparation of the state ¢ at time 0 must be 
understood. For example, nothing more than Eq. (24) is needed to explain 
the production of ion tracks. 

There is in fact a bonus in this more modest interpretation. For it pre- 
serves reference to the prepared state throughout the process of measurement. 
If a measurement did produce an eigenstate, the memory of the state before 
measurement would be lost. 


represented by a plane wave would yield a 0-function, and so would a measure- 


An exact measurement of 2x made upon a State ~ 


on 
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ment upon a spherical wave. Yet we know that the probability for a second 
measurement at a later time and a different place will depend on the type of 
wave that existed before the first measurement was made. This fact is correctly 
rendered by Eq. (6) and its corollary, Eq. (24), but is denied by the projection 
postulate. 

Earlier, attention was called to von Neumann’s three stages of causality. 
Our conclusion indicates that his threefold division does violence to quantum 
mechanics and that, insofar as it is tenable at all, we are closer to the first 
than to the second stage. The logical inconsistency of using a probability theory 
in which a single observation determines a distribution function is thus removed. 

The version of the projection postulate we were forced to deny is the one 
most widely featured, but probably not the one most generally believed. Thought- 
ful physicists, when reflecting upon the measurement act, find themselves com- 
mitted to a statement which is not postulational and is far milder than von 
Neumann’s axiom; it is this. Many types of measurement (not all) involve a 
selection of systems from an original ensemble, and by proper subsequent ma- 
nipulation one such separated set can then be isolated. This set may represent 
an eigenstate of the measured observable. One might even wish to argue—against 
all reasonable practice—that this specification defines a quantum mechanical 
measurement. Even if this argument is accepted there is still no reduction of 
the wave packet in the sense that the original wave function is suddenly and 
acausally changed to another form; for the new state, if any, refers to a different 
physical ensemble for which the old state had no meaning. A simple analogue 
is the transition from a game involving two dice to one with a single die, for 
which the spread of probabilities is smaller. This change is not properly 
discussed as a sudden collapse of probabilities, nor is it puzzling. 

A fuller theory of measurement in which all these questions are discussed 
will be published elsewhere. It describes the measuring act as a conversion 
from a pure case to a mixture, in von Neumann’s sense. This accounts for 
the so-called “cancelling of phases” said to occur during measurement. The 
classical probabilities present in the mixture can then, if it is desired, be altered 
to form new states. Except for the concept of a mixture of states, this complete 
theory requires no postulate additional to those listed in § 1. 

The support of the Guggenheim and National Science Foundations for this 
work is gratefully acknowledged. We also express our thanks to Professor T. 
Yamanouchi for helpful comments on this and other problems. 
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The impurity band problem in semiconductors is formulated in terms of the Green 
function, the calculation of which has been carried out by a graphical method. Making use 
of the hydrogen model for the impurity state, the level density of the impurity band as 
well as the conductivity are calculated for various concentrations of impurities, the results 
being in qualitative agreement with observations. The effects of correlation and compensation 
are not taken into account, since the main interest in this paper consists in the randomness 
of the impurity array. 


§ 1. Introduction 


Low temperature anomalies in electrical resistance and Hall effect were 
observed in SiC by Busch and Labhart” and in Ge by Hung and Gliessman,” 
who ascribed them to the existence of conduction through the impurity states. 
Since then a number of experimental and theoretical works have been carried 
out’ on the various problems involved in the phenomena. 

From the theoretical point of view, we have to consider (1) the electron cor- 
relation problem,” (2) the possibility of absence of diffusion under the spatially 
fluctuating potential,” (3) the role of lattice vibration or distortion in assisting 
or hindering the motion of carriers,” and (4) the problem of random distribution 
of impurities, including the justification of the impurity band model upon which 
the anomalies were explained phenomenologically with great success, at least in 


2) ,6) 


the early stage. 

In real phenomena of impurity conduction, these effects, more or less in- 
dependent in themselves, seem to play roles correlating with each other in a 
complicated way. According to experimental results,” however, it seems rather 
safe to assume that at “high concentration”, from 10 to 10° impurities per 
cc in n-type Ge, the carriers move in the so-called impurity band, without serious 
effect of correlation as far as the main feature is concerned. Both the electrical 


*, ** The main part of this work was done while both authors were at the Research Institute 
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resistivity and Hall coefficient increase as the specimen is compensated, and this 
tendency is more remarkable for the former.” This suggests that the com- 
pensation has two effects in this concentration range, namely the decrease in the 
number of carriers on the one hand and the increase in the scattering probabi- 
lity of carriers on the other hand, probably due to the resulting charged centers 
(minority impurities). The fact that resistivity and Hall coefficient are almost 
independent of temperature in uncompensated specimens seems to show that the 
carriers are in rather mobile band-like states, and almost degenerate in this 
quasi-band, and further that the scattering is mainly due to the randomness in 
the spatial distribution of impurities because there are no charged centers in 
these uncompensated specimens. . 

At “low concentration” (<10/ce in Ge), compensation is essential for 
the conduction to take place, and the electron correlation and the potential 
fluctuation resulting from compensation seem to play important roles. In this 
case, the carriers will hop from site to site with the assistance of phonons.” 
At “very high concentration” (>10'*/cc in n-type Ge), the Fermi energy seems 
to merge into the conduction band, in view of the fact” that the characteristic 
peak disappears in the Hall coefficient-temperature curve. One must then assume 
that the conduction takes place essentially in the conduction band, although the 
compensation may reduce the Fermi energy to such an extent that the charac- 
teristic nature of the impurity band appears again. 

We are here concerned with the “ high concentration’ range, with no com- 
pensation, and investigate mainly the problem of random lattice. Most of the 
problems in transport phenomena in metals and semiconductors have been 
formulated so far first by introducing perfectly mobile states (energy band under 
periodic lattice), and then by taking into account the effects of various kinds 
of disturbance (lattice vibration or impurities) based on simple perturbation 
approximation. Some other phenomena have been dealt with by starting from 
the localized states and taking account of the effect of thermal disturbance which 
gives rise to the hopping of the carriers. A common feature in these two ex- 
treme cases is that the states prepared in the starting points are more or less 
good eigenstates and the transition between these states is a well-defined and 
well-separated elementary process in quantum mechanical sense. 

Such feature is perfectly absent in the present problem. First of all, an 
eigenstate in random lattice has neither definite momentum nor definite loca- 
lization. Even within a small range of eigen-energy, the degree of localization 
differs quite irregularly from state to state, and it does not seem very useful or 
meaningful to investigate the individual eigenstates. The level density, however, 
is expected to be a continuous function of energy, forming the so-called 
impurity band, and may possibly be observed more or less directly, for instance, 
by measuring magnetic susceptibility. In the second place, there is no distur- 
bance causing the scattering of carriers other than the random distribution of 
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impurities itself which is already taken into account in the formation of impurity 
band. An alternative approach getting out of this embarrassing situation may 
be to describe the motion of carriers as diffusion from site to site. However, 
a transfer of an electron between two sites is not a separable elementary pro- 
cess and has some correlation with preceding and succeeding transfers, as is 
inferred from the existence of Hall effect. Thus we should devise a method 
which enables us to deal with this inseparable problem in the random lattice. 

As for the level density for random lattice, James and Ginzbarg” investigated 
the case of one-dimensional random lattice composed of two kinds of atoms with 
a fixed concentration, while Lax and Phillips’ dealt with the random distribution 
of 0-function type potentials on a continuous one-dimensional space for a number 
of concentrations. . In particular, the latter authors compared their numerical 
results calculated by making use of a high speed computer with those obtained 
through various approximations. For high density the optical model seems to 
provide a very good approximation in the main, while the low energy tail of 
the level density curve can be approximately described by taking into account 
the local density fluctuation. For low density, the impurity band become split 
off from the continuum, and the tail parts of the former can be approximated by 
the pair theory. Kurosawa” treated the impurity band problem in three di- 
mensions with tight binding model. Making use of analogy with lattice vibration 
in random lattice, he inferred that the low energy levels may have approximate 
wave numbers in spite of the absence of translational invariance, and calculated 
the mobility of electrons assuming the Rayleigh type scattering caused by the 
local density fluctuation. Aigrain'? made use of Dyson’s method in calculating 
the level density. Kasuya’? made another approach to the impurity band con- 
duction, by making use of phase randomness of wave functions due to the random 
distribution of impurities, and by determining the amplitude on the basis of 
perturbation theory and normalization condition. This method seems to be 
essentially a kind of damping theory. 

In this paper we propose an approach to this problem of random lattice 
which utilizes the Green function formalism. In calculating the Green function 
we develop a graphical method with which one can improve the approximation 
to any desired order. The method is to sum up selectively the graphs appearing 
in the perturbational expansion, retaining all the graphs which become important 
at high densities. The results obtained are, therefore, essentially high density 
expansion, which rather seems fairly good for the range of concentrations we 
are considering here. The level density is simply given as the trace of the 
Green function, while the electrical conductivity can be expressed by the product 
of two Green functions connecting impurity sites. As for the latter, general 
formula for the transport coefficients derived by Kubo and Nakano’ has been 
made use of, because it does not necessitate the separation of the procedure 
into the calculation on elementary process and on kinetic transport equation. 


See 7? 
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§2. Formulation of the problem in terms of the Geen function 


In the concentration range of the so-called impurity band conduction, which 
corresponds to 10’~10" impurities per cc in the case of n-type Ge, the Fermi 
energy for the electron is well inside the impurity band, although the high 
energy side of the impurity band may merge into the conduction band. Neglecting 
the influence of conduction band as well as that of excited states of the impurity, 
we adopt the tight binding approximation with the ground state of the impurity. 
Let Vinn=V(|Rn—Rn|) be the energy integral for the transfer of an electron 
from the m-th site to the n-th site, then the Hamiltonian of the system can be 
simply written as 


Hey i Vinita (2-1) 
mM—En 


where a,* and a» represent the creation and annihilation operators of an electron 
at the m-th site. The impurities are assumed to be distributed completely at 
random. The ground state energy of an isolated impurity is taken as the origin 
of the energy. When there is compensation, the charged minority impurities 
give rise to the spatially fluctuating potential, and we must take into account 
the diagonal part >'V,a,am, where V,,’s differ from site to site. Assuming 


no compensation, we confine ourselves to the case of V,,=0 for all sites. The 
generalization to the case of V,,0 is not difficult. We also neglect the correl- 
ation as well as electron spin. The effect of the latter will partly be taken 
into account later simply by doubling the occupation numbers. 
Since (2-1) is of quadratic form, it can be diagonalized as 
H=D E,A,* A, (2-2) 


M 


by orthogonal transformation 


Anm= Di Cm Az, (2-3) 
v7 


where Af and A, are the creation and annihilation operators for the y-th 


eigenstate of a single particle. Electric current operator in this system is written, 
by definition, as 


ees He * se Sal 7 * 
J=ie/h|H, pa Ri, din™ Gm | Sie/ D4.>, Ren Venn Ga= D1 J Aiwa. 


Maen KM v 
(2-4) 
where 
Rinz=R,—R, and J,.=ie/N A oF Fe Youn Ca Cry (2-5) 
According to Kubo the static conductivity tensor is given by 
ae 
o= lim | ae | di exp(—st) (J(—ihd) I(d)), (2-6) 


0 0 
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where ¢::-) means the quantum statistical average under no external field, and 


J(t) is the Heisenberg representation of the operator J. Making use of the 
relation 


A,* (¢) =exp(@Ht/h) A,* exp(—iHt/h) =A,* exp(+iE,t/h), etc., (2-7) 


and 
(Aa* Ag A,* As >= 005 9 97(Na)(1—Ne) +92 973 Na) (Ny) (2-8) 
where 
CN) =Lexp P(E, Be) |—-1]°=f,) (2-9) 
with Fermi energy EF, and reciprocal temperature 9, and assuming 
(I= D Ine (N,)=0 (2-10) 


which is obvious in the present case, we can rewrite (2-6) as 


Dae} [eB ++ p52 | 


(CARES: 


ef @p- 2) Sh 
h aa 
o=th 1 IJ. anes 


The second term in square brackets contributes nothing, since the product out- 
side the brackets is not altered when y and » are interchanged. (2-11) is then 
written as 


o=ah|d® 31D I,.5,9(E-E,) 3(E-E)[—df(E)/dE] (2-12) 


where we have made use of (2-9). 
In order to rewrite (2-12) in the original representation, it is convenient 
to introduce the Green functions defined by 


oy ize tare kee ee a ee mp nw Ga 0 > 
G&® (E) = (Olan pte 10) = Dee ee is SO) 
(2:13) 
Gan (E) = (/22) [GSO (E) —Ginv CE) [9 Gt ) Can» (2-14) 
where |0) is the vacuum state. (2-12) now reduces to 
ONS Se (ze’/N) \ dE Rin ViiaGal (EF) Ri, Vir Gum (E)[— ape) /dE}. (2-15) 
On the other hand, level density is given by 
D(E) = 3) 6(E—-E,) = Ls Gnm(F) (2-16) 


with the use of the orthonormality relations: 


a Cniea = Onn (2° 17) 
7 
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7 7 
1 


\ 


744 T. Matsubara and Y. Toyozawa 
If N impurities are contained in a unit volume, we have ; : 
DE) dia (2-18) 


levels as a whole. Taking into account the electron spin, and assuming that 
compensation degree is given by K (that is, there are NK minority impurities each 
of which takes one carrier from the impurity band of majority centers, 0<AK<1), 
one can determine the Fermi energy from the equation 


2( (UZ) D(E) dE=NQ—K). (2-19) 


J 


Owing to the random distribution of impurities, the conductivity tensor should 
be isotropic. Again taking into account the spin degeneracy, we have the scalar 
conductivity 


o=2 (ne?/3ih) \ dE 2(E)[—df(E) /dE], (2-20) 
(Ee) i pat a » Ma ries Meet oa (EF) Ry “nGrn(E), (2-21) 


where R,,,:R,, should be understood as scalar product. 


§ 3. Graphical calculation of the Green function 


Since the level density and conductivity have been given by (2-16) and 
(2-15) or (2-20), the problem is now to calculate the Green function. Expanding 
the resolvent in (2-13) formally, we have 

ete aera 5 eet aan 
pois AT =) 22° R, “ef =ELTey Ge 


Mi FAO. Pate z4—-H »=0 


Inserting this into (2-1), we get 


24 G2 (E) =P n+ — Vina + ep BD Vann Vine Vi a, Vann (8-2) 
wy patie iy tae ap 
where summation on each /;.is to be extended over all impurity sites. We can 
represent each term in the right-hand side of (3-2) graphically as shown in 
Fig. 1. Contrary to the usual Feynman graphs, for each impurity site denoted — 
by a (vertex) point a factor 1/z (propagator) is associated, and for each transfer, 
say from the m-th site to the m-th site, denoted by a bonding line which joins 
nm and m a factor V,, (transition matrix) is associated. The Green function 
Gin is therefore graphically represented by a sum over all the graphs which 
represent various possible “‘ journeys” from the m-th site to the m-th site. 
As the impurities are distributed completely at random, we can replace (3-2) 
by the ensemble average, by making the positions of all intermediate impurity | 
sites /,’s run over the whole space with equal probability. In effect, we may \ 
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replace the summation over intermediate impurity sites by integral 
5 n| dR, 
l 


and we then have 


V 


GEE) =Imt + Sy) A laR,| ar,--{ aR, 


+1 
J J 


Vidi ey Utes.) 7 V CUR.) (3-3) 


where / is the total number of intermediate sites (white points imoFige. L)Pand 
y+1 is the number of bonding lines appearing in a typical graph. Topological 
interconnection of points within a graph is characterized by a set of indices 
(pi, P» -*, P»). For given » and », we have to sum over all those possible sets 
of (pi:--p,) which correspond to the graphs shown inside each section of Fig. 1. 


Fig. 1. Graphical representation of the typical terms in (3-2). The black points represent 
fixed sites and the white points represent intermediate sites which are to be averaged with 
respect to their random distribution. y+1 is equal to the total number of bonding lines. 
yw is the total number of white points. All the graphs inside the sections enclosed by the 
solid line are summed up in the approximation described in the text. 


For a given value of z, those terms with smaller »y—y values make larger con- 
tributions when the concentration N is large, as is seen from (3-3). That is, 


t the result which is accurate at high concentrations, the 


when one wants to. ge 
-aphs with smaller 


leading principle in selecting the graphs is to sum up those g7 


y— values as many as possible. Lr, 
First we calculate the diagonal element G®(E) which is obviously inde- 


pendent of the position R,,. 7ce 


Graphical representation of G; is given in Fig. 2. 


It is more convenient to consider a quantity é) defined by 


Oe Ga Ee). (3-4) 


omitted 


Fig. 2. Graphical representation of GS) (E). The meaning of the notation is the same 


as in Fig. 1. 


From Fig. 2 we note that ¢? equals unity plus sum of graphs which represent 
various journeys starting from and terminating at the site m. We can classify 
these graphs for € according to the number of returns to the home site m on 
the way.(See Fig. 3a.) Following the leading principle stated above, we take 
only those graphs in which different journeys have no common intermediate 
sites with one another. This amounts to putting 


éS1+yty b=; (3-5) 


eet) 


> 


where 7 represents a sum of all “irreducible” journeys which never pass the 
home site m on the way. The irreducible 7 itself can be calculated in the 
same manner, by taking only those graphs in which the main route has no 
common intermediate sites but from each intermediate site one can make any 
times of sub-journeys. (See Fig. 3b.) Neglecting the overlaps between these 
sub-journeys, but extending this procedure infinitely, we see that for each in- 
termediate site a factor ¢ has to be associated as the result of the contributions 
from all the sub-journeys starting from and terminating at that site. Thus we 
can write down 7 as 


9= =| var) V(-R) dR, + Os || Vk) VCR) V(— R= R,) dR, dR, + 


> 
“ 
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a Né | v(k)? dk 
| 82° oz? J 1—(NE/z) v(k) ‘3 0) 
; where v(k) is defined by 
2) = | vcr) esa ieidh: (3-7) 
; 
“ 
£ oS. VR) 
3 : Fig. 3. Graphical representation of &, 7, and ¢ (R). 
2 Combining (3-6) with (3-5), we get the equation 
1 V(O) 1, dk 
s bate ie PTE poe Lee 3-8 
: ‘ § z 87° | Né—2zv(k)™* a 


In calculating the non-diagonal element G@®(E) (mn) which is obviously a 
A function of Ry», we put 

hee Cig oe G® (BE) (3 3 9) 
and carry out calculation similar to (3-6), following the prescription shown in 


Fig. 3c. This amounts to 


-(R) =< ver) +X | var) VR-R) aR 


ea 
a 
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or 


c(R) =— x | exp (tkR) dk — GoD 


82 Né—zv(k)™ 


Solving (3-8) and (3-11), we get €, 7 and €(R) as functions of energy z. It 
is evident that in deriving these equations on the basis of the prescription shown 
in Fig. 3, we have taken into account all of those graphs in Fig. 1 and Fig. 2 
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for which »—y=0 or y—p=1, and even a part of the graphs with »—v=2, as 
are enclosed by the solid line in the figures. (3-8) and (3-11) are therefore 
exact in the limit of high concentration. 

It might seem that the expansion (3-3) as well as (3-1) converge very 
slowly, or even diverge .for small values of z, and necessarily that (3-8) and 
(3-11) are not valid. However, this is not the case because by rewriting 


(3-8) as 


Bepeniea ins, Vi eeu Ate ae CO : 
ve NING eh SV es | (Nee) ot (3-12) 
we see that (N¢/z) is finite when |z|0. Therefore, the expansions (3-6) and 
(3-10), which are essentially power series in (Ns/z), will not particularly show 
bad behaviours in the neighborhood of |z|=0. That is, by rearranging the 
terms in apparently divergent series (3-3) by the graphical method shown in 
Fig. 3, we obtained a maybe convergent series (3-6) and (3-10), as far as the 
z-dependence is concerned. Inclusion of ¢ or sub-journeys in Fig. 3 is essen- 
tial in removing this. divergence. 

Another problem is the limit N->co. In this case z/¢ remains finite as is 
obvious from (3-12), but (3-6) and (3-10) may diverge for large values of N. 
We expect, however, that (3-8) and (3-11), which are analytic continuation of 
(3-6) and (3-10), are valid even for large N, since we get reasonable result 
by solving (3-8) and (3-11), as will be shown in later sections. 


§ 4. Level density and conductivity 


It is now straightforward to write down the level density. Making use of 
-16), (2-14) and (3-4), we have 


= 
bo 


D(E) = ¥\ Gan (E) =NGna(E) == NS Fes (ary 
7 22 E 

where ¢‘* are solutions of (3-8) for 2,=E+i&(€>+0). The existence of 
imaginary part in ¢? corresponds to finite density of continuous spectrum. As 
we shall see below, this also corresponds to the existence of transport. In the 
second equation of (4-1) we have replaced the sum over m for fixed distribution 
of impurities by N times the ensemble average of a typical term. If we take 
a macroscopic volume V, the most probable relative error committed by this. 
replacement is of the order of (NV)~', which is quite small. 

As for the conductivity, we have only to calculate (2-21), which can be 
divided into seven terms as shown in Fig. 4. Let us take a typical term under 
the first summation of Fig. 4, and write down Gy, and Gm as sums of graphs. 
Generally the graphs may have any number of sites common to both G’s. 
Moreover G,, may contain m and k, while Gim May contain » and 7, If we 


- 


ee 
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Fig. 4. Graphical representation of seven terms in (2:21). 


neglect such multiply connected graphs which become less important at high 
concentrations, we can replace the ensemble average of product by the product 


of ensemble average 
. Gui Gin Gm Ges : (4 5 2) 
If we follow the same procedure in all the other terms in Fig. 4, we see that 


the fifth and sixth terms vanish, because the integrals split into two factors, 
each containing one vector multiplied by direction-independent factor. Defining 


7 (8) = | Gan (E) exP (= AER) AIR (4-3) 
and making use of the relation 
2) ——i\ RVR) exp(—ikR) dR, 


we can rewrite the sum from the frst to the fourth terms in Fig. 4 as 


z=-3,| {2% \ Gem tN gC) 


82° J Ok 
Pep etal (| i gab) NEW ase oe NG [an 
Bea t4nt, Nv (kh). 20k Nee sulk) 2 SNE OS uk) | 
(4-4) 


where we have made use of (2-14), (3:4), (Assen) and (3-11). The last 


term in Fig. 4 is simply written down as 
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§5. Calculation by hydrogenic model 


We now apply the results obtained in the preceding sections to the impurity 
band conduction in semiconductors. Taking the simplest model for the impurity 
state, we assume hydrogen-like 1s-state wave function : 


bm (4) = (a?/z)*? exp(—a|r—R,,|) : (5-1) 


The transfer energy is given by 


Van= Om (r) Sein; ee . —,(T) dr= aa Vo Se ey e7 # hme (5-2) 
Kolr—R,,| 
where 
Voge l/h 255 Cosa) 


is twice the ionization energy & of the l1s-state. «) is dielectric constant and 
a is the radius of the 1s-orbit. Making use of the Fourier component (3-7) : 


LO sate ar ag (5-4) 


we can put (3-8) and (3-11) into the forms 


a beds ae tdt 
Ten = =—|\- se 
( W4) + é(+) x i (fe 1) (p> /w) > io 5) i 
é g fF t exp (tr) dt 
i OR) cers ee : 
PR) Se ul CHEE Te (5-6) 
where we have defined dimensionless concentration, energy and distance by 4 
+ 
pH=H322Na-, (5-7) ; 
> 
_ BH+1€ ‘ 
wea BEE (5-8) 
0 
‘cao (Ce (5-9) 

When the concentration p is very large, we can put +127 in the de- 
nominator of the integrand in (5-5). By putting t*=s, the integration is straight- 
forwardly carried out, and we get a quadratic equation for €, the roots being ' 
given by a 
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el on rey aoe ae 8i wy p(1—w) —16/9 (5-10) 
1l-—w 9 pw) ‘s p(l—w)’ 
From this we immediately get the level density : 
3 Ee RIG 
Die ee eee) = 16/9 ; 
Venlo (1—w)’ uw) 


As is shown" by the broken line in Fig. 6 for the case of p=8, (5-11) is 
of strongly asymmetric shape with low energy tail extending to infinity but with 

‘ cutoff on the high energy side at 
a 16 


y We =1—— 


5 os (5-12) 


E These features are to be expected. It is easy to show that eigenvalues of the 
matrix (Vn) with Vos V mac O72) and Vmm=0, never exceed V,, and if 
all Vn are equal to —Vi, say, the eigenvalues are — (N—1) Vi (non-degenerate) 
: and +V,((N—1)-fold degenerate). The curves in Fig. 6 are somewhat remi- 
niscent of the latter characteristic, smoothed out by statistical distribution. In 
spite. of its approximate nature, (5-11) satisfies the normalization condition 

Z (2-8) exactly. 
Ze Although (5-11) presents a tolerable approximation in its main portion, we 


see that for large negative values of w 
|p§&/w|>1_ only if |w|<2p", (5-13) 


that is, for too large negative values of w, the approximation P+1v2 in (5-5) 
is not good. In fact, if we solve (5-5) exactly, the level density curve has low 
energy cutoff, too, although the tail is rather long for high concentrations, as 
we shall see below. Now (5-5) stself is already an approximation. If we could 
take into account all the graphs, the result should give low energy tail extending 


umber of impurities with large mutual in- 
teraction Vinn*— Vo are possible. The probability for such large clusters to 
appear, however, is quite small, and the true tail should fall, with decreasing 
energy, much more rapidly than (5-11) predicts. Moreover, as for the con- 
ductivity, the approximation P+iwvef in (5-5) and (5-6) leads to contradictory 
results that oo as compensation tends to unity, that is, as the number of 


carriers tends to zero. 
bove it is necessary to solve (5:5) exactly. The 


For the reasons stated a 
numerical calculation has been carried out by making use of the electronic 


computer, JEIDAC 101. The outline of the procedure is as follows. Put 
nee (5-14) 
w 


to infinity, because clusters of any n 
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then (5-5) can be written as 
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where 
- Lo ty 
JO=3 Daa 
t; being the three roots of the algebraic equation . 
(1+27)*=xX (5:17) 
with positive imaginary parts. For the real interval —co <X<1, the right-hand 


side of (5-15) is as shown in Fig. 5. As is evident from this figure, for w 
in the range w;<w<wy, there is no real root X of (5-15). This is nothing 
but the energy range in which eigenvalues are distributed continuously. Solving 
for t; or X in this range, we can calculate the level density by taking the 
imaginary part of X: 


o: 
De) ee ls (5-18) 
e) 322°V, a 
The Fermi energy Ey=V,w, is determined at 
absolute zero of temperature by (2-19) or 
wir 


{= Im(X) dw=— 


9 
a 


(1—K) (5-19) 
Wy 

for given concentration p and compensation K. At 

high concentration in which we are mainly interest- 

ed, 5, can be neglected compared to =, (see Fig. 

4). Then assuming absolute zero of temperature, 


a Fig. 5. The curve w=1—p/X 
we have for conductivity —J(X) as a function of X, 


o=2 =F: ji (5-20) 


L=—1_ Seth [ t)(3+7 Joh _ 240 +") 
Az" jot 3(1+2,’) i Im(X) 


where the use of (2-20), (4:4), (5-4), (5-14) and (5-17) have been made. It 
is obvious from (4-4) that conductivity vanishes at Wr=w, and wr=we, just 
as the level density does. 

In Fig. 6 we show the results of calculation. The level density as a function 
of energy w, and the conductivity as a function of Fermi energy wry, are plotted 
by full and dotted lines respectively, for various values of concentration p. In 
order to show how the Fermi energy and conductivity vary as the compensation 
changes, we attached the values of K along the latter curves. Although we 
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cannot prove analytically that the root of (5-15) satisfies the normalization 


condition 


WW, 


uk 
| Im(X) dw=1, (5-22) 


a vi 


Wy 
the result of numerical calculation shows that (5-22) is satisfied to within 1% _ 
even for the lowest concentration p=0.25, for which our approximation (3-8) 


is expected to be the poorest. 


0.04 F 
0.03 


0.02 


ion of energy (full line, right scale) and the conductivity 
tted line, left scale), for various values of concentration p. 


Iculated from (5-11) for p=8. 
uctivity curves represent the degree of compen- 


Fig. 6. The level density as a funct 
as a function of Fermi energy (do 
The broken line is the level density curve ca 

The numerical values attached to the cond 


sation K. 
§ 6. Discussions and comparison with experiments 


As has been remarked by a number of authors, the optical model is expected 
to present a good approximation at high concentration. In our case the optical 
model corresponds to taking 

i y BR =o 
E(k) © >) V(Ran) eXP GKkRinn) © n| V(R) exp (ikR) dR=—Vop (1 4+ =) 


(6-1) 
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for the approximate energy band as a function of wave vector, where it does 


not matter whether the impurities form a periodic lattice or random lattice. 
This approximation is valid only for small wave number k. The electron pro- 
pagating with small & is not influenced seriously by short range randomness of 
impurity array. 

The approximation which we have developed in the present graphical 
method goes one step forward from the optical model, because we have taken 
into account the effect corresponding to shift and broadening of levels by in- 
troducing complex number ¢ at each site in writing (3-6). The: low energy 
edge w;=E,/V, of the impurity band 
calculated by solving (5-14) should i6/ 
be deeper than, but should approach 
in the limit N->oo the value w (opt.) 
=E(0)/V,=—p calculated based on 
the optical approximation (6-1). This 
is in fact the case, as is shown in 
Hig. 7; 


present 


eae calculation 
wil 


optical model 


2b (|zer|= p) 
As for the level density, (6-1) 
gives ; 
3 
a 2 —3/2 
IOC = _1 51 (—w) 3/2 
\ 0 2 78 05+ 
1/37]1/2 
(1 (eS 62) 
Pp 0.25 N 1 L 2 
0.25 0.5 1 2 4 8 16 
which almost coincides with (5-11) Biel 
in the energy range Fig. 7. The low energy band edge |w,| as a 
function of concentration ~. The corre- 
1l<|wl|<p (w<0). sponding values for optical model is rep- 


re : resented by the straight line. 

It is interesting to note that introduc- 

tion of complex factor ¢ for each site is analogous to taking into account the 
shift and broadening for each level of continuous spectrum in the conventional 
damping theory. It should be emphasized, however, that our Hamiltonian (2-1) 
has no diagonal singularity in the sense that Van Hove™ defined in his work on 
damping theory. As soon as we improve the approximation made in § 3, by 
taking into account more multiply connected graphs such that the sub-journeys 
starting from different sites include common sites, the correspondence to the 
conventional damping theory seems to become obscured. 

Turning to the conductivity, we note in Fig. 6 a remarkable feature that 
although the level density is quite small at low energy, the corresponding con- 
ductivity (as a function of Fermi energy) is comparatively large in spite of the 
small number of carriers. In other words, the low energy electron has much 
larger mobility than the high energy electron does. This is consistent with the 
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above-mentioned fact that the low energy electron is not seriously influenced by 
the random array of impurities. Kurosawa’ estimated the mean free path / of 
an electron in the impurity band by assuming the Rayleigh type scattering 
obtaining lock. 

Since we have neglected the spacial fluctuation of potential, let us compare 
the calculated conductivity with the observed value for the case of no com- 
pensation. The calculated concentration dependence of resistivity (S077) ais 
shown in Fig. 8. The dependence is slightly weaker than pocN™. This is in 
qualitative agreement with the observations in 7- and p-type Ge for the impurity 
band range of concentration. As for the absolute value, the observed value of 
resistivity in Sb-doped Ge with concentration N=2.7X10"/cc is given by e= 
3.21072 ohm cm at very low temperatures where / is almost independent of 
temperature.” If we take a—65A, this concentration corresponds to p=7.40. 
We can read L7'~33 from Fig. 
7, which gives p=4.4X10~ ohm 
cm according to (5-20), in satis- 
factory agreement with the ob- 


1000 |- 


servation, in view of the approxi- 
mations we have made and the 
simple model we have. taken. 


As for the Fermi energy, it 100 
gets to the bottom of the conduc- 
tion band at p~8 (See Fig. 6) aA 


or at N~2.9X10"/ce, if we put ; 
a=65A. On the other hand, the 
peak in the Hall coefficient versus 
temperature curve seems to exist 
up to 10%/cc according to the 10 tt wi . ie 
observation. This discrepancy 
may be partly due to the ex- 
istence of higher excited state 


of the impurity, but may be 
mostly due to the fourfold degeneracy of conduction band minima. The latter 


has the effect of making level density four times larger, depressing the Fermi 
energy. A part of this effect, however, will be canceled by the Coulomb repul- 
sion between the electrons in the same site but belonging to different valleys 
or to different spin states which effectively raises the Fermi energy. On the 
other hand, our calculation is based upon the tight binding model which does 
not take into account the interaction between the impurity band and the conduc- 
tion band. It is hoped to improve these points as well as to take into account 


the effect of potential fluctuation. 
Our hope is simply that the method proposed in this paper may present a 
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Fig. 8. The electrical resistivity o as function of 


concentration p. 
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new approach to the random lattice problem, as well as a typical example of 
treating non-Boltzmann (or non-Markovian) transport problem. The graphical 
method seems especially useful in that one could get as accurate result as one 
wishes, if one does not mind the accompanying labor. The optical model could 
not be a starting point to the random lattice problem in the same degree as 
the band model can be to the real periodic crystals with imperfection, because 
the deviation of random lattice from the optical model cannot be defined pro- 
perly, except for the approximate procedure of taking into account the local 
fluctuation of concentration, which is inevitably a concept of macroscopic nature. 

The authors wish to express their gratitude to Prof. Kubo, Prof. Nakajima 
and Dr. Kurosawa for their valuable discussions. Their thanks are also due to 
Miss K. Yamamoto and Miss M. Okuyama at Japan Electronic Industry Develop- 
ment Association for numerical calculations. The main part of this work was 
reported two years ago, although the publication has been delayed for various 
reasons. 
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Non-Static Effects in the Nucleon-Nucleon Interaction* 


Philip CONNORS and Peter SIGNELL 


Physics Department, The Pennsylvania State University 
University Park, Pennsylvania, U.S.A. 


(Received August 7, 1961) 


A numerical method was used to solve the momentum space integral equation for the 
scattering amplitude. The complete OPEP phase shifts were computed and compared with 
the static OPEP phases. The non-static part of OPEP was found to be insignificant for 1D, 
at moderate energies. 


§1. Introduction 


It is well known that the nucleon-nucleon interaction is non-local in co- 
ordinate space. The usual procedure has been to make approximations which 
render the interaction local, hence easily calculable. Although phenomenological 
non-local potentials have occasionally been used,” no convincing estimate has 
been made of all of the non-static effects of the interactions given by field theory. 
In this paper the non-static one-pion-exchange potential is treated in momentum 


‘space, thus including the effects of both the static and non-static parts. 


§ 2. Method and accuracy 


The scattering amplitude, fi(p), for the uncoupled states is given by the 


singular integral equation :” 


f stdsVils, Dyfi 
fp) =Fro(e) +P | AEE DAS, (2-1) 


0 


where fi,2(p) is a Born approximation amplitude and is given by 


fun(b) =“5* Vilh, A). (2-2) 
E, is half the energy of either nucleon in the center-of-mass system, k=V Ei—M? 
and V,(s, p) is the angular-momentum-decomposed momentum-space interaction. 
Since the equation for f:(p) 1s doubly singular (it has a singularity with 
the range of integration due to the denominator, and the range of integration 
extends to infinity) it was decided to employ a successive approximation method. 


* Work supported in part by the U. S. Atomic Energy Commission. 
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fin(p) was used as a first order approximation to /;(p) in the integrand in 
Eq. (2-1), and a second approximation, fi,.2(~), was obtained. This procedure 
was continued until (fias(k) —fi,m-1)2(k))/Sins(k) < 10-°.. Then from the rela- 
tion for the uncoupled states :” 


tand,= —zf,(k), (2-3) 


phase shifts were calculated at various energies from 37 to 310 Mev. Two ap- 
proximations were necessary : 
Approximation 1) The upper limit for the (numerical) integrations was taken 
to be 15uc, where » is the mass of the pion. A test run showed the contri- 
bution from greater than 15yc to be less than one part in 10°. 

Approximation 2) In the neighborhood of the singularity; the non-singular 
part of the integrand was approximated by the straight line s°*V,(s, p) fi(s) 
=As+B and the denominator was expanded in a Taylor series about the singu- 
larity. Then this principal value integral was performed analytically in the 
neighborhood of the singularity. The contribution to the total integral from 
this small neighborhood, ~.2"c, was sufficiently small for the error introduced 
to be assumed negligible. 

The accuracy and convergence of the method was tested using a local 
Yukawa potential of range 1/~ and strength ~+20 Mev at a lab energy of 
~70 Mev: Figure 1 shows the successive Born approximations compared with 
the exact solutions for the two runs. The latter were obtained by numerical 
integration of the Schrédinger equation in coordinate space. 


1—1st Born 
2—2nd Born 


etc. 
(co) —Series limit 
@ Exact phase shift 
(Calculated in coordinate space) 
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Fig. 1. Born phase shifts calculated in momentum space for Yukawa potential. 


§ 3. Results for OPEP 


The ‘D, and 'G, states were investigated for the non-static pseudoscalar 
one-pion potential.” Figure 2 shows the scattering amplitude, /,(p), for 1D, at 
310 Mev. The successive approximations to the phase shift for this case were 
ZAD, 246° 2477: 

In the table the complete phases are compared with those calculated from 
the local (static) coordinate space potential. As can be seen, the contribution 
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10 
fies 
5 X10"°5 
10% 
0 
0 2 Baie 15 
Bigie2: 


from the non-static parts of the one-pion-exchange potential is slight (in all 
cases <10% of the one-pion value). Therefore, for energies up to 310 Mev, 
OPEP can be accurately represented by a local potential in coordinate space. 


_ Lab energy Coordinate space ee. che pee ey OEE 
(Mev) (static) OPEP First Born Complete 
37.3 89° Br 88° 
1D, 95. 1.80° ee 1.74 
310 Day Abe DAT 
3 1G, 95. Bis 36° 36° 


Hoshizaki and Machida,” by making a q/M expansion,” have transformed 
the OPEP to a coordinate space potential which includes explicitly non-static 
terms whose signs depend upon whether pseudoscalar or pseudovector coupling 
is used. They investigated one of the non-static terms, the quadratic spin orbit 
term, which for PV coupling changes the 1D, phase shift at 310 Mev in the 
direction found necessary by Hamada.” PS coupling would give a similar shift 
but in the wrong direction. For the 1D, state at 310 Mev, the addition of the 
quadratic spin-orbit term alone to the static OPEP changes the phase shift by 
3°. From our results, however, the entire pseudoscalar non-static change 1s 


only ~.3°. Preliminary results of a similar calculation by J. Goto seem to be 


in agreement with our work.” 
It appears, then, that the other non-static terms largely cancel the effect 


of the quadratic spin-orbit potential in the pseudoscalar OPEP, or that the g/M ; 


P. Connors and P. Signell 


expansion is not accurate. 
The calculations reported here were carried out in the Computation Center 


at The Pennsylvania State University and the A.E.C. Computation Center at 
New York University. 


1) 


2) 
3) 
4) 


5) 
6) 
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The production and persistence of ring currents is investigated in a simple model, 
consisting of Bose-Einstein particles contained in a ring-shaped volume; the particles do 
not interact with each other, but interact with randomly distributed scattering centres, and 
carry a test charge through which they respond to external fields. Except for the Bose- 
Einstein statistics, this model is identical with the model of Kohn and Luttinger, for which 
a normal, non-zero resistivity has been shown to exist. Furthermore, our model is known 
to give a qualitatively correct insight into the Meissner effect in actual superconductors, 
where the “bosons” are attractively correlated electron pairs. 

We are able to elucidate the mechanism by which ring currents are generated, and to 
prove that these ring currents, within our model, have infinite lifetime. There are similarities 
to the ideas of London, but also significant differences. Our model has no energy gap, and 
thus our explanation of persistent ring currents is qualitatively dissimilar to the two-fluid 
model of Bardeen, in which the energy gap is essential. The model is a simple example 
of a strictly non-ergodic system, and therefore has some interest for the foundations of non- 


equilibrium statistical mechanics. 
The model predicts a new, experimentally observable effect: If the ring is maintained 


between the poles of the magnet, and cooled well below the transition temperature, small 
ring currents are generated during this cooling. The effect of these ring currents is to force 
the flux through the ring very close to an integral number of flux “ units” introduced by 
London. This approximate quantization of flux is destroyed when the ring is moved out 


of the external field. j 


§ 1. Introduction 


The two most striking properties of superconductors are the magnetic field 
expulsion (Meissner effect) and the existence of persistent currents in super- 
conducting rings. Although persistent ring currents were originally interpreted 
in terms of an infinite electrical conductivity for the medium, London” showed 
that the data on the magnetic field expulsion are inconsistent with such an 
interpretation, and suggested that the ring currents are essentially diamagnetic 
in origin. 

A simple thermodynamic argume 
ring carries a current which maintains a 
energy than the state in which both curr 


nt? shows that the state in which the 
flux through the ring, has higher free 
ent and field are zero. Thus the 
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a 


persistent current state is not the state of thermodynamic equilibrium, but 
rather a long-lived, perhaps infinitely-long-lived, metastable state. Experimental- 
ly, there is no evidence for a finite lifetime of these ring currents; currents 
have been kept going for periods of over a year without observable decay. 

London” suggested a set of phenomenological equations relating the density 
of supercurrent, j,, to applied electric and magnetic fields, namely 


curl (Aj,) = —H/c (1-1) 
and 
IAjy) _ (1-2) 
At ; 


where A is a material constant of the medium. The first London equation, 
(1-1), suffices for the discussion of the Meissner effect, which is an equilibrium 
phenomenon. The persistent ring currents, which are non-equilibrium phe- 
nomena, require also the second London equation, (1-2). Starting from these 
two equations, London proved a conservation law for the “ fluxoid” through a 
superconducting ring, namely the quantity 


Do= | Ajds+ || ends, aire 
Cc S 

Here C is a closed curve drawn inside the ring, and S is a surface bounded 
by the curve C, so that the second term of (1-3) is simply the magnetic flux 
enclosed by the curve C. London showed that his basic equations (1-1), (1-2) 
imply that %, is zero for any closed curve C which is located entirely in the 
interior of the superconductor and which does not embrace a hole. If the 
curve C does embrace a hole, then the value of ® is a constant in time and 
does not depend on the shape of the curve C. That is, the fluxoid is not a 
property of the specific curve C, but rather of the topology of this curve. 

London then draws the following conclusion: ‘ The persistent currents 
are to be considered metastable under macroscopic conditions in the same sense 
as a picture is stable when it is hung on the wall by a nail. A supply of a 
finite amount of energy is required; for instance, the ring has to be heated 
above the transition temperature or a strong magnetic field has to be applied 
on a section of it in order to set free the energy of the current and of the 
magnetic field which is locked in”. 

Although the analogy to a picture hanging on a wall is appealing, it en- 
counters difficulties. The flux, or the fluxoid,* is a continuous variable in this 
picture, and it is not obvious from a microscopic point of view why ® should 


* In a superconducting ring of thickness in excess of the London penetration depth, one can 
choose a curve C well inside the superconductor. Then the first term of (1-3) vanishes, and the 
fluxoid , is identical with the flux through the enlarged (by the penetration depth) hole. 
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be unable to decrease slowly, in a continuous fashion, —even though the macro- 
scopic London equations do not allow this. The analogy seems to be more 
close if the nail holding the picture against the wall is slanted downwards 
rather than upwards, thereby allowing the picture to slide down slowly. 

This would be quite different, of course, if the fluxoid were quantized ; 


oie ee 


’ and London suggests that this might be so, the quantum of the flux being 

” Dv=he/e. (1-4) 

“ Here h=2zh is Planck’s constant, and e is the charge of the “ superelectrons ”; 
< 


if one interprets this as the charge of a correlated electron pair, i.e. two elec- 
tronic charges, the flux unit is approximately 2107" gauss-cm’. If the flux is 
quantized, then it becomes immediately obvious why it fails to decrease con- 
tinuously ; it can only decrease in quantum jumps, and there is no occasion 
for such jumps. 


es Pe RN 


; Appealing as this explanation appears at first sight, it is nevertheless un- 
3 tenable. London’s argument for quantization of flux is invalid (see § 2), and 
Z recent experiments” show that the flux through a superconducting ring is not 
< in fact quantized, at least not with quanta of the order of magnitude (1-4). 

4 A much simpler line of argument for persistence of the ring current bases 
4 itself directly on the Meissner field expulsion, without use of special phenome- 
4 nological equations. This argument runs as follows: Suppose there is some 
% flux through the hole in the ring; this state can be achieved by cooling the 
ss ring through the transition temperature, while it is kept between the poles of 
“ -a magnet. Now pull out the (already superconducting) ring; a ring current 
3 establishes itself by ordinary electromagnetic induction. Ina normal conductor, 
Z this initial ring current would die down quickly, due to Ohmic resistance, and 


the flux through the ring would decrease to zero. But in a superconductor, 
the lines of flux are unable to pass through the material of the ring (Meissner 
effect !), and therefore the flux must remain constant. But, the only way in 
which the flux can remain constant is that the circulating current in the ring 
remains constant also. Q.E.D. . 

This argument is disproved by a recent, very important, experiment by 
Garwin.2” Garwin uses extremely thin rings, of thickness much less than the 
London penetration depth. HI the absence of penetration of the field is essential 
for the persistence of ring currents, then Garwin’s ring currents should die 
down quickly ; in fact they do no such thing. 

More recently, two lines of argument have been put forth as a result of 
recent microscopic theories of superconductivity. Bogoliubov et al.” suggest 
the picture of the “ displaced Fermi sphere”. Instead of coupling, by means 
of their canonical transformation, single-electron states with momenta k and 
—k, one could equally well couple momenta k and —k+4q. The state so ob- 
tained would be substantially stable, and would certainly carry current. 
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However, the smallest value of the momentum gq is of order h/L where L 
‘5 the circumference of the ring. The corresponding current per electron is 
eh/ML?, and if there are N electrons in the material, the ring current is 
quantized with a quantum value 


i, = Neh/ML?*. (1-5) 


P.W. Anderson” first pointed out that this “ quantum” has an insultingly macro- 
scopic size; using L=l1cm, N=10” electrons, we get i:225.5 X10"? eus=1800 
amperes! This would be the minimum current possible with a displaced Fermi 
sphere. In normal metals, only a tiny fraction of the electrons is responsible 
for the observed current. In the displaced Fermi sphere state, all electrons 


contribute, hence this very large quantum. 
The second recent line of argument is Bardeen’s® two-fluid model. This 


model is constructed in strict analogy to Landau’s theory of liquid helium.” 
The crucial quantity here is the energy gap; persistence of the supercurrent 
is attributed to the impossibility of creating elementary excitations which would 
slow down this current. We shall show, in this paper, that persistent ring 
currents can be created, and maintained, in the complete absence of an energy 
gap. Furthermore, the model we use, the ideal Bose-Einstein gas, has been 
shown” to yield a Meissner effect as well, and it has also been shown” that 
the Meissner effect in actual superconductors can be understood in precise 
analogy to the Bose-Einstein gas model. Thus, it is likely that our model 
calculation of persistent currents is meaningful also for actual superconductors, 
in the sense that it will be possible to construct a theory of persistent currents 
in actual superconductors in close analogy to this model. However, even in 
the absence of this full demonstration, the present model calculation proves 
for the persistent currents what we already know for the Meissner effect: 
The energy gap in actual superconductors is not an essential factor in under- 
standing persistent ring currents. For if it were, no model lacking an energy 
gap could give persistent ring currents. 

Let us now describe our model; discussion of the results from this model 
is best deferred to the last section. We consider a ring shaped volume, con- 
taining a macroscopic number of scattering centres, distributed randomly through- 
out the ring. This volume is filled with an ideal Bose-Einstein gas, i.e. the 
particles interact with the scattering centres but not with each other. Except 
for the Bose-Einstein statistics, this model is identical with the model of Kohn 
and Luttinger,’” who proved explicitly that the model yields a normal, non-zero 
resistivity. Furthermore, they showed (in their Appendix F) that the quantum 
statistics makes no difference to their results. Of course, this statement refers 
to the “normal” state of the Bose-Einstein gas, and a separate investigation is 
needed below the Bose-Einstein condensation temperature. It is this separate 


investigation which is carried out in the present paper, and which shows that 
the model yields persistent ring currents. 


sett 
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§ 2. Quantum states in a ring without impurities 


Consider a ring-shaped volume V, which need not be a figure of revolution, 


but merely must have the topology of a ring. Let there exist a magnetic field 
B with div B=0, so that 


B=curlA. (2-1) 


It is convenient to consider the vector potential A as a sum of two terms. 


A(x, t)=A)(t) (2) +A, (2, t) (2-2) 
where the vector function »(zx) is defined as follows: 
curl y=0, (2-3a) 
aici 0. (2-3b) 
v):n=0 on the boundary of the ring, (22436) 
| @)td'o=1. (2-3d) 


The integration in (2-3d) goes over the volume V occupied by the ring. If 
this volume has the topology of a ring, i.e. encloses exactly one hole, then 
there exists one and only one vector field satisfying the conditions (2-3). 
The decomposition (2-2) is then made unique by the requirement 


re 


e2) -A,(x, t) d?x=0. (2-4) 
This also gives the relation 
Ath = | r(2) A(x, t)d®x. (2-5) 


Although the vector potential A allows a gauge transformation, 
A'=A-+grad f, (2-6) 


the coefficient Ao 1s gauge-invariant. To prove this, we observe that 


| vo(2) .grad (f) d?x= | feo-ndS— | fdived*2=0, 


v Va 


where the first term on the right vanishes by (2-3c), the second by (2:3b). 
Though gauge invariant, the vector potential Ayv) produces zero magnetic field 
B in the material of the ring, by (2-3a). The physical meaning of this is 
simply that this part of the vector potential is associated with the flux through 
the hole in the ring, not with any magnetic field in the volume occupied by 


the ring itself. 
If one makes a decomposition of the current density j(2, 4) analogous to 
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(ee; t) =79(0) V(x) +f(z, t) (2-7) 


with 
jolt) = | vox) f(x, Od? and |w(x)-fi(a,)d°x=0, (2-8) 


then the current i(f) circulating in the ring is entirely detemined by jo, 1.e. 
the current density j,(2, 4) gives zero when integrated across a full cross sec- 
tion of the ring.” Thus the vector field (zx) is the crucial field for any 
discussion of ring currents, and we shall henceforth ignore the parts 4;(2, ¢) 
and j,(x, ¢) altogether. To the extent that the phenomenological equations for 
superconductors are linear, which is certainly true of the London equations, 
this does not represent an extra assumption, but merely a convenience for calcu- 
lative purposes. 

The one-particle Hamiltonian for this ring, in the absence of impurities, 
is simply 


A= (p—eA/c)*/2M. (2-9) 
Although, in general, the operators 
az=p—eA/c (2-10) 


satisfy commutation relations different from those of the components of p, this 
is not so for the special case 


A(x, t)=Aj(t) (2) (2-11) 


which we shall assume henceforth. For then we get directly 


ees Ty|=[pz, p,|=0. (2-12) 


Thus, as far as commutation rules are concerned, H, of (2-9) is the same as 
it would be in the absence of the vector potential. However, the Hilbert space 
on which Hi, operates does, in general, depend on the vector potential. That 
is, we shall now show that the condition that the wave function (2, #) is 
single-valued, does not commute with the S-transformation required to go from 
the operators w back to the operators p, except under special circumstances. 


Let us construct the S-transformation explicitly: Since curl »=0, there exists 


a function f(x), defined but multiple-valued over the volume of the ring, such 
that 


(2) = —gradf(2). (2-13) 


If one goes once around the ring, the value of f increases by the amount 


P= \ay(ax)-ds. (2-14) 


U 


Since curl »=0, this line integral F is independent of the detailed path C, 
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and depends only on the topology of the path. We now define the operator S 
to mean multiplication by (e/hc) Ay f(x), 1. 


a 


exp(iS) (x) =exp | #2 Aaf(x) | (2). (2-15) 


Then a simple calculation gives the identity 
é Sre*=p. (2-16) 


Although the transformation (2-15) formally looks like a gauge transformation, 
it is nothing of the sort; we already know that A, is a gauge invariant. We 
eall the S-transformation (2-15) a “ pseudo-gauge ” transformation. 

If #(x) is single-valued over the ring, then exp (/S)¢(x) is in general 
multiple-valued ; it becomes multiplied by a phase factor exp (ieA,F/NRc) if one 
G goes once around the ring. Thus the pseudo-gauge transformation leads, in 

general, to unacceptable functions, i.e. to functions outside the Hilbert space 
é of single-valued functions. An exception occurs only if the phase factor is in 
fact unity, i.e. if 


pat On ae (2-17) 


where m is an integer. This is a condition on the flux through the ring: a 
; simple calculation, using (2-11) for the vector potential in the volume occupied 
¢ by the ring,* gives for the flux 


“a rp p 


p= \ B-ndS= \ Apt: ds= AF. 


é Thus the condition (2-17) becomes 

¢ ie 

as Qmyiae =n, (Caley) 

a) e 

y This is the “flux quantization ” condition of London. However, this is not 
tt really a quantization condition, in the sense that no solutions of the Schroedinger 
Z equation exist for other values of the flux. Rather, (2-18) 1s the condition 
fe that the solutions for flux @ can be derived from the solutions for zero flux by 
: seudo-gauge transformation (2-15). Since an S-transformation 


means of the p 
preserves the eigenvalue spectrum of an operator, we conclude that, for these 


flux values, the energy spectrum is the same as for zero flux. With other flux 
solutions of the Schroedinger equation most definitely exist, but the 
is different from the one for zero flux, and hence no mere 
ffices to generate these eigenfunctions, starting from 


values, 
energy spectrum 
similarity transformation su 


* This form for the vector potential applies only inside the material of the ring. The vector 


potential in the rest of the space, in particular in the hole, has non-zero curl. It is defined uniquely, 
however, by the condition that it joins smoothly at the surface of the ring. 
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the zero-flux eigenfunctions. London’s argument for flux quantization depends 
upon considering (2-15) as an ordinary gauge transformation, and is therefore 
invalid. These matters have been discussed extensively in recent times, in 
connection with the work of Bohm et al.” Since the full energy spectrum of 
the system, for all flux values, will be essential for our discussion of persistent 
currents, we may consider the persistent currents in superconducting rings as 
a particularly striking example of Bohm-Aharanoff effects. 

We conclude this section by obtaining explicit solutions of the Schroedinger 
equation, for all flux values, for a ring of precisely cylindrical shape. The ring 
has inner radius a, outer radius b, and height L. The vector field m(z) is 
then of the form 


K 
0( x2) =—— e, (2-19) 
cs 
where e, is a unit vector along the direction of increasing ¢ (we use cylindrical 
coordinates 7, ¢, 2), and the normalization constant K is 
K=[2z2L |In(6/a) |. (2-20) 


It is convenient to introduce the ratio of the actual flux to the London quantum 
@,, 1.€. 


p=0/0,=e0/27hc=eKAj)/hc. (2-21) 


With this notation, the Hamiltonian (2-9) becomes 


h l oh af ie) 0? ( . 0 ’ 
jf per itey L : 2, Sr eee 2-2 
‘ 2M L or? TIP Or ‘A dz? ; 7) r) | ee 
The single-valued eigenfunctions of this operator are of the form 
P(r, %, z)=R(r) Z(z) exp(img) (2-23) 
where m is an integer; Z(z) is a sine function: 
2(2)=sin (8) : 

L (2-24) 


with m integral; and R(7) satisfies the Bessel equation 


R"+r> R+[ B= ma") R=0. (2-25) 


r 


The eigenvalues k are determined by the condition that R(a)=R(b)=0, and 
in terms of these eigenvalues, the energy is given by 


Fe A le+ (n,2/L) 7} (2-26) 


We have written the solutions in such detail primarily to show that there is 
no difficulty about their existence, i.e. there is no need for quantization of flux. 


oe oe 
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If the ring is “ thin’, ie. b-a<a, one can get an approximation to the 
value of k by neglecting the variation of 7 across the ring. This procedure 
gives 


2 2 
ps Nai iad 9.97 
b—a ab 4ab \ ) 


where n, is integral. The constant term at the end is of no interest ; dropping 
it, the eigenvalue spectrum becomes 


ca Rose s(ag (ety) os 


The ground state for a given value of # (of the flux) has the following 
quantum numbers: m=7=1, and m 
is the integer closest to 4. If both the 
width of the ring, b—a, and the height 
L of the ring, are much smaller than 
its mean radius p=(ba)'?, then the le 
low-lying excited states all have m= 
nj>=1-and differ from each other only 
through their mm-values. Under those 
circumstances, which we shall assume 
to hold henceforth,* the energy spec- 
trum is shown schematically in Fig. 
1. We see how the spectrum is re- 
produced for integral values of #4, as 
deduced earlier from the pseudo-gauge 
transformation. We also note that there 
are many crossings of energy levels. 
These crossings occur for integral and = 0 T ESTED 
half-integral values of /. The possibility Fig. 1. Energy levels of a single particle 
of levels crossing each other is con- in a perfectly cylindrical ring without 
nected with the invariance of the ring a Peers Sreeath ae eee 
under rotations about its axis. This expressed in the “ flux units” of London. 


invariance property is destroyed by Note the periodicity of the diagram, as- 


impurity scattering centres, and the sociated with the “ pseudo-gauge transfor- 
mation”. Note also the many crossings 


resulting mata PL ae will be stud- of energy levels; these crossings are as- 
ied in the next section. We expect, sociated with the rotational symmetry of 
and shall find, that levels do not cross the ring. 


* We do this for the sake of simplicity. As we shall see later on, this condition is not 


required to understand supercurrents in ordinary rings; for supercurrents in Garwin rings, the 


condition is usually satisfied. We do not expect any qualitative change if the condition is violated. 
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each other if there are impurity scattering centres. 
Before closing this section, let us write down the current per particle. 


The expectation value of the quantity jo in (2-7) is 


” 


Uicieys 


A simple calculation shows that the two terms combine to give 


e 


i= (ehK/M) (m—p) \ lp |?/7r7?d? x. (2-30) 


3 r 
h* v(x) - py? a x—— Ao| f* (0)? da? x. (2-29) 


For our thin ring, the integral can be replaced approximately by 1/¢°=1/ab. 
Using this approximation, and replacing 4 by its value (2-21), the quantity 7, 
becomes 


Jo= — (°K /27M cp") (P9—m). (2-31) 

The current per particle in the ring, 7, is given by 
ROSEN  y queen mata fo 5 2-32 
t= Jo/ 27K (Qan)?Me | m;) ( ) 


We note that an increase in the flux @ through the ring always produces 
a decrease in the current 7, no matter what the sign of the charge e on the 
particles. In this sense the current (2-32) is diamagnetic. 

However, this diamagnetism is rather peculiar. In normal diamagnets, the 
effects of the Ampére ‘ is to oppose the applied field; the mag- 
netic field inside the material is closer to zero than it would be in the absence 
of the material. Here, there is no magnetic field in the material to start with, 
ive. the magnetic effect is due to flux through the hole in the ring, not to any 
‘magnetic field in the volume of the ring. Furthermore, the tendency of the 
current z as given by (2-32) is noz to decrease this flux to zero, but rather to 
move it closer to an integral number of flux quantum units. 

If this is a Bose-Einstein system in its ground state, there are N particles 
contributing to the current ; furthermore, the difference @—m, is at most (1/2), 
in magnitude. Let us estimate the order of magnitude of the current under 
these circumstances. Using two electronic charges for e anda radius p of the 
order of 1cm, we get the estimate | 


> 


“ring currents’ 


ee ee ee 


I=Ni~10-"N amperes. (2-33) 


> 
? 
- 
i 
4 


If the ring is an ordinary, macroscopic ring, of total volume of order Teme 
this is a current of some 100 amperes. Thus even a slight departure of the 
flux @ from an integral number of flux units results in truly macroscopic cur- 
rents, and there is no need to worry about crossing of levels—the currents be- 
come too large for superconductivity before we ever get to that stage. 

On the other hand, the estimate is different for the rings used by Garwin.” 
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The volume of those rings is of order 107° cm’, the radius p is of order 10 cm, 
and the current (2-33).is then of order 10~? amperes. If-the current is itself 
to act as the source of the flux (as it does once the ring is pulled out from 
between the poles of the magnet), currents of this order of magnitude are 
insufficient. This indicates the fundamental importance of Garwin’s experiments 
for the theory of persistent ring currents. 


§ 3. Quantum states in a ring with impurities 


Although the results of the preceding section are simple and exact, they 
are not sufficient for a discussion of persistent ring currents. In the absence 
of any scattering, and with a ring of cylindrically symmetrical shape, there is 
no mechanism by which particles can be slowed down. Thus, a current, once 
started, persists indefinitely in any case. In order to be convincing, a theory 
of persistent ring currents must start from a model which yields a non-zero 
resistivity under “normal” conditions. 

We therefore add to our model a set of S scattering centres, located at 
positions 4%, %, +:,%s. These positions are assumed to be random, and we 
shall, later on, estimate certain matrix elements by averaging over these random ° 
locations. The Hamiltonian H is now 


Het Y' v(x—%) (3-1) 


where Hh is given by (2-9). Since each particle interacts with all the scat- 
tering centres, but not with any other particle of the gas, this is still an ideal | 
Bose-Einstein gas, with the usual Bose-Einstein distribution of occupation num- 
bers. The only effect of the scattering centres is to alter the energy levels and 
corresponding wave functions. 

The model defined by (3-1) is precisely the one discussed in great detail 


in the fundamental paper of Kohn and Luttinger.” In this paper, they show 


that the model gives rise to an ordinary, finite resistivity if the particles obey 
Boltzmann statistics. Furthermore, they show, in their appendix F, that the 
introduction of quantum statistics (either Fermi-Dirac or Bose-Einstein) makes 


no qualitative difference. 


In their calculation, see their formulas (40) and (41), Kohn and Luttinger 
find that averaging over the random locations of scattering centres is not enough 
to give a meaningful ensemble average ; that is, the fluctuations of typical matrix 
elements about their “average” values are comparable to the average values 
themselves. In order to get quantities with small fluctuations, they are forced 
to average also over groups of neighbouring quantum states, their formula (43). 
This procedure is completely all right for the normal state of a Bose-Einstein 
system. Tt fails, however, in the condensed state: For then one quantum state, 
the single-particle ground state, has a macroscopic occupation number, and can- 


seo oe > | 
g 
x 
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not be averaged in with the other quantum states. Thus we may expect, and 
will indeed find, that the ordinary resistivity found by Kohn and Luttinger does 
not apply to the temperature region in which the Bose gas is condensed. 

In order to discuss the energy levels and wave functions of the Hamiltonian 
(3-1), we start as follows. Consider (3-1) for the special case of zero flux, 
y=0, and let E, and %, be the energy and wave function, respectively, of the 
ground state of this zero-flux Hamiltonian : 

[Hy(0) + S3 v(x) ]Po= Ea (3-2) 

Although the function % would be quite hard to find explicitly, we need only 
certain simple qualitative properties of it. “%) is a real function, because the 
Hamiltonian allows time-reversal in the absence of flux. %) has no nodes, since 
it is the ground state wave function. Qualitatively, % is a constant of the 
order of magnitude V~'”, except in the neighbourhood of scattering centres. 
We shall assume that the scattering centres are repulsive (to avoid the pos- 
sibilities of bound states about particular scattering centres or groups of them) ; 
Y, then has “dips”? in the neighbourhood of the scattering centres. If the 
scattering centres are spaced well apart, the “dips” are all similar to each 
other. These simple properties of #) will suffice for our needs. 

We now construct a set of wave functions ¥, as follows: 


PY ,»=exp(img) Po. (3-3) 


This set is neither complete nor orthogonal. In order to make it complete, 
we would have to premultiply % by a complete set of functions in the ring, 
including functions with oscillatory behaviour in the radial and :-directions. 
However, the low-lying states of the Hamiltonian (3-1) are predominantly 
superpositions of states (3-3), since functions with oscillatory behaviour in the 
radial and z-directions have appreciably higher kinetic energies, and are there- 
fore not admixed to any significant extent. Furthermore, such oscillatory be- 
haviour is associated with particle motion in the corresponding directions, and 
is therefore of no interest for currents circulating around the ring. 

The functions (3-3) are normalized to unity, since Zp is so; they are fur- 
thermore nearly orthogonal. Let us estimate the overlap integral 


Pm—mt = \ Pm Emr d* x= \ exp[—i(m—m')¢] Ped* a. (3-4) 
According to the preceding discussion, the function 2 has the qualitative form 
S 
P= Cl1— Si g(x—x,)] (3-5) 
t=1 


where C is a constant of order of magnitude V~, and the function g(2—2x;) 
describes the “dip” in the neighbourhood of the ith scattering centre. If we 


parr ~ 
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substitute (3-5) in (3-4), the constant term integrates to zero. Defining the 
function G(7%, 21) by 


Gor, 20 = J g(e—x0 exp[=i(m—m') (9-9) ]d*2, (3-6) 


the sum in (3-5) gives rise to the estimate 


M- 


Pm—mt = — C_ exp[ —i(m—')¢;|G(%, 2). (3%) 


ll 


To estimate the order of magnitude of , we now average over random loca- 
tions x, of the scattering centres. This average is clearly zero for mm’. We 
therefore consider, not 2 itself, but its absolute square. A straightforward 
calculation, using the assumption of statistical independence of the locations of 
different scattering centres, yields 


Wie nant ave = C28<G? (ri > Zi) abet (3:8) 


Now C? is of order of magnitude V~’, and the integral G is essentially the volume 
“cut out” by the scattering centre. Since a zero-energy wave function ap- 
proaches its asymptotic value only very slowly, like 1—a/r where a is the scat- 
tering length, the average volume cut out by each scattering centre is comparable 
to the volume per scattering centre, V/S. We therefore get 


Ceusel pase OV iS) =) (3-9) 


The root-mean square value of the overlap integral is therefore of order Soe 


If we assume an average distance of the order of 10-°cm between scattering 
centres, just as an example, and take an ordinary ring with volume V of order 
1cm’, this gives S~10™ and overlap integrals of the order of 10. Small as 
these are, we shall see that they cannot be neglected altogether. For a“ Garwin 
ring” of volume 10-°cm*, we get S~10” and overlap integrals 7 of order Oise 

The choice of origin of the angle coordinate g is arbitrary, of course. 
Inspection of the defining formula (3-4) shows that a redefinition of g has the 
effect of multiplying Pm—n by a phase factor exp[—i(m—m’)y] where 7 is the 
angle between the original and the modified origins of g. By asuitable choice 
of the origin of g we can therefore ensure that, for a particular value of m—m', 
the integral Pn—m is real. This will prove useful later. 

Next, we need the matrix elements of the Hamiltonian (3-1) for the func- 
tions YZ, The expression for Hmm is easily written down. It can then be 
simplified greatly by making use of (3-2), and some integrations by parts. The 


result is 


a — ee TIE pd = Eo mt (?7/2M ) (m—f) (mn! =f) Im—m! (3- 10) 


where 
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ee ioe exp[—i(m—m')¢] Pod’ x. (3-11) 


Except for the factor r~*, this is the same integral as 9, (3-4), and the esti- 
mates for it are completely similar. For diagonal elements, m=m', J=Jo~1/" 
where p=(ab)!” is the mean radius of the ring. For off-diagonal elements, the 
absolute value of J is smaller by a factor of the order of S71. The straight- 
forward averages of J and , over random locations of scattering centres, both 
vanish. It is not permissible, however, to assume that Js Peel oe Ope 
contrary, the arguments of Kohn and Luttinger show that these quantities are 
sensitive to details of the distribution of scattering centres, particularly as regards 
their complex phases. It is fortunate, therefore, that we shall not need to make 
any special assumption about either one of Jn—m or 3mm All we shall require 
is the general order of magnitude of these two quantities. 

In most cases, a single function ¥, is quite sufficient as an approximation 
to a true eigenfunction of H. The energy is then approximately equal to the 
diagonal element Hym, ‘i.e. to 


Ham= Eo+ (1?/2M¢") (m— Bp)’. (3-12) 


This is just the result for the ring without scattering centres, modified by a 
constant zero-point energy due to the scattering centres. 

This approximation fails, however, when two levels 7, m, are degenerate 
or nearly degenerate. Degeneracy between m, and m, occurs at a flux value 
given by 


L=h= = (9, +22). (3°13) 


In the neighbourhood of this flux value, the eigenfunctions of H are close to 
neither one of 7p, or Yn,, but take the form 


pel PS ate (fe (3: 14) 


where a, and a, have comparable size. Other functions ¥,, are not admixed 
appreciably. The equation determining the a; and the energy E is Ha=E Ha, 
where both H and #*( are two-by-two matrices. We use the notation 


a= (2 TTP) oS ke cies (3 ‘ 15) 
and we drop the subscript on the overlap integral 9. The equation then becomes 


(an 


Ey ( + (#?/2Mp"*) Me Hye a(m —/4) Bee) (“) 
ay 


a* (my — 2) (m2 — |) (ama — fs)’ 


=e(, 9) G16 


Ay, 


a ee 
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Here we have made use of the freedom in the choice of origin of the ¢-coordinate 
so as to make the overlap integral ? real. 

The discussion of this equation is straightforward but slightly tedious. It 
is done most conveniently by noting that the matrix equation 


Ha=EXa (3217) 
can be rewritten as 
Veta b= ho willl 0 = 4: a (3-18) 
We shall merely quote results. We introduce the following quantities: 
a 
se rap Cl PO ns Ga eed (3-19a) 
angel —1/2 -1/2 id 
y= [asaya 1p (3-19) 


sinfé=y(27+y7)"? cos =2x(a2? +9")? f= 8 (3-19c) 


eed 2 
X=——(m—p)” + (m2—#)” +3 (my — ) (2 — #) 


“a 


X (a+ a*) sin (2) (3-19d) 


y=} [om —1)*— Gm —1)*]¢08(28) (3-19) 


Z= 2 [Gm —H) + (m= 107] sin (28) + m=) aH) 
x (a cos?§+a* sin’s). (S2 19m) 
With this notation, the eigenvalues E of (3-16) are given by 
E=(1—82) {E+ (8/2Me)[X+ (Y24Z*Z)"h}. (3-20) 
We now discuss this result. The region of applicability of (3-20) is for 
pe near [4, Eq. (3-13). In this region, we have 
m,— UL — (mF). (3-2) 
Thus Y passes through zero, whereas X and Z remain substantially constant 


over the small range of p-values (flux-values) in question here. It then follows 


directly from (3-20) that the two levels no longer cross each other. Rather, 


the minimum energy difference between the upper and lower level is given byee 


(EB, —E_) min= (1-8?) 7 (?/ Mp?) (Z* 2)" 
= (h?/4Mo") (m,—m,)*|a+ | (3229) 
quantities in @ and 3 for the estimate. 


where we have neglected second-order 
determined by the condition ee Aas 


The extent of the transition region is 
_ estimating the same way, this means 


‘au SF a 


_s': = 


“ 


Fs ee Se a ao eee, ee Te RR eT Oe ee 


eS ee a 
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I= ph ~— (mm) a8. (3-23) 


energy values obtained from (3-20) are 


Outside this transition region, the two 
and m=», respectively. 


nearly equal to the simpler estimates (3-12) for m=m 

According to our earlier order-of- | 
magnitude estimates for the integrals 
and J, this means that the transition ie 
region is small compared with 1/2 (the 
spacing between successive degeneracy 
values of the flux parameter /4), provided 
that m,—m, is less than 10° for the ordi- 
nary ring, less than 10° for the Garwin 
ring. This is adequate for our needs, 


as we shall see. 


A schematic picture of the energy | 
levels in the presence of scattering centres OCA 
is given in Fig. 2 (the size of the transi- 
tion regions is vastly exaggerated in this AON ee ae 


Figure). There are no longer any level  - a eee 
4 a 0 
crossings. reo: 
We shall be interested in the current Fig. 2. Energy levels of a single particle 
I as a function of the flux %, or of the in a cylindrical ring, in the presence of 


impurity scattering centres. The perio- 


flux parameter 1=@/@,, when the system ue 
dicity of the levels as a function of the 


is in its ground : senc ; 
e Bt Bat In the apse nee flux through the hole (expressed in flux 
of impurities, this relation is given by units) is preserved. But levels do not 
(2-32), for any one state m. However, cross any longer, since the scattering 


the state m is the ground state only for a centres have destroyed the rotational 


ee invariance of the problem. The size of 
very limited range of flux values, namely - 


the “transition regions” is exaggerated 
P—m®, less than (1/2)% in magni- enormously on this Figure. 

tude. Thereafter, the energy of state m 

crosses one of the other energies (of states m—1 or m+1) and state m becomes 
an excited state. In the presence of impurities, there are no crossings. Rather, 
whenever // is close to half-integral, we are in a transition region, in which the 
wave function changes from being mostly ¥, to being mostly ¥%,-; or Ynii, and 
in which the ground state energy passes through a maximum. A straightforward 
calculation gives the identity for j,, (2-29): 


jot ae (3-24) 


where the constant K is defined by (2-20). The current per particle, i, is 
given by (2-32), hence 


ye Ge eb ee Be ok kW MAS ae he Od 
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- Although (4-4) is only one Fourier component of ( 
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For half-integral values of p, 
in the middle of the transition 
region, the ground state energy 
has a maximum, and thus the 


current zis zero. More gener- 
ally, the current is, except for 
a factor, just the derivative of 


Fig. 3. The ring current due to a single particle in 
: the ground state, as a function of the flux (expres- 
the ground state energy with sed in flux units). This current is limited above 


respect to the flux parameter /, and below. Big ring currents in “Garwin” rings 


can be built up only if the system does mot stay in 


the ground state, i.e., if the “transition regions” are 
traversed “suddenly” rather than “adiabatically”. 


and therefore has the “sawtooth” 
behaviour shown in Fig. 3. 
In the presence of impurities, 
the ground state current is no longer “ diamagnetic” in character. Rather, 
the current associated with the ground state wave function is limited from 
above and below, and shows narrow “ paramagnetic” regions between adjacent, 


> 


wide “ diamagnetic” regions. 


§4. Persistent currents in the limit of zero temperature 


Let us start by showing the relation between the results obtained so far 
and the second London equation (1-2). We make a Fourier decomposition of 
the vector potential A(z, ¢) and of the current density j(x, ¢), according to 


A(z, th= 2s Ai (2) 0, (x) (4-1) 


and 


j(z, = 2a ju(2) v;, (x) (4:2) 


ctor eigenfunctions defined in reference 


where v,(zx) is the complete set of ve 
he leading member of the set 


11). The function (Zz) defined by (2-3) is t 
v,(x). We write the second London equation in the form 


ey 0A (4-3) 


both sides with v(x), and integrate over 


We then take the scalar product of 
grad ~ gives zero after integration (see 


the volume of the ring. The term— 
the discussion after Eq. (2-6)), and we obtain 
Skclie EEE (4-4) 
dt Cac 


1-2), this Fourier component 


As is shown in reference 


alone is of relevance for persistent ring currents. 
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11), all other terms of the expansion (4-2) give zero when integrated over a 


cross section of the ring, i.e. they do not lead to any charge transport around 


the ring. Since the London equations are linear, we can consider each term 
of the Fourier decomposition by itself, and we see that only this one term need 
to interest us here. ses 

If there are no scattering centres in the ring, the current component jo 1S 
given by (2-31). If we differentiate both sides of this expression with respect 
to time, we obtain 


fdjibus se a a Aan ea RS (4-5) 


dt Me tread Ol MewV car 


where we have made use of the relation 6—a<a in order to replace ¢°/K” by 
the volume V of the ring. This is the current per particle; if the Bose gas 
is condensed, there are N, particles in this same quantum state, and Eq. (4-5) 
becomes identical with (4-4), with London’s / taking the form 


era ies (4-6) 
A V M 


Except for notation, this is precisely London’s own estimate (Eq. (18), page 60, 

of reference 1)). 

Although this derivation of the London equation is highly suggestive, it is 
insufficient for a number of reasons. 

(1) Our Eq. (2-31) relates j) to the flux. We must determine under which 
conditions we are allowed to differentiate both sides with respect to time 
—after all, (2-31) is derived on the assumption of a given, time-inde- 
pendent flux through the ring! 

(2) Even if the time differentiation is permitted, some very relevant infor- 
mation is lost by this process. (2-31) is much more specific in its pre- 
dictions than (4-5); in particular, the flux “quantum” @ appears in 
(2231)2-.but not.m. (4°); 

(3) Eq. (2-31) was derived on the basis of a ring of perfect cylindrical sym- 
metry, containing no scattering centres. Under those conditions, there is 
no mechanism for stopping a ring current, and we obtain persistent cur- 
rents from any model at all! As we have seen in §3, Eq. (2-31) is 
modified significantly if there are impurity scattering centres in the ring, 
and this requires discussion. 

We can give a hasty (and, as it will turn out, wrong!) answer to query 
number 1, as follows: If the change in flux is carried out very slowly com- 
pared to all relevant quantum frequencies (Z;—E;)/h, then the wave function 
changes “adiabatically”; in particular, if the system condenses initially into 
its ground state, changes in the applied flux will result in making the system 
go to the ground state appropriate to the altered flux, ie. Eq. (2-31) will 
remain valid. We can then differentiate both sides with respect to time, and 


aah phone 
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(4-5) results. This argument is suspect because, in the absence of scattering 
centres, there are degeneracies between the quantum energies at integral and 
half-integral values of the flux parameter “=@/@,. At a degeneracy point, 
the quantum ‘transition frequency vanishes, and no physical process can be 
carried out more slowly than that! Also, as London” has emphasised, what 
we really want is not that the system should stay, adiabatically, in its quantum 
ground state, but rather that the system should retain the same wave function; 
in London’s terminology, the wave function is supposed to be “stiff”. 

Since the degeneracy points are clearly going to be important, and since 
these degeneracies are destroyed by the scattering centres, a much fuller discus- 
sion is required, and this will now be done. 

Rather than deducing further phenomenological equations, let us simply 
follow along the experimental procedure used for establishing ring currents in 
superconductors, and let us see what our model says about the happenings at 
each stage of that procedure. The procedure consists of three parts: 

(1) The ring is placed, at room temperature, between the poles of a 

magnet, and we wait until thermal equilibrium is achieved. 

(2) The ring is then cooled to a very low temperature, well below the 
superconducting transition temperature. In this section, we shall sim- 
plify matters by assuming the ring is cooled all the way down to 
absolute zero; extension to low but finite temperatures will be carried 
out in § 5. 

(3) The external magnetic field is then removed, for example, by pulling 
the magnet away from the ring. It is observed that the flux threading 
the ring remains unaltered, the flux now being maintained by a per- 
sistent ring current. 

Above the transition temperature, the Bose gas has a normal, non-zero 
resistivity.” Thus any ring current induced initially dies down quickly, and 
we may start our consideration from a state in which the gas carries no cur- 
rent. As we cool down below the Bose-Einstein condensation temperature, a 
temperature-dependent, macroscopic number of particles N>=N(T) settles into 
the single-particle ground state of the system. Since the system is between the 
poles of a magnet, the ground state in question is the lowest state in Fig. 2, 
at the particular value of y=0/, appropriate to the external flux @=@, set 
up by the magnet. It should be noted that y is a very large number in practice, 
since the flux unit % is only 210-7 gauss-cm’. 

For simplicity of the discussion, let us assume that this initial value of 4 
is far enough removed from half-integral values, so that we are in a “ diamag- 
netic” region. The current J associated with the condensed bosons is then 
given by J=N(T)2, with z determined by (2-32), that is, 
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where m is the integer closest to /,.=@./A. This current, in turn, sets up flux 
lines through the hole in the ring.* Let £ be the self-inductance of the ring, 


then the flux is given by 


C=eLIChy Loe (4-8) 
, We substitute (4-7) into (4-8). Introducing the notation 
| e e ‘ 
2 i ie = : a ee (4-9) 
I= Ceo ytMe  (aap)?M 
the resulting equation yields, for the flux 9, : 
Pasi ieee (4-10) 


1+qN A(T) 


Thus, as we cool down and N,(T7) increases to the total number N=WN,(0), 
the actual flux @ through the ring approaches more closely an integral number 
of flux units. 

Let us estimate orders of magnitude. The self-inductance of a torus-shaped 


ring with radius », and thickness 27, is given by” 


L = (42/c?)[In(89/r) —7/4]. (420) 


er oe eet SS 


Our ring is not quite of this shape, since it has rectangular rather than circular 
cross section, but the formula (4-11) should suffice for an order-of-magnitude 
estimate. If we put p~1lcm, and (/r~3, we get £~2X10-™; using two elec- 


oe > 


tronic charges for ““e” and two electronic masses for ““//”, the quantity g is 
estimated to be 


Goo X10, (4-12) 


In an “ordinary” ring, of volume V~1cm‘*, the total number of particles 
is of order 10”. Thus qN, is of order 10°, and the flux very rapidly becomes 
extremely close to a flux unit, no matter what the initial flux Y set up by the 
magnet. In a “Garwin” ring, with e~107'cm and V~10-°cm‘', g is of order 


* Strictly speaking, we are departing from our independent-particle model at this stage, in 
the sense that the flux lines set up by each particle now influence the motion of all the other ‘ 
particles. We treat this interaction self-consistently, in the Hartree-Fock sense. That is, the flux 
set up by all the particles is inserted into the single-particle Hamiltonian as a c-number parameter. 

In an exact treatment, this term is really a sum of two-particle interaction terms, the interaction 
being the magnetic dipole-dipole interaction between two moving charges. Needless to say, the 
resulting problem is insoluble. 

In a fully self-consistent treatment, the electrostatic interaction between these charged particles 
should also be included, to the same approximation. We have not done so primarily in order to 
simplify the discussion. This work is now under way, and will be reported later on. Preliminary 
estimates suggest the following: (1) The self-consistent treatment of the Coulomb interaction 
does give rise to important changes in some of our estimates, (2) these changes are such as to ° 
improve the theory, i.e. they make it easier to set up and maintain persistent ring currents, and 
(3) there is no change in the prediction of approximate flux quantization, upon cooling. 
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3x10-%, and gN, is still of order 10‘, so the same conclusion applies. 

This is a theoretical result capable of direct experimental verification: As 
long as the ring remains stationary in the field, and is cooled down well below 
the transition point, the final flux through the ring should be very nearly 
quantized. As far as we are aware, no other theory of superconductivity gives 
rise to this prediction, and it is to be hoped that the experiment will prove 
feasible from the practical point of view. It should be noted that details of 
the model, e.g. the density of scattering centres, do not enter into this effect. 

Having cooled the ring down to, ideally, the absolute zero of temperature, 
the next step consists in removing the external magnet from the neighbourhood 
of the ring. This means that the quantity %, the external flux, is slowly de- 
creased to zero. If Eq. (4-10) remains valid during this process, it gives, for 
the final flux, 


@=[1—(1+qN) 7" ]mh. (4-13) 


Let us determine to what extent “=?/%, deviates from m. (4-13) gives 


if — hee : (4 F 14) 
il +qNp 


In an “ordinary” ring with a flux of order 1 gauss-cm’ through its hole, 
me have m~10'-and gN,~ 10°. Thus, even after the external magnet has been 
removed, the flux is still reasonably close to an integral number of flux units. 
In particular, the flux parameter / does not differ from the integer m by as 
much as 1/2. We are nowhere near the “transition” regions in Fig. 2. The 
basic equation (2-32) for the current per particle is thus valid throughout the 
process, and our results are consistent. Let us estimate the quantum-mechanical 
transition frequencies wiy= (E.—E;)/h for this regime. The lowest such fre- 
quency is obtained by letting E; be the first excited state, E, the ground state. 
According to (3-12), this energy difference, for # near some integer ™, is 
equal to #?/2Mp’, so that o~h/2Mp’~1 sec™. This is neither particularly slow 
nor particularly fast, compared to macroscopic times. However, there is no 
need to invoke a special “ adiabatic ” behaviour at all! Over the region of /- 
values in question, the ground state wave function is substantially unaltered, 
namely it is equal to Y,,, although the ground state energy changes proportionately 
to (u—m)*. Thus, no matter whether the flux change is “slow” (so that the 
new wave function is the ground state wave function for the new flux) or 
“ syidden” (so that the new wave function is equal to the old wave function), 
the result is the same ! 

The situation is very different with ‘“ Garwin’ 
of order 1 Gauss-cm’, we have m~10’, as before, but gN~10*. Thus the devi- 
ation p—m, Eq. (4-14), is of order 10°, and we must most definitely consider 
what happens in the “ transition ” regions of Figs. 2 and 3. 
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The time development of the wave function of the system is given by 
Hy) C= ih : 4 (4-15a) 
t 


with 
EG) (4-15b) 


For the moment, we restrict ourselves to the idealized case of a system cooled 
all the way down to absolute zero, so that, at time t=0, the system is in the 
ground state wave function appropriate to the flux parameter 4(0). Since the 
system is an independent particle system, with Bose statistics, the ground state 
wave function of the N-particle system is just the product of single-particle 
ground state wave functions, and it follows from (4-15a) that, at all later times 
as well, the N-particle wave function is a product of N identical factors, one 
_ for each particle. Thus, it is sufficient to calculate with a one-particle system, 
and multiply by N afterwards. The finite-temperature case, where this procedure 
fails, will be considered in § 5. 

The time-development of a wave function as a result of an externally varied 
parameter # in the Hamiltonian is a well-known problem, e.g. see Schiff.” We 
introduce eigenfunctions of H(yv) for given » by 


Av) P.( 23 4) =E,(/) CLD; /') (4- 15) 
and time-dependent phases 7%,(¢) by 


ae ine stings eA ee eee Oe nce a ie Wren tee ee Ta 


t 


Z(t) = G/h) | Eee) de. (4-16) 


The time-dependent single-particle wave function is written as a linear super- 
position : 


iz, i= pe cs(t) &[x; #(2)] exp[ —7,(z)]. (4-17) 


The time-development of the coefficients ¢,(z) is then determined by the equa- 
tion 

de; dp 

= ie sf * 

dt dt * a eae) 


where 


. 
( 


: (Of == exp eect) ~%0(O)]) y,* (x : -) Sues Le eat 


i 


(4-19) 
where the integral is to be evaluated for p= uit). 


Let us follow the time-development of the wave function as the external 
flux @, is decreased. We shall let the index s increase with the single-particle 
energy £,, so that s=0 is the ground state, s=1 the first excited state, and so 
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on. At time z=0, the system is condensed in the ground state appropriate to 
the flux @ given by (4-10), ie. # is very nearly equal to an integer m, and 


the wave function is 
[b(a, 2) ao= P(r; HCO)) = Pm (4-20) 


where ¥,, is defined by (3-3). As the external flux is now decreased, the actual 
flux through the ring also decreases, albeit much more slowly. Thus dy/dt in 
(4-18) is negative. For some time, /4 is still larger than the value appropriate 
to the first “transition” region (¢m—1/2). During that period, the ground 
state wave function (x; /) is nearly independent of 4, and remains equal to 
y,,. Thus all matrix elements Uz» with s=0 vanish,* and c(t) =c.(t=0) =1. 
We now enter the transition region, px2m—1/2. In this region the wave 
functions ¢ and ¢, are linear combinations of the functions ?'m and ¥, 1, with 
coefficients determined by the secular equation (3-16). Fortunately, there is | 
no need to discuss these coefficients in detail; all we require is the end result 
of this change-over. For / slightly less than m—1/2, on the other side of the 
transition region, the ground state wave function is essentially equal to Pn, 
whereas the wave function ¢, of the first excited state is essentially. equal to 


Fm. 
gh the transition region depends on whether 


The net effect of passing throu 
13) Tf the flux parameter 


the rate of change dy/dt is “ adiabatic” or “ sudden 
p changes very slowly, the system stays in the ground state, 1.e. the wave func- 
tion changes slowly from its ‘nitial form %,, to its final form Pm. The cur- 
rent produced by the gas then follows the ground state curve in Fig. 3, and 
we do not build up a large circulating current. On the other hand, if the flux 


parameter 4 changes rapidly enough so that the change is “sudden”, the wave 
function remains unchanged in form, i.e. equal to Pn, and the result is that we 
have moved onto another branch 


of the energy level diagram ; the system is in 
the first excited state eal ne rat 


her than in the ground state Go = Porta: Under 
those conditions, the relation between curren 


t and flux remains governed by 
(2-32), and we have made the first step towards building up a large circulating 


current. 

Thus, if the flux change is “sudden”, we can get past the transition re- 
d up the required circulating currents. What, then, is the time 
pare the experimental times ? The relevant 


1 transition frequency (EZ, —E_) /h, where the 


gions and’ buil 
scale against which we must com 
frequency is the quantum mechanica 


gst (x3 MH) os/ (23 p)d? x=0g5/ for all values of #. Differentiating this 


* The overlap integral \ 
Ou in (4:19) can be shifted to the factor On 


equation with respect to 4, We conclude that the 0/ 
provided we also change the sign in front.of the integral. Thus our statement in the text can be 


deduced from properties of the ground state wave function, for which our approximations are 
and does not depend on properties of wave functions of highly excited states, for 


reasonable, 
roximations become questionable. 


which our app 
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energy difference is estimated by (3-22) with m,—m.=1. Inserting p~107™* cm 
and |ja+f|~S~?~10-*, we get a time scale of the order of 25 years! Thus, 
the transition regions are only an apparent, not a real, difficulty. 

So far, we have estimated for the first transition region encountered by the 
system, i.e. 7:—m2.=1. As the value of the flux parameter decreases, so does 
m,—m,=2(m—f4); this difference enters into the energy difference estimate 
(3-22), and hence into the time scale. However, the discussion of the behav- 
iour of our model becomes extremely complex if the flux change is not obvi- 
ously “sudden”. The equations governing the time development of the system 
are non-linear, and more work is required. For the moment, all we can say is 
that at least the first few transition regions present no difficulty at ordinary 
time scales. Even with ,—1.~10® (see (4-14)), our estimated time scale is 
still of the order of weeks, considerably slower than the usual times for re- 
moval of the ring from the magnet.* , 

Finally, let us ask what is the lifetime of the circulating ring current ? 
With an “ordinary ” ring, of volume V~1cm’, the flux parameter # remains 
close to the integral value m, see (4-14) and the discussion there, and conse- 
quently the wave function of the condensed particles remains equal to Yn. 
Since this is a correct eigenfunction of the Hamiltonian for the final flux pa- 
rameter /4 in question, there is no reason for any subsequent change in the 
wave function. The same statement holds true for Garwin rings, provided that 
the transition regions are traversed in a “sudden” fashion. W7thin our model, 
the circulating current in a ring has a strictly infinite lifetime. So far, how- 
ever, this result has been obtained from an idealized treatment in which the 
system is assumed to be at the absolute zero of temperature precisely. Since 
the lifetime of the ring current could, a priori, be temperature-dependent, we 
must remove this limitation on our proof, before we can discuss the result itself. 


§5. Persistent currents at finite temperatures 


At a finite temperature, the system is described by a density matrix. We 
“prepare” the system by placing the ring between the poles of a magnet, at 
room temperature, and then cooling the system to some final temperature, well 
below the Bose-Einstein condensation point. We shall assume that enough time 
has elapsed, and other necessary conditions have been fulfilled, so’ that full ther- 
modynamic equilibrium has been achieved at this final temperature, at time 7=0. 

Let Hy(0) be the Hamiltonian of the N-particle system at this time, and 
let ¥.(0) be the eigenfunctions of this Hamiltonian. Then the density matrix 
U(0) at t=0 can be written as 


* Furthermore, one possible (and, according to our preliminary estimates, likely) effect of 


including the Coulomb forces into the self-consistent treatment, is to increase these time scales 
appreciably. 
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U(0) = Dita P[Fa(0)] (5-1) 
where P(¥.) is the projection operator onto the wave function 7, and the zy 
are probabilities : 

O<2,<1 and Lita=1. (5-2) 
The probabilities z, are proportional to exp (—E,/kT). 


By assumption, we are dealing with an independent particle system, so that 
the Hamiltonian has the form 


Ay= HG) (5:3) 


where each single-particle Hamiltonian H(i) may still be time-dependent, through 
a time-dependent flux, say. Let us introduce, at time t=0, the eigenfunctions 
¢,(z, 0) of the single-particle Hamiltonian. The index ain (5-1) now stands 
for a “configuration ”, i.e. a set of occupation numbers {7 , 7%, 2, °*-} with 


Dy nN (5-4) 


The wave function #,(0) is the usual symmetrized product function, formed 
from n, factors ¢(2, 0), m factors ¢,(2, 0), etc. We now observe that the 
time dependent Schroedinger equation for the N-particle system, 


Din 
HyP.=ih =, (5-5) 


can be solved exactly, by defining /,(zx, ¢) to be the solution of the one-particle 
Schroedinger equation 


SOU? eR, 

H(i) bai, 0) =ih the ) (5-6) 
and then constructing ¥,(¢) from these functions ¥,(2:, ¢) by the same method, 
with the same occupation numbers, as was used to construct the original /,(0) 
from the ¢,(2;,0). Furthermore, with ¥,(¢) defined in this way, the time- 
dependent density matrix is given by 


UGy =a 7g BLY .(2) | (5°70) 


with time-independent probabilities 7a. The change of basis functions from 
y.(0) to ¥,(¢) isa similarity transformation, according to (5:5) ; it is obviously 
the “natural” way to describe the system. 

The operator for the current is a sum of single-particle operators. There- 
fore, by well-known methods, the expectation value of this operator at time ¢ 
assumes the form, for any one wave function ¥,(¢), 
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where j,(t) is the expectation value of the current in the single-particle state 


Wate ee). 3 
pl =(Gt(a, DIP x, Bx (5-9) 


and n,(@) is the occupation number of single-particle state s in the configura- 
tion a. Note that there are no cross terms between states s and s’ in Eq. (5-8). 
If we now consider the ensemble as a whole, the current at time 71s given 


by 
JO= CI a di msjs(t) (5-10) 


where 7, is the average occupation number of state s: 


13> Sane): (5-11) 


a 


We now observe the following : 

(1) By our method of construction, the average occupation numbers 7; 
are constants of motion. 

(2) For temperatures below the transition temperature of the Bose gas, 
the ground state term 7% jo(¢) must be considered separately from all 
the others ; at temperatures well below the transition temperature (but 
still finite!) this one term dominates the sum (5-10). 

(3) Our previous calculation is precisely a calculation of this one term. 

This chain of reasoning establishes that the assumption of strictly absolute 

zero temperature, made in § 4, is not in fact essential. The result is unchanged 
if the temperature of the system is finite but well below the Bose-Einstein transi- 
tion temperature.* This conclusion applies in particular to the infinite lifetime 
of the supercurrent. 


§ 6. Discussion 


We now summarise our results, and discuss their significance. 


* A priori, a calculation based on the ground state wave function of an N-particle system is 
valid only at unreasonably low temperatures, namely NkT less than the first excitation energy of 
the system; i. e. the upper limit on the temperature 7’ is of order 1/N. Our argument proves 
that the actual limit of validity on the temperature 7’ is much higher, and independent of N. 

The argument depends on the three-dimensional nature of the Bose-gas; a two-dimensional 
Bose gas does not condense. There then arise the questions : 

(1) Is a layer of matter of thickness 10° em to be considered a two-dimensional or a three- 
dimensional Bose gas of electron pairs? (We note that the internal size of each pair is the Pippard 
coherence length, of order 10-4 cm). 

(ii) If the correct analogy in that case is to a two-dimensional Bose gas, are persistent supercur- 
rents set up in such a ring? The answer to the second question is zot obvious; the calculation of 
R. M. May, Phys. Rev., 115 (1959), 254, has shown that the two-dimensional Bose gas gives rise 


to a field expulsion law which would be experimentally almost indistinguishable from a true 
Meissner effect! 
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First, we emphasize that our results are for a mathematical model, and 
therefore may or may not be applicable to actual superconductors. The Bose- 
Einstein model has been shown to have close analogies to actual superconductors, 
especially as regards the Meissner effect ; but there are also significant differences, 
of which the most important is presumably the absence of an energy gap from 
our model. We shall take the optimistic point of view, that the energy gap 
will be as unimportant for persistent ring currents as it has been shown to be 
for the Meissner effect. But estimates of transition times, which entered the 
discussion in § 4, may well be changed fundamentally by the energy gap. 
Presumably, though, this change would be in the right direction, i.e. to lengthen 
our already quite large time scales. 

Second, we observe that the flux parameters which enter our estimates 
are very large numbers, of order 10’. Since the flux is proportional to the 
crucial component A, of the vector potential, it is not sufficient to restrict oneself 
to terms linear in the vector potential. ‘This means that the Kubo formalism’” 
is inapplicable to this problem. A modified form of the Kubo formalism, where 
the expansion is in the change in A, as the ring is removed from the magnet, 
is more realistic; but even that fails for Garwin rings, where the change in p» 
carries us across a number of “transition” regions. It should be noted, how- 
ever, that the Kubo formalism does show, very directly, that the condensed 
Bosons contribute a significant current; this is in fact how the present investi- 
gation started. 

Third, our theory is not identical with the London phenomenology. In 
particular, the flux quantum % enters explicitly, and we predict a new experi- 
mentally observable effect, namely that the flux through the ring should be very 
nearly quantized as long as the ring is not moved, but merely cooled. If the 
Bose gas analogy is good for actual superconductors, this prediction should 
apply to them. 

Fourth, we obtain a strictly infinite lifetime for the ring current, once it 
has been set up. Although this prediction is not contrary to any observation 
so far, we consider it not a success, but a failure of the theory. The state of 
the ring in which there is a circulating current which maintains a flux through 
the ring, is a state of higher free energy than the state with no current and 
no flux. Thus, it is not the thermodynamic equilibrium state, and a complete 
theory should allow us to estimate the time of relaxation to full thermodynamic 
equilibrium. If the theory gives an infinite time, this means merely that the 
correct relaxation mechanism has been omitted from the initial assumptions of 
the theory. 

True as this is, the omission in question is by no means just a trivial error. 
The infinite lifetime for our supercurrent is connected directly with the present 
limitations on the foundations of statistical mechanics.” The model used by 
us is the same model which gives a finite conductivity above the Bose-Einstein 
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transition temperature.” But, whereas at high temperatures the “ coarse- 
graining ” associated with the measurement of the macroscopic current is suf- 
ficient to hide the fundamental difficulties of the Kohn-Luttinger theory, it is 
insufficient to hide them below the condensation point. The difficulty is the 
absence of any mechanism by which the “ fine-grained entropy ” 


S=—kTr0U nv) (6-1) 


can increase with time. Relaxation to equilibrium means the attainment of a 
state of higher entropy, without a change in the energy of the system (we are 
considering adiabatic conditions). No such relaxation can in fact take place in 
this model. The assumption that the scattering centres are located at random 
is irrelevant here: Wherever the scattering centres may be in any one sample, 
the time-development of the wave functions of the system is completely causal. 
The probabilities z, in §5 are constant, and hence so is the entropy. 

It is for this very reason that the circulating ring currents are so interesting 
theoretically. For here we have an example of a strictly non-ergodic system, 
when considered along the usual lines. It is therefore at least possible that 
the actual lifetimes will be determined by the effects neglected in the usual 
theory, and discussed in reference 15), that is, a stochastic interaction with the 
“rest of the world”’.* 

The author is grateful to Drs. P.W. Anderson, L.M. Delves, and R. Garwin 
for interesting and useful discussions, and to Bell Telephone Laboratories for 
a most fruitful and stimulating visit, in the course of which many of these 
ideas were conceived. 


Additional Note: 


After completion of this manuscript, we received preprints from Drs. Deaver 
and Fairbank, reporting the experimental observation of the flux quantization 
upon cooling, in full agreement with our model; i.e. the flux quantum cor- 
responds to two electronic changes. We also received a preprint from Drs. 
Byers and Yang containing theoretical considerations related to this experiment. 
There are similarities to the present work, but there are also significant differ- 
ences. In particular, Byers and Yang consider only the thermodynamic equili- 
brium state, not time-dependent processes, and they do not have a detailed 
microscopic model such as we have proposed here. 


* Another, and much less interesting, possibility is that the lifetimes are determined by the 
formation of three-electron and higher complexes in actual superconductors, complexes which are 


ignored by the quasi-chemical equilibrium theory of superconductivity which restricts itself to single 
electrons in chemical equilibrium with electron pairs. 
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On a Fixation of Gauge and True 
Ohbservables of Yang-Mills Field 
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The present author has recently 
obtained the gravitational interaction 
potential between two point particles 

; by separating the transverse-traceless 
parts of metric tensor and requiring 
the consistency of the coordinate con- 
dition” in the analogous way to the 
electromagnetic field. Since one may 
that Yang-Mills’s — b-field” 
seems to have a character intermediate 
between the gravitational and electro- 
magnetic fields, it will be interesting 
to investigate the problem of the fix- 
. ation of the gauge and the true observy- 
2 ables of the Yang-Mills field. 
As the b-field was originally introduc- 
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consider 


ed in order to preserve the invariance 
of the Lagrangian of nucleon field 
under the generalized isotopic gauge 
transformation, we shall start with the 
following Lagrangian density : 


L=—(1/4) ffs 
—Y Tp (Oya4 et -b, )—mod (1) 
where f,,,=0,b,—90,b,—2€b,xb, and 


b, is transformed as 
b,>b,/=S(«, A) (b+ /(—§& mee 


in which we have used Umezawa- 
Kamefuchi’s S(e, A) and /f(e¢, A).” 
The canonical momentum II,=9L/0 
(9,b,) and the Hamiltonian are de- 


fined by the usual method. We have 
the following constraint equations : 


II,=0, (3) 
0,II,+2¢€(6;XU,;) +€J,=0, (4) 


where J,=idry They constitute a 
generator of infinitesimal transforma- 
tion of (2). The other field equations 


are 


0,6,= —II,+0,b,+2¢€ (6, X By), (5) 


0,10, =9; fj —2 fay X By t+ Si 
+ 2eIl, x by. (6) 


In contrast to the case of electro- 
dynamics, where one can take the 
transverse potential (which is gauge 
invariant) as a true observable,” it is 
difficult to find such variables that are 
commutable with constraints (3) and 


(4). (Though we can obtain them 
with the aid of the approximation 


method given by Newman-Bergmann 
for the gravitational field,” infinitely 
many observables are necessary.) We 
shall then notice the following fact. 
The transformation (2) can be de- 


234 


ae 


Letters to the Editor 791 


composed into two steps: 
b,>b,+9,A>G71(b,4+9,A)G (7) 


where G is a unitary transformation 
whose explicit expression is given by 
Umezawa-Kamefuchi.” Now we shall 
define the true variables as the vari- 
ables which are left invariant under 
the first transformation of (7). There- 
fore, the problem of defining true 
observables b;” is the same as that in 
the electromagnetic case. We define 
ee he b= OW = (1/.1)0;;, 

Imposing the gauge condition (which 
corresponds to the Coulomb gauge in 
the case of electromagnetic field) 


4n=0,b,;~0 (8) 


and requiring its consistency with 
Eq. (5), we shall determine 6, con- 
jugate to Il,(=0). The consistency 
condition between Eqs. (5) and (8) 


1S 
— dby~ J, 4+-2€(b,” XT") 
+ 4€b,7 X9,b,+ 4eb,7 X (b," Xb) (9) 


where II,7=—90,b,", which satisfies 
the relations [//,77(x), 6)" (2) |=2a 


x [0,,0(x—x’)— (1/42)0,8/ {(a— a)" 7"). 


By taking into account Eqs. (4) and 
(9), the Hamiltonian’ can be written 
as 


H=(ds{— (1/2)? + 0/4) fu fs" 


—€J,b,7— (1/2) «Jsbs— € (II,,7 X 6") 
x b,+ Hy] (10) 


where b, is a solution of Eq. (9) and 
Hy represents the Hamiltonian density 
for free nucleon field. Since we can- 
not directly solve the non-linear equa- 


tion (9) for b,, we solve the simultane- 
ous equations for b,, 6,” and ¢ by 
expanding b,, etc., in a power series 
of the parameter ¢, b,=S€/b,™, etc., 
and making use of a perturbation iter- 
ation method as done in the gravita- 
tional case.” The lowest order solu- 
tion of by, is 


bY = (1/42) | ax! {(x—x')'} 1/2 


x {IP Car’) +2062 (2) XT eT; 
and the static interaction potential of 
the lowest order is obtained from (10), 


Woo hea (e/82)\|dxds’ {(x—x!)% ree 


ow 


(I. (2) FP (2!) — 4 (BE (a) XT (2) 


(6. (7) KID) 


In conclusion, we note that our 
transverse field b,” is not the true 
observable in its original sense, unlike 
the electromagnetic case, since 6,” is 


not invariant under the generalized 


isotopic gauge transformation but 
suffer the second step transformation 
of (7). The similar feature occurs 


also in the usual formalism of electro- 
dynamics where # (which suffers gauge 
transformation of the first kind) is not 
commutable with a constraint div E+ 
iegyv=0. The further 
concerning the true observables will 


discussions 


be made on another occasion. 
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A Note on the Non-leptonic Decay 
Modes of the &-Hyperon 


A. P. Balachandran* 
and K. Venkatesan* 


Department of Physics 
University of Madras, Madras, India 


August 15, 1961 


A pole approximation calculation for 
the decay mode Z>A+z is presented. 
It is suggested that the curious pattern 
of the 3-decay asymmetries arise 
perhaps from the fact that a; and a, 
Finally the 
K,°-K,° mass difference is calculated 
in the pole approximation. 


have opposite signs. 


Recently, experimental results on the 
magnitude of the asymmetry parameter 
for the decay mode =~—>A’+z7~ have 
become available.’ We present below 
a calculation using the pole approx- 
imation for the decay following 
Feldman, Matthews and Salam.” <A 
possible bearing of the fact that the 
asymmetry parameters in &- and A- 
decays have opposite signs” on the 
X-decay asymmetries will also be dis- 
cussed. Finally we discuss the K,°-K,° 
mass difference in the pole approx- 
imation. 


* Atomic Energy Commission Senior Research 
Fellows. 


G, arbYs 


[J DENOTES THE STRONG AND 
© THE WEAK VERTEX FIGURE 


Fig: /1(c): 


The diagram of interest for the =- 
decay is shown in Fig. 1(a). The 
diagram with the K-meson pole makes 
a comparatively small contribution and 
hence is neglected in order to reduce 
the number of unknowns. G, denotes 
the renormalized £-2-z coupling 
constant while a+d7; denotes the 
5-A vertex. The decay asymmetry 
parameter a;=-+0.69" yields, after a 
standard calculation, a/b=+0.58 or 
+ 4.42. Using the value of the & life- 
time 7=1.2810-™ secs.,” we then 
find G,?/42- (b/m,)?=0.24X10 for 
|a/b| =0.58 and 0.31 X10-” for |a/b|= 
4.42. The experimental results also 
indicate that a; and a, have opposite 


Ae al 
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signs. However, the sign of a, is un- 
certain, different groups ‘of workers 
obtaining contradictory results” so that 
the sign of a/b is uncertain. Note 
that the values of these parameters 
for the mode 2°>/°+2° follow from 
the above because of the |4I|=1/2 
rule, 

It is possible that the observed 
pattern of the ¥-decay asymmetries” 
arises due to a parity clash between 
diagrams involving / and those involv- 
ing &. Fig. 1 (b) indicates the relevant 
diagrams. For the A-intermediate state, 
the pole diagram has been drawn and 
is assumed to be dominant. For &- 
intermediate states, pole diagrams are 
not possible and those next in order 
of simplicity are taken to be the im- 
portant ones. The &--S ~ vertex can 
arise from &-3/+2 52°. It is 
clear that for suitable values of the 
parameters, these three diagrams can 
yield parity-conserving }*>n-+7* and 
S¥-n+n2- decay modes and parity- 
violating ¥*—-p+° decay mode, the 


proton from %*-decay and the A 


from £- decay having helicities of the 
same sign. Such a procedure would 
however imply that relations like R(+*> 
ptm)~2R(">p+27) are the nature 
of dynamical accidents. The validity of 
the approximation is also very un- 


certain. 
In this connection, we would like 


to remark that the pole approximation 
can be used to calculate the Tes. 
mass difference. We consider Fig. 1 
(c). Taking the Kak. 3 mass edit- 
ference Om to: bes'~10=ev,” we: find 
(c/m,?)?~0.3X10™, where c is the 
coupling constant for the weak K-z 


4 


vertex. A precise value for 0m would 
allow us to determine c more accu- 
rately (provided, of course, the approx- 
imation is valid). Similar calculations 
can be performed, for instance, for the 
x° or A’ self-energy due to transitions 
of the type 3°>/°>.3°. 

We are indebted to Professor Alladi 
Ramakrishnan and Mr. N. R. Rangana- 
than for stimulating discussions. We 
also wish to thank the Atomic Energy 
Commission for providing us with 
Fellowships. 
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Despite the recent developments in 
the theories of liquid helium and inter- 
acting Boson systems, the treatments 
of interactions between excitations in 
liquid helium have been either pheno- 
menological” ‘or unsatisfactory.” On 
the other hand, Feynman® succeeded 
in deriving spectrum of excitations 
without going into full details of the 
ground state wave function, requiring 
the knowledge of only a few distribu- 
tion functions. Here we propose to 
use his theory for determining interac- 
tions between excitations in liquid 
In particular, we describe 
here the interaction between phonons. 

According to Feynman, the wave 
functions /, and ¥, of the two states 
having phonons with wave vectors 
Tes Kes, 2-2 Key anid “key; Ig’, <> Ik’, respec- 
tively, can be written as follows, @ 
being the ground state wave function, 


‘helium. 


T= Oe = hee (1) 
-where 
baad Di er, HT ict Teg Lies 
(2) 


with q,,=3; eri ; 


The interaction between phonons is 
given by the matrix element of the 
Hamiltonian between 
namely 


these _ states, 


r=l1s=1 


9) 
a 


nN 


ton 

Cn bea! ‘ 
On lee je Didi Kerr Bey!) Fey Vie, 
(kyka-+- Ryka! Ral ++ Ry! 2? ., 


Hage PAHED-EABOR) (aye 
G Fed Dhan ed) ae 
where the angular brackets imply ex- 
pectation values in the ground state and 
E, denotes the energy of non-interacting 
phonons in the state 2. The second term 
in the numerator arises from the non- 
orthogonality of the phonon states. 
Calculating the energy from the ground 
state, the first term of the numerator 
of Eq. (3) can be transformed to yield 
the following, 


7 SKy. Ft vik»: (4) 


After a little manipulation, this expres- 
sion can be brought to the following 
form, 


i n 

< *2: D3 (he Ieg 6 Lede Th. 7 kk 

2mr=1 s=1 oa Se 
Xx Sh ee : -q -k;, “pe * 0/8 Tie et ee . oy Ft 


For long wavelengths of the involved 
phonons, the denominator of Eq. (3) 
can be transformed by factorizing it 
in the product of the quantities of the 
form ¢9;,2_;.> and using the well-known 


‘relation (q,q-1)>=N(hk/2mc), ¢ being 


the sound velocity. 
Thus we obtain the following final 
form for the matrix element, 


Qe fe GI, RO Geer bes 
uy hl,-k 4-Ky 4 ak fhe ie t hs Tie 


(6) 


r .\ (+n) /2 
—hic(ky! +k! + ste +h,!) (2 aba. cs pba (ae ood er a 


hN 


(ky Re+ RyRy! ha! +++ Ry’)? : 


a 2 - 5 is Lye ; 
Actually, for those matrix elements which connect the states with different energies, there is a 


certain ambiguity arising from the diagonal part of the Hamiltonian in connection with the non- 


orthogonality of phonon states. Therefore, the m 


the same energy shell. 
Drs. K. Yamazaki and H. Y 


atrix elements we obtain is meaningful onl 
etal. 1 gful only on 
his point will be discussed in a full note. : 


The author is grateful to 


amamoto for illuminating discussions on this point. 
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For calculation of the quantities of 
the form ¢9),%,---) , a quantum hydro- 
dynamical consideration may be used 
for long wavelengths. Eq. (3) in the 
subsequent article was obtained in this 
way. 

As has been noted by Feynman, the 
different phonon states having the same 
total momentum are not orthogonal 
in general, and there appears to be a 
difficulty in calculating the transition 
probability in this representation. How- 
ever, the situation is similar to that 
encountered in Dyson’s theory of spin 
wave interaction.” If one considers the 
scattering process as the scattering be- 
tween phonon wave packets, the non- 
orthogonality of the states will have 
no effects on the motion of the wave 
packets, at least for the first order 
process. Therefore, we have simply 
ignored it here. 

In the subsequent article, we shall 
apply the result obtained here to cal- 
culating the sound attenuation in liquid 
helium. We hope to treat the inter- 
actions involving rotons in addition 
to phonons along a similar line. 

The author wishes to express his 
sincere thanks to Professor. T. Usui, 
Dr. H. Mori, and Dr. T. Tsuneto for 
very helpful discussions. 
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Sound Attenuation in Liquid 
Helium II at Very 
Low Temperatures 


Kyozi Kawasaki 


Research Institute for Fundamental 
Physics, Kyoto University 
Kyoto 


August 26, 1961 


Attenuation of sound in liquid helium 
has been extensively studied by 
Khalatnikov” on the basis of Landau’s 
quantum hydrodynamics with consider- 
able success. However, below about 
1°K, there is a discrepancy between 
his theory and the recent measure- 
ments.” Namely, the theory predicts 
almost on attenuation in this temperature 
region, whereas the considerable amount 
of attenuation was observed. | Here we 
discuss the attenuation at temperatures 
low enough so that rotons can be 
ignored and the phonon mean free 
path is much greater than the wave- 
length of sound. In this case the sound 
wave is represented by an assembly 
of sound wave quanta and the attenua- 
tion can be visualized as the decrease 
of the number of the sound wave 
quanta caused by the collisions with 
thermal phonons. Among possible 
processes contributing to the attenua- 
tion, the three phonon process have 
been ignored heretofore due to the 
reason that energy and momentum 
cannot be conserved simultaneously 
because of the dispersion of phonons. 
However, here we argue that this pro- 
cess can contribute to the attenuation 
provided that the inverse of the life- 
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time of average thermal phonons is 
comparable to or greater than the de- 
gree of violaticn of the law of energy 
conservation for this pocess. For the 
confluence process, in which a sound 
quantum collides with a thermal 
phonon to yield a thermal phonon, 
this latter quantity is 

hdw= chk, - 2 4, =3cyh keke (1) 

dk, 

where ¢ and s refer to thermal phonons 
and sound quanta respectively, and the 
phonon spectrum, €(%), was put in the 
form 

c(h) =c[hk—7 (hk) (2) 

For7=10" c.9.s., chk;=ksel, T=0.5°K, 
ck,= 27 X10" sec’, we obtain dw/27c~ 
0.l1cm™?. This is comparable to the 
observed attenuation coefficient, or 
the inverse of the mean free path of 
the sound quanta. If we assume that 
the lifetime of a phonon decreases with 
its wave number, we can conclude 
that the uncertainty of energy of a ther- 
mal phonon associated with this life- 
time exceeds the degree of violation 
of the law of energy conservation 
in the three phonon process. 

Thus, we have calculated the attenu- 
ation coefficient resulting from the 
three phonon processes. The relevant 
matrix element was obtained employing 
the result of the preceding article with a 
quantum hydrodynamical consideration 
for calculating the density correlation. 
For k, and k, in the same direction, 
the result is 


1 on \ it 
FD, k.: Ki +k2 Fe fay. + Koikisko — = s 


2/V 2,0 
$$ $$_____ 0? a/ 
x V kiko (hit he) (3+ re ee ft iv (3) 
(@ dp 


e being the liquid density. 

The perturbation calculation, in 
which the dispersion of the phonon 
spectrum is neglected, gives the follow- 
ing result for the attenuation coefh- 
cient at 11.8Mc/sec, where the 
dominant contribution comes only from 
the confluence process, 


iad oe i acy’ 
a=3.24 aunt eae ae 


=12.2xT*cm™ (4) 


(SW 
_ 2.00 
‘£ 
oO 
= 1.50 Ss 
3 = 
= S 
21.00 = 
< oy 


0 
0.2/0.3: 024055705690: 7 O26, CSSD 
Temperature (°K) 


Fig.l. 


where we have chosen: e=0.145 ger 
em~*, c=2.37X10* cm/sec and dc/dp 
=4.3X10°c.g.s. This result is shown 
in Fig. 1 along with the observed 
attenuation coefficient. The agreement 
is satisfactory below about 0.4°K, con- 
sidering the fact that no adjustable 
parameter is involved in the calculation. 
At higher temperatures, the calculated 
attenuation coefficient rises too rapidly. 
This is probably due to the fact that 
the phonon mean free path begins to 
be comparable to the sound wave- 
length and our simple picture of the 
attenuation breaks down. 


Pe 
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Much of the ideas of the present 
work emerged from the very stimulat- 
ing conversations with Professor T. 
Usui, Dr. H. Mori, and Dr. T. Tsuneto. 
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Analysis of (n, n'y) Cross Section 
for Nuclei A~100 


A. Sugie, S. Kikuchi, S. Momiyama 
and T. Suzuki 


Japan Atomic Energy Research 
Institute, Tokai, Ibaraki-ken 


August 28, 1961 


The (n, n'y) cross section near 
threshold gives information concern- 
ing the optical potential which is com- 
plementary to the elastic scattering, 
if the spin-parity of the excited state 
The reaction proceeds 
mainly via compound nucleus. With 
the penetrability 7,’ (£) calculated from 
the optical potential with spin-orbit 


is known. 


force, the cross section becomes, 
generalizing the | Hauser-Feshbach 
theory,” 
aie) ht . 
Oi eae tame 
v. (J+ 1) (—) Be THE) 
Tt (E") bi 


pit L id 

on HET CB) Aa aay 
u,jt Ut 
Pp 


SoPricos'0)., 


where 


Auth =\/ (2A+1) (24 +1) 


x (AN'1—1|L0) 27 +1 
x Wi A' A’ 3 iE); 
B= (2j4+1) (if 1/2—-1/2|L0) 
Ry oy Ean @ PSB Or 
CH= (—)8 V CIFD AFD, 
SW ded sy 1) 


and i and 7’ are the spins of the 
ground and excited states respectively. 
~-decay leads to a state with spin 7”. 
J,z and A, p are the spin-parities of 
the compound state and the 7-ray re- 
spectively. a,” is the relative tran- 
sition amplitude of 7-ray normalized to 
unity. The sum in the denominator 
ss to be done for all channels con- 
sistent with J, 7. 

For the potential, we adopted the 


following form. 


V-f(p) +iW-9(P) ie eg h(pyai 


ot? 
where 
7 se Riera? 0, 
ro=1.25 fermi, W=4 Mev and 7Mev, 
b=2.52 fermi, v=6 Mev, 
V=50 Mev, 


for j=l+1/2 


=i 
ae 
esse eh etor yal Ly 2s 
(=1 if p—cS0 c=0.52171 
fermi 


U'=2.40 fermi, 
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for all p, Z’=0.98 fermi, 


This potential is almost the same as 
the one in reference 4). 
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Ar (do (90°) /d2,) versus incident neutron energy. 


A:W=7 Mev, C:W= ‘ Mey for even-waves 
B:W=4 Mev, 


7 Mey for odd-waves. 


An experiment was carried out for 
Ag and Cd using the ringgeometry,” 
details of which will be published 
separately.» +ray was detected at 


around 70°~110°. The results are 
given in the Figure and are compared 
with the surface absorption optical 
potential.” The angular distribution of 
+-ray for Ag (¢=7"=1/2, 1 =3/2.0r 90/24) 
is nearly isotropic but that for Cd 
(i=i"=0, 7’=2) shows a marked 
minimum at 90°(4zda (90°) /d2, is 0.7 
times the integrated cross section). This 
is understandable since near the thre- 
shold the process with outgoing s-wave 
is predominant and in this case the 
z-component of A(E2) can take all 
possible values for Ag but only 0 and 
+1 for Cd. 

From the Figure it is seen that W, 
the maximum of the imaginary part 
at the surface, should be about 4 Mev 
or less which is fairly small com- 
pared to the value obtained from the 
elastic scattering at 4 Mev for various 
nuclei, W=7Mevy,” but is consistent 
with the zero-energy strength functions 
which are very small here. Accord- 
ing to a theory,” W for odd-waves 
will be larger than that for even-waves, 
but experimentally this is not the 
case. However, there are uncertain- 
ties in regarding the real part of 
the potential for the p-state” (derived 
from the p-state strength functions) 
and since T,’ for the p-state is very 
sensitive on the real part here (as the 
giant resonance is near) more extensive 
analysis is required for the discussion 
of the difference in W for odd- and 
even-waves. Further, the coupling 
with the vibrational mode may be 
important for the odd waves since 
they are close to the giant resonances.” 


1) W. Hauser and H. Feshbach, Phys. Rev. 87 
(1952), 366. 


2 ne nD 


G. R. Satcheler, Phys. Rev. 94 (1954), 1304. 
S. Devons and L. J. B. Goldfarb, Handbuch 
der Physik, Vol. 42 (Springer-Verlag, 
Berlin, 1957), 362. 
2) R. B. Day, Phys. Rev. 102 (1956), 767. 
3) K. Nishimura and S. Kikuchi, to be 
published. 
Estimated errors amount to about 20%. 
4) F. Bjorklund and S. Fernbach, Phys. Rev. 
109 (1958), 1295. 
5)) #As Sugie, Phys, Rey- Letters 4 (1960), 286. 
6) T. K. Krueger and B. Margolis, to be 
published. 
7) I. Furuoya and A. Sugie, to be published. 


A Note on the Dielectric Constant 
and Causality 


Akira Morita and Yukio Osaka 


Department of Physics 
Tohoku University 
Sendai 


August 28, 1961 


There are two quite different ways 
to define the dielectric constant for 
solids on the basis of many electron 
theory. One of them is to define it in 
terms of the response to an external 
electric field” The other is to define 
it in terms of the modified Coulomb 
interaction.” In what follows the 
dielectric constant defined by the former 
way will be referred as the “ external” 
dielectric constant and that defined by 
the latter as the “ internal ” dielectric 
constant. The aim of the present letter 
ss to elucidate the relation between 
the “external” and “dynamical” di- 
electric constants. 

According to Izuyama,” the external 
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dielectric constant of a solid, 
Eo, (ky, ka, w), is given in a form of 
reciprocal matrix by 

Een (hn, kz, w) =0(k,+k:) 

+ vy (ky) (ki, ke, w), Cy 
where v(k,) =47e?/k, is the Fourier 
transform of the instantaneous Cou- 
lomb interaction 
v (2 — 22) =e?/ |r| 8 (4 — ta) and 
4 (ky, ka, w) is given by 


(ki, ke, ow) =lim(—z) | die fol 
Gra pe 


<([p (i, 2), pla) |). 2) 
In Eq. (2), (20 stands for the aver- 
age of a quantity Y{ over the canoni- 
cal ensemble of the system and p(k, 7) 
is the Heisenberg representation of 
e(k) which is the Fourier component 
of the density operator (x) =ap* (x)ap(x), 
where y(x), is the quantized wave 
function of the electron cloud. Here 
it is to be noted that %(M, ks, 'o) has 
non-zero value when and only when 
k,=k,+q, where q is one of the re- 
ciprocal lattice vectors, because of the 
periodic structure of the crystal lattice. 
In a many-electron system, the in- 
stantaneous Coulomb interaction be- 
tween electrons is modified by the 
polarization of the medium. Hubbard” 
has shown that the modified Coulomb 
interaction between space-time points 
x, and 2X2, V (21, £2), satisfies the in- 
tegral equation 


U (215 £2) =v(21- 4X2) +|v(ei-2") 
W(x’, xl)v( al! — 41) d'x'd*2", (3) 


where W(x’, x”) represents contribu- 
tion of all polarization diagrams (not 
proper in general). The Fourier 
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transform of Eq. (3) gives us 
V (ki, ky, w) =v (ky) 0(k, +k) 

+y(k)Q (ki, ky w(K). (A) 
The _ internal 
€in( ky, ko, w) is defined, according to 
Pratt. by, 


U (ky, ke, w) = €52 (hy, ky, 0) (hi). (5) 


Using standard methods in field theory,” 
it can be shown that 


dielectric constant 


oo 


O(k,, k., w) =lim i|dtertor 


Saf 
oo 


x (0|Tp (ki, 2)p(k2)|0>, (6’) 
where T is Dyson’s_ chronological 
operator and |0) is the exact ground 
state of the system, namely the lowest 
eigenstate of the total Hamiltonian H. 
Eq. |(6’) is for the absolute zero of 
temperature. At a finite temperature 
Eq. (6’) should be replaced by 


co 


W(k, ky, w) =lim i\dtertot-te 


€>0 
0° 


x ((Tp (hi, t)p(k2))>. (6) 

After some mathematical_manipula- 

tion, one can show that (i(k, ky, w) 
is rewritten as 


WO (k, ky, w) —W, (ky, hy, w) 
+@), (ky, ke, w), (7) 


where 


D.(ky, ky, «) =—y 


nm we dey 
X €9? (e~FEn — @ FE m) 
 (n| p(k) |m)<m|p (hea) |20) (8) 
and 
W, (ky, ko, w) = 


—10 19) (1+ 78) eh(2-£,,) 
X0(E,—En+ w)<n| p(k) |) 


x (m|p (Ke) |72). (9) 
In the above, H|n)=E,|n), 
hiomm=E,—Em, and 


= RE 
6.) = hie 2 ep eae 
nr 


It is also shown that the following re- 
lation holds between 


(ki, ke, v) and © (ky, ky, w) : 
1(ki, ke, w) =2, (ha, Ie, w) 
+%2(Ii, ke, w), (10) 
La (Ki, kee, 0) =, (Kk, ky, w), (11) 
and 
%2(ki, ke; wo) =tanh(—fw/2) 

x O,( kr, ky, w), (12) 
where, in the limit that T=O°K, ie. 
=oco, the factor tanh(—w/2) is re- 
duced to the so-called step-function 
7(—w), which is equal to 1 for w<0 
and equal to —1 for w>0. When 
k,=—k,, as will be seen easily, % and 


@, are real, and 7, and (@, pure 


imaginary. 

It has been done here to elucidate 
the relation between the “external” 
dielectric constant and the “ internal ” 
one. Now it is easy to see that the 
“external” dielectric constant, €,,, 
satisfies the Kramers-Kronig dispersion 
relation, i.e. the requirement of cau- 
sality, but the ‘internal’ one 
does not. 

As is seen from the definition men- 
tioned above, the external dielectric 
constant plays a role in the response 
to an external applied field. On the 
other hand, the internal dielectric con- 
stant plays a role in theories of ex- 
citons and impurity levels where the 
modified coulomb interaction between 
an electron and a hole or between an 


> Cin 
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electron and an impurity charge is es- 
sential. 


iD) See, for example, R. Kubo, J. Phys. Soc. 
Japan 6 (1957), 570. 

2) G. W. Pratt, Jr., Phys. Rev. 118 (1960), 462. 

3) T. Izuyama, Prog. Theor. Phys. 25 (1961), 
964. 

4) J. Hubbard, Proc. Roy. Soc. (London) A240 
(1957), 539; A243 (1958) 336; A244 (1958), 
199. f 

5) See, for example, D. F. DuBoio, Annals 
of Phys. 7 (1959), 174. 


Three-Pion Resonance and High 
Energy Phenomena 


Shigeo Minami 


Department of Physics 
Osaka City University 
Osaka 


August 30, 1961 


It seems that there is some evidence 
for three-pion resonance in the experi- 
mentfor p+p2n* +20 +7 reaction.” 
According to the experimental results, 
the isotopic spin of the resonant state 
w seems to be equal to 0 and its mass 
is about (790+20) Mev.* By this 
information we are motivated to 
study the problems for the w. When 
we denote the three pions of which 
the w consists aS 7%, 7 and z,, the 
isotopic spin of 7-7, system must be 
equal to 1. ‘Therefore the orbital 
angular momentum Zl in 7-7, system 
must be odd owing to the Bose statis- 


* The predictions of the w have been made 
by Nambu, Chew and Gell-Mann. 


tics. As the most possible case we 
may consider /=1. Then we are in- 
clined to regard the w as a resonant 


state in 0-73 system, * where p in- 
dicates the resonant state in 7-7 system 
with the mass 750 Mev, isotopic spin 
I=1 and spin j=1 which has been 
established in the recent experiment.” 
If the w corresponds to the neutral 
vector meson which has been predicted 
by Nambu,” the orbital angular mo- 
mentum // in p-z, system must be 
equal to 1. It is of interest for us to 
derive such a resonant state from the 
current field theory, but it may be 
a difficult problem because the mass 
of w is much smaller than the sum 
of those of p and a, in spite of the 
existence of the centrifugal barrier.** 

Recently Hasegawa” has shown that 
the phenomena of jet shower in ex- 
treme high energy region can be ex- 
plained in terms of the effects of the 
fictitious H* quantum which may be a 
bound state in baryon-antibaryon system. 
According to his analysis, the mass of 
H™* seems to be about 2M, where M is 
the nucleon mass. There may exist 
several kinds of H*. In this case the 
mass of 2M should be interpreted as 
the mean value of the masses of these 
quanta.*** Basing on the experimental 
results for the existence of » and a, 
and introducing the H* quanta belong- 
ing to the bound states in nucleon- 


* The z3 may be a x° for an instant and also 
may be a z* or x” for another instant, because 
the width of w seems to be much narrower 
than that of 9. 

*& We heard that Sudarshan pointed out 
My <M My t+ My: 

+k We are indebted to Dr. S. Hasegawa who 
has kindly discussed with us. 
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antinucleon system, that is, /7)* and 
TI,* with isotopic spin 0 and 1 re- 
spectively, for the reaction of antipro- 
ton annihilation we should like to 
suggest the following model as an 
attempt to establish the relation be- 
tween the description of extreme high 
energy phenomena and that of pheno- 
mena in Bev region or low energy 
region. The large multiplicity of pions 
in antiproton annihilation at rest may 
be due to the effects of ¢ and w. 


pt+p >Hi*>p+ 0 (z+ +27) 
HAGE ie etl) (a) ® 
P+p>H* or H*3p+p3(a* +27) 
eRe a Rees 
Or. (em) Gratent) el) * 
pt+p H* > o+0> (at +27 +2°) 
+(at+a7+2°). CL 
Next let us make some discussion 
about K~-p collision. We have pre- 
viously predicted the resonance pheno- 
mena for K~-p scattering in the 
neighborhood of 1.1 Bev/c which are 
due to the strong interaction in J=0, 
d3)-state.” These resonance phenomena 
due to I=0 state have been confirm- 
ed by the recent experiment for K~-p 


scattering.” In addition, recent measure- 
ments” on 


Ko+poN+a+a+2, (IV) 
K-+poA+atataz, (V) 


at 1.15 Bev/c have shown the existence 
of Y,*, but there seems to be no 
evidence for the strong z-/ interaction 


* The (p-), (0-0) and (w-w) pairs in 
these processes may be produced in part 
without the excitation of H*. These correspond 
to the processes which have been suggested by 
Sakurai.5 


(Y,*) in the reaction (V). We may 
consider the following reaction mecha- 
nism for these reactions at (1.1~1.4) 
Bev/c, since they correspond to the 
phenomena in the neighborhood of the 
threshold energy of K~ +p—>Y-+u. 

K-+p>Y+o>Y+a+a4+2. (VI) 
But such a model as this can be ap- 
plied only to the reaction (V), because 
it is the J=O state that reacts strong- 
ly and because the Y,* plays an 
important role in the process (IV). 
We should like to get the experimental 
data for the energy spectrum of 4 in 
the reaction (V). 

Finally let us examine the effects 
of w on z-N scattering at high energy. 
As was pointed out by Nambu,” the 
existence of w may have something to 
do with the second or third resonance 
There will be the 


following reaction mechanism for z7-p 


for z--p scattering. 


scattering at high energy. 


zn +pontwrN+m2 (m=1, 2, 3). 
(VII) 

It is needless to say that the isotopic 
spin J=1/2 state reacts strongly. In 
such an energy region that the second 
or third resonance takes place, we may 
safely suppose that the w and neutron 
in the intermediate state will be in an 
s- or p-state relative to each other. 
The s- and p-states in w-2 system may 
correspond respectively to the dy/.- and 
Sojrstates in the initial 27-p system 
which are responsible respectively for 
the second and third resonances. 
Moreover, it may be expected that the 
existence of w has also something to 
do with the fourth resonance for the 
isotopic spin [=3/2 state, because the 


DUEL EAT: 
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reaction process 2+N>N*+o> 
(N+2) +(a*-+27>-+7°) may: play the 
important role in z-N scattering in 
the neighborhood of 1.35 Bev, where 
N* indicates the(3/2, 


state in z-N system. 


3/2)-resonant 


The author would like to express 
his thanks to Dr. B. C. Magli¢ for his 
kind information on the experiment 
at Berkeley. 
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Proton-Antiproton Collision 
and Isobaric States 


= * Shigeo Minami 


Department of Physics 
Osaka City University 
Osaka 


August 14, 1961 


We previously tried to estimate the 
branching ratios for the reaction pt+p 
»K+K+n+2 under the assump- 


tion that this reaction takes place 
through the process p+p->K*+k* 
SK +KAnital.*. The ‘result m the 
most practical case .Igs=1/2 (xs 
represents the isotopic spin of K*) 
showed that it will be impossible 
to tell by the branching ratios at 
production whether the initial state 
is [=0 or J=1.** The final isoto- 
pic spin state J=0 (or J=1) is 
divided into the symmetric and anti- 
symmetric parts with respect to the 
final two pions. The reaction ampli- 
tudes for these final substates were 
estimated previously with equal weight 
for simplicity. 

In this note we should like to ex- 
amine how. the branching ratios are 
modified when either substate plays 
the most important role in the follow- 
ing reactions and to discuss which 
substate has a predominant effect on 
these reactions. 


prpoK*+K*>K+K+24+5; (1) 
N*+N*5N+N4+24+2, (CD 
Yi*+Y* 3A+A+a+2, (I) 
Y,*+ Y,*o92+2+2+2, (IV) 
Y*+Y,* 5A+S +242, (V) 
Y,*+Y,*53+4+A+a+2, (VI 
where sk Ny.) and _Y," indicate 
the isobaric states in 2-K, 2-N, 2-A and 
a-S’ systems respectively, and _ their 


isotopic spins seem to be equal to 1/2, 
Soe besdnide 0) respectively.” The 


a SCerae to the recent experiments, the 
observed Az (or Kx) mass distributions for 
this reaction seem to be consistent with both 
K* and K* resonances.” 

** The author thanks Dr. J. Ballam for his 
helpful comment on this point. 


see. | 2s s.., - ee 
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branching ratios for reactions (I) and 
(II) are shown in Tables I and II. 
(S) and (A) in the tables represent 
respectively the symmetric and anti- 
symmetric states for the final two 
pions. 

The symmetric and antisymmetric 
states for reaction (III) correspond to 
the final isotopic spin states J=0 and 
I=1 respectively, and the following 
results can easily be obtained. 


(AAn*2-):(AAn’n")=1:0 for J=1 state, 
= yl tor 1 =O state. 


In our model, only the J=O state con- 
tributes to reaction (IV) and there 
are nine possible states belonging to the 
final (¥¥zz). 


tudes for the symmetric and antisym- 


If the reaction ampli- 


metric states are estimated with equal 
weight, we can make a _ prediction 
such that each final state will be reali- 
zed with equal probability. The branch- 
ing ratios of reaction (IV) into the 
final states except for (¥*-2z-z°>), 
(S°3"2'R) and (S-Statat) do not 
depend on whether the symmetric state 


reacts strongly or the antisymmetric 
state reacts strongly. Because the z- 
component of the initial isotopic spin 
is equal to zero, the A or A in reac- 
tion (V) or (VI) must be accompani- 
ed by 2°, so long as reaction (V) or 
(VI) takes place through the process 
pt+po Vit + Y,*2A4+S +242 or 

ptpr Yort+ Yi*3 2S +Ata+2, There- 
fore we have only to consider the 
possible three states (2°7*), (2°n°) and 
(x°2-) with respect to the final pions. 
The final states for these reactions 
can be specified by the charge states 
of the final two pions. The branch- 


ing ratios both for reaction (V) and 
for reaction (VI) are given as follows. 
(nxt): (2°a") 3 (27) =1/6 347382176 
for the symmetric state, 

=176:021 76 
for the antisymmetric state. 
Next we should like to discuss which 
state of the symmetric and antisym- 
metric ones plays the most important 


role in reactions (I)~ (VI). The final 
configurations Kinat+K+a may 


Table I. Branching ratios for reaction (I) in the case where each isotopic spin state mentioned 
in this table reacts strongly. 


reactions 
| 
(S) 
pt+poKt+ K-+nt+n7- | 1/9 
K* + K-+794 70 | 1/18 
K++ K0+n7470 2/9 
K0+ K0+ 70+ 79 | 1/18 
K+ K0 474477 1/9 
K0+ K-+7*+70 2/9 


branching ratios 


| I=0 

(A) (Soy eae 
1/9 1/9 1/9 ; 

0 1/18 0 

0 0 2/9 

0 1/18 0 
1/9 1/9 1/9 

0 0 2/9 


4 
q 
‘ 
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Table II. Branching ratios for reaction (II) in the case where each isotopic spin state mentioned 
in this table reacts strongly. 


branching ratios 
reactions vat : Pa Ea Wed ee : 
a ee a 44 a a ea got * a Se ee = ais, 
‘ (S) (A) (S) (A) 
prpoptptnttr- 8/45 5/18 sigs ite oa 
natant +a | 8/45 5/18 2/9 1/18 
pt+ptn+rn° 1/45 0 1/9 0 
n+At+n+70 1/45 0 1/9 0 
ptatn-+7r0 1/45 0 0 1/9 
n+p+rnt+n0 1/45 0 | 0 1/9 


i 


generally be specified by giving J, /’ 
and L, where Z (or /’) indicates the 
orbital angular -momentum in K-z 
system (or K-z system) which cor- 
responds to the K*(or K*) spin and 
parity, and L indicates the orbital 
angular momentum of the center-of- 
mass for K and z with respect to that 
for K and az. 
for reactions (IIl)~(VI) may also be 
specified similarly. 
reaction (I) of proton annihilation at 
rest and reactions (II)~(VI) in the 
case where the available energies in 


The final configurations 


Let us now study 


the final states are very low. Then 
we may safely suppose that the ee 
and Y* will be in an S-state relative 
to. each other. Dalitz and Miller” 
tried to explain the experimental results 
for K~+p—2A4+2+4+2z reaction by taking 
into account the interference effects 
arising from the requirement of Bose 
statistics for the final pions. Their 
discussions are based mainly on the 
analysis of experimental data for the 
following configurations. (i) The two 
pions have the same c.m. momentum. 
(ii) The two pions have equal and 
opposite momenta in the c.m. system. 


Of course the configuration (i) results 
from the reaction amplitude for the 
symmetric state of isotopic spin for 
the final pions. Now let us pay atten- 
tion to the configuration (ii) in our 
When J+//+L is even (odd), 


the symmetric (antisymmetric) 


case. 
state 
plays the important role in these re- 
Since /=l' for the reactions 
(I)~ (IV), we may say as follows. 
(1) If the initial p-p system is in an S- 
state it may be expected that the antisym- 


actions. 


metric state has the large effect on 
(Dt Caen 
(Il) ~ (IV), the symmetric states react 
Tf Y;* and Y,* are «the 


isobaric states with the same orbital 


reaction reactions 


strongly. 


angular momentum in Y-7 system, the 
same conclusion as (2) may also be 
obtained with regard to reactions (V) 
and (VI). 


* Tt must be noted that the parity of antiproton 
is odd. 


: cae et Ler eo 
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Parametric Integral Formulas and Analytic Properties in Perturbation Theory 
Noboru Nekoi 


Prog. Theor. Phys. Suppl. No. 18 (1961), 1 


p. 16 Eq. (4.8) >=0U/9z; DU, =d0U dz; ; 
cee(a) c€e(i) 
p. 19 8th line from bottom =x; Xiy 
22th line C,U(G—(HC;))4¢  Cyn(G—(HC;)) 46 oie 
> p. 41 Eq. (10-29) (my ~ 595)? (mi y;— 594)? e 
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A new model is proposed for nuclear reactions in order to investigate the “ intermediate 
resonances” detected experimentally in the intermediate energy region. The basic assump- 
tion is that only several nucleons of the target nucleus are excited at the compound system. 
Calculations are made in terms of the concept of the partial-equilibrium-compound-nucleus 
and the direct interaction developed by Austern-Butler-McManus. Numerical results for the 
level distances of the “intermediate resonances” agree with experiment. The number of 
excited nucleons in the compound system is about six and depends slightly on the excitation 
energy or the mass number of target nucleus (in this energy region). Further it is pointed 
out that outgoing channels couple with each other to form a gross channel corresponding to 
the “intermediate level” of the residual nucleus. The average distances between the gross 


channels are about 300 key. 


§ 1. Introduction 


The concept of the compound nucleus has succeeded in explaining low 
On the other hand, the idea of direct interaction” has 


energy nuclear reactions.” 
The angular distribution is usually 


been useful for high energy nuclear reactions. 
explained by the theory of direct interactions, for example, pick up or stripping 


process,” while the energy dependence is calculated by the use of the statistical 


model” in the intermediate energy region. 

Recently the excitation curves and the angular 
inelastically scattered from various nuclei have been in 
5)~) Sharp energy dependences have been 
pical examples are shown in Figs. 1~4). 


distributions of protons 
vestigated experimentally 
observed in these 


by many authors. 
There is no ex- 


excitation curves (ty 
ception under the following circumstances : 

A> 20, 

€=15~30 Mev, (1) 


JE < 100 kev. 


s number of target nucleus, excitation energy, 
eriments, respectively. These sharp energy 
seem to be a general feature of intermediate 
e independent of incident particle, target 


Here A, &, and JE are the mas 
and energy resolution of the exp 
dependences of the excitation curves 


energy nuclear reactions, since they ar 


ae 
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nucleus, and reaction type. The simple direct interaction theory cannot explain 
these energy dependences because they fluctuate so rapidly, while the compound 
nucleus model produces too sharp resonances. The energy dependence of the 
angular distributions cannot also be explained by these usual theories. A new 
model? is introduced in this paper to explain these sharp energy dependences 
of the excitation curves at intermediate energies. 

In this model these peaks are assumed to be some kind of resonances, where 
the level widths and the level distances are about 100 kev and 400 kev, respec- 
tively, which are about 10* times as large as those predicted by compound nucleus 
model, and are one tenth of the giant resonance in the optical model. We refer 
to these resonances as “intermediate resonance” in the following. To make 
the concept of the intermediate resonances clear, we roughly estimate a time 7 
during which the interaction takes place. For the compound nucleus yom 18 
given by the reciprocal of level width /’; for slow neutron resonance 


CN fl ~ 105 Secs 


For the direct interaction process 74;, is about the transit time of the incident 
particle through the target nucleus; for the medium weight nuclei 


Tair =R/v~10™ sec, 


where R and v are the radius of target nucleus and the velocity of incident 
particle in the target nucleus, respectively. In the case of the intermediate reso- 
nance, 7, is given by 


t.=h/ 0. ~410-™ sec, 


Then we obtain 


which shows that the reaction ends before statistical equilibrium is achieved. 
Namely, the reaction proceeds through a certain partial equilibrium whose lifetime 
zt, is between 7,5, of the compound nucleus and 7,;, of the direct process. 

This suggests that a certain number of nucleons in the target nucleus strong- 
ly interact with the incident particle; the others produce the averaged potential, 
only through which they interact with the incident particle. 

As is well known, the excitation energy is assumed to be shared among all 
nucleons of the target nucleus in the formation of the compound nucleus at low 
energies. On the other hand, only one nucleon of target nucleus strongly inter- 
acts with the incident nucleon in the impulse approximation at high energy. 
That is, the excitation energy given by the incident particle is shared among a 
smaller number of nucleons in the target nucleus as the incident energy increases. 
In the intermediate energy region, the incident particle should interact strongly 
with a certain number of nucleons in the target nucleus while it interacts with 
the other nucleons only through an average potential. 
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These considerations lead to the assumption that the reaction proceeds 


through a certain partial equilibrium in the intermediate energy region. Let 


us divide the nucleons of the target nucleus into two groups: the inert core 
nucleons and the outer nucleons. The partial equilibrium means that only outer 
nucleons interact strongly with the incident particle, while the inert core re- 
mains in its ground state but produces an average potential for the incident 
particle. 

When the incident particle once enters into the target nucleus, the compound 
states are formed. The compound states do not mean the states of the well- 
known compound nucleus but the compound states of the incident particle and 
outer nucleons only. 

A general formalism in our model is developed on two basic assumptions : 
the partial equilibrium assumption and the compound state assumption. In § 2, 
the formalism of nucleon-nucleus scattering and the differential cross sections 
are derived. Some numerical results are obtained and compared with the ex- 


periments in § 3 and $4. The physical meaning of this model and some theo- 


retical predictions are discussed in §. 5. 


§2. Partial equilibrium model in the intermediate energy region 


In this section the formalism of nucleon-nucleus scattering 1s derived for 
the intermediate energy nuclear reaction based on the -idea explained in §1. 

For simplicity only the nucleon-nucleus scattering is treated in this section. 
The following treatment can be easily extended for more complicated case, €.g.. 


(p, @) reactions. The Hamiltonian H of the system is generally written as* 


HET 4 Vi PEL + Vint Viet ie, (2) 


where 7’, is the kinetic energy of the incident nucleon, V>,, Voc, and Vere are 
the interactions between the incident nucleon and the outer nucleons, between 
the incident nucleon and the inert core nucleons, and between the inert core 


nucleons and the outer nucleons, respectively. 
The inert core nucleons are considered to interact with the incident nucleon 


only through an average potential. Therefore the interation V»- can be replaced 
by an average interaction U, which contains only the coordinates of the incident 


nucleon r,: 


Vee Up (¥p)- (3) 


On the other hand, the basic assumption of the partial equilibrium reduces not 
only the interaction Vp. to U, but also the interaction V;,, to an average inter- 


* The outer nucleons and the inert core are specified hereafter by the suffices 7 and ¢, 


respectively. 
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action U, since the inert core does not change its state during the reaction, 
Vee Sad Us (r,) ? (4) 


where U, contains only the coordinates of the outer nucleons. 
Our system may be described by the model Hamiltonian Hy, which is writ- 


ten 
Hy=T p+ Vert H,+U,+U,4+ He. (5) 

The wave function & of the system is then written as follows: 

P={,P (6) 
where @ is the wave function of the outer nucleons defined by 

H,0=E9, 

EL es Pie Fl, @ 

ey pita ahs ng a Be a SE 


Here H, and E are the Hamiltonian and the total energy of the system which 
consists only of the outer nucleons and the incident nucleon, and the inert core 
is expressed by the wave function %, which remains in its ground state. As is 
easily seen from Eq. (6), @ is a state of the resonating group™ whose constitu- 
ents are the outer nucleons and the inert core. . 

Owing to the compound state assumption it is convenient to separate V,, 


into two parts, ie. the outside interaction V,% and the inside interaction V,,; 
defined by 


Ping Voy cae = R) 
V,i= . 
lo: (,=R), 
8 
te (0 Cf. are °) 
eh ( Vier (ry = IOs . 


where 7, is the radial coordinate of the incident nucleon in the center of mass 


system, and R is the interaction radius at which the incident nucleon and the 4 
target nucleus form the compound state.* The Hamiltonian of the unperturbed 
system is written as é 
H,¥ = H,— Vor. (95) ee 
The channel wave function ¢, satisfies the equation . 
He" bE o; (9b) 

where £," is the channel energy. The transition matrix 7',, can be separated 
into two parts, : 
‘ 
* R can be chosen arbitrary in principle. ; 


a However, to obtain a well defined reduced width a 
it is most convenient to choose the same as the nuclear radius of the target nucleus 
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(= Coe ad Tones (10) 


where suffices a and b denote the entrance and the outgoing channels, respec- 
tively. The first term in Eq. (10) contains only V,; and is given by” 


ve =< >| Vor[1+ (E+76'—H, Mo —Vpr)~ me War ioe. (11) 
where €’ is a small positive number. The matrix T,{ is written as 
f BE 1G + Ce. ante Re Vor) = Vel | V se 
fi: (Baie) Vf) (1+ (+28 —H,=V,97-Vi1¢.)- 2) 

It is convenient to introduce a complete set of the internal wave functions, 
since it was assumed in $1 that the compound states are formed as soon as 
the incident nucleon enters into the target nucleus. The wave functions A, of 
the compound state satisfy the wave equation 

H,A,=E,A, (13a) 
where : 
De Woy Aaa Ul pat Ue (13b) 


The boundary conditions given by Teichman-Wigner” are taken as 


| (ardd A, y+ beAs) $,45=0, (14) 


where S is the surface of the intermediate system, m denotes the normal com- 
ponent of the surface, and b, is a real constant. The set of functions ¢, 1s 
complete on the nuclear surface. Using the complete set of states |/,), we 
obtain 


P=Col Votlbed+ D ee een (15) 


This is easily rewritten by means of the reduced widths @,, and 6,) (see the 
Appendix, Eq. (A1)) as 


+38 J+s!l 
g=0 > (<2) Faster A(a, b, 1, 8,9), (16) 


—s| f=|7—s! 
yp l=|J—s| W=|7—-s!] Ci 


where (0, @) are the angles between the incident and the outgoing nucleons, 
and &, is the complex eigenvalue of the intermediate system. Phe factor Anis 


given be (see the Appendix, Eq. (A4)) 


h kh \"? 3 a-u i 
A(a, b, #, 9 n=(- (4 h ae met (214 1) Ba ey 


x (1s0m,|l, JM) - (U's! v! me| fs’ TM) Yin (9, ), (17) 


where J, M, s, ms, J, and v are the total angular momentum, its component, the 
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a 


channel spin, its component, the angular momentum of the incident wave, and 


its component, respectively. The quantities of the outgoing channels are dis- 

criminated by the prime (’). 
It is to be noted that T'{? and Tx are coherent in our model.* Thus using 

Eqs. (10), (15), and (17) we obtain the differential cross section for the scat- 


tering of nucleons by the nucleus (cf. the Appendix, Eq. (A3)) as 


sap lie, B a )'( ) let DTH 


dQ 


LSS 20 Fuse Ala, b, 1 0, D)|?, (18) 
Mig a S ; 


u =" 
pn 


where k and #’ are the wave numbers of the incident and the scattered nucleons, 
m is the nucleon mass and J, is the channel spin of the initial state. 

The second term in the last factor of Eq. (18) is not the one due to the 
formation of the usual compound nucleus, but is due to that of the compound state 
consisting of the incident nucleon and the outer nucleons only. Therefore the 
resonances would be very well spaced even in the intermediate energy region. 
On the other hand, T{2, i.e. the direct interaction term is known to be also ap- 
preciable in the intermediate energy nuclear reactions. Thus the angular distri- 
bution of the inelastic scattering would be very complicated in general since 
these two terms interfere each other. 

In practical cases in which the contribution of a few levels is dominant in 
the second term of Eq. (18) and the distorted wave Born approximation” is 
used for the first term, Eq. (18) may be approximated as follows,** 


do (a, b) =e ) 2L+1)7*-|Cbsl Vell Ga) 


dQ Qrh’ 
a Bsa nay Sie aa» 2 
or alin tena AH (~22) + - A(a,b, p, 0, P) \* (19) 
p t=|J—s| = |F—s!| lene 


where the summation >3,’ is taken over a few neighbouring levels. 


Eq. (19) consists of two terms: One is the resonance term just like that 
appears in Breit-Wigner’s many level formula” and the other is the surface direct 


* The condition under which the intermediate levels are detected experimentally is that 
D,>T,>4E 

where D, is the level distance between the intermediate levels. In other words, the time duration 
of the incident and the outgoing wave packet (=h/4E=10-29 sec) is longer than the half lives of 
our compound states (h/I’,=6X10~! sec) and the reaction time of the direct process given in 
§1(~10722 sec). Thus the waves emitted through the compound state and through the direct process 
should be coherent in our model, namely Ty, and 7), interfere each other. 

** The cross section Eq. (19) should be applied at lower energy. At higher energy, the first 
term in Eq. (15) becomes more important. Then, we should replace the first term in Eq. (19) 
by (¢5|Vprida> (see the Appendix, Eq. (A5)). 


ee ee 


Pao ee 


6 


ee ee J 


aie a i 


Ta es Se 


put 
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interaction term such as that given by Austern et al.” When the former contri- 
bution dominates the latter contribution the angular distribution changes its shape 
with the energy abruptly. Conversely, when the latter is dominant, the angular 
distribution shows a characteristic diffraction pattern and changes its shape with 
the energy very slowly. 


§ 3. Intermediate levels 


It was assumed in § 2 that the sharp energy dependences of the excitation 
curve were due to the resonances caused by the interaction between the incident 
particle and the outer nucleons. In this section, we are going to calculate the 
level distance D, by using H, in Eq. (7) and Weisskopf’s semi-empirical level 
density formula” under this assumption. 

Under the partial equilibrium assumption the nucleons in the compound 
state should spread over all the volume of the target nucleus since many col- 
lisions may happen in the compound system to attain the thermal equilibrium. 
Among the terms of Eq. (7) U, and U, may be considered to work to determine 
this size of the interaction volume, and the interaction would be described by 


20+ 


do 


in 


mb/st | laa 


Ep in Mev 


Dp eo bP 19 
Xe) 
=) 

° 


Fig. 1. Excitation curve of the Ni8(p, p’)Nis®* reaction.” aie 
sonance peaks are shown by the arrows. The 


intermediate re 
The angular distributions 


symbol * shows the first excited state. 


are also measured at several energies and show a typical diffrac- 
1 in low energy 


tion pattern at high energy (£,~12 Mey), anc 
region they become gradually isotropic. 


\ + i — * = Pi es te 
a : » a - 4 r, i aes : 
sr ' ee Sn ae 
tis eh . ; 
eS Re ce hl he - 
- ey oe 
G- 7% Sy Py. 
‘ <2 = ee 
; CT aa 
o 
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do 
dQ 
in 
mb/st 
; 
7 8 10 
" E, in Mev 
Fig. 2. The excitation curve for Mg™(p, ~’)Mg™*. The total — 
cross section is estimated from the angular distribution ee 


measured at 17 angles. The arrows show the intermediate 
resonances observed in the total cross section. — ‘ 


the other terms.* Therefore in calculating D,(&) we can replace H, of Eq. Om Rec : 
by , _. 
H,'=H,—U,—U, See (20) 


=H,+Vo+T >. 


EAs 20) is the Hamiltonian for the scattering system which Egusists of thea 


. 
* The average interactions U, and U, cause the giant resonance for the scattering. The | 


intermediate resonances couple each other to form the giant resonance, and when tkese intermediate _ 
-resonances are averaged by large energy scale the giant resonance only remains. =¥ 
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6 p 
Ep in Mey, a0 14 


Fig. 3. Excitation curve of Al"(p, ro+71)Mg?8*. Transitions to 
the ground and the first excited states of Mg?8 are mixed in it. 
The intermediate resonances are shown by the arrows. 


incident particle and the outer nucleons. The interaction radius must be taken 
as same as that of the whole nucleus because of the assumption that the incident 
particle and the outer nucleons spread over all the volume of the nucleus. — 

The level density D,° of the above scattering system is calculated by using 
the Weisskopf semi-empirical level density formula which gives satisfactory results 
for the level densities of slow neutron scattering. That is, 


Dee jac expt-2 /a&,', (21) 


where &, is the excitation energy of the compound system and a and ¢ are 
parameters depending on the mass number A. It is-to be noted that the inter- 
action radius of the system in Eq. (20) is larger than that of the usual com- 
pound nucleus which has the particle number same as in our scattering system 
but has the normal density. As is well known, the level distance of the single 
particle model is proportional to R~*. We assume this relation holds also for the 
transition from the usual compound nucleus in the above sense to our compound 
system which consists of the same number of nucleons but has larger interaction 
radius (cf. Fig. 8). Then we easily obtain*™ 


,=( a i (22) 
aie 


* This does not correspond to the treatment for the ideal gas, but to that for the nucleon 


gas having some correlation among them, 


; + a . 0 " mn ‘ y > 
, (ey . ers Ae “4 + pe ms ' bi ie — ~ ne ee . “4, u! 
£4 red Soi SR ec ihe Peas geen, oy Safed sharon 
‘ . F Seen i uM NCCE rerio Se = 
a” " Ve i Car wd / 
: Ree ern a3 °°? 2. 
i ; (re) & 
¥ ; Re rE 7 a. , 
¥ ; 4 Reto. 
4 ra : 
Shale 816 K. Izumo eae 


rel. 


10 
: Ep in Mev e 


Fig. 4. The energy spectrum for Si%8(7, )Al?7. The ordinate 
is the relative numbers of protons. Bremsstrahlung y-ray 
with 24 Mev maximum energy are used. Arrows show the 
gross channels. 


! ap 


where n is the nucleon number of the incident particle, € is the excitation — 
energy of the compound system, and N and A are the number of outer nucleons ae 
eh “and the mass number of target nucleus, respectively. y a 


Next we have to determine the parametric values of a and ce drom kno ae 


d i“ eli is oh >. 
1 i oom a. oo f 
, . * ‘ 
abet . f j Bit edt / 
be : ¢ 7 7 a Pe Set et ey = 
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Fig. 5. The excitation energy dependence of the intermediate level 
distance D, for the Si” compound nucleus. The theoretical curve ~ - 
is calculated from Eq. (23) for (N+n)=6 and (A+n)=28. The 
circles, triangles, and squares show the experimental level distances 
between each intermediate levels measured from the reactions Al?” 

GS ves AL7(p, «)Mg™ and Al??(p, «)Mg™*, and Si28(7, p) AL”. 
The bold faced symbols show the averaged values. 


data on the resonances in actual light nuclei. To do this we must first note 
the possible mass number dependence of these parameters and thus we need to 
_ know their values at least for two nuclei with different mass numbers. We 
first take the data on a nucleus witha 4-ser;.. and then equate the right-hand 
side of Eq. (21) to the mean value of the energy of the first excited state in 


+ 


es 
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several light nuclei.*” The values of a and c thus fixed are 


a=6.11-(N-+n)?-10-* Mev’, (23’) 


1 


loge=—1.20+0.0334(N+7) ; ¢ in Mev~. 


Fig. 5 shows how Eq. (23) depends on the excitation energy in the case 
of (A+n)=28. The mean values of experimental level distances D,” lie on 
the theoretical curve corresponding to (N+) =6. This figure also shows that 
the model can be applied up to about €=25 Mev for the compound nucleus of 
(A+n)=28. On the other hand the excitation curves of Ni®(p, p’)Ni™, 
Ni®(p, p’)Ni**, Mg” (p, 2) Me™, and Ne” (p, p’)Ne”* show that our model can 
be applied up to about 20 Mev (cf. Fig. 1, Fig. 2, and Table I). The mass number 
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Fig. 6. The mass number dependence of the intermediate 
level distances D, and D,. The theoretical curve is 
calculated from Eq. (23) for (N+7)=6 and e=12 Mev. 
The circles and the triangles show the experimental points 
derived from the excitation curves and the energy 
spectrum, respectively. They are also shown in Tables 


J and II. 


The parameters are determined by fixing p and q, of the equation 
> 


log D=p+(N-+n)q 


at A=27 and at light nuclei. Data on D at hi itati i 
27 and . Data at high excitation energy is not used si 
resolusion is not reliable, ies thease 
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10 
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N+n 
Fig. 7. The number of times each outer nucleon number (N+) appears, 
calculated from the experimental values D,**” by means or Eqy @3). 


Table I. The intermediate levels measured in excitation curves. The notations Q, B, and 
e are the Q-value of the reaction, the binding energy of proton, and the mean excitation 
energy of the compound nucleus, respectively. D,¢*? and D,'"¢7 are the level distances 
measured experimentally and predicted theoretically, respectively. The number of the 
intermediate levels observed by experiments is shown in the eighth column. The * and 
** show the first excited state and the mixture of the first and the ground state, respec- 
tively. Those without * means the ground state. 


Type One Oker) eee (Mev) tise) Ca ae Reference 
F9(p, a)O™ 8.12 | 12.82 | 12.9~141 | 261 700 460 2 15) 
Ne20(p, p’)Ne* | —1.63 | 2.0 7T4~15.5.| 13.5 | 1,200 830 6 16) 
Mg2#(p, ~/)Mg%* | 1.37 | 2.56 | 3.5~ 7.0 8.5 730 960 7 11) 

7811.01) 0116 780 760 4 6) 
AL? (p, «) Mg?! 1.60 | 11.57 | 105~145 | 23.6 350 320 7 9) 
95-110 ia i20.8 420 360 3 12)5°13) 
AL?(p, «)Mg?** 0.23 | 11.57 | 95~11.0 |, 21.8 | 430 360 3 9) 
165-145"). 23.025), “299 340 5 12), 13) 
AR?(p, 7) Si8** 11.57 | 11.57 | 60~12.0°] 190 | 400 410 15 CN ee) 
20.6 410 380 (AY, se) 
22.5 >| 370 340 7), ta) 
Si28(p, p’) Si?8* =178 £9 | 8.095% 180) *360 580 3 14) 
11.0~120 | 15.9 | 230 | 470 3 14) 
Tit8(p, p’) Ti8* —0.99 | 634 | 40~65 ) 111 310 | 1340 9 11) 
Cro2(p, p’)Cro2* CO Aue, 08 Gbete TOME F870 fy. 80 6 11) 
Fe®(p, p’) Fee* Say 85 ese 2a Ne AO 6S ek 2:2 abe 410) 200 5 11) 
Nits(p, p/)Nis* | —145 | 3.42 | 80~11.0 | 126 | 300 | 230 8 5), 10) 
Ni®0(p, p’) Nis 2 350A 79e ee 7.0 90 | 12.8 Boers 210+ br 7 5), 10) 
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Table II. The gross channels measured in energy spectrum. The notations Q and & 
are the Q-value of the reaction and the mean excitation energy of the residual nucleus, 
respectively. D,°? is the mean energy distance between the gross channels measured ex- 
perimentally in the energy spectrum. D,{"9r is the theoretical prediction. The energy 


resolution of these experiments is less than 100 kev. 


Type | ET eer | € (Mev) fo ant | Peaks | Reference 
AL?(y, p)Mg E,=2.0~12.0 | 10.0 | 670 | 730 7 | 18) 
Si8(7, p) AP? 2HA1200 | 2 TO,cahe) 4208 he eU 7 8) 
P3l(7, p) Si% FeV AA ede 660 | 630 7 18) 
Ti(p, d)Ti £j=95 14.6 91-0068 || 8 850 520 mraety 19) 
V(p, d)V 90~122 | 53 | 800 | 580 Peed esas bo 
Mn®5(p, d) Mn? 5514.8 5hxk, DA 820 530 5 19) 
Fe(p, d)Fe 6912.69 | 05.5. Hs 820 520 5 19) 
Co59(p, d)Cor8 9.0~13.8 BG. . sod! 480 7 19) 
Ni(p, d) Ni Lease 4 £5.) 0 34870 2 fea bee 4 19) 
Cu(p, d)Cu TOS de 4.3 820. .| ~ 530 5 19) 
Zn(p, d)Zn PITS 4.4 640 | 510 6 19) 
Zr (d, p)Zr Q=0 ~ 5.0 3.9 210 2 370 25 20) 
Nb®3(d, p) Nb% 22~ 4.9 29 | 250 450 | 12 20) 
Mo(d, p)Mo 13~ 52} + 32 | | 240 aj0 4) oat 20) 
Rh13(d, p) Rh WOR abil pate he OO 42) HT = 16 20) 
Pd(d, p)Pd 09~ 5.0 [> 34 | 7 180 350 | 24 20) 
Cd(d, p)Cd Oe. y he Seat TOO 00. 0p. eed 20) 
In(d, p)In 2164.6 HE Bt Meda S707 as 20) 
Sn(d, p) Sn Oak Oh wea Bel) © 240 90:1 =" aS 20) 
Tal8l(d, p) Tal®? 1040 STA. Shah ga 180. bin - 538 20) 
Pt(d, p)Pt 06~ 41 | 34 230 170 16 20) 
Auls7(d, p) Aut 1l1i~ 4.4 | og° | Mgag 0!| {esa eas 20) 
Pb(d, p)Pb Ci sh of $601 S30 150 | 16 20) 

| 


i 


dependence of Eq. (23) is shown for €=12 Mev in Fig. 6. The experimental 
points concentrate also on the theoretical curve corresponding to (N+ 7) =6. 
The points for A100 are obtained from the energy spectrum of (d, p) and 
aie if BAG a Their excitation energies are so small that it panne be af- 
rmed that they are the intermedi sonances 
(N+) is ee ilatd by using ae ay anit ean ee pa Ne: 
.» (23), number of times that each 
(N+) appears is plotted in Fig. 7 against (N+n). This figure also shows 
the predominance of the cases with (N-+-n)=6. This parameter is inclined to 
increase for €=7 Mey and to decrease gradually for €=30 Mev in (pf, p’) data 
shown by Table I. The number (N+ 7) does not seem to depend eihe mass 
number within the presently available experimental data, but its mass number 
dependence or rather the dependence on the shell filling may be ascertained 
when enough experimental data are given. 


— 


ee 
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The following two points are to be 
noted. First, the data given in Tables I, 
II, Figs. 5, 6, and 7 contain almost all types 
of nuclear reactions, (p, p’), (p, @), (p7), 

7, p) (d, p), etc. This indicates the 
validity of the compound state assumption 


D)(€0) — 


in the intermediate system since it shows 
that the intermediate resonance does not 
depend on the type of nuclear reactions. 
Second, experimental points concentrate 
on the theoretical curves of (N+7)=6 
rather than distribute themselves at random. 
This shows that nuclear reactions in the 


Fig. 8. The right-hand side shows the 
level scheme of our system and the 
left-hand side shows that of a nucleus 


intermediate energy region proceeds mainly Tea cube (NG tbet mitre 
through the step of the partial equilibrium normal density. The levels of the 
in the compound state of the resonating former correspond one to one with 


those of the latter since it is assumed 


wee . that the latter is formed by simply 
incident particle rather than passage of the expanding the former. 


compound nucleus formation as a whole or 

the direct interaction. It can be concluded that only several nucleons (about six 
nucleons) form the compound system which plays an important role in the 
nuclear reaction, the excitation energy of which varying from 10 Mev to 30 Mev. 


group consisting of outer nucleons and of 


§4, Gross channels 


In the previous section we considered only the scattering of nucleons by 
nuclei, but it would be easy to understand that the same idea used there could 
as well be applied to other transmutation reactions. In either case, as the core 
is assumed to be inert, the number of possible channels for a fixed energy of 
the compound system would be much smaller than that expected in the case in 
which the whole nucleus is. excited. Therefore, there would appear sharp bumps 
in the energy spectrum of the reaction products, the spacing of these bumps 
being again of the order of D,(€). Actually, however, the core is not com- 
pletely inert and thus the above sharp bumps would be broadened. In other 
words we get bunches of exit channels, which we shall call the “ gross channels”. 

The channel wave function of the real system, ¢,, and that of our model, 


¢é, are defined, respectively, by 


Tee OF (24a) 
SK See eg Ver > 

and 
Tie di ae Lig e's (24b) 
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Jet ily Vion . 


Here &,° and E,’’ are respective eigenenergies. 
nt to introduce here the complete set of wave functions defined 


since it is assumed that the intermediate system is 
ned inside the nuclear sur- 


; It is convenie 
inside the nuclear surface, 
expressed by our compound states which is also defi 
¥ face. The complete set of the real system |X,)>, and that of our model By tee? 


are obtained as the solutions of the respective equations 


Hx, =§2, (25a) 


and 
HyA,/=E,! A. (25b) 
Here &,, and E,’ are the respective eigenvalues corresponding to the Teichman- 


Wigner boundary conditions :” 


r 


| { (grad X,) nts Xn} $,dS=0, (26a) 


and 
| {(grad Ay’) +b! A,'} Gi dS=0. (26b) 
s 


S is the surface of the intermediate system, » is the suffix which shows the 
normal component of the surface, and c, and &,’ are real constants. Then the 
reduced width of the real system, 7,,, and of our model, ?,:, are given by 


2 \ 1/2 7° 
r= (2) ly. mas, (27) 


2.\1/2¢ 
Pal h | i A,! dS. 


The reduced width 7,, is expressed. by replacing X, of Eq. (27) by that 
obtained from Eq. (26) as 


25 / Vie — ee hs : / y TE fue is “< ? 
ee bz (dr | 4 U + 6 0 lV ret I pr a2 Uh) 1X29 (28) 
zt (Eis = 6,") (ie 85) : 
This is the dispersion relation of the reduced width caused by the fluctuation 
of the potentials (V,,—U,) and (V,,—U,). It is to be noted that 7,, disperses 
not only around the intermediate level ~ but also around the channel ¢ (cf. 
Fig. 9). 
The strength function s,(/) becomes at K=&,, & being the energy of an 
intermediate level, as 
: c = / ea \ 
Su (é a ) (29) ; ; 
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where the symbol ¢ ), of the 
right-hand side shows that the 
average is taken over the states / a 
belonging to the intermediate level se ere 
p. The result after taking the 


average is* 


2 & 
5(&) = Pat 


*) Real nucleus 
ai 


E <—W,> <W,> 
Scns See pred Ae set 
(E,'—&,)?+1/4- WY ( 


with ALLL Me A \| lI | Uniform model 


(30) 


W=CCA,| (Vae+ Vee Fig. 9. The schematical explanation of the gross 
—U,—U,)’|A,>. (31) channel. The levels of the uniform model 
couple with the levels of our model to form the 

Eq. (30) shows that the inter- gross channel. 


mediate 7-correlation™ are to exist 
between the intermediate level and the compound nucleus levels. 
Here we introduce the strength function s, for the gross channel ¢. That 


is defined by 


o Cs0 \ 

5 (&5") =e (32) 
where the symbol ¢ ), of the right-hand side shows that the average is taken 
over the channels s belonging to the gross channel ¢. The €,. is the reduced 
width for the s-channel which is mainly caused by the ;-decay of the excited 
residual nucleus and D, is the energy distance between neighbouring s-channels. 


ne level 7’ of the residual nucleus, and the gross 


The channel s corresponds to o 
of the residual nucleus. 


channel ¢ corresponds to one intermediate level py’ 
Therefore, the function s;(&;°) is equal to the strength function s,/(&/) which 


might be observed in the elastic scattering of 7-ray by the residual nucleus. 


The energy &/ is the excitation energy of the residual nucleus. Considering 


the dispersion relation Eq. (28) we obtain 
ge W, (33) 


CN 1 — §s0 ‘ # 
SG) SA Te (E84 1/4 We 


with 
We=C(¢i | Vea U,)*|¢¢' )- (34) 


by the same way as Thomas has developed (Phys. Rev. 
can be calculated by the Stieltjes transform of R. 
(Prog. Theor. Phys. 21 


* The reduced R-matrix is obtained 
97 (1955), 224). Then the strength function s, 
The imaginary part W is treated more precisely by S. Hayakawa et al. 
(1959), 85) and C. Bloch (Nuclear Phys. 3 (1957), 137s 
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The right-hand side of Eq. (33) shows the gross structure of the channel s 
dispersing around the channel ¢.. “Lhe ‘hinction 5, (6-15 smaller than s,(&) in 
general, since the reduced width ¢,3 and the imaginary part W, are to be smal- 


ler than 97, and W,. 
These gross channels are to be observed when the compound system satisfies 


the circumstances (1) and when the excitation energy of the residual nucleus - 


€ is larger than, say, 7 Mev so that the gross channel contains many real chan- 
nels within its width. 

The energy distances D, between these channels can be calculated by using 
fq. (23). In Figs. 5;:6, and Table II, the theoretical values of the energy 
distances D,'"®°" are compared with the experimental values D,? observed in 
+, p), (d, p), and (p, d) reactions. The agreement is quite good for (N+) 
=6. However, in the relevant (d, p) and (p, d) reactions the excitation energy 
of the residual nucleus is so small (about 5 Mey) that each gross channel does 
not contain enough number of real channels. Also the gross channels which 
are observed in (7, p) reactions are not very appropriate since the 7-rays used 
are not monochromatic. Thus it would have to be considered that the existence 
of the gross channels is not yet confirmed experimentally. 

The width of the intermediate level /’, and that of the gross channel /”, 
are given by 


P= Wil ln (34) 
and 


[aie (35) 


where /’, and /’, are the y-ray width and the natural width for the outgoing 
channel. In order to form the stable partial equilibrium the compound state in 
our model must decay more rapidly to the outgoing channels than to the com- 
pound nucleus which excites the whole nucleus. In other words, the natural 
width /’, must be much larger than W,. Comparing Egs. (31) and (34) we 
obtain 


l,.> W,> W,. (36) 
This relation is rewritten as 
ed os (37) 


That is to say, the width of the intermediate level observed in the excitation 
curve is to be much larger than that of the gross channel which appears in the 


energy spectrum. From Eqs. (36) and (37) we can get an idea about the order 
of magnitudes of W, and /’,. 


The natural width of s-wave resonance for the intermediate level J’, is 


proportional to the inverse of the nuclear radius R™ since according to the 
result of the last section only six nucleons form the compound system regardless 


é 


2 
:. 


_-»" 
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of the target nucleus and the incident particle. Then we obtain 
[tle vOo CA atc", 


This mass number dependence is weaker than that of the compound nucleus. 
The width /’, increases with the excitation energy more slowly in comparison 
with that of the compound nucleus model, since six nucleons are excited in our 
model, while all nucleons of the compound system are excited in the case of 
the compound nucleus model. 

Finally it is to be noted that the excitation energy per nucleon in the com- 
pound state is larger than that in the compound nucleus for the same excitation 
energy. Therefore in our model the fraction of emission of high energy particles 
might be larger than that expected by the evaporation model. It is expected 
that the peak of the energy spectrum for particles nonelastically scattered by 
light nuclei shifts to higher energy by about 2~5 Mev compared with the 
evaporation model and is depressed by a factor of order 10. ; 


§5. Conclusion and discussion 


As the conclusion, under the circumstances shown in Eq. (1) we have the 
following results and the predictions : 

i) The intermediate resonance is caused by the excitation of only several 
nucleons. 

ii) About six nucleons are in partial’ equilibrium in the compound system 
and this number of nucleons depends slightly on the mass number of the 
target nucleus or the excitation energy. 

iii) The gross channels caused because of the above mechanism of. the reac- 
tion are to be measured in the energy spectrum. 

iv) The level distance of the intermediate level and the channel distance of 
the gross channel are given by Bae (23): 

v) The imaginary parts of average potentials, W, and W,, are smaller than 
about 200kev. The level width of the intermediate level 1”, will be 
larger than the width of the gross channel. The width J’, for s-wave 
resonance is proportional to (A+z7) 1/3 and it depends more weakly on the 
excitation energy than in the usual compound nucleus. 

The angular distribution of the nucleons scattered inelastically by various 
nuclei can be calculated by using Eq. (19). It should change its shape 
abruptly with the incident energy when the amplitudes which proceed 
through the intermediate levels are larger than those of the direct inter- 
actions. Otherwise it should change with energy smoothly. 

The peak of the energy spectra shifts to higher energy by about 2~5 Mev 
(for light nuclei, A~30) and the peak height is much smaller than that 


expected from the evaporation model. 


vi) 


vil) 
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As is shown in Tables I and II the ‘ntermediate levels and the gross chan- 
nels are observed in (p, p’), (p, @), (2,7), d), (7, p), and (d, p) reactions. 
The excitation curves of the Si*-compound nucleus formed by Al” (, p’) Al, 
Al"(p, «)Mg™*, Al" (p, 7)Si®, and Si*(7, p) Al” reactions, are very similar to 
each other for the same excitation energy. This evidence suggests that the in- 
termediate resonance is caused by a level of the compound nucleus. However, 
neither the spin nor the parity is yet measured experimentally. The gross chan- 
nels are observed in the energy spectra of Al”(7, p), Si*(7, p), and P™ (7, p) 
reactions, but none of these experiments are very reliable since the 7-rays used 
are not monochromatic. 

It is one of the important predictions that the intermediate resonances should 
be observed in the energy spectrum. This means that strong correlations are 
to exist among the reaction channels. To make these correlations clear will be 
a key for investigating the reaction mechanism, and experiments along this line 
are hoped to be performed. 

The predictions of Eq. (23) agree reasonably well with the experiments 
for (N+n)=6. This number of (N+ ) is inclined to be larger in heavy unclei 
and at lower excitation energy, and it becomes smaller in light nuclei and at high- 
er excitation energies. It depends weakly on the mass number of target nucleus 
and the excitation energy. However, its nuclear shell dependence or nuclear 
surface dependence might exist. 

The width /’, ranges from about 100 to 200 kev and this shows that the 
reaction mechanism is more complicated than the simple direct interaction process. 
The imaginary parts W, and W, can be determined by comparing /’, with the 
width of the gross channels /’,. This will be a check for our model. The 
angular distribution of Ni*(p, p’)Ni®** is approximately independent of the in- 
cident energy, while that of Mg™(p, p’)Mg™*, Ne*(p, p’) Ne**, and Al’ (p, a) Mg™ 
change abruptly with the incident energy. This evidence is not inconsistent 
with the predictions of our model since these differences could be attributed to 
the difference of the relative magnitudes of the first and second terms in the 
right-hand side of Eq. (19) in these two cases. 
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Appendix 


When the closed channels are eliminated in the matrix T{ the collision 
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matrix U is easily obtained,” 


Relea hy G 9) OX, (Al) 
1+7F/G E-—€& 


2 
where 


Spe (Oy a(t G@)- Gy); 


(A2) 
0: C1 4F1F/G) 2G7,. 


Here F and G are diagonal matrices with rows and columns which correspond 
only to open channels; their diagonal elements are the Coulomb wave functions 
F, and G,, respectively. The reduced width 7,4 is also represented by vector 
form ¥,.- 

The differential cross section for the scattering is given from Eq. (A1) and 
thenmatrix Tis 


_do(a,b) _ — 
dQ Qanh* 
+s J+s! ( pee 
2 \ Sy! ea ee 0; Fu xO, 
K 1 +7F/G BS: 


2 hk’ | : 
(=) (2h,41)7-|T2 


2 
-A(a, b, PB, 0, ~) 
asl; bstit 


— 
t=|7—s| 17 =|7-s!| 


(A3) 
where 
oD) = mk \ fk NM a9 au (Qi--1)3? x . 
Ata, Be PB, 0, ) Pity he 2 aE ottee a (SE a 
% sOms|EsIM) + (U's elm |Us'IM) Yu (8, 2). (Ad) 


Here J, M, s, m;, 2, and v are the total angular momentum, its component, the 
channel spin, its component, the angular momentum of the incident nucleon, and 
its component, respectively. The quantities of the outgoing channels are shown 
by the prime (’). The average concerning the final states ms is assumed to be 
already done. The symbol (|) is the Clebsch-Gordan coefficients. 

At higher’ energies the first term in Eq. (15) becomes more important 
than the second term. Then there remain only a few level terms in Eq. (A1) 
which are calculated from the second texm of Eq. (15) and the others rather 
play the part of the direct interaction. Then the cross section is approximately 


written as follows: 


do(a, b) oe -) ( . (21,+1)7- 


Te = (dy Ve Pa) 
d2 2an 


wa \2 
as ub 2) pla iG = oF oeKEes) 5 A(a, ce L, 0, ~) | ‘ (A5) 
7 “7 \1+iF/G E—E,, / ast; ost | 


. oe nee 
where >) shows the summation of a few levels &, neighbouring EL. 
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Relativistic Quantum Field Theory of Unstable Particle 


Mitsuru HAMA and Sho TANAKA 
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The relativistic theory of an unstable particle is formulated. The field operator of the 
unstable particle is expressed by the power series of the asymptotic field operator of its 
decay products with the coefficient of a-function. The recursion formula for a-function is 
given and solved in a simple model in comparison with one for tke stable particle. Further 
a special attention is paid to the possibility to eliminate the field operator of unstable 
particle from the framework of theory. 


§ 1. Introduction | 


Untill now, many authors”? have attempted to formulate the theory of an 
unstable particle. As the results of these works, the essential features of the 
unstable particle were clarified at least in the well-known Lee model by virtue 
of the exact knowledge of its solution. However, this model has serious limi- 
tations with respect to its special form of interaction and to the relativistic in- 
variance. 

On the other hand, several authors®’””) have also tried to treat the rela- 
tivistically invariant case. These works, however, seem to us not to be self- 
contained in the following point that they lack the means how to construct 
concretely the field operator of an unstable particle, which is rather implicitly 
assumed there to be already given. 

It is the aim of the present paper to give the formalism to construct the 
field operator of an unstable particle and to get the self-contained and _ rela- 
tivistically invariant theory. 

In the recent axiomatic formalism of the relativistic quantum field theory, 
the asymptotic condition for field operators plays an essential role. Contrary 
to a stable particle, the asymptotic behavior of an unstable particle at the infinite 
ident due to its unstable property itself. This is the 


past or future is not ev 
It to construct the axiomatic formalism of an un- 


main reason why it is difficu 


stable particle. 
In order to make the above situation clear, we will investigate the Lee 


model in the next section as a preliminary in the present work and show that 
the field operator of the unstable particle (V-particle) can be expressed by the asymp- 
totic field operators only of its decay products (N- and @-particles) and that in the 
asymptotic limit at the infinite past and future it vanishes in the sense of the 


Sos ee Tees ae ag Pe Tl eg ee a a > 


.-= > : 
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weak convergence. In the subsequent section, based on the above result of the 
Lee model we shall construct the relativistic theory of an unstable particle without 
explicit use of the asymptotic condition for the unstable particle. Further we 
shall pay our special attention also to the possibility to eliminate the field operator 
of an unstable particle from the framework of theory. This problem seems to 
have an actual importance in the case of interpretation of the resonance phe- 
nomena such as the well-known (3/2, 3/2) resonance in 2-N scattering, 7-7 


interaction or the recent new resonant states Y™, etc. 


§2. Field operators in the Lee model 


In this section, we investigate the Lee model as a preliminary for the present 
work. From the beginning, one may easily imagine that the field operator of 
the unstable particle ((;) can be expressed by the asymptotic field operators 
only of its decay products (¢'x, 49) from the well-known fact that one particle 
state of an unstable particle can not be an eigenstate of the total Hamiltonian 
and the scattering states of N-J system form the complete set in the subspace 
with ny+2y=nytnyv=l. (n’s are the number of the bare particles.) In the 
following, we shall briefly show that the power series expansion of ¢';(¢) in 
fp out, oh ome. 


Qe 


é j 


terms of of" and ¢,° really begins from the product ¢ 

Firstly, in order to investigate the time development of ¢;(¢), ¢/y(¢) and 
éo(k, t) (the momentum transform of (x, ¢)) in the Heisenberg representation, 
we expand them in the normal product of ¢;(0), ¢y(0) and ¢»(k, 0),* which 
we briefly denote ¢;, ¢’, and ¢)(k) hereafter. The calculation of the expansion 
coefficient is performed by remarking the selection rule in this model and the 
fact that the scattering states form the complete set of the subspace with 2;+2)9= 
Ny+ny=1, when V-particle is unstable. Namely, by making use of the same 
notation as in reference 3), 


y(t) = | dkC (k) C¥(k) eh fry 


4- | | dk dk! C(k) 7* (k’, k) ent hy bo (k’) +“ higher order terms”, 
(2-1, a) 
dy(t) es hyt | dpdk1(k, p) C¥(p) ety" byl (k) doy 
+ | dp dkdk' {7(k', p) X* (k, p) e'n' °n °! —0 (Ie—k’) e7™w"t bo! (k’) hy bo (ke) 
+“ higher order terms”’, (2-1, b) 
* For this hen haee we use the operator identity analogous to Eq. (4) in reference 11), i.e. 


1 ( . 
L=>3 ot | dky dk, (Q\[- LL, Ain(ky)],--], A@™(R,) | |2> €(Ry) b(Ry2 +m?) +: AM(R,)AM(R,) 2, 
identifying L with ¢y(@), ¢y(2) or do(k, t) and A™(k) with the set of (by, dy, $9 (K)) and their 


hermitian conjugate. 
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e 


bolle, t) =e7'*#' by (Ik) + \ dpe” C*(p) Z(k, p) hx' tv 


te | dp dk {XV (k, p) X* (kK, p) oP’ —O(k—k’) e*°8"} hy! yok’) 


uv 


+“ higher order terms”, (2 tisG) 
where 
C(k) =—7— Gaz) S¥* (on+my), (2:9) 
V VAOY 
1k, kh) =d(k—Kk) —9C(h) B®) (wp. — oy +18), (2-3) 
V 2O, 

e 2 =i 

Se GE = |E—mo-+i¢ 9 \- G" (ox) — Cee. +t 5 (2-4) 
* 20h WOnp—-H+my—té 

mn =V BEE, (2.5) 


and mm, my and y denote the bare masses of V-, N- and @-particles and further 
g and G(a,) mean the unrenormalized coupling constant and the cutoff factor, 
respectively. In Eqs. (2-1, a,b,c) “higher order terms” vanish in case of 
operation upon the subspace with mytmag=nytny=l. 
Thus, the asymptotic operators for ¢y(¢) and do (k, t) : 
ft ==lim ew" P y(t), 
ee (2-6) 
5 (k) lim e'**! Go (Ke, 2 


are expressed as follows: 
Put = y+ \dkC*(k) bo! () hr 


+ [did (08 (hk, W) 0k -B)} 6H) GolB) bet, 21) 


J 


bm (k) =Go(k) +C* (Kk) by Hy 
aE jan it (k’, k) —0(k—Kk’)} din! by Go (B') + (2-8) 


Now, let us consider the quantity ¢/x"-¢0°" (k), which is expressed by 


Eqs. (2-7) and (2-8) as 


r 


pet. 5" (Ke) =C*(K) gir + | dR A(R, ke) Gok) 


+“ higher order terms a (2-9) 
where “higher order terms” again vanish in case of operation upon the “sub= © 
space mentioned above. Thus, comparing Eq. (2-9) with Eq. (2-1, a), we arrive 


at the final result that 


832 M. Hama and S. Tanaka 


det) = \dkGdie rogde Hout, govt (ke) +“ higher order terms is (2-10) 


This expression also shows that ¢y(¢) asymptotically vanishes at t= + © in the 


sense of the weak convergence. 


§ 3. Field operator of relativistic unstable particle 
and recursion formula of advanced functions 


Taking into account the result of the previous section, we will investigate 
a relativistic unstable particle, where we consider as a simple model a neutral 
scalar particle which decays into two neutral scalar particles Z’s. According 
to the results from the Lee model, we can reasonably assume the following 
condition for the unstable particle ¢, in addition to the asymptotic condition for 
the stable particle 7. Namely we assume that (i) the whole Hilbert space is 
completely constructed by the true vacuum state multiplied only by any number 
of asymptotic field of %; 7“ or %". Then according to Glaser et al.,” 


d(z) = dav derKis Vag Sais tas eee! 
n=2 n! 
prea ak (eae ol Ge 1) ae pl oP ge (3-1) 


Here x° stands for 7% and Ky»...,—=Ku.,Kz,:--Kz,, where K,= (0,—/) and p 
denotes the mass of ¥-particle. In the above expression it is assumed that (11) 
the sum in the right-hand side begins with »=2. Since coefficient functions 
a(z3 24, **, ,)’S are vacuum expectation values of the well-known advanced 
products of ¢ and 7, the latter assumption (ii) implies that {0| Ald (z) 5 
% (2) J\0)=0. 

Now, Eq. (3-1) means that ¢(z) is completely determined if vacuum ex- 
pectation values of the advanced products (we call it afunction below) are 


obtained. A-product, from its definition, satisfies the following identities :’°"”” 


A[d(a) 3 609) 6(a1) O(a) ]— (a2 y) 
=—7 Y\[A[¢(x) ; (21)---¢(ax)], AlP(y) 5 O(ee)-G(en) J] — B-2) 


comb. 


and analogous equations where any number of ¢’s in the. above equation are 
replaced by 7’s. Then, the recursion formula for a-functions is obtained by 
inserting the complete set of states between the product of A’s in the right- 
hand side of Eq. (3-2) and by taking the vacuum expectation value of the both 
sides. In this procedure, it should be noted that, according to the assumption i), 
the complete set of states is constructed only by %’s and ¢ does not explicitly 
contribute in it. Further, using the usual asymptotic condition for %-field and 


assuming a(21 3 X2, X;)=0, we obtain the following equations in the approxi- 
mation where intermediate states involve two 7s at most: 


+ 
y 
G 
ne 
‘a 
¢ 


gy; ewer 
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CA) alas ts, 2s, 2) — (iS a) 


= { ctu ACH) Koya Canes as th) 


J 


1 ; has 
5 saan (ct Qi AG GU 1G, 4a Lila he, Vf a ee, UY) 


tpl tp 
Ky aya CO ed ie oh eae 
tal | de G2 Keay ted ee ra (2s eg 2) ar 4) 


AB ean 2 een ta) ry Z) 
gress se 
= \ du a(a,—u) Ky, az; x2, u) + — | dudu' dudv' Ky,,a(z3 u, v) 
xX f(u—u', v—-v') Kur A(41 5 Lo, uw’, Vv’) 
as | ae’ Mee) Rita eek 


(Cy ale i2)— Ce 2') 


9 
a 


Mal 3 4 
aie | du du! du dv' Ky,.a(z tbe ey (dt, enon) Rage, tikes v') 


(KCL 


where f(z, y)=f(y, D =—f(— 2, —y) = 4 (@) A (9) —4°7 (a) AM) ™ and 
z and 2’ appearing in a-functions imply the arguments of ¢-field and x1, %2, °° 
(or simply 1, 2, -:-), u,v, --:, those of 7-field, so far as this abbreviation does 
not give rise to any confusion. 

Firstly, it is quite important to notice that terms surrounded by the dotted 
lines in the above equations do not occur in the present case, contrary to the 
case when ¢-particle is stable. In the latter case they clearly correspond to the 
contribution from the intermediate state involving ¢™, and would offer the lowest 
order approximation terms for the left-hand side of the respective equations. 
Nevertheless, in the present case, this conventional perturbation method is not 


applicable in a simple way. However, we can show that the exact solution of 


the Lee model satisfies the above type of equations and it seems to justify our 
assumptions (i) and (ii). 
Secondly, it should be noticed that the recursion formula is separated into 
two parts, one of which, such as Eq. (A), consists of equations concerning a- 
functions involving only 7-field, but the other part of which, such as Eqs. (B) 


“* 4 and 4, denote the usual invariant function of y- and ¢-particles, respectively. 
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a-functions involving both ¢- and 7-fields. 
This situation is easily understood from the derivation of recursion formula 
where only 7-field contributes to intermediate states. The former part, which 
we call 7-system, is obviously equivalent to the recursion formula derived from 
the assumptions that the system consists only in Z-field, excluding é-field from 
the beginning and that a(x; X2, #3) =0. Since the solution obeying the both 
parts of recursion formula is, of course, the solution of Z-system, we find out 
that the introduction of the field operator for the unstable particle imposes the 
subsidiary condition upon the solution of Z-system. In § 6, basing on the result 
of § 4, we shall touch on this point more in detail. 


and (C) consists in equations concerning 


§4. Relativistic solution 


In this section we will seek for the solution of Eqs. (A), (B) and (C). 
At first, we note that the a-function, from its definition, has the following prop- 
erties : 
i) a(z3 21, L2,°** Ln) iS symmetric with respect to variables 
X41, Xo, °**5 Ln; (4-1) 
ii) a(x;¥4, 2, °*)=0 except to the case when x lies in the past 
for any of y,z,--.* (4-2) 
Let us assume that the vertex a-function a(z ; 2, %2) has the following form 


in a zero order approximation, corresponding to the interaction of the form 
16(x)#7(x) in the conventional Hamiltonian formalism : 


Bevel. 2) =a de! ag Sw Ae eb ee & 
2 (4-3) 
GULLS Bae eek | dz! a,(2'; z) d4(1—2") 4a(2’—2),] 


where 4,(x) is a free advanced function of 7-field and so K,da(x) =—0O'(2). 
Contrary to the usual perturbation method,” a,(z; 2')** is yet retained un- 
determined at the beginning. And the equation which determines a,(z; 2’) is 
obtained after the substitution of Eq. (4-3) into Eq. (C), namely 


a,(z 3 2’) —a,(2'; x) =4,' (z<+2’) 


I 


a ; 

A*\ dudu' a,(z; u) f(u—w', u-w’) ag(2'; w’). (4-4) 
In the next section, we shall give the solution of the above equation, while in 
this section we assume that the solution for a,(z; 2’) is already known. 


* Here, x, y,-++ represent the arguments of either ¢ or y without distinction. 
** Hereafter, we shall use the notation a4(2; 2’) with an explicit use of the suffix for a(z; 2’) 
of ¢-field in order to avoid the confusion. 
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Substituting Eq. (4-3) in Eq. (B) and operating K,,,., on the both sides 
of Eq. (B), we obtain 


aia el) aa, (2, 2) 10 G2) 


at sate 
eke 
A ee | du du! dv dv! a,(z3 u) f(u—w’, Det eat GCL eee Doe 


(4-5) 
Comparing Eq. (4-5) with Eq. (4:4), one gets 


Kadai me, ot) atl 3) 0 (a2 ).0°(3—4). (4-6) 


However, the right-hand side of the above expression does not satisfy the sym- 
metry condition (4-1), so we are forced to symmetrize it as 


Kisgca(l 5 De 33 4) eee ol 3 3) o*(1—2) 0'(3—4) 
ea: 2) (l—3)0 (2-—4).--a,Ql 5 2) of(1—4) 0*(2—3)}. (4-7) 


It will be shown later that Eq. (4-7) is Just a correct solution in the zero order 
approximation by confirming that it really satisfies Eq. (A). 

Secondly, let us consider the next order approximation. Now, Eqs. (4-3) 
and (4-7), of course, do not satisfy Eq. (B) owing to the last two terms in the 
right-hand side of Eq. (4-7) which appeared as the result of the symmetrization. 
However, this situation can be correctly improved by noting that the effect of 
these terms determines the next order correction to a(z; 1, X2)- According to 
this consideration, we put, instead of Eq. (4-3), 

Reeale.l, 2) 2a, (231) (1-2) +4 Kisa™ 31, 2),) a 
Kysa(1; 2, 2)=2ay(15 2) #2) +P Kina” 13 2, 2),] 


where #a’s denote the next order correction terms. Sustituting Eqs. (4:8) 
and (4-9) in (B), and taking Eq. (4-4) into consideration, we have 
Kaata® Geo; 2) 22 gaz, 2) \ 1409 C2) \ dua,(z;u) ful, u—2). 
(4-9) 

Hence, according to the boundary condition (4:2) for 3 
a-function, we get 
aaa (z 3 df; 2) 

={6(1—z) ag(1; 2) | duaslz;) flu-1L ae 8 (ATO) 1 


___ y-propagation 


2 


which is schematically shown by Fig. 4-1 and seems to _- $-propagation 
be the usual correction term to the vertex part. However, fig. 4-1. The diagram 
Eq. (4-10) again does not satisfy the symmetry condition of a®(z; 1, 2). 
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(4-1). In order to get the symmetric solution, we must take into account the 
next higher order terms of Eq. (B) itself, which are obtained by inserting the 
three Z-particle state as the intermediate state into the expression —7(0|[A[¢(z) ; 
4(2)], Z(1)]|0) in the left-hand side of Eq. (B). Denoting this term by 
—i(0|[A(z; 2), (1) J]OD@, it is calculated as 


—iK,,(0|[A(z aya Z(1) ]10) les) 
“3 £ 
=—1 31 | Kou 10232, U,U,W) I (u—n', ov’, Ww) 


Ky wiahurd Ube We 0 St tie ats, (4-11) 
where 


gz, y, 8) =A (ay dey) A(z) A (x) A? Gy ae ada) 


Now, a(z;2, u, v, w) and a(1; wu’, v’, w’) are considered to be of the order of 
#> and #@ respectively, so the right-hand side of Eq. (4-11) as a whole, amounts 
to be of the order of # according to the conventional perturbation, counting 
the order of a,(z; 2’) as #. However, contrary to this supposition, it turns out 
that some part of the right-hand side offers terms of the lower order of /* than 
the above counting on account of Eq. (C) or (4-4), and that these terms are 
just necessary ones for the symmetrization of a'?(z;1, 2). As will be discussed 
in §6 from a more general standpoint, this circumstance is quite important for 
the case of unstable particle, so we will precisely show the details of calculation. 
In order to calculate a(z; 2, w, v, w) in the integrand of Eq. (4-11), let us 
again use the recursion formula in the lowest order approximation, namely 


ee (z > 2, iu, UV, w) =! (z <a. 2) 


I 


Y | dede! Kysalz iu, 2) d(a—2) Rvwera(2s opie 


eyel (W.v,w) J 
— ga aoe ;u) d(u—2) ag(2; v) oh (v—w) (4-18) 
eye. . U,v,wW 
with the use of Eqs. (4-3) and (4-8). The substitution of a(z 3.2, u, v, Ww) t 


derived from Eq. (4-13) in Eq. (4-11) gives rise to the following term 


Ze tse a Pe ' - 
AS WO(2— 2) \ay(z5 wu) 4(u—2) a,(2; v) 


“a 


Xg(u—1, v—v', v—v’) as(1—v') dudvdv' (4-14) 


in addition to more complicated terms, Eq. &(4-14), 1s 
shown schematically by Fig. 4.2 and is seen to involve 
a diagram of self-energy type. This self-energy part is 
further’ reduced to J,’-function by means of Eq. (4:4). 
In fact, by making use of relations: 


Fig. 4-2. The vertex 
correction involving 
a self energy part. 
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: ack 
Ae (22) == a | du du’ as(z;u) I (u—w’) JS (u—-u') ag(z’3 uw’), 


a 


(4-15) 
which are derived from Eq (4-4), we can rewrite Eq. (4-14) as 
ros) | duay(2 - x) A(u—2) fs(u—1, 2-1), (4-16) 
where 
ae) ae Ce) AS (yy) = AO (a) Fay ORGANS. (4-17) 


Thus, the above term should be added to the right-hand side of Eq. (B), so 
Eq. (4:10) is replaced by 


ata. te 2) =10(1 2) d(2—1) dua,(z;u) f(u—1, u—2) A; Clea) 
+i0(1—2) (2-2) | duag(e 5 u) fylu-1, 2-1) Ae2). (4-18) 


Although this expression is not yet explicitly symmetric with respect to 1 and 
2, the direct calculation shows that its antisymmetric part really vanishes and 
then the manifestly symmetric expression is given by 


Ri eae tier al x) = §(1—-2) d(2—2) | duay(z 40) (24, (1—2) f(u—1, u—2) 


A (aed ify me We) AC 2) fea Lee) (4-19) 
where ; 


Ay! (2) = € (a) 49! (2), 


Lastly, let us briefly refer to the next order correction to a(1; 2, 3, 4) Le. 
Bae(4:7). ina similar way to the case of a(z; 1, 2), we put, instead of 
pate teil SARL 4) =/ ne a, (1 2) Ons) 0*(2—A) 

) 


sym. (2,8,4 


BK manele or (4-20) 


Micra wa (12 2,34), denotes the next order correction term. Sustituting 
Eq. (4:20) in Eq. (A), we obtain the equation which determines aU 323, De 


ee e243, 4) —(1<2)} =4[0'(1—3) a2; 4) | dua, > u) f(u—2, u—A4) 


Benge) ag 3) | duay(2 - u) f(u—1, u—A) 


+a (1; 3) a6(2; 4) (fA—2, 3-4) +f0—4, 3—2))—(1<2)], (4-21) 


aes i alt NE ae! 


mr ere 
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where we used Eq. (4-4) and reserved only the lowest order terms. The above 
calculation also guarantees that the expression (4-7) for a(13 2, 3,4) 18a scor- 
rect solution of Eq. (A) as the lowest order approximation, as previously refer- 
red. The expression for a” (1; 2, 3, 4) derived from Eq. (4-21) also does not 
satisfy the symmetry condition. In order to obtain the correct solution, we have 
to take into consideration the next order approximation terms of Eq. (A) itself. 
Since the essential feature of calculation is same as in the case for Eq. (B) 
treated just before, we do not enter into more details. 

Thus, in principle, we can obtain the solution for any a-functions, up to 
any order of approximation by succesively applying the above procedure. In § 6, 
we will argue the relation of the above solutions just derived for the unstable 
particle with the solution for the stable particle. 


§5. Determination of a,(z; 2’) 


In this section we seek for the solution of Eq. (4:4), which was retained 
in the previous section. Taking Fourier’s transform of Eq. (4-4) and after 
some elementary calculation, we have 


ay(p) —a,(—p) = —2i?|ay(p) |? € (po) O(—4 2 —p,2) V1 4+ 442/p,7, (5-1) 


where a,(p) is the Fourier’s transform of a,(z) and p,?=p’—po. Since ¢(z) 


is an hermitian cperator, so as(z) is real and thus the left-hand side of Eq. (5-1) 
implies 2i Ima(p). From Eq. (5-1) we get the following relation for f,(p) 
=az(p): 

Im fal p) =? € (po) 0(—4 2 —p,2) V.14 4/2 /p,2. (5-2) 


On the other hand, one finds from the condition (4-2) that a,(p, fo) is an 
analytic function in-the lower half on the complex fo-plane. If we further assume 
that a,(p, po) has no zero-point in this domain, f,(p, fo) also becomes an analytic 
function in the same domain. In this case, using the above analyticity of f.(p, po) 
and Eq. (5-2), we can derive the following equation concerning the real part 
of fa(P, Po), i.e. k(p,’), which is a function of p,?, by means of dispersion 
relation with two subtractions, ; 


k(p,°) =k(—m’) -+- (p,’ +m’) k!(—m?) 


Oe ie aie 


1 
— (p,2+m')? D : : 
. f fia ET Py') (—m*)* ” 


(5-3) 


TY (NV ee TO ea Ai ee ea Te 
where ¢( se My 1—4ye/.2 0 («e'—4e") and m denotes some real and positive 
parameter.” Hence, in order to obtain the complete form of Sal Pp, po); we 
b] > 


hhh In be! i get a finite &-function, it is sufficient to take only one subtraction, which leads 
= © > 2 Ta = e . . 
the result that (P,’)->const. at p,?»-+00, However, we assume here that k(p,2) >O(p,2) 3 
this limit. Of course, this assumptio akes i ess i 4 ee 
pre me pulon makes it necessary to take two subtractions and leads to the 
reasonable result in the weak coupling limit 2-0, as will be shown later 


> 
- 
4 
‘ 


a 


i 
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must introduce further conditions which determine k(—m”) and k’(—1’). These 
conditions just correspond to the asymptotic condition for a stable particle which 
determines the mass and the renormalization of the field operator of the stable 
particle. 

According to the same consideration as in the case of the Lee model, two 
kinds of methods are conceivable to impose the above conditions. a) One of 
them characterizes the unstable particle by means of the resonance phenomena 
caused by this particle in 7%-% scattering and ;%) the other method, originally 
proposed by Peierls,’ by means of the complex pole of the causal propagator 
in the momentum representation. 

a) This method is briefly expressed by the following conditions, 


k(—m’?) =0, k'(—m’*) =1, (5-4) 
by identifying ™ with the mass of unstable particle. They are interpreted as 
conditions to determine the mass and the renormalization of the field operator of 


the unstable particle, respectively. Thus, from Eqs. (5-2), (5-3) and (5-4), 
one has 


o 


WO er ee aes 
CD a Gees {1 7 Ngee (po—ié)?+«’) one: G9) 


The total cross-section for 7%-Y scattering, which is easily calculated’? through 
a(1; 2, 3, 4) given in the previous section, shows a resonance at P,’=—m’ (P, : the 


° 5 3 te 4 12 1/2 
total four momentum) and its width becomes as y=9(—m) /m=* (.- “4 /m 
m 


in the lowest order approximation. Further, Lehmann’s spectral function /(«’) 


is given by 


0(K?) pee 5, lman p) pea : O(e—4p?) 9 (—«’) 
7 . 


LN et fam ae ene (aso Ce) ae! ) Rie ae ie 5G 
x | (m pale ) (1 D \ (x? —x?) (x!?—m?)* anc) ( K ) , ( ) 
4p 


ra 
ac 


Eq. (5:6) shows that o(«) approaches to d(«2—m’) in the weak coupling limit 
j-0, as remarked by Matthews and Salam.” 


8) Firstly, instead of f,(p) (=k(p,) +7€ (po) I (ps )) treated so far, let us 
introduce 
ip ek (Pe) a hops as) 


which obviously denotes the inverse of Fourier’s transform of the causal func- 


tion. By making use of EG.=(5°3)), 
CDi) =f,(—m) + (p22 +m’) fl (—m’) 
p g(—#) dx (6-8) 
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This expression shows that /,(—2) is an analytic 


function in the complex z-plane with a branch cut 4ye . 

C shown by Fig. 5:1. Now, on account of the 

analytic property of y(—«’), we can perform the x Ae Cc’ 
analytic continuation of f,(—z) from the upper- 


4 Fig. 5-1. Integration paths 
to the lower-half planes over the branch cut C Peat 


by deforming the integration path C in Eq. (5-8) 

into C’. According to Peierls, we assert that f.(—2) has a zero-point at 
e=—m'=(ms—i7s/2)? in the extended region through the above continuation, 
where ms(> 2) and 7s(>0) are interpreted as the mass and the lifetime of the 
unstable particle. Thus, setting m in Eq. (5-8) equal to ms, we get 


k(—ms2) + (ms?—m’) k! (— mis’) —2ig(—m’) 


1 Slee (ele ig Ae 
a hes 2 = oe Pe 7 —9, aie 
= (ms —m ) et (x? —m’”) (xk°—ms)” ( ) 
B2 


where m=ms—i7s/2. However, it turns out that Eq. (5-9) alone is insufficient 
to determine the unknown parameters k(—ms’), k’'(—ms)) and 7s in terms of 
7, # and ms and thus one must further introduce another condition. As such a 
condition several possibilities are conceivable. Ida’? has proposed the following 
one, 


GATC AN Rete (5-10) 


along the same line as conditions (5-4). 

Another reasonable way is to impose a renormalization condition upon the 
spectral function p(«). As pointed out by Matthews and Salam,” («*) is, in 
general, composed of a sharp peak w(x?) due to the weak interaction and a 


diffuse spread ps(«®) due to the strong interaction, as shown schematically by 


Fig. 5.2a, in the case when the unstable particle paticipates in such two kinds 
of interactions. Then we assert, in general, 


| v(x") dk’ =1, (5-11) Pw +) 


Ps 
which guarantees that ?y tends to 0-function with the eae 


coefficient of unity when the weak interaction is 


switched off. However, the principle of separation 


b) 
Ree troy ae aint ; g 
of Py from /s, unfortunately, is not unambiguous ex- 
cept the above limit of switching off.” 


Nevertheless, the discrepancy due to the above Fig. 5-2. The spectral 
ambiguity is not appreciable in the sufficiently weak appar Om tiie 


eral case, b) The case 
when the weak interac- 
tion is switched off. 


interaction. Further, in our simple model under 
consideration, Pw(«") is nothing but e(«) at least 


ry by 
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within the approximation adopted here. Although it 1s difficult to get an exact 
solution under the conditions of Eqs. (5-9) and (5-10) or Eqs. (5-9) and (5-11), 
either case leads to the same result in the weak coupling limit: 


k(—ms) =0;  k’( —ms) =1, 
and 
rs=Ph/1— 4? /ms/ms (5-12)* 


in agreement with (5-8). 
§ 6. Discussions and summary 


In § 3, we have pointed out that, as the characteristic feature of the unstable 
particle distinct from the stable particle, the recursion formula of the advanced 
functions concerning the former particle lacks particular terms comparing with 
that concerning the latter particle. And this situation necessitated the complex 
procedure to solve it. Nevertheless, the result obtained in § 4 shows that the 
explicit form of solution is quite same as that for the stable particle only except 
that the spectral function of a,(z) or 4,/(z) which appears in this expression 
does not involve é-function that is inherent in the stable particle. This agree- 
ment, however, is not accidental, but may be well understood by the following 
simple explanation. 

As mentioned in § 3, the fact that the recursion formula lacks particular 
terms originates in that the unstable particle does not explicitly participate in 


the complete set of state vectors. For the sake 

of simplicity, let us consider any term in the recur- ZA eee Soe 
sion formula, where two Z-particles are inserted in Gamay 
the intermediate state (see Fig. 6-1a). If we follow egy vi Zp 


ie 
the usual consideration of the erturbation theory, bee 
2 % Wy a) ae 


the order of this term concerning the coupling con- 


stant J should be counted to be higher by 7” comparing yy ee 
with that in the case for the stable particle where the ug 


propagation of two 7-particles in the intermediate state 


4 
is replaced by that of the single ¢-particle, which is, YH WY 


of course, absent for the unstable particle. How- 2 

ever, this expectation is wrong in our present Case. eb 

Rog eer ae Gr Ta spralyes-acs Pree Fig. 6-1. The circle denotes 
iipieni etic Giaer ath ae oe i the vertex part. 


diagram of such a self-energy type, as shown by 
Fig. 6.1b, where the end points of the propagation of two Z-particles come into 
a same vertex. On the other hand, Eq. (4:4) shows that such a self-energy 


result it should be noticed that the imaginary part of the last term 


* In the derivation of this 
finite contribution, i.e. g(—ms®) in the weak coupling 


in the left-hand side of Eq. (5-9) offers a 


limit. 


~~ ~~ ts 
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part is just equal to 4,’, i.e. the propagation of a single ¢-particle, contrary to 


the conventional expectation for the stable particle. Thus, extending the above 


consideration, it turns out that any term which involves n self-energy type dia- 
grams should be regarded as terms with the lower order by 4” than the ap- 
parent order due to the conventional perturbation, counting the order of a,(z) 
as the zero order. And those terms effectively recover the missing terms in the 
recursion formula of the unstable particle, so that the resultant form of solution 
exactly coincides with that for the stable particle. Nevertheless, it seems still nec- 
essary to make more clear the counting method of the order of terms in the recursion 
formula, which was somewhat carelessly used so far. Now, the reason why the 
perturbational counting of the order is not adequate originates in the fact that 
it is wrong to regard the order of a,(z) as }’. From Eq. (4:4), one finds that 
any assignment of the definite order for a,(z) leads to the contradiction, because 
a,(z) obeys the special non-linear equation. However, from the result of §5, 
we know that in the weak coupling limit 4-0, a,(z) tends to the usual free 
advanced function 4,4(z) independent of 7. On the other hand, as seen from 
Eq. (5-6), the product of the above functions has the following limiting value, 
Bag* (p,) ay (Pw) /1+4/2/p,279(p, +m’). This implies that one has to count 
the order of any term to be the order of 4 of this term as a whole, without any 
factorization, in the weak coupling limit 7-0. Thus, for instance, the order of 
the right-hand side of Eq. (4:4) should be counted as 4%’, contrary to the ap- 
parent order 7. In fact, it turns out that the approximation method in § 4 is 
really based on such a counting. 

Now, let us turn our attention to the S-matrix concerning the unstable 
particle. We can really calculate the S-matrix for any processes by means of 
a-function where only stable particles participate in the initial and final states.”” 
However, in order to deal with the process where unstable particles participate 
in the initial and/or final states, we must define one particle state for the un- 
stable particle. If we follow the proposal by Ida,’ such a state should be ex- 
pressed as |(x2)h(x)d'x, where h(x) is a space-time function associated with 
the observation (preparation or detection) of the unstable particle. Then, ex- 
pressing ¢(a) in the above state vector by the asymptotic field of ¥ through 
Eq. (3-1) and using the asymptotic condition for 7-field, we can calculate the 
S-matrix in terms of a-function, and h(a) completely. Although in this article 
we restricted ourselves only to a simple model where both the production and 
the decay of the unstable particle are caused by the same interaction, the formal- 
ism presented here may be easily generalized to a more realistic case without 
any principal difficulty. For instance, let us consider z-meson, which decays 
into leptons and also strongly interacts with nucleons. In accordance with the 
present formulation, the field operator of z-meson may be represented by the 
asymptotic field operators of leptons and nucleons, if leptons and nucleons are 
stable. At the switching off of the weak interaction, the lepton components in 
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the field operator of z-meson will disappear, but give the contribution of 0-like 
part to the spectrum function of z-meson propagator, leading to the same result 
as z-meson being stable. 

Finally, let us comment on the possibility to eliminate the field operator 
for the unstable particle, which was already pointed out in § 3. Now, if we regard 
the expression for a(21; Xo, %3, 24), ie. Eqs. (4:6) and (4-20) as the solution 
of only Eq. (A), that is, the ¥-system, taking Eqs. (B) and (C) out of considera- 
tion, this expression enables us to interpret it as the result of a non-local inter- 
action of the 7-system of the form 77)7?(z) a,(z ; 2’) (2') dz‘d‘z’.. Thus, in this 
case, the effect of an unstable particle is reduced to the problem of the structure 
of interaction of its decay products. The introduction of the local field operator 
for the unstable particle means only to impose the restriction, such as Eqs. (B) 
and (C), to the non-local form factor a,(z; 2’). Thus, from the standpoint of 
the formal axiomatic formalism presented here, any necessity to introduce the 
field operator for an unstable particle does not arise, unless at the same time 
other physical principle, such as a symmetry is taken into account , for instance, 
the introduction of field operator for the neutron has an essential meaning with 
respect to the isotopic symmetry in the strong interaction. ; 

The authors would like to express their sincere thanks to the research 
members of our laboratory for their kind interest, and especially to Dr. M. Ida 
for valuable discussions. 
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Equilibrium distribution calculated on the basis of the analogue of Saha’s ionization 
formula is examined with the recent nuclear masses and abundance data. It is found that 
up to A=92, the abundance distribution can be well reproduced. The electron degeneracy 
which becomes important has also been considered for the region A=64—92. The equilibrium 
temperature is found to be 6.5109 degrees. The neutrality is taken to have been satisfied 
by protons, neutrons, electrons and alpha-particles. The presence of positron is not con- 
sidered. Though effects of the excited levels are neglected, the differences between the 
even and odd nuclei are taken into account. 


§ 1. Introduction 


Recently, Burbidge, Burbidge, Fowler and Hoyle” visualized some eight 
processes for the synthesis of elements in stars. Some sort of equilibrium 
was expected at a temperature above ~3>10° degrees when nuclear reactions 
of all sorts occur in profusion. Hoyle” calculated the equilibrium abundances 
of iron group elements and was successful in reproducing the abundance distri- 
bution for A=48-62. Burbidge et al.” re-examined the equilibrium abundances 


of this iron group elements with recent excited levels data. Hoyle and Fowler” 


examined the equilibrium distribution of elements inside the cores of type I and 
type II supernovae. At higher densities, they found that degeneracy effect was 
very important. 

In the present note attempt is made to examine the equilibrium distribution 
of stable isotopes with recent nuclear masses’) and abundance data.” The 
abandance distribution of elements has been modified since the days of V. M. 
Goldschmidt: The fixing of temperature here remains quite arbitrary. The 
abundances are calculated for different temperatures, and the temperature for 
which the best fit between the calculated and observed values is obtained has 
been considered as the required temperature. In the present paper, the whole 
region up to A=92 has been divided into two regions, the reason of which 
will be elaborated later on. 


The neutrality condition is satisfied with protons, electrons and alpha-particles. 
Once the temperature is fixed, the concentrations of the above particles are de- 
termined for a given concentration of neutrons. 


. 
: 
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§ 2. Element abundances and nuclear data 


Goldschmidt first compiled the relative abundances of nuclear species in the 
year 1937. Many authors in their different investigations utilized these abun- 
dances for comparing theory with observation. Goldschmidt’s original table 
had been modified by Brown.” In his tabulation, Brown considered that the 
values of the relative abundances of elements in the visible universe would 
be derivable from the studies of the stellar spectra. There were difficulties 
in such consideration as was pointed out by Brown himself. His tabulation 
consisted of the meteoristic, solar and stellar data. Suess and Urey” modified 
the abundance table in the light of new analytical data. In the present paper 
this table has been used. Chandrasekhar and Henrich” used the atomic masses 
from Barkas.® Beskow, Treffenberg and Klein” used the binding energies 
tabulated by Mattauch and Fligge.”” In the following we calculate the binding 
energies of the elements with the help of 


Q(A, Z)=[M,N+M,Z—M(A, Z)]¢ (1) 
A=N+Z 
AMU =931.14 Mev, 


where M,,, M, are the masses of the neutron and proton respectively and M(A, Z) 
ig the mass of the nuclear species (A, Z). It is found that in most of the 
elements the differences in the values of binding energies tabulated by Mattauch 
and Fliigge and that we have calculated are appreciable and they are found to 
affect the calculation of the abundances to a marked extent. 


§ 3. Basic equations 


We consider an equilibrium assembly where the following reactions take 


place” 
e +e* Gamma rays (2) 
pte-zon (3) 
X(A, Z) tap rine XA; Za) (4) 


where X(A, Z) and X’(A’, 2’) are nuclei of type (A, Z) and (A’, 2’) respectively 
and 

Up VA WE, 

dn= A'—(A+ Ap) ; 


(5) 


The effect of neutrino is neglected. 
At a temperature >4x10° degrees the relativistic mass variation of the 


electron has to be taken into account. Thus the relation between neutron, 
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cas . . . 11 
proton and electron number densities for the reaction (3) is given by”? 


Cy C,-/C,=2 ( man) | d +15kT/ (879c°) ++) ene (6) 
aa 
where Q,)=—0.78 Mev and 72 is the mass of an electron. C,, C.- and Ga are 


the concentrations of proton, electron and neutron respectively. TJ is in degrees 
and the other terms have their usual meaning. Positrons being neglected from 
the neutrality condition (Eq. 7), an equation for electron and positron concent- 
rations need not be considered. 

The condition that the assembly is electrically neutral is 


= 24 Whe (Cr (A, Za) +C,. (7) 


Neglecting other heavier nuclei except for He‘, the neutrality condition has been 
simplified to 
Ce=Ce2Gas (8) 
Then the equation giving the concentration of alpha particles in. terms of 
proton and neutron number densities 16a 


oaMb 9/2 _ 
2a MkT exp (—Q,/kT) wu 


CCA) OC.) = (= 
1 


where WM is the unit of atomic mass 337 aol = ——.— 

and Q,, the binding energy of a- 

particle, is given by 32+ 
O,= (2M,+2M,—M,)c’. (9a) 

Eqs. (6), (8) and (9) are solved (by a 


trial and error) for any assigned 
neutron concentration and tempera- 30+ 
ture, and consequently the concent- 
rations of protons, alpha-particles 29- 
and electrons are obtained. When 


the relativistic degeneracy of elec- 28 


log C 


trons is considered for the region 
of heavier nuclei, then instead of 


Eq. (6) we have” 

(Ga) Co 2 CVI.) GRD Ont ea 26+ 
(10) 

eenallie 


where 2, the degeneracy parameter, 25 26 


hE 


h 
; 23 29 30 31. 
is given by log Cn 
a ee ome Fig.1. Equilibrium concentrations of electrons, 
021) 4=0.2 Ge Ge (11) protons and alpha particles as a function of 
R neutron concentrations at Ty=6.5 and Ty=7.0. 


or) 
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Now Eqs. (8), (9) and (10) are solved (by trial and error) for any assigned 
temperature and neutron concentration. The results for two different tempera- 
tures are shown in Fig. 1. 


In order to fix up C, and C, values for further calculations of the abundances, 


we use the known concentrations of two nuclear species and put them in the 
expression” 


logC’(A’, Z')=logC(A, Z) +log {w!(A’, 2") /w(A, 2Z)} 
+1.5 log (A’/A) + 4p (log C, — 34.07 —1.5 log Ts) 


ap (lonC. 234.07 =1.5 log T) 42" (Q’—Q) (12) 
9 


where w(A, Z) is the weight factor for the nucleus (A, Z), T» is in the unit 
of 10° degrees and Q, are expressed in Mev. 

For a particular temperature, the binding energies of two nuclear species 
and their abundances being known, the value of Cy and C, can be fixed up. 
Once C, and C, are fixed, they can be used in the equation” 


logC(A, Z)=logw(A, Z) +33.12+1.5 log (AT») 
45.04/T,-O(A, Z) + A(ogC,—34.07—-1.5 log Ts) +28 (13) 


where 0=log C,/C, and w=2s+1,s being the spin of the ground state of the 
nucleus. The numerical factor, which is slightly different from the previous 


ones is taken from Hoyle and Fowler.” 


§ 4. Numerical calculations 


Calculations for relative abundances are carried out for temperatures ranging 
from 410° to 8X10° degrees. It is found that at 6.5X10° degrees the best fit 
between the observed and calculated values is obtained. Taking the abundances 
of O and A® from Suess and Urey,” we fix the following parameters: 


T=6.5X10° degrees 
log C, =27.42 
logCs=28.09 
Woe C2977. 


(14) 


Therefore the material density is obtained to be p=2X10°g cm~*. When these 
values are substituted, Eq. (13) reduces to the following simple form. 


logC(A, Z) =logw+1.5 log A +1.57 2434.34 +0.775Q—7.87 A. (15) 


as been used to calculate the abundances of elements as far as 
A=62. Figure 2 shows the comparison between the calculated and the observed 
abundances in this region. To reduce the calculated abundances to the scale 
of observed abundances the observed abundances of O' has been used. 


This equation h 
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Fig. 2. Relative abundances as a function of atomic weight in the region A=16 to A=62. 
—e—e— observed abundance; —o--O-— calculated abundance. T=6.5X109 deg.; 6=1.57. 
The observed data, normalized to Si=108, are those of Suess and Urey.» 


ee 


If we continue our calculations a bit further, gross discrepancies occur. In 
this region beyond A=64, degeneracy becomes important. Therefore, in this 
region calculations are carried out taking into account the complete relativistically 
degenerate electron case. C, and C, values are fixed with the help of the 
observed abundances of Zn™ and Sr“ as it was done earlier. The best fit is 
obtained for the following parameters : 


T=6.5X10° degrees 
log C, = 28.58 
log Ge=28.32 
log C,=30.45 


(16) 


and the density is found to be p=2X10'gcm™*. With these values Eq. (13) 
reduces to 


logC(A, Z) =logw(A, Z) +1.5 log A+0.775QO 
—0.26Z+34.34—6.71 A. (17) 


With the help of this equation, the abundances are calculated from A=64 to 
A=92. The calculated and the observed values of abundances are plotted in 


. 
8 
” 

\ 
+ 
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Fig. 3. To reduce the calculated values to the scale of the observed abundances 
the observed abundances of Zn™ (relative to Si=10°) has been used. 
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Fig. 3. Relative abundance as a function of atomic weight in 
the region A=64 to A=92. -o—6— Observed abundances ; 
—o--o-- calculated abundances. T=6.5xX109 deg. and 0= 
—0.26. The observed data, normalized to Si=108, are those 


of Suess and Urey. 


For known ground state spin values w is calculated and for the species where 


the ground state spin values of the odd nuclei are not available, we have taken 


T— 2. 


§5. Discussion and conclusion 


The agreement between the calculated and observed abundances is fairly 
satisfactory, in view of the fact that there is already an uncertainty in observed 
values which may be as much as a factor five in some cases. However, for 
the region A=64-92, the fit is not very good. Therefore, a re-investigation of 
this region in the light of partial degeneracy may be important. 

For the equilibrium process a reasonable fit is obtained for the temperature 
6.5xX10° degrees. It is not very certain whether this temperature can be avail- 
able in the pre-supernova stage of the stellar evolution for a time long enough 
to acquire an equilibrium situation. But there is a probability that a tempera- 
ture of this order can be reached in these stages. The re-examination of Hoyle’s 
et al. with new excited states of nuclei shows that the 
he fit of the calculated and observed abundances is 
It is 


calculation by Burbidge 


temperature required for t 
lower than the one required when the excited states are not considered, 
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therefore expected that such a consideration would lower the required tempera- 
ture for a reasonable fit. 

In the two regions considered, the densities are different, though the tem- 
perature is the same. When a stellar core shrinks the temperature does not 
rise considerably because the energy goes toward a mutual conversion of the 
nuclei: but all the same, the density increases. Such a consideration may ex- 
plain the required change in density. 

From this calculation it can be seen that for the range of A>100, the 
equilibrium theory would require temperature and density much higher than can 
be expected at any stage of stellar evolution. Hence, if one believes in this 
hypothesis one has to look for some other processes for the formation of heavier 
elements as suggested by Burbidge et al. But higher density and temperature 
can easily be envisaged in big bang hypothesis. Thus it may be said that the 
results of this note are not quite decisive to decide in favour of one or the other 
but it seems that stellar hypothesis is not unworkable. Observations do seem to 
suggest that even if some percentage of elements were found at the beginning 
of the universe the abundances are being modified by the reactions in the in- 
terior of the stars. The theory of stellar structure is not yet developed enough 
to the point as to ascertain whether these densities and temperatures can be 
reached during the evolution of the stars. 
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The dispersion relations, lifetimes of plasmons in metal foils and the probability of 
plasmon excitation by incident electrons are derived quantum mechanically. The results 
obtained are the generalizations of Ferrell’s semi-classical theory. 


§ 1. Introduction 


Ritchie? has shown, using a dielectric theory, that for a thin metal foil the 
effect of the metal-vacuum boundary would be expected to cause a decrease in 
intensity of the plasma loss and the appearance of an additional lowered plasma 
loss at hw,/)/2. A simple physical explanation of the oscillation of the fre- 
quency w,/)/2 as that due to a surface wave of the charge bound at the metal- 
vacuum interface has recently been given by Stern and Ferrell.” These authors 
have derived the dispersion relation of the “surface” plasmons 


w=w,/A1+6™, (1-1) 


where € is the dielectric constant of a dielectric layer. For a plasma bounded 
by vacuum one must set €=1 and one obtains just Ritchie’s result. But if € 
is significantly greater than 1 for an actual oxide layer, the frequency of the 
“ surface”? plasmons is lowered. This prediction has recently been confirmed 
by experiments by Powell and Swan.” 

In this paper it is shown quantum mechanically that there are two types 
of plasma oscillations, the “ normal” oscillations of the frequency w~w, and 
the “tangential” oscillations of the frequency w~a,/7/2. In § 2 the dispersion 
“tangential? plasmons and the excitation 


relations, lifetimes of “normal ” and 
d. The results obtained 


rates of these plasmons by incident electrons are derive 
are the extensions of Ferrell’s semi-classical theory. Our 
treatment of electron interactions shows that Ferrell’s explanation of the 
face” oscillation as that due to the surface wave of the charge bound at the 
ce should not be taken too literally. In the case of “ tan- 
lectric lines of force leak outside the metal foil, while 
ric lines of force are confined inside 


quantum mechanical 
* sur- 


< 


plasma-vacuum interfa 
gential”’ oscillation the e 
in the case of “normal ” oscillation the elect 
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the foil.* Therefore the electric field within the foil is weaker in the former 
case than in the latter case, so that the frequency of “ tangential ” oscillation is 
lower than that of “normal” oscillation. When oxide layers are formed, the 
electric field outside the foil polarizes the oxide layers and the electric field 
induced by the polarizations of the oxide layers acts to reduce the electric field 
within the metal foil. Hence as the oxide layers are formed, the frequency of 
“tangential ” oscillations is lowered, while that of “ normal” oscillations remains 
unchanged. It will be shown in a subsequent paper that the interaction of electrons 
in a metal foil with electrons in dielectric layers modifies the Coulomb interac- 
tion between metal electrons, and this modification is effective only in the case 


of “tangential” oscillations. 


§2. Metal foil bounded by vacuum 


We consider a metal foil of thickness D bounded by vacuum. In the car- 
tesian coordinate system we take the metal-vacuum interfaces at z= +D/2. We 
impose the periodic boundary conditions with period L(>D) in zx and »y direc- 
tions.. Let us consider the Coulomb potential 


v(r—r') =e/|r—r’|, (2-1) 


which can be expanded in the form 


1 / 2 / / 
v(r—r’) Sarg ts v(kz, Ry, —2') exp[i {ke(a— 2x’) thy (y—y El tora 
ay 


where k,=22n,/L and k,=2z7n,/L, n, and n, being integers. Since —DsSz—2' 
<D and v(ke, ky, —D) =v(kz, ky, D), we may expand v(kz, ky, 2-2’) ina Fou- 
rier series with period 2D. Then we get (Appendix 1) 


(r—r’')=- iL SS ey (dey pee ee 
v(r—r’) Tp ye Y (2-3) 


where 
v (k) = (27e*/k*)[1—exp {— (ky +h)? D—ik, D} ], (kz=2n,/D). (2-4) 


The Hamiltonian of our system is given by 


* The classical equation of motion of an electron is 
mt=—eR, 
where & is the displacement of the electron. From D=sE=E+4nP, we get E=—4rP/(1—&) 
€(w) =1—wo,”/w? is the dielectric constant of the plasma. The equation of motion becomes : 
mé = — [Anne2/(1—«) ]é. 
If e(w) +1=0, the frequency is w,/)2. In this case the electric displacement D is not zero, therefore 


the electric field outside the plasma is not zero. If e(w)=0, the frequency is w,. In this case 
D=0, so that the electric field outside the plasma is zero. 4 


> 


j 
“4 


2 oe! 
Ss Ta 
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e he? 
H=|P*(r) |-2 ik U(r) |FO) ye 
2m 
— | | w*(r) O(n) v(r—r') B*(r') U(r") dr de! 


——= | V*(r) V(r) v(0) ar, (2-5) 


where U(r) is the potential of ion cores 
(Fig. 1) plus a uniform background 
of negative charge, which is compensat- 


ed by a uniform background of positive 
charge (Fig. 2) interacting with elec- 
trons. V(r) and ¥*(r) satisfy the 
anticommutation relations 


[Fcr), Ur) 0 (6 )s 


er); AGO =|" *(r); UE AGN =0. 
(2 / 6) Fig. 2. The solid curve and the dashed line 
7” show the electron density and the uniform 


We expand ¥(r) and #*(r) as follows, charge density respectively. 
B (r) = Poa Poa); 
U*(r) = Ddaeh), (2-7) 
where 
— PP pg) +0) Pure) =Eu(D) Pol) (2-8) 


Inserting (2:7) into (2-5), we obtain 
H= yu En(q) bi 2nq+ (1/2 V) os v(k) Px-n— (N/2V) pa v(k), (2-9) 


where V=L’D and N=D1b00n= 21 Nu: The density fluctuation p, is defined 
ng ng 
by 


m= VL Ka' dere ng) Orirat Ona» (2-10) 
ng nig! 
where 
<n! q'| e~*" | ngy= \ oxy (Fr) eo" o (r) dr. Qt) 


The dispersion relations and the lifetimes of ese can be derived by 
the same procedure as that of Nozieres and Pines.) We find (Appendix II) 


= 28 exp |— (he thi)" D—Hk DH) TF Fran), (2-12) 
™m 


nq iat wo = Wriq ng 
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1 ne (1—exp{— (okey? Dai Dy S Sh Tre (k) 0 (WO Ong! ng) > 


i: ng nig! 
T Mm 


(2-13) 
where Wnqing= (Eu (q') Erg) oie ene longitudinal oscillator strength fig nq (k) 
is defined by 
Ue niqt (k) — (2m/N* k’) On ere "| | ng)|” Nna d a niq') (2 . 14) 


We consider the following two cases. 
Case A: (k,’+h,)'?DK<1 
Since 1—exp {— (ke +h)" D—tk,Dj ~1— (—1)”, the dispersion relations for 
n= +1, +3, --- become 
1= Ame? sayy Srna (B) (2-15) 


Zo 2 2 
mV 7 wa! W —Onigt ng 


(2-15) is the same as the dispersion relations of bulk plasmons. We shall call 
these plasmons “ normal ” plasmons, because in this case electrons oscillate back 
and forth across the foil from one surface to the other (“normal ” oscillations) . 
For 2,= +2, +4, -:-- the dispersion relations become 


peor (b+ k,2)"?D sy Da Sng nig! (k) : (2: 16) 


2 2 
mV nq 7! ( —Wnig! nq 


We have not yet succeeded to determine whether (2-16) has stable solutions. 
Even if stable solutions exist, the excitation probability of these oscillations by 
incident electrons is small as compared with that of “normal” plasmons by a 
factor (k2+k,?)!?D(<1) as will be shown below. For »,=0 the dispersion 
relations are also given by (2-16), but the oscillations are tangential. For an 
electron gas we get 


w= (w,/V2) (Re+h2)" D*?. (2-17) 


Since w oc k'”, these oscillations are stable. However, it would be difficult to 
verify the existence of these oscillations experimentally. 
Case B: (k2—k?)'?> (ke t+h/7)?22/D* 


The dispersion relations are given by 
\ 


l= 27e" 4 +s Pon ahah Lis) ' (2-18) 
mV a na! Ww —Wrrat ng 
When &,, ky <k., electrons oscillate along a direction parallel to the surface of 
the foil (“ tangential” oscillations). We shall call those plasmons which satisfy 
the dispersion relations (2-18) ‘tangential’? plasmons, though generally oscil- 


‘ 


< eee 
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lations are not tangential. In the case of an electron gas the dispersion relation 
for k,=0 is given by 


20e" 1 


mV ia, Joti (keds + hyQy) /m}?— (ke +kp)?/4m” 


ee 


(2-19) 


Ko 


where the factor 2 is due to the electron spin and fk, is the Fermi momentum. 
Replacing the summations by integrations, we find 


. 2,2 
pa OT ae EEE: (2-20) 
V2 Devi Ww. 


If, for a given k, the frequency of intraband transition Wyrgng is on the 
average small compared with a, then (2-15) and (2-18) may be written as 


9 2 
a A4ne’?/mV ) f, (Rk) 
fee te Sy Sa ( HEE FS ny nigh \ (py , 
w ca we nT W' —Wnig ; im 12) 
nq nig! nig! nq 
2 Qne?/mV ) f; (k) 
1=- Op _ (27 (MV ) Snqnia! 2. / 
20" + = Ww — Wrrgt Cae 
ng nigh niq! nq 


where w,?=42Ne’/m*V. If interband parts are unimportant, the ratio of the 
frequencies of “‘ normal” and “tangential” plasmons is nearly equal to ,/2. If 
an optical absorption band is present near w, (or @p/7/2) the frequency may 
be shifted upwards or downwards depending upon the relative positions of the 
absorption band and , (or EO VOR 

The transverse dielectric constant is given by” 


Fe ee ae ee (2-21) 
mV a Md Wig — Ontat na 
For an isotropic solid the transverse oscillator strength is equal to the longi- 
tudinal one provided that the random phase approximation (RPA) is» valid? 
Hence within RPA 6’”=0 and é"+1=0 are just the dispersion relations (2-15) 
and (2-18) of “normal ” and “ tangential ” plasmons respectively. Fréhlich and 
Pelzer” pointed out that onk/(n?-+k’)? should have a peak at the “ normal ”’ 
plasmon energy. Analogously, nk/[ —k?+1)7/44+70°R'] is expected to have a 
peak at the “tangential? plasmon energy, if plotted as a function of hy. Taft 
and Philipp® have measured the optical constants 2 and k for *Ag. 6° =7 
is zero at 3.75 ev which is in agreement with the value obtained by Steinmann.” 
Steinmann has observed the radiation of plasmons predicted by Ferrell.” Using 
the observed values of 2 and k, we find that g7411=n'—k’+1 1s zero at about 
3.4ev, which is very close to the “normal” plasmon energy 3.75 ev. As is 
shown below, the width of the “ normal” plasmon state is about 0.8 ev for Ag. 
Therefore the “ normal” and “ tangential” plasmon loss lines for Ag would not 


be clearly separated in energy loss experiments. In fact in energy loss experl- 


ments on Ag only a single loss line between 3.4 ev and 3.6 ev was observed.” 


‘ > ~ ee ee ee A ead! A, 


856 H. Kanazawa 


¥) > 
The lifetimes of “normal” and “ tangential ’’ plasmons are 


' 7 E =Ano(k, Wn) > (2-22) 


n 


1 


“t 


=2r0(k, wr), (2:23) 


where the longitudinal conductivity o(k, ) is 


o(k, w= (we?/2mV). >) D5 Farata (k) 0(W@—Onrqr ng) « (2-24) 


nq nig! 


If RPA is valid, the line widths may be written as 


PLETE nc ate aesay (2-25) 
A ho,n (a) kor) - (2-26) 
Tt 


For Ag 2(a,)k(w,) ~0.1, hence i/t,~0.75 ev. The observed values of 2 and 
k are not available at present except for silver and alkali metals. 

The interaction Hamiltonian between incident electrons and plasmons is 
given by (Appendix I) 


= 7) po wee ks: . s 
Ht = Dy 3 (ee V9 (UK. — ke) 3(AKy— By) 
kak, KK! 2V 
ai my J 
yx Sin[CK.—k)D/2) (a 40) BS Br, (2-27) 


(4K,—h,) D/2 


where JK=K—K’. Bx, BX, a, and a,* are the destruction and creation oper- 
ators of incident electrons and plasmons. It should be noted that (2-27) involves 
the factor sin{(4K,—k,)D/2]/(4K.—k.)D/2 instead of 0(4K,—k,). The mo- 
mentum conservation holds in 2 and y directions, but the z-component of mo- 
mentum is not conserved.* The momentum #(4K,—k.) ought to be given to 
the lattice of the metal, or in other words it must be equal to the recoil mo- : 
mentum of the center of mass of the metal foil. From the standard perturbation 
theory, the rate of plasmon excitation is given by 


* The conservation of z-component of momentum contradicts with the conservation of energy. 

If the energy-momentum conservation holds, we get 
hw=h2K2/2m—h? (K—k)2/2m=h2Kk,/m—hk2/2m, . 
where we have used the fact that the direction of the momentum #K of the incident electron is ; 
along the z-axis. The second term of the above equation is small as compared with the first. Since 
k,=nn,/D, the right-hand side is equal to h2Kn,/mD, which is not equal to /tw except in the case 
of accidental coincidence. Fujimoto (unpublished) has recently developed a theory of electron 


diffraction, in which he has attributed the coherent interference of inelastically scattered waves in 
thin solid foils to the non-conservation of z-component of momentum. 


) ea. 
as 
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(272/N) | (A) |’ 0¢= 


_ D zhov(k)mk sin{ (4K,—,) D/2] 7 
if Te aa Ae | QO 


(4K,—k,) D/2 fe apt? 
Deviding (2-28) by d®,/L, we get the scattering coefficient 
D_ 1+exp{— (hei thy’) D—-ik,D} | 
(4K,—k,) D/2 
(2-29) 


L (0 ; D) = — 
Anag R’/K* mv 


where v=NK/m and a=e'm/h’. Since ke thp~K??, where J is the angle of 
scattering (angle between K and K’), the scattering coefficients for the excita- 
tion of “normal” and “ tangential’ plasmons are given by 


ried dd) eee eect alas Ron : sin(4K,—k,) D/2 i (2-30) 
Oona, O+(kZ/K*) mv" (4K,—k,) D/2 
18) 1 fiw, | sin(4JK,—k,) D/2 | 
PCG 1) ee a es en Sea le 2-31 
; Ana O'+ (ke /K 7) me (4K,—k:) D/2 ( ) 


Ferrell has obtained the scattering coefficient for the “normal” plasmon exci- 
tation in thin metal foils by a semi-classical theory. His result is 


u,(0, D) =- D fy [ale i [sina D2. (2.32) 
G-WCAKy/ Ki)? 4K,D/2 


Onap 
Watanabe” has recently measured the angular distribution of electrons which 
suffered characteristic energy loss. The observed angular distribution agrees 
with that calculated by Ferrell’ for a bulk electron gas. Ferrell’s calculation” 
is based on the differential mean free path for a bulk electron gas 

QO Wal pier 

ds? \ eres Kea (2-33) 
P+ (4K./K)" 


aa/2 =( 2 
27a 
(2-32) gives larger values at small angles and smaller values at large angles 
than those predicted by (2-30). Hence the angular distribution predicted by 
(2-32) seems. to be in disagreement with Watanabe’s experimental results. 


However, detailed comparison with experiments will be left to future investiga- 


tions. 
The author is indebted to Dr. F. Fujimoto, Mr. T. Sasaki and other mem- 


bers of the research group of “ plasma oscillations in solids ” for helpful discus- 


sions. 


Appendix i 


For sufficiently large L 
s(t exp{—i(keS tk ON ee 
v(Re, Rys €) =e*\\ aE PP. © dé dy 


—-o 
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ln 


yi pd o 9) 1/2 
=e'| (+07)? \expl i(k, +h)” p cos yd 


2ne* 5 E34 de Typhi he (A-1) 
= —exp{— (k tk, ) Cl} - 
(kh +k)” A y 


Since ic exp {i(ke— ki) C}de=2D9,,4,/, we get 


D 
Tihs | 2¢ (ky, Ry, €) exp{—ikel} dC 
—-D 
a [1—exp {— (kh, +k,?)” D—ik.D} J, (A-2) 


where e?=—e-—(—1)™, so that v(k)=v(—k). It is to be noted that in the 


limit of Loo and Doo we get 


v(r—r’) = 


il ib; D ( 2Q7e° kaart = pi ( Ane’ ik(@—r!) 
Pa rer aate oe Gil Cagrerrs alone dk. 
TEP OPEC AE Be k (27) R? 

Appendix II 


The Hamiltonian of the system of incident electrons and a metal foil is 


given by 
H= neat 2 Acs K?/2m) Br* Brt+ Hin (A-3) 
where Honea, is given by (2-9). BX and Bx are the creation and destruction 


operators of incident electrons respectively. The interaction Hamiltonian Hin. 
between incident electrons and metal electrons is 


1 ts ek e 
Lin — oe » hake Pi niqt nu A niqt 
Hier sre py 2 = ¢ oR P80) Paar) de AR Bet Bu Bie bn 
kL a ie \ , y x sin (JK, —k,) D/2 
<< onl & v(k) 0(4K,—k;) 0(JK, —k ) == ? = seyey ‘B 
L y y Vee )D/2 k K> 
(A-4) 


We introduce the plasmons by adding certain terms to (A-3). The result- 
ant extended Hamiltonian is given by 


eS) rena) bs but DS pas (hh K?/2m) B;* Br- (N/2V) ds U (k) 


aR 


“9 (1/2) 2 xv (i) PeOey 


ee) 1» (w(K) /V)"" pet pe} {(v(k)/V)*? 0-2 +p -a} + Hm (A+5) 


K<ke 


The subsidiary conditions are 
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PiPea=0 (R<k,). (A-6) 
We consider a canonical transformation generated by S, which is defined by 
Si=— 3) A/B) @O)/V)"" Pode, (A-7) 

where [ pz, ger |= —ihO.. Introducing the creation and destruction operators of 


plasmons, aj* and a, by 


Qu=1(h/2uw) oe (a_4,—az*) > 


Pr= (Nhw/2)*" (a4 a); (A-8) 
we may write the new Hamiltonian as follows, 


eH! = Hy + Hy, + H! + U+ 4H, + Him Cae? 


where 


A= a E,(q) De Ones do Hea 2m) Bes Be 2 Rw (a,* a,+1/2) 
Me Kk<Kke 


UN ZV) mY (k), (A-10) 
Hy, = (1/2) oa? (k) 4. P-~— (N/2V) 2a” (k), (Cees) 
HT’ 2423 ze (v(k) /2haV) 1? Cn! q/ |e" |g) hernrgt nq Orta Ong (A—-1— ae") » 

(A-12) 
AH, = 3 R08 (®) 0°) [Aer (avast + a0" Reet, ee yas et (AAS) 


where w,2(k) =R’uv(k)N/mV. U is the “ random phase” term which is neglected 
in RPA. Making use of the new subsidiary conditions 


2,0 = {at+a,— (2v(k)/hoV)” p.}P=0 Zk). (A-14) 


Hin, May be written as 


ay il Os 4 raw, N rk 7 sin(4K,—k,) D/2 ~ 
Ain =F5 oo 2B” (k) 0) (4K; Bey) a) (4K, Ry) (ae < D/2 p?_4, Bri Bie 
D fw) 5 (4K,— he) OAK 
ee KR! ( 3 Vat 0 (dKe— ke) 0 (AK,— ky) 


+a_,) Be Br. (A-15) 
(AK, —k,) D/2 (ax a_;) Bri Bx 
In order to eliminate the virtual part of H’ we consider the second canonical 
transformation generated by S; which is defined by 


1/2 * * 
o SaaS or uu nl qlle-***\0g) corarng| ee dan 4 Pita Poa Me ih 


K<k, ng nigt ( Sw V W— Ontql ng w ae Ontq! na 


(A-16) 


> 


— 


wa 


Ae 
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where P denotes the principal part. Using the relation 


(Hy, iSJ=—H’ (virtual), (A-17) 


under RPA we obtain 


(1/2){[ Eo, Ss], iSs]+LH", iS]= 0/2)", #52] 


: : ; x * 
=H,.,.+terms involving (a,* ag t+ Qn An + Anant A re hth We 


(A-18) 


Setting JH,+the second term in (A-18) =0, we get the dispersion relation 
ya Folk) 5! Fanta (RY (A-19) 


2 2 
mV ng WIGl () —Wnylgt ng 


The part of H’ which describes real transitions is not affected by the second 
transformation and contributes to the damping of plasmons. . Standard pertur- 
bation theory gives (2:13). Hin 1s also not affected by the second transforma- 
tion. Therefore the interaction Hamiltonian between incident electrons and | 


plasmons is given by the second term in (A-15). 
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This is a continuation of the previous works on the energy spectrum and the phase 
shift, First, one’s attention is called to the fact that, when multiple processes compete, a 
certain combination of phase shifts which is always real has elementary properties. As an 
illustration Levinson’s theorem which has previously been generalized to the field theory is 
directly examined in a modified Lee model in which two channels compete. Next it is 
shown that the determinant quantity introduced in the foregoing paper has an analytic 
property corresponding to the structure of the energy spectrum. From this property one 
obtains a dispersion-like formula involving the stated phase shift, one by one for each eigen- 
space, which holds without any approximation on inelastic processes. An application of this 
property also to a statistical-dynamical system is discussed. Further a relation on the asymp- 
totic behavior of the phase shift is suggested and a difference in whether a particle is 
elementary or composite is remarked. 


§ 1. Introduction 


In the previous papers, hereafter to be referred to as I” and II”, we have 
pointed out several basic relations concerning the energy spectrum and the phase 
shifts. We want to consider in this paper some further points in this direction, 
putting stress on a connection between the energy spectrum and the determinant 
quantity which was ‘ntroduced in II. In the following we want to summarize 
our main subjects. . 

One of the characteristic features in the quantized field theory 1s the ap- 
pearance of multiple competing processes which complicates the matter. But 
in I, §5, and IL we have obtained, also in multi-channel case, identities which 
have formal resemblance with one-channel case. For instance, while the relation 
between the phase shift 7(w) and the interaction Hamiltonian 1; in one-channel 


case 1S : 
dn |/dqg=—tk" (© dH,/ dg) 
(g is the coupling constant, k is a suitable normalization factor and ¥ is the 


eigenstate), it is replaced by 
dy; (w) /dg=—mk™* (o) Sp[P; dH,/ dg P;} 


ase, where 7;(w) 1s a certain combination of the phase shifts : 


7; (w) = i Nja(o)- (eue®) 


in multi-channel c 


el OOS er fea ae 


ee toe. ae 


aoe Ne ee eee ee ee hee le 
i - y F 
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a 


Here w is the total energy, j denotes the j-th eigenspace of a commuting set of 
constants of motion corresponding to certain symmetries, 277 ;4(w) 1S the logarithm 


of an eigenvalue of the S-matrix on an energy shell and P; is the projection 


operator onto the j-th eigenspace. nj(w) is defined also by 
eis =det| P,S(w) Pil, (1-2)* 


where S(w) is the S-matrix. 7;(w) 1s always real. We have in I, §5 (see 
(5-37)) obtained the field theoretical generalization of Levinson’s theorm””? which 


is expressed in terms of 74;(w) as 
7;(00) — 7; (wo) = — (m’—m,’)z, (1-3) 


where «w is the threshold value of the total energy, and m’ and m,’ are the 
numbers of discrete levels of the interacting and interaction-free system respec- 
tively belonging to the j-th space. In § 2 this relation is directly examined in 
4a modified Lee model®*® in which two channels compete, since the theorem in 
the case of multi-channels has been rather unfamiliar to us. One will see there 
that the completeness of state vectors is essential for the validity of this theorem.” 

- Tt is shown that information on the energy spectrum of each eigenspace 
will be best expressed in terms of the analyticity of the determinant quantity in 
the complex plane of the energy variable. This determinant qnantity has been 
defined (see II, (2:10)), one by one for each eigenspace, by 


1 


d(H) =det|P, {1+ = Hl Pil, (1-4) 


A 


where E is the complex energy variable. Hereafter w shall represent the real 
and E the complex energy variable, and let us follow the conventional notation 
that 


a (w) ef (EF) |e=0 bi€> a , 5) 


where € is infinitesimal and positive. (2) has the following fundamental 
properties : 

1) By the nature of the determinant, J’(/) is invariant under the following 
transformations : 


4! (EF) =det 


i\\ ° 
P {1+U- Pe 5; uN Pil. 
; 2H : (1-6) 
OF OT Cee eee aa). 
2) As has been shown in II, Appendix III, it holds that 


ej) = A* (wy) / A! (w). (1-7) 


* As for a rigorous definition of “ det” see Appendix IV. 
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3) 1/4'(E) is analytic on the complex E-plane except for the singularities : 
a) a cut on the real axis corresponding to continuous levels, 
b) poles on the real axis corresponding one to one to discrete levels of the 
interacting system in the j-th space. 
The properties 2) and 3) are contained in the following one formula : 


co 


; : E-—a,; 1 03 (ow) | 
7 -- eI —— lo 1- 
Ae 1 E—a exp | 7 | do w=) Gis) 


0 


where w, is the energy eigenvalue of the 7-th bound state and w, is the threshold 
value of the continuous energy region. This relation will be proved in § 4 and 
Appendix IH. From this analyticity a dispersion-like formula for 4’(£) is 
obtained (§ 4). 

4) d'(E) is connected with the level density (being denoted by f’(w) in 
the place of JN’ (w)) introduced in I, §5, by (see II, (2-6)) 


0 (w) = (1/2271) d/dw log (4* (a) /4'(w)). (1-9) 


This reduces to (1-7) in the continuous energy region by virtue of the general 
connection between the level density and the phase shift (see II, (1-12)). 
In the discrete energy region, if the system is a statistical-dynamical one with 
large degrees of freedom, o'(w) represents just the level density e.g. of the 
electronic state of a solid. We shall in §5 consider such a very simple example. 

The other topics treated in this paper are as follows. We see in the ex- 
ample of §1 that a difference in whether a particle is elementary or composite 
will give a difference in Levinson’s relation.” In §3, by virtue of the general 
connection between the phase shift and the interaction Hamiltonian (II, (1-4) 
or (1-6)) one obtains a somewhat general information on the asymptotic be- 
havior of 7;(w), a formula for the asymptotic phase shift in terms of potential 
in particle quantum mechanics and a relation between the asymptotic phase shift 
and the self energy in quantum field theory which will be illustrated in the Lee 
model. In §4 it is suggested that some information on a new interaction which 
is responsible for a new production process will be obtained from a threshold 
behavior of 7;(w) by an effective range-like formula which is obtained from the 
nature of 4/(E). In Appendix III a formula which expresses 7;(w) in terms 


of S-matrix is given. 


§ 2. Levinson’s theorem in an example in which 
multi-channels compete 


The relation between the phase shift and the number of bound states which 
had originally been given by Levinson” in the case of particle quantum mechanics 
has so far been not clear in the case of quantum field theory where multiple 
channels compete.””” According to the. scheme ofet, §5 (see I, (5-37)) 
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Levinson’s theorem in such a case holds in terms of our 7;(w), yielding 


93() —4y (wo) + pe dn; (wo) = —z(m/—m,’) ’ (2-1) 


where m/(m,’) is the number of discrete levels (at g=0) in the j-th eigenspace, 
w, are the energies of each production thresholds, and 47(w,) are possible dis- 
continuities in 7;(w) at w. One sees, however, that the discontinuity does not 
usually occur except in such cases in which a resonance energy coincides in- 
cidentally with the threshold, since, as will be seen in the example of § 2, the 
discontinuity due to a new production process in 4;(w) has a factor k, the 
magnitude of the momentum of a newly produced particle which vanishes at the 
threshold. Hence we may usually put 


47; (wi) ==), (2-2) 


For the purpose of examining the result (2-1) of the general theory, let us 
take up the modified Lee model which was introduced by Konishi and Ogimoto.” 
One will directly obtain (2-1) with m’—m,’=0 (j: S-state). Thereby one 
will see that the completeness of state vectors is essential for its validity.” 

Following Konishi and Ogimoto, consider the modified Lee model in which 
two kinds of @-particles 0,(a=1, 2) with masses /4a(/2>/4) and two kinds of 
V-particles V,(A=1, 2) with observed mass m which is identical with that of 
N-particle are interacting through the virtual processes 


(N>O2) ZV, @=1, 2; A=1, 2. (2-3) 


We assume that no ghost appears. Hamiltonians are given by 


H=H,+H,=H,+0H,+MW—?Hh, (2-4) 
Fy + 0Hy=m 3X Pw (p) bu (p) +m did Pron (Q) Pro Q) + Li Li wa aa (Rk) aalk), 
(2-5) 
Fh=— S13 Xe Jar Fa (oa) {Pray (Gq) tv (p) aa(k) therm. conj.}, (2-6) 
0H, = Qu Xs OmMxy Sve (Q Prin (Ms (2-7) 
Jar=J Ears (2-8) 


where the notations are in accordance with I, § 3, g,, are the unrenormalized 
coupling constants, ¢y and ¢y,) are the unrenormalized operators and 


Wa= (Ha +R’). (2-9) 


Only one channel (N, @,)—(N, 6,) contributes to the (N,@)-scattering in the 
energy region /4 << w</4, and four channels (N, 0.) (N, 9) (a, B=1, 2) in the 


region w—/4r. Real V,-state is obtained as 


Pye = a Py ,) Nat Bog dX ee (Fe (Wa) /Wa* a2 I cep N,x) . K2, “i 10) 
KB a G BK 
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Let the (N, @.) in-state be 
Tra= Li Prin Ppa b) + YS Pata Pana R, #)- (2-11) 


The completeness of {/y), Ya} in this eigenspace reads (as for the completeness 
in the Lee model, see Appendix IJ) 


pe IN IN oct do 2. 9y* (Rk) Pak) <0 ya (2-12) 


From the relation between the phase shift and the interaction Hamiltonian (I, § 5, 
or II, §1) it follows that (see Appendix 1) 


d/dg-4(w) =— (40/9) Li ad Pra (h”) |28 (wal —w) = — (Aa/g) P(w) (2-18) 


= — (1627/9) bad ma kaa '|Pra(k) |’, (2-14) 
where 7(w) is defined by 
e?) = det| Sap (w) |, (2215) 
and 
%,4(w) =0 for w<f/a, (2-16) 


Saa(w) being the S-matrix element for the process (N, 9) (N, 9a) and 
Sap (@) =%ae for (4, 8) (1, 1) and fa S0<f- (2-17) 
Taking the spur of both sides of (2:12) 


oo 


x SNe | dw P(w) =2. (2-18) 


15!, 


Therefore, on account of @(w) 0, one obtains 


0<| doPw) eas (2-19) 


Mm 
The integral must be convergent so that 

@(w) ~O(Ww**) (a>0) for o~®. (2-20) 
Substituting the above expression in (2-13) one obtains 

3 d/dy 7(w) ~O(w~*) goes (2-21) 

Integrating with respect to 9, 

n(w) ~O(w“*) for w~ ©. (2-22) 
On the one hand, on inspecting (2-14) one sees that d/dgq(w) 1s continuous 
at w=/2 and 


d/dg 4(w) 2=() at w=/4, (2-23) 


= ee 
x bet | 
; 
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therefore 7(w) is continuous at o=/2 and 
7(w) =90 at w=/4. (2-24) 


(2-22) and (2-24) together constitute a special case of Levinson’s theorem (2-1) 
with m—m,=0 (j: S-state, and m=m)=1). 

As will be seen from the above deduction, (2-22), therefore Levinson’s 
theorem, is the consequence of the completeness of state vectors.” 

In the Lee model V-particle is interpreted as an elementary particle described 
by #y. If V-particle were a bound system of interacting N- and -fields, Levinson’s 
theorem would be satisfied with mp=0 and m=1. Such a situation will be a 
distinction between an elementary and a compound particle.” 

We have assumed in the above that my=my=m. The result of this section 


will hold in so far as 


My<Myt+/h. (2-25) 
In the case of 


My >my+}/s, 


there occurs a different circumstance that the vector space which describes the 
(N, 9) scattering is expanded by {¢y, ap} at g=0, but by {¢y, ae, fr} for g>0, 
hence the Hilbert space is discontinuous at y=0. Therefore the additional funda- 
mental assumption III’) in I, § 1, hence the result of § 5, are no more valid as it 
stands. In this case the formula (2-1) must be modified so as to take the discon- 
tinuity of the Hilbert space into consideration. 


§ 3. Asymptotic behavior of the phase shift 


We shall in this section obtain some information on the asymptotic be- 
havior of the phase shift by virtue of the general connection between the 
phase shift and the interaction Hamiltonian (see I and II). 

Consider first the scattering of a particle by a potential 


Visors (3-1) 
From the basic relation II, (1-9), it holds for continuous energy region 
d/dgq n3(w) = —2k™ (a) (Pye V9' 40) 5 <ul oie) 
where 
k(w) = (dw/ dk) /R’, (3-3) 


and ¢#,, is the j-th partial wave, and for discrete levels 


(PjaVP ja) =dwg”/ dg. (3-4) 


Therefore summing over all states in the j-th eigenspace, one obtains 
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Sp[P,vP,]= D dod/dg— (1/2) | Bad) dg 94 (a). (3-5) 
The left-hand side is independent of g, hence by comparing the values at y=g 
and g=0 it follows 


1/x| do{a/dg 146) —[d/dg 7,(0) ns} = Didow/dg. (3-6) 


@O 


Assume that w is differentiable with respect to g, then the integral of the 
left-hand side must converge. Hence 


d/ dg n;(w) —[d/dg n;(w) lyao~ O(W'*) = (a@>0) for w~oo. (3-7) 
Meanwhile by (3-2) 


foo} 


[a /dg 93(c0) ]yan = 28 (w) | drt) (U/kr) Spanley)’, (3-8) 


0 


where J,(x) is the ath order Bessel function, and 
r?(1/kr) (Jj2(kr))?= (2/2) (1/R) sin?kr~1/ak’, 
r*(1/kr) Cie (kr) 1 / ak for wWw~ OO, 


Hence 

[d/ dy 7; («) |g-0~ — (dew/dk) >| dr OTe 10tr@ < Ce; (3-9) 

0 

therefore 

d/ dg 4;(w) ~ — (dw/dk) + dru(r) for w~, (3-10) 

) 
Tee onting over g one finally obtains 
nj(w) ~ — (dew/dk)~* dr V(r) for w~, (3-11) 


0 
provided that V(7) 1s integrable. It may be interesting to note that the right- 
hand side is independent of j. This result has something in common with a 


formula in a recent work of Malenka and Valk.” 
Next consider the case of quantized field, supposing an interacting nucleon 


and meson fields if necessary. The Hamiltonian 1s 
H=H,+HW=H+0M+h— rh, 
OH, = 26 (™ Om +36, Op’, 
% =dH/dg=H,—H™ d/dg dm—26,” d/dg 62, #%,=dH,/dg. (3-12) 


Bows 
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ace under consideration no composite par- 


If we assume that in the j-th eigensp o 
he asymptotic condition holds, then 


ticle participates in scattering and that t 
similarly as in the preceding case 


‘ d/ dy qj (w) = od ie (w) pa (P74 P,H By i) > (3 : 13) 
k and 
' Sp[P, 46 P)]=Sp [P; {6 eg d/dy om —H d/dqy Op 54 
ao 
Sts dog” /dg— (1/7) | dw d/ dg 4;(w). (3-14) 
Note that 
Sp[P; 6, P| 


is independent of g, and usually the perturbation expansions of Om, 64? and 7; (a) 
begin by second order terms. Therefore by comparing (3-14) at gJ=9 and g=0 
it follows : 
1/x| dw d/dq 4;(w) = 4 dog? /dg+C,™ d/dg dm+C,;” d/dg Ou, (3-15) 
where 
C/™ =Sp[P,260™ Pi], C) =Sp[P; 260 Py]. (3-16) 


Therefore one may expect that the asymptotic behavior of d/dgn;(a) ts determined 
by the order of divergence of 6m and On, 
The relation (3-15) is directly examined in the Lee model. In Appendix II 


one sees 
we Xs w|9(k) |?=Om= (9/2) d/dg om. (3-17) 
Substituting the above expression in (2-13) one obtains 
1/2 | dw d/dg 4(w) = — (4/79) | dw w?(w) = (2/2) d/dg om, (3-18) 
hl ra 


which is just (3-15) with C°'=2/z. 


§ 4. Analyticity of the determinant and an effective range 
formula at production threshold* 


In this section we prove the form (1-8) for the 4/(#) and obtain a dis- 


* After this paper had been written the author found similar results in the work of M. 
Baker which is, however, restricted to the case where there are no multi-channels. It seems that 
the present method using the differentiation with respect to the coupling parameter is more compact 
and straightforward. 
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persion-like formula which follows from the analyticity. Further it is suggested 
that an effective range-like formula is extended for the phase shifts just above 
the production threshold. 

As for the form (1-8) we shall here consider only the case of the scattering 
by a central force. The general case is proved in Appendix IH. 4#(E) is 
transformed as follows: 


4(E =det P, {1 ees Sr > 
oe ot P, on Ps 


=det,| (H)>—E)~ (H—E) |=dety"|(H,—E)|-det,|(H—-E)|, (4-1) 


where det, is the determinant defined on the j-th eigenspace. Suppose that the 
system is enclosed in a large spherical rigid wall with radious R, then the levels 
become discrete, so that 


det,| (Hj —E) |= ll (#? -E), 
: (4-2) 
det,|(H—E)|= Il (o.—E) ll (wi—£), 


where w; and w,° are the energies of the th normal mode with and without 
interaction, and w, is the energy of the a-th bound level, all belonging to the 
j-th eigenspace. Hence 


log # (FE) = do log (@e—E) + da {log (w;—E) —log(w;—E)}. | 


As R tends to infinity w,—«,’ tend to zero, hence 


.—E Or 
] v,—-E)—1 /—E)=lo pe Aye ee 
og (w ) —log (a ) fey Le Week 


Meanwhile from the relation between the energy shift and the interaction 
Hamiltonian (see II, § 1) 

woos OR) (dw/ dk) 4;(«i), 
and further the number of levels involved within ow~w+dw 1s 

N)(w) do= (1/7) R(dw/dk)™. 
Therefore: 

log (d= EY lon (oe EB) Stel 2 (4-3) 
i tlog Ww: g (wi ee 


/ 
0 


so that one would be led to the result that 4’(E) is.to be given by 


il Ha 
Il (wz— FE) exp{——_ [do Wot. (4-4) 


0 


In the above, however, we have implicitly assumed that there always exists a 
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one to one correspondence between free and interacting levels. Such a corres- 
pondence, depending on the parameter ¢, breaks down at the threshold energy 
when a new bound state appears (see I, § 4 and §5). The discrepancy will be 
settled by a requirement that 4’ (F) should be continuous with respect to @. 
This requirement is satisfied by supplying a certain factor to (4-3), yielding 


oo 


E-—w 1 7H; (w) 
Ai ait ( 2 5 {- 2 | po! : s 
a'(E) I hes: exp * dw ae 5 (4-5) 


which has the following zeros and singularities : 
a) 4(E) has a cut on the real axis (ww), discontinuity across the cut 


being characterized by 
AF (w) fs (oO) Hes. (4-6) 


b) 4(£) has zero points at E=w,. 
c) d'(E) has a pole of m-th order at E=m, where m is the number of 
bound levels. 
ayer 
| do n;(w)/o and | dev n;(w) are convergent d,) 
0 0 


or 
7;(w) ~O(w*) (@> 0) for w~, dy) 


d,) being weaker than d,), then the exponent of the right-hand side of (4-5) 
tends to zero for Hoo, so that 


4(E)>1 for E> oo. (4-7) 
For a non-relativistic scattering by a non-singular potential E-plane 
as well as for the Lee model, on account of (3-11) and C 
(2-22) (with dw/dk=k/m) respectively, the condition d,) : ae 
is satisfied. For these cases satisfying d,;) or d.), we ae 
obtain by Cauchy’s theorem the relation Fig. 1 
; , VR! 
ey eel ee (4-8) 
271 o E'~E 
Also from (4-6) 
Re # (@) = —Im (a) - cot y;(@). (4-9) 


Combining (4-8) and (4-9) one obtains the following dispersion-like formula: 


sya ki 
—Im 4’ (w) coty;(w) =1+ Be | du! a x oy ; (4-10) 
mJ w —w 
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Im 4/(w) may be compared with the source function in Chew and Low’s 
effective range formula’ and may be called “the effective interaction”. There 
arises no trouble such as what arises when one wants to apply the unitarity to 
the dispersion formula involving the complex phase shift above the production 
threshold” We have our formula for 7;(w) one by one for each eigenspace 
without any such approximation as neglecting the inelastic processes. 

By virture of our scheme it is suggested that, when a new production pro- 
cess is associated with a new interaction as is the case with the modified Lee 
model of § 2, information on the new interaction will be obtained from 7;(«) 
just above the production threshold by the effective range-like formula. For 
compactness suppose that we are considering the modifted Lee model of § 2, 
then by (4-5), since there is no bound state, 


Beier pr ae es ? 
A(E) =det 1+ pe Th =exp | SCL aie (4-11) 
Let us decompose 7(w) as follows : 
4 (wv) =7" (@) +7 (w), (4-12) 


where 47 (w) ts differentiable at w=} and 7 (w) =0 for w <p’, and factorize 
A(E) as follows, 


1 t ne w c 
4(EY=A%(E)- 4° (E), 4B) =exp |---| do 7}. (4-13) 


ot 


The effective range formula for w— fy is written as 


kcoty™ (w) = —Afayhrek / 2; 


where 
+=} iP ja kF,(w) ALU), 
aq 4 wo— fy 
i (4-14) 
Bot, kets} 
aie aia | do (w— 4)? [tA (4) 
and 


Im J” (@) =kF,(w). 
We may write also for w= Ps 
| pcoty7® (a) = —Watrk/2: 


| (4-14) 152, 


may be called the scattering length and the effective range for 


(4-15) 


where a, and 72 


ear... 71 eee — 
Ces 7 > i 


-~ 


Sea, Fey eee ae ee ag 
7 + P 2 


mh Ete eT gk kg in 2 
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the interaction responsible for the new production process. 7 (w) is equal to 
7(w) minus the value of 7 (w) extrapolated from under the threshold: 7° (w) = 
n(w) —4" (a). Im 4d (a) are connected with the original total effective interaction 
Im 4(w) by 


Im d(w) = —Im J” (a) «Im A” (w) {coty™ (w) + coty7” (a)}. (4-16) 


§5. The level density of statistical-dynamical system 


For a statistical-dynamical system with very large degrees of freedom, 4 (E) 
provides the level density of the system in terms of (1-9). As an illustration, 
consider an application of this relation to a.very simple model which is com- 
posed of N fixed sources interacting with a scalar Fermion field “#(r) of mass 


m. g(r) satisfies 


{h(r), $*(r')} =8(r—r’), (5-1) 
and the Hamiltonians are given by 
H=H,+fh, 
Hy= (1/2m) \ dr (V4 (r)) (Ver (r)), (5-2) 


r 


H=9 Y \drvr) i) V dro) $@)), 
where 
u(r) =v(r—nr,), (5-3) 


r, being the position of the 7-th source. 
The determinant is expressed as (see II, § 2) 


1 


; | | : 
A Rael d MS rsa H, =det|d;+gu(E, Fee) (5-4) 
where 
Eon = — v; (Kk) vy" (k) = yi lu? tka gy . 
u(E, ris) 2 BoE ae eis , (5-5) 
Dp amen des (5-6) 


and v(k) is the Fourier transform of u(r). 
First consider the case N=1 and assume that J(£) has one discrete level 
for this case, then 


Ate yee Tee) ne exp{——— | do {ee E (5-7) 
~~ Wo Beot oO 


9 


/ _wiouniesoapeti 


——— 


> ies " 


Fe 
ae 
Li, 
* 


ee ote 


Energy Spectrum and Determinant Method in Quantized Field Theory 873 


where w, is the level energy, 7(w) y=: is the phase shift of the scattering of the 
particle by a source, and 


v(k) |’ 
yee en ye 
ul) Sui) = 2 EE (5-8) 
In the case of N sources the level will split into N different levels according to 
the interaction between the sources. Thus in the case of N=2, we have 


A(E) waa= (1+9um(E))*—u(E, r)u(é, —r), (5-9) 
where r is the distance between two sources. From (5-7) 
A(E) yn ™ c(E—m)?—u(E, r)u(E, —r) for E~a, (5-10) 


where the coefficient c and the second term in the right-hand side is positive for 
real E. Therefore, if the second term has no zero in this neighbour, d(/) y=» 
has two different zeros in this energy region. 

Now consider the case of large N. One can easily see that the simple 
perturbation expansion of the determinant 4(/) does not correctly represent the 
location of zero points. Accordingly, we prefer a different approximation. First 
we assume that the level structure becomes almost independent of N for suff- 
ciently large N, which appears only as a multiplying factor in the expression 
for the level density, and that also the phase shifts 7 (w) of particles scattered 
by a block of N sources becomes independent of N for sufficiently large N. 
Then we can put for sufficiently large N 

px (w) =Ndo/dw, o(—%0) =0, | doryo) =N=No(m), (5-11) 
and 


9 


4(E) =4(E)s=exp {—N | do exp{—— oe. (5-12) 


Expanding the determinant 
A(E) wii=det|O,,+ 9% (iis r;;) | 5 (5il3) 
with respect to the first row, we get 
A(E) wu 14+9m(E)) 4) wt ye gu(E, ru) In (E) », (5-14) 
a +1 
where 4,(E)y is the cofactor of the (/, 1)-element and is the N-th order deter- 
minant. Expanding Jn (£)» too, we get 
4n(E) v= — Gu (E, Tr) BCE) ya Ol") (5-15) 
Retaining up to O(Y’) 
ACE) yuu ge) ) A(E)x-G a u(E, ty) u(E, ri) ACE) 1, 


aoe itl 
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hence 
A(E) vis /4(E) y= 14+9u(E) —g’ y) ul(E, ru) u(E, Ti): (4(E) y-1/4(E) w) 
+1 
~14+9m(E)—9 pm u(E, rn) u(E, ri). 
“+1 
On account of (5-12) one obtains finally in the second order approximation 


1+9ua* (w) 9° 33 * (eo, ra) ut (os Tui) 
1 


yx — 


5; hpe ho) 


Px (o) (N= - 


271 Bw ; 14+9u (w) —g* > ula, rn) uo, r1;) 
(#1 


from which the “ Zustand-Summe” Z(?), 8=1/kT of the system is obtained as 


Z (8) =Sp[e**] = | du Py(w) flo, 3), (5-17) 


where Sp is the spur defined on the Hilbert space (1. e. also on the configuration 
space of quantum number 0 and 1), and f(w, 3) is the Fermi-Dirac distribution 


function : 
FACOG Done VAC ee oh 5) (5-18) 
Although the present model is a very crude one, it suggests a general approach 


which makes it possible to deal directly with the level density of the system. 


Appendix I 
Modified Lee model 


The Hamiltonians have been given in §2. From the eigenvalue equation 


(H—m) Py) =0, (AI-1) 
one gets (2-9) and 
On »= aa oa pa D cop Jar Fie (Wa) /Wa- (AI-2) 


For the in-(N, @,) scattering solution which satisfies 
(H—m—o) Fa=09, (AI-3) 


the coefficients (see (2-11)) are given by 


Opatk', B) =n Ose ba Parka (w’) Pro (Rk) (AI-4) 


/ . 
(ee 


and 


Pra (k) ines PS A, (Wa) I cu Fe (Wa) /We; (Al: 5) 


where Ax) (wa) is the inverse matrix of 


Energy Spectrum and Determinant Method in Quantized Field Theory 875 


Ay. (a) =0,,+ paps sae Ford on Fs. (og!) [wg ex (AI-6) 


am Wp ’— Wy —1& 


The scattering matrix is obtained as 
Spalk’, k) =Cene%pq— 2710 (wg! — Wa) Tea lw), (AI-7) 
Tpa(w) = (1/w) 2 Ger F’g(w) Axp(©) Gap Fao). (AI-8) 
eaeiiet from (2:11) and (2-12) one obtains 


rae (Pia db Fura) (6 =dH/dq) 


= (1/9) (@at og! ye D5 Gx (k) Gra (k’). - (AI-9) 
2 is related to the phase shift by 
DI dd peo) == 2 DY Gawrr ana!" 0), (AI-10) 


so that substituting it in (AI-9) one obtains 
1 d/dg qa(w) =— (40/9) OY |Pra(R") PO (wal”— eo). (AT-11) 
a xX a «kit 


Further the determinant for this model is expressed as 


| 
ACE) =det Pil+— Z Hy} P 
H,— | 
2 // /I 
=det|A,,(£)|= Out pe ye Londo Fe oe ) fog ' (AI-12) 
sorT Wp = 


where P is the projection operator of the eigenspace to which V and (N, CP) 
belong. 
Appendix II 
The completeness in Lee model and the self-energy 


The notations are to be referred to I, §3. The condition that the space 
spanned by {¥y, Pye} coincides with that by {@,, Myo} is written as 


N?+ dhe) ?=1, (AII-1) 
k 
_ | gN?F(w)/o+ 2 9k) oR, ke) =9, (AII- 2) 
mm Pir Ory = P49 1M 


g’ N’ F(@) /w:F(o’) Jo’ 
= ne o(k, k’) o' (k", k’) =0(k—k). (AIL: 3) 


It is seen that CN IBay Eres II-3) are replaced by (AII-1) and 
gF(w) /wt+¢(k) —9F (a) /o: 2 12 (hk) 20" / (wo —w—is) =0. (ATT 4) 
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o(k) has been given by 


p(t) =—9(Fo)/o) [149 Y At) x al \. 


KIT w ow’ —w—té 


We can directly ascertain (AII-1) and (AII-4) as follows. Put 


~ 


ACh yas ior os, HM a 


/ / ? 
KIT ow” wo! —E 


and consider the contour integral in the complex E-plane 


1 |= ee 
E’ A(E’) 


2 ONS ol eg Nines Sh ee ie 5 oie 


ami y, 


then 
i) the contribution from the infinite circle equals 1, 


since 4(E) > 1 for E>, 
ii) the contribution from the pole at E=0 equals 


1/149 4 F? (0) /o”) =N’ 
kil 
and 
iii) the contribution from the cut on the real axis equals 


co 


— | dul” 5 ip) P80") =— Fle 
c - ker 
K 


on account of 
1/4 (w) —1/4* (w) = — (1/| 4 (@) ?)-(d(w) —4* ()), 
and 


4(w) —4* (vw) = 9 F?(@”) (ew - 2710 (wo — a). 
kit 


Hence one gets 


pa lo (k"’) P+ N?7=1. 


Similarly by considering the contour integral J 
BL (ee ae el 
Song 2 ae 
ani J E'~E A(E’) 

one obtains 


a lo (k") Pal’ / (wv —w—1&) +1=1/4 (0), 


Alt 


which is identical with (AII-4). 


(AII-5) 


(AII-6) 


(AIL-7) 


Further the expansion of the both sides of (AII-7) at w~oo yields 
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the left-hand side ~ 1+ (1/w) >) |¢(R") |? 0”, 
kit 
and (AII-8) 
the right-hand side ~ 1+ (1/a)9’ >) F?(w”) /o”. 
kil 
Therefore by comparing the coefficients of 1/w one obtains 


3} 09H) =o D Fol") /o” = —Om= — (9/2) d/dg bm. (AI-9) 


kil 
Appendix HT 
The form of 4 (E) in a general case 


Proof of the form (1-8) for 4/(E) in a general case is given. 
A be the determinant consisting of elements 4,, which contain a parameter 9 : 


4=det|4,,|, (AIII-1) 

then the following identities hold: 
A= XI Ay Aus - (ATID-2) 
dAldg= >) Ap, d/dg A.,, (AIL: 3) 


where A,, is the cofactor of 4,,. If J; is the inverse of 4,,, 
Ay easur a. (AIII- 4) 


As a formal extension, for an arbitrary operator U which contains a parameter 


g, the determinant 
d=det|U| (AIII-5) 


may be defined through the differential eqation 


(d4/dg) /4=Sp | (dU/dg) U"]. (AIL -6) 
On account of 
1 Feat 1 agi 
Seagal eenie hy H, “Se (AIII-7) 
pee att dg 2 H,—E H—-E 

ve | 1 | 

= ee aah ly 

di (E) =det P, {1+ es Hh} | 


satisfies or may be defined through 


Ly OP AUDRY Cores [P, peels P|. (AII-8) 
A(E) dg H—-E 


Now the spur can be calculated by introducing the set of energy eigenstates, 


yielding 


Ee 


== T.- 
hay 


= 


we ee ee ee. eo tk Se 


ee” fe ee eee, 


ke ee el SO 


‘, i. 


"= ay 
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; ic 15 at 
1 CLO 7 Let ee eee \do— err (AIII-9) 
[OO imme + 


AE) dy ey Wqg—E dy re 


on account of the relation between the interaction Hamiltonian and the phase 


shift. By integrating on g under the conditions that 
4 (E)),-.=1, 


and that 4’(£) should be continuous with respect to g, one obtains 


log J'(E) = Slog Le Ome hs  e (AIII- 10) 
a E—aw 1 ae o—E 


Appendix IV 


ni(w) in terms of the S-matrix 


7;(w) has been defined compactly through 
e779) = det| P; Sr1z(w) P;| . (AIV-1) 


In cases where inelastic processes compete, the variable I takes continuously in- 
finite different values, so that the determinant is only a formal expression. In 
such a case we can make use of the relation 


dy;/dw= (1/22) Sp|P;(dS/dw) Sohes =. (1/27) Sp[P; S(dS'/do) Ea 


hence, if w, is the energy of the production threshold, 


74;(w) —4; (a1) = (1/4i) \ dw’ Sp[P;{(dS/do’) S*(o') — Sw’) (dS*/do')} Psy 


@] 


(AIV-2) 


from which one can evaluate 7;(w) in terms of the observed scattering matrix. 
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A hypothesis on the quaternary intermediate boson in the weak interaction is formulated 
along a device of localization of transformations. Two transformations which belong to the 
generalized full symmetric group between proton, neutron and A-particle are utilized: 
The first causes changes between left-handed proton and neutron, while the second does 
between left-handed neutron and A-particle. Three constituents of the quaternary boson are 
introduced so as to harmonize with the localization of the first transformation, and the 
remaining one is deduced from the localization of the second transformation. 

The strongly interacting system is arranged to be invariant under the generalized full 
symmetric transformation so as to be unaffected by both transformations, while the weakly 
interacting system which is charge independent under the covariance of the first transfor- 
mation becomes charge dependent after the second transformation. 

The first approximation of the resultant weak interaction is in harmony with |4J|=1/2 
law, i.e. just agrees with Lee-Yang’s theory. The bare mass of the quarternary boson is 
small but finite in virtue of the coexistence of eleven mesons besides pions and kaons. 

The quaternary boson uniquely determines the conserved vector and axial-vector cur- 
rents of the strongly interacting system, the violations of which are discussed by changing 
meson masses. 


§ 1. Introduction 


A hypothesis on the intermediate boson in the weak interacttion was orig- 
inated from an analogy with the electromagnetic field interacting universally 
with the charged particles.” One of the aims of this hypothesis, then, was to 
give a logical foundation of the empirical universality of the coupling constants 
in the weak phenomena. 

However, any consistent theory of the intermediate boson has not been 
formulated, because of conflicts between requirements imposed on the inter- 
mediate boson. They are summarized as follows : 

[A] The ‘ntermediate boson (here-after called W-field) should mediate all 

existing weak phenomena. 

[B] The usual Fermi interactions can be realized by the secondary effect 
of W-field. Then their V-A coupling nature should result from the 
‘nteraction of W-field with baryons and also leptons. 

[C] Coupling constants between W-field and nucleon pair should be in- 
sensitive against the reaction of its strong interaction so as to be 
nearly equal to coupling constants between W-field and lepton pairs. 
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[D] W-field should make the decay ‘nteractions between baryons and mesons 
hold the so-called |4J|=1/2 law at least approximately. 
: [E] W-field should not realize any decays to like lepton pairs with com- 
; parative order of one to unlike lepton pairs. 
| [F] The intervention of W-field should not raise the rate of muon electron 
radiative decay from the usual Fermi coupling theory. ; 
[G] The mass of W-field should be large enough to be consistent with 
any observable evidence. 
We may take the following properties of W-field from these requirements : 
i) W-field may have at least positive and negative charged partners from [A] 
(Ogawa’s assumption”); ii) W-field may have vector and axial-vector characters 
from [B] (Gell-Mann’s assumption”); 111) Since the requirement [C] can be 
understood from the conservation laws of vector and axial vector nucleon 


currents, 


0,V. 


pw” p 


YQ 9,P,.~0, (1-1) 
part of W-field interacting with these currents must be satisfied by 
am, =O, ~ Oe. 0, (1+2) 


which means that this part may belong to the pure state of spin 1. (Feynman 
Gell-Mann” and Goldberger-Treimann®’s assumption); iv) An ingenious device 
which satisfies the requirement [D] was proposed by Lee and Yang.” They 
assumed two neutral partners of W-field besides two charged ones. The quater- 
nary W-field, then, reveals dual nature in iso-spin transformation so as to give 
the |4I|=1/2 law automatically. The existence of neutral partners of W-field 
may be essential about this law (Lee-Yang’s assumption); v) The neutral 
W-field, however, can not play any important role in the interaction with leptons 
from the requirement [E] (Lee-Yang’s assumption); vi) A restriction is also 
imposed on the interaction between charged W-field and leptons from the 
requirement [F], because a larger value of the muon radiative decay must be 
expected in an easy-going scheme.” One less dangerous device is to distinguish 
neutrino interacting with muon from the beta neutrino (Oneda-Pati’s assumption”); 
vii) The mass of W-field may be determined from the observed empirical facts, 
for instance, from the Michel parameter of muon decay” 


bes Ba 
p—0.75=4 ( P| 1:3 
Eo pa ea Re 
if the coupling constant G is adjusted by the Fermi coupling constant 
G? 
te 4 1-4 
"MM? Seo 
An ambitious proposal was made by Schwinger and Lopes,’ that the coupling 
4 constant G is equated with a root of the fine structure constant a Thus the 
: 
1 
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mass should be so large (M?~10%,y°) that we can not detect any observable 
effect of W-field (Schwinger and Lopes’ assumption). 

The conflicts in these requirements reveal themselves in the dualities in the 
W-field. The first is that the W-field has vector and axial-vector nature in usual 
space, because there may be strong interaction which defines its parity. The 
second is the duality of iso-spin raised by Lee-Yang’s theory. And the third 
duality, which may be the most important for the original intuition of the W- 
field hypothesis, is about its spin state, that is, W-field gives spin 1 state to- 
gether with implicit spin 0 state when it interacts with other particles.* If W- 
field would be pure state of spin 1, any decay of spin 0 particle could not be 
realized through this field.” The purity of state is closely related with the 
conservation laws which must be taken from the universality of coupling con- 
stants; that is the contribution of spin 0 state is ineffective in virture of the 
conservation laws. However, the conservation laws do not hold exactly, be- 
sides the vector nucleon-current. For instance, a break-down of the axial-vector 
nucleon-current is interpreted from the ratio of beta decay coupling constant 
F,/Fy=—1.20. This break-down implies W-field to be mixed state of spin 1 
and 0, the latter of which gives pion decay process. On the other hand, the 
so-called Golberger-Treiman relation 


0. PP 7 const- a, (1-5) 
which minimizes a break-down of the axial-vector nucleon current is in harmony > 
with the pion decay rate.” This enforces us to construct the theory with the 
approximate conservation laws, deviation of which is minimized as small as 
possibles. 

A consideration presented here starts with the strongly interacting system 
with the conservation laws of both vector and axial-vector currents. For the 
conservation laws of nucleon part, the system must be invariant under the 


transformation 
N->exp[i(@+758) TIN; a, B=const. isovector. (1-6) 


We can construct the system by introducing some suitable meson fields if the 
couplings between baryons and mesons are non-derivative as illustrated by Gell- 
Mann and Lévy, and if the couplings are both non-derivative and derivative 
as has been stated by the author.” 

The three constituents of W-field are introduced in this system so as to 
retain the invariance under the localized transformation 


N-exp [ia (x) 7 (147s) IN (IeQ) 


just along the line of Yang and Mills*°"® Then the form of conserved vector 


* This is easily seen from the occurrence of the contact interaction among baryons in the 


interaction representation. 
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and axial-vector currents can be determined uniquely. Since a conservation law 
follows from weaker invariance (under transformation with constant phase) than 
a local transformation which is reinforced by a certain field” it is not destroyed 
by changing the mass of field. The conservation of currents of strongly inter- 
acting system is not violated by changing the mass of W-field, but their axial- 
vector part breaks its conserved character by changing the mass of some particle, 
for instance, by changing the mass of pion from 0 to /,, its violation takes the 
form: of (1-5). 

The system thus introduced is still far from the reality, because W-field 
can not interact with other baryons besides nucleon and the system is charge 
independent. In order to remove the former defect, we introduce /-particle as 
a reprepresentative of strange particles and also take a wider transformation 
group between proton, neutron and /-particle which is a generalization of full 
symmmetric group.’” The charge independence of the system can be destroy- 
ed by changing it to other system through the local transformation 


exp [if(2) RA +73) P (1-8) 
where 
‘ X 
eA re Ale It —1 
7 Pg z 


Since the system with which we start is not invariant under a generalized full 
symmetric group, the transformation (1-8) gives observable effects not only 
from its local character but also from its rotaton. The localization effect gives 
the system a new variable which is interpreted as one part of W-field and the 
rotation effect creates the interaction between W-field and /-particle. 

One important modification of the starting system is, however, necessary. 


Since the strongly interacting part of the system must be charge independent ~ 


after the transformation (1-8) as before the transformation, its part must be 
arranged to be unaffected by this procedure. The invariance under the trans- 
formation (1-6) is insufficient from this requirement. The desired system must 
have more symmetrical nature, that is, the starting system must be constructed 
to be invariant under the generalized full symmetric transformation. The neces- 
sity of the invariance under the generalized full symmetric transformation in the 


system is, then, closely connected with the transformation (1-8) which is char- — 


acterized by the coupling ratio of /-particle-nucleon pair (G) to nucleon pair 
with W-field (G). 


Y 


f~const . ‘ (1-9) 


The ratio is usually to be smaller than 1. 


A new variable which is introduced by the localization effect of (1-8) can 
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produce Lee-Yang’s interaction in the first approximation of (1-9), which makes 
the interpretation of the fourth constituent of W-field possible. 

The way of discussion taken in this article starts with the construction of 
the ideal strongly interacting system with the generalized full symmetry (§ 2). 
Then three constituents of W-field are introduced in relation with the invariance 
of transformotion (1-7) (§ 3) and finally the fourth of W-field is produced when 
the system is transformed by transformation .(1-8) (§4). A similar procedure 
is applied also to the leptonic interaction of W-field (§ 5). The conservation 
laws thus obtained and their violations are discussed by changing masses of 
particles so as to have reality (§6). The last section (§ 7) is devoted to dis- 
cussions on the meanings of the procedure taken in connection with the con- 
cept of degenerate vacuum. 


§ 2. The generalized full symmetric system 


A system which consists of proton, neutron and /Lparticle interacting with 
pion and kaon is described by 


= 9 " A 
Le —B| a4 Sts Sa 2 in| (2-1) 
3 Wao 
al Nn ‘ 2 2 9 ORF 4 5 : f Nig 
5 Te pat (Opts) hye a \—iP Least Ied, A,m,\P , 
fa = fo = 1st Pa = Us = Po = LP > (2-2) 


where 2; (7=1, -:8) are 3X3 matrices which satisfy the relations, 
Tr (i; 44) = 204, BES Aj \_-= 22 isk Ak > 


[A:, Ay]. = out ode Ay 2-3) 


Their concrete representation and the coefficients fij;, and dij, are to be referred 
to Gell-Mann™ (Also see appendix I). The system is invariant under the trans- 
formation 

3 

# exp] ia, |P ,  a&,=const., (2-4) 

j=1 

because 2), 7, and A; are understood to be the iso-spin matrix in the usual sense. 
The full symmetry proposed by Ikeda, Ogawa and Ohnuki is interpreted 

that a system is invariant under the transformation 


8 
# exp] Mey i, |B, a,=const. (2-5) 
f= 


A suitable system must have unique mass ™ for three baryons and unique mass 
vw for eight mesons including a new meson 7s besides pion and kaon and also 


unique coupling constant 7; 
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t= —2 (7d + mm) | ge : >t (9, 7;) ig +: pe z,*| (2 , 6) 
27-1 


8 
* aa == oe > 
—1g Prods 75 ¥ 
=] 


A generalization proposed here is to make the system invariant under the trans- 
formation which we call the generalized full symmetric transformation 


8 
#exp| i> (aj;t+75 84) i, |e, @;, 3;=const. (2-7) 
j=l 
The desired system is given by 
Tee | 73+ 2mytm, _Ma—Mn ia |v oe 
an) a / rz ry Tor : 
3 WABI 


8 9 9 iL 2 2 2 

— YO, a) a7 a/]—— x, oj) +B o7)] 
= 9 7 1 As a 

—98| {(2 + loot /2(5—% Jot S04} 

Tal Fifa sie aden a acetal 


| { 2 la 2 (— ate )z +>, at |e 
tins +e oty NE /3 8 Yes tis “4 > 


where o;(j=0,1---8) together with x, and ; are newly introduced mesons. In 
order to get high symmetry of (2-7) the masses of particles must satisfy strong 
restrictions. There exist two possible cases of restrictions: One case is to 
make baryon masses zero 


(I) my=m=0, fy=By= (7=0,--'8), (2-9) 
which has been considered in usual literatures. Another possible case is to 
make meson masses zero 

(II) MyFmys, ~y=—y=0 (7=0,---8) (2-10) 


which has been proposed in connection with the axial-vector current conserva- 


tion. For the latter case, since the invariant quantity against the transforma- 
tion (2-7) is only 


} ) 2 7 
Min MLA maa 2 2 2 
(oot) + (ott) tat tad + Diop +a,), (2-11)* 
g V2g j=l 
we can add some portions to masses of o) and og without a violation of in- 
variance, for instance, 
Dy = he Bee k= S R12 
Po vy -s=—=Ma, =const. (2:12) 


V2 


* The transformation character of each field variable is to be referred to the work of Gell- 
Mann and Lévy,!? and of the author.™ 
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The deviation of mass of any other particle from (2-9) or (2-10) may general- 
ly destroy the invariance which gives rise to the conservation laws. The relation 
between mass alteration and violation of conservation laws will be discussed in 
the succeeding section (§ 6). 


§ 3. First localized transformation : triplet W-field 


The first transformation which is now localized relates with the generalized 
iso-spin rotation, the transformation between left-handed neutron and _ proton. 
The triplet W-field can be introduced in order to retain the system (2:8) in- 
variant under the transformation 


(F) ¥exp| La, (2) A, +7) |P, (3-1) 


just along the line of Yang-Mills’ procedure. 

The procedure is accomplished by replacing every derivatives with absolute 
Her vatives® tabled an. Appendix’ LL. For instance, the absolute derivatives of 
nucleon and /-particle are given by 


D,N=0,N+iG(.+7s)T-,N, DIA=054, (322) 
where @, (1, 2,, Ws,) is the triplet W-field and 7 is usual iso-spin. 


The system is given by 


LF = —N(,D,+my) N—A(,9, +m) A— 


2 
@ i» 


w|H 


16 (D,0)?+ Pie ]— 11 @,09+ AF 08] Due) + #70" 


= =f (D,70) 24 My? tty” |— = (0,78) 2+ pla Tg" |— =f (Dt) fe 70° | 


—[D,K-D,K+ px KK]—[D,L-D,L+#2LL] (3-3) 
—of N{ (oo tiys%) +7: (o+i7s%)}Nt+ ae A(og+i7s 7s) A 
44/2 N(L+i7s K) A+ V/2 A+ ivsK) N], 
where 


T= (0%, F2; O3), = (7%, 72, 73), 
Pe ted he Media 
Foal (%, Z ) /V . | i=] 4 5 | (3-4) 
(%§— 177) ly i (o,—107) IV2 ; 
K=[ (a.+i%s) vagn (atg+ 1717) Gy Boe L=[ (o4+205) /V/2 (og+07)//2], | 


o,,=D,0,—D,o, 


and the relations between masses are again (2-9) or (2:10). 
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The equation of triplet W-field becomes 
re 2 : 
0,@,,—4Ga, X @,,+ ( ZG ms) ow, +iGV,+P,) =9, (3-5) 
g 


where 


V.=Ny,7N+2i(¢ XD,o+2%xXD,7) 


— (KrD,K—D,KrK) — (LtD,L—D,LrL), (3-6) 
P,=Ny7,7s5TN+ NU Di a+ oe my ®@, 
Y Oe 

21 (@D,%)—D,o + %—2#D,o 9+ D,% >) 
—i(KtD,L—D,KtL) +i(LtD,K—D,LtK). (3-7) 

It is remakable that the mass of W-field is given by 
Veale my) (3-8) 

Y 


which is small but finite in the case of (2-10) (my20). The divergences of . 


V, and P, are 


B # 
CB Moe VAR SRS AG Mee ot £09 (3-9) 
SEZinin Onfir 2 95(F2 2 
Ee ase 73 w+ 21 (Ho — Ps ) mo — 22 (Ao — ) oon 
¢ 
$i (df) (KtL+ LK) +" m,33,o, (3-10) 
J 


a ie 
+-2Go,* (VtP,), 
which reduces to zero in the limit of G=0 in virtue of mass relations (2-9) or 
(2-10). These quantities can be interpreted as the conserved vector and axial- 
vector current in the strongly interacting system. The conservation laws in- 
cluding the weak interaction are recovered by adding a term as 
d,(V,+2io, Xw,,) =0, (3-11) 


0,(P,. +210, X@,,) = a My ,@,. (3-12) 


It is not unsatisfactory that the right-hand side of (3-12) remains, because, if 
we took 


0,0,=0, 9,(0,o,) =0 (3-13) 


as the initial conditions, the former would be the constant of motion in virtue 


of 
_](,o,) =0, (3-14) 


au nal 
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which follows from the field equation (3-5). The nature of the conservation 
law remains unchanged if we increase the mass of W-field, but they may break 
down if we change the masses of other particles from the relations (2-9) or 
(2-10) or more loosely from 

mMy=0, fe=Poo Me=Mo Pear (3-15) 


or 


m0, He=Po=0, He= lo Ux= lr, (3-16) 


which are weaker conditions than (2-9) or (2-10). 


$4. Second localized transformation: singlet W-field 


The interacting system with triplet W-field presented in § 3 is insufficient, 
because of’ the lack of interaction between /-particle and W-field and of the 
conservation of iso-spin rotation. The real system must be produced by intro- 
ducing the A-particle interaction and by violating the invariance of iso-spin rota- 
tion. 

This can be done by transforming the system through the following localiz- 
ed transformation : 

CS) v—exp| if 2) patie |p (4-1) 
Since the part of strong interaction in the system is arranged to be invariant 
under the transformation f(a) =const, the deviation of the transformed system 
from the original system can be confined to the modification of W-field inter- 
actions. 

If we take 


(2) = Cexp [2Gu* (z) ], (4-2) 


a part of baryon field is changed as 
~ FD, =—F 73,8 —iGP7 At Gs) Ar Ort Aaay F Z50su) B 
=o, A v=—V7,9,F 
iG E7, A475) [Aig t+ A2eop) COSfH (Are + deco, Sinf (48) 


a 


7/3 (1—cos2f hale e ey. 
4 3t008 Ff 74, +¥ 3G oe i ee SB jog, throne 
4 


Assuming that the new constant G is smaller than G 


CG te rls (4-4) 


we get in the first approximation 
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Fe vr, oP ee) vy, (1 at: i) or iz AO oy ot As03y\E 
a iG Vy, @ ++ ie) [Aor + AsW2p Fee JoW3p + aeogres (4 * sh) 


Then G is interpreted as the coupling constant between -particle-nucleon pair 
and W-feld. The resultant interaction does destroy the charge independence 
and the triplet W-field and singlet W-feld from a quartet which assures the 
|4I|=1/2 law as stated by Lee-Yang. 

The charge operator which takes a form 


Q=— + EWE (4-6) 
2 Eee 

is invariant under the second transformation. The electromagnetic properties 

of the transformed system may retain to be same as the previous system. 

The absolute derivatives of fields are generally transformed so as to harmo- 
nize the localization effect of the second transformation and their concrete forms 
are listed in Appendix HI. The transformed system has the same form with 
(3-3) where all absolute derivatives are replaced by transformed ones and a 
new free term of singlet W-field (if it is necessary) must be added. 

The quaternery W-field has the following equations : 


(4G +2G*) my? +2G*me |, 


0, Wins —4G (a, X Op») i+ = 7? oy (4-7) 
+iG Vig + Pan) +iG (Veas, +. Piss) =9, 
P= log. so 
“yee eee Ne et ee 


1—2G?(m2+my) /9 
where V, and P,({=1, 2,3,) are the nucleon part of vector and axial-vector 
currents, while V, and P,(i=4, 5, 6, 7) are the -particle-nucleon part of vector 
and axial-vector currents. The mass of triplet W-field is transformed to 


yee: 972 
Sy Eick aaa at ao m4’, (4-9) 


2 : 2 
( 


M? 


which is still small but finite for the case of (2-10) (nym 4740). <Any field of 
Yang-Mills’ type is generally considered that its mass becomes zero regardless 
of the reaction. It is true for the case of the original Yang-Mills formulation 
where the invariance of localized iso-spin rotation holds, because the mass term 
breaks down its invariance. This is not the case with parity changing trans- 
formation proposed here. The circumstance does correspond just with the one 
for nucleon mass.”” We have two alternative restrictions, one of which is 
characterized by the zero mass of baryons, while the other by the zero mass of 
bosons. If we could realize the baryon masses in the invariant system under 
parity changing transformation as indicated by Nambu in an analogy with the 


—_-. oF 
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superconductivity, this system might allow W-field to have a small but finite 
mass. The mass of W-field appearing in the system, however, does not increase 
as far as the invariance of the first localized transformation survives. The second 
transformation introduced in this section does change this restriction, because it 
breaks the invariance. It may thus be probable to get the reactive mass from 
the interaction. Unfortunately, the interaction which causes the reactive mass 
is usually considered to be weak. The answer may depend on the high-energy 
behavior of this weak interaction.” 


§5. Interaction between W-field and lepton 


A symmetrical treatment between baryons and leptons may be impossible 
from the standpoint of |dJ/=1/2 law, though the beautiful symmetry between 
three baryons, proton, neutron and /-particle and three leptons, neutrino, elec- 
tron and muon was emphasized by Gamba, Marshak and Okubo.” 

We take two pairs of leptons in which neutrino interacting with muon is 
distinguished from beta-neutrino so as to make muon relatively stable for radi- 
ative decay #->e+y. They are expressed by 

pry ee 
“= eka | (5-1) 
em fb! 
When the interaction between W-field and lepton-pairs 1s introduced, the trans- 
formation of W-field induced by the first localized transformation of baryon- 


meson system 


B 


6 +0,—4axo,— 4 9, a, a= (aj, a, as) (5-2) 


enforces the lepton system to be also invariant under the simultaneous trans- 


formation 
¥,> exp [ia(a)t(1+7s) 4, 2=1, 2; (5-3) 
that is, we must have 
2 2 2) 
Ly — DUG 79 GIG LG7 AF 7) TOpke (5-4) 
— t=1 


The system then has the following unwanted interactions : 
iGlér,.(l+7s)e—Yr.1 +75)” 
+p ltr) #—-Y 7.1 +7) Y! os, (5-5) 


However, since the baryon-meson system has lost the invariance of (5-2) after 
the second localized transformation, by which the transformed system is only 


invariant under the transformation 


a % 
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P—>exp [iaQ(1+7s) |F, @=const. (5-6) 
This suggests us that the full interaction (5-4) may be unnecessary. In order 


to omit (5-5) more similarly with the device in the baryon-meson system, we 


assume that the lepton system is simultaneously transformed by 


r>exp[ AFT g(x)ts|tq 92) =2G) det, cme (6-7), 
when the second localized transformation for baryon-meson system is perform- 
ed. Then the system is changed to 
[es Ne Wi Onli Leye [ (an, COS 29 + Woy sin 29) 7 (5-8) 
i=1 t= 


+ (a2, COS 29 — a, $in 27) wale 


2 2 
= : =f Ae fe * a“ 
aoe are ti 1G DNs Oa T2 Woy) ath 
t= 


= 


The third constituent of the triplet W-field plays quite a similar role to one of 
the singlet W-fields in the baryon-meson system. 


$6. Violation of the conservation laws 


The quantities of V;, and P,,(é=1, --:7) satisfy the so-called conservation 
laws 


0, Vi,=9, e) P,,=0 (6-1) 


B 


as far as they concern with the strong interactions. The foundation of the con- 
servation laws dues to the idealized mass relations 


My=nia0,  P ST? a0 1s (6-2) 


or 
MyM,  (4=h=0. (6-3) 


The existence of such quantities is easily understood from the invariance of 
(2-7) which assures the 16 conserved (2 quantities do not appear explicitly). 
The nature of conserved quantities is insensitive to a change of W-field mass. 
However, it is very sensitive to any deviation of the mass of other particles 
from (6-2) or (6-3), and exceptions are three vector currents V;,(¢=1, 2, 3). 
The general deviations for each quantity are listed in Appendix IV. 

It is interesting to see the conservations when every meson takes the same 
mass value. Then we have 


0,Vi,=0 (simular -for°7=2..3). 
0,Vip= 1 (na— my) /9- Hos . (similar for 7=5, 6, 7), (6-4) 


0,Pi,=2imy/9 UT (similar? fors2=2,7a)3 
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0, Ps,=i (mat my) [9+ bee (similar for 2=5;.63.7); 


which are Goldberger-Treiman’s relation. They show that each meson is mainly 
responsible for the deviation of each conservation law. If each meson has mass 
difference from others as in the real world, the deviation increases. For instance, 
for the case of nucleon axial vector current, its deviation is mainly determined 
by pion mass and successively modified by mass differences between other 
particles, in which the difference /“,2-/4,2 may be essential because /7;” is probably 
too large to be detectable. 

The violation of the conservation laws may give rise to the mixture of spin 
states for W-field. The same equation as (3-14) is now given by 


9 


LJ 0,0,) = =e My Pa (6-5) 
6 


which means that the initial conditions 
0,0,=0, 9,(0,@,) =0 (6-6) 


are destroyed in the course of interaction. Then the spin state of W-field is 
obliged to be mixture of spin 1 and spin 0. The same effect is also expected 
from the interaction among W-field and leptons, because in the real world the 
lepton masses deviate from 


M,=Me=m,=0 (6-7) 


to give rise to a violation of invariance under the transformation proposed. 

The appearence of spin 0 state in W-field gives rise to the leptonic 
decays of spin 0 particles (pion and kaon).* It is very reasonable that Gold- 
berger-Treiman’s relation can also explain the lifetime of pion decay quantita- 
tively.*? 


§7. Summary and discussion 


We can summarize the remarkable points which may present one possibility 
for understanding the nature of weak interaction. 

I The conserved quantities in the idealized system are uniquely determin- 
ed by the introduction of quaternary W-field. And their violation is expressed 
by changing the mass of bosons. 

I. The |4I|=1/2 law in the baryon boson weak interaction approximate- 
ly holds as the sntroduction of quaternary W-field should be. 

III. The roles of constituents of Wield are clarified by two types of 
localized transformations. The triplet is interpreted from a generalization of 


* An effect of spin 0 part would be expected from the contact term in the Hamiltonian of 


interaction representation. It gives, however, no effect on decay in the case of strict conservation 


law. 


“rr 
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Yang-Mills’ idea, while the other, the singlet, is related with the special gauge 
which transforms the system to other in the full symmetric group space. 

IV. The triplet W-field has a small but finite mass in the case of finite 
baryon masses and a possibility of increasing its amount by field reaction depends 
on the high-energy behavior weak interaction. 

V. The violation of conservation laws gives rise to mixture of spin 0 and 
spin 1 state, which is responsible for the decay of spin 0 particles. 

Besides these points, there are still many defects in the assumptions taken. 
The first obstacle may be the introduction of a generalized full symmetry, by 
which the strongly interacting system is unchanged under the introduction of 
the singlet W-field. Since the requirement is closely connected with the devi- 
ation form the original system which is characterized by the coupling ratio of 
A-particle-nucleon pair to nucleon-nucleon pair with W-field (G/G), the neces- 
sity of generalized full symmetry may have equal-footing. This symmetry re- 
quires the co-existence of eleven new mesons besides usual seven mesons, all 
of which are still unobserved. Besides the question of their existence, there 
may be another possible model which holds the generalized full symmetry with- 
out introducing new mesons if we assume the gradient coupling in the strong 
intearction as stated by Taylor™ and Gell-Mann-Lévy, which is too complicated 
from the viewpoint of transformation. 

The second point which is one of the essential points in this paper is the 
question what the second transformation means. The procedure is to take a 
kind of special gauge for the system. The more fundamental understanding of 
the existence of many (infinite) different systems for each gauge may enforce 
us to consider the infinite degeneracy of vacuum as emphasized by Diirr and 
Heisenberg.” In fact the original state in which | 4/|=0 holds is transformed 
to one whith |dJ|=1/2. This may be understood if the vacuum carries a por- 
tion of iso-spin. 

The third is concerned with the mass of W-field. The question is how 
we can get its mass large enough to be consistent with the observed phenomena. 
An idea of the drastic change of weak interaction at high energy may be wel- 
come for getting a large reactive mass. This is not improbable, because the 


interaction of W-field is generally unrenormalizable because of the existence of 
bare mass.” 
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Appendix I 
Gell-Mann matrices 


A set of matrices 7; is represented by 


fe] of] te 
oA 4 


and the following relations are obtained: 


2 2) peers As Soe 2 7K 
Ay 1, = 43 orl 1 sepa ea 
Say Yan Soy 
: eee ) : i As 
Aga hs = yee ae = -, Ag Hide = — et a 
3 a 4yY 3 3 4y 3 


ee Ro ahr eo ears 

hhs=h// 3, Aghe=)2// 3; Ishe=ss/V/ 3; 

Fh OUT Wy OVE a att Cem LN a ce 
Jodg= — (Apt 8tA1) [21/3 Ards= — Ar—324e) Paynes; 
MAs=iCsty/ 348) /2, Aer= —1 (s—y/ 34s) /2, 

Vlg — thy =I sho = Ahr, 


= ETE 2, 

TRS HU hls lle ed 
= (Jy +tdn) 125 

Deed ea tielee ada tot 
(APs) (2s 


Appendix Il 


Absolute derivatives for fields under the first transformation (F) 


D,@,=9,0,— 2Go, X®,, 


D,N=8,N+iG (+79) 7-@,N, 
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D,A=90,A, 

D,%=9 .%— 2Ga,o, 
D,1g=9,%s, 

Do )=9,00 + 2Go,7, 
D,o3=9 08, 


D,w=3,4—2G (0, xa+0,(m+”")), 


D,o=9 oe —2G(@,Xo—o, 7%) 5 

Rea K+iL K+iL 
D =07 +2iGTa, 
eae /2 V2 
Kea =0, KoiL 

V2 me, 

Rb ao ; Kz: 
D; — =, — —2iG > 
Bie 7 /2 V2 V2 ‘ 
ea _K+iL Sy Kaige 


ne V2 


D, 


Appendix III — 


oa ; Transformed absolute derivatives for fields by the second transformation (S) 
4,@,=90,@,—2Go, Xo, , (unchanged) 
A,% =I, 7%) — 2G 01,01 + 2, T+ 3, Fs] 

+G[ ar, (aAs+o4) +02, (44-25) +0, (7 Lee +w,* (t—o7) J, 
A, %3=0 ,%—+ 2 Glo, (%5— 04) —@2, (Zs +5) — Os, (%,;—o%) —o, * (715+ 07) i 
A,Oo=9 Fo + 2G 01,71 + W2,7%2+ 05,73 | 

ag Glory (@4— 05) + a, (45+. 04) — Og, (Fo— 7) +.0,* (27+) J, 
4,0 9= 9,0 9+ 1/2G[ or, (A+) + a4 (F5— Fs) — Wap (Zot O7) +," (47-0) ], 
A,7™=0,7%,+ 2c] —Wi, (>, ae a ) — (9,73-+ cy | 

+.G[ — 14 (+06) + ay (901) + ay (5+) +0,* (Fy—05) | 


A ,%,=90 ,%_+ 2G| an ug — Wo, (>, + 7Ex) -— coy | 
g 


+G[-o, (%—o7) — Wa, (7+ 0%) — Ws, (7,— 95) -- we (75+0%) | ) 
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mM 
4,75=9, +26] —argta-+ 002,71 — Os ( O04 “)| 
g 


+G[ =r, (A5+.04) + Wo, (F1— 5) — 0, (+00) — 0," (Ro—07) J, 
A,0;=9,0,+2G[ a1, %— Oo, 03+ 03, % | 

+G [er (4e— 07) + ay (47 +6) — Os, (Fs — Fs) HO,* (As +-04) ], 
4, 2=9, F,+ 2G a1, 73+ Wo, 7 — 03, % | 

+ G[ ay (A+) + 2, (4-97) — Oa, Fs +04) —0,* (9) J, 
4,03=0,03+2G[—a4,02+ w2,01+ 03,70] 

+ Gor, (4-65) +04 (As+04) +04, (Ae— Or) — 0,* (4, +90) J, 
4,7t4=9 74+ GL or, (47— Oo) + Woy (e+ O7) + Os, (t5— 0%) | 


+ G[ = 0, (Ort oot V/2 90 A) — Wo, (A3+ M%— 7/27) 
( 

+ 03, (+01) =O, (7, — >) | > 
A,7s=90,,7%5+G|_— ar, (75+ 07) + Wo, (27— 4) — W3y, (t4+¢05) | 


Myt+ Nt, ) 
J 
= O37 (7, — 0») ne (t.+0;) | 


A,tt6=9 ,%e+ Gl or, (As—%) — Won (t4+05) — Os, (wos) | 


a be ie 
+ G[o1, (s+ %—/2 Ts) — Won (o3+oo+y 2 Oat 


a = MytMa 
of: Glo, (71, — ai) Woy (7, +02) —W3, (o3—O)— ae Oy Sy. a8 


+,* (at3—%+ / 278) |, 
A= 9,87 + Gl — Op (24165) —Wo, (a5—O4) + Osy (%¢+97) | 
= Glew. (7+ Oy) +o, (71 —0,) +s, (13— 7% + VD 7g) 


= my+m 
+0," (Gg—%)—y/ 2 centr ares 


4,65 Oo. + GO, (te+ 7) — Won (1;— Os) + 03, (t4+5) | 
LL i NS 
g 


— W3n (7% 22) =O, (7%,+ 93) | > 


Meu = jas 
+Glar, (tst+ +2 Tg) — Won (G3+Oo—17/ 2% 


A,O5s= 0 ,05+ Glo, (t;—06) +024 (aget+o7) +03, (%5—0,) | 


| = M,4— Mn pete lee 
+G[or (Gs+5.—/ 298— ; ee + wa, (%3+ 20+ / 28) 


— 3, (F2+%) + On (ty —o) |, 
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4,05=9,00+ Glory, (t4+05) +o, (13— 04) — Ws, (ze+o7) | 
ia G[or, (%1 +02) + Woy (%,—0;) + 03, (713 — %— 27s) 


+w,* (o,—o+//2 union byt ae 
4,07=9,07+ Glo, (7;—%4) — Way (14+05) Oly (z;—-) | 
+G[—a, (%—%) + oy, (% + %) + Wisp (09 Oot 200+ AEX ) 


—w,* (t3— 7 — 7/2.) ]. 


| 
4 
Appendix IV. 
The vector and axial-vector currents and their divergence 
The following abbreviation is used: 
4A, Bl=4,A-B—A-4,B. 
Vector currents : i 
Vip=¥ 7 A’ —2i 4,[%, 3]+ 4,[ 02, %3]] : 
aA, a,|— A,[% ate] + 4,[ os, o;|— 4, s» Fol], 
Vo,.= Ey AE —2i| 4,[ 75, m]+ 4,[os, o1]] : 
nd Alne beatles mI Aloe welt Ale ell: 
Van= PAs? —2i[ 4,[%1,72]+ 4,[01, 72] 
so, iL 4,[74, 7]—4,[ 7, J+ 4,[o4, %5]— 4,{ oo, o7)] > 
Vip=P 7 AE +i 4,[%, 27] + 4,[%, %6]+ 4,[%3+ %—7/2 78, 7%] 
+ 4,[o%1, o7]+ 4,[¢2, %]+ 4,[¢3+%—-Y2o%8— 
5 


sic PALL, BN os] 


iG 
+——- (ms—my) *Wips 
g 


Viele, As +i —4,[m, %o]+4,[%, %7]— 4,[%3+%—7/2 78, 7%] 


—4,[o;, o]+4,[o2, o;]—4,[o, +0 —)/2 me arsaey o,]] 


iG 
~- ? (mi— My) "Woy, 
Vo.= ort ig AF +i[ —4,[7, m5|+ 4,[ 72, 74]+ d,[%s— 2+ 7/ 2%, 7; 


—4,[o, o5|+4,[o, o4)+4,[o3—o9+7/209+ Lk RA ict o;|] 
g 


i ra (m4—my) "aps 
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Viyp=Pr AE +7 —4,[m, t4|—4,[ 72, t5]+4,|%3—A+ 1/278, 7% | 


— 4,[e1, o4|—4,| o2, ot A loro / Bee A > o|| 


“— 


iG 2 Ee 
+ 7? (my—Mn) Op”: 


Axial-vector currents : 


Py =F 7,754 0 —2i[ 4,1, to) + 4,foo+ a Apa 
AiG 2 
—[4 fos, m4]+4,[o7, %5]+4,[ 04, %]+ 4,5, t]]+ os My Wips 


Py,= Er, 1s4a¥ —2i[ 4,[ 02, %]+4,,o0+ oe , 7%]] 


4iG 
+i[A,[o7, t4]— A,[ 6, 5|—4,[ os, %6]+ A,[os #]|+ ker 


My Wop » 
Ps, = Tr, (i Age 2i[ 4,[ os, 7 ai A, [oo a ee ? 73] 
4iG 2 
— iL 4,[os, 74 | Se Are 75 | car AL oo, 7] “ae 4,Lo7, a i gy Wares 


Pe aa vr, 7644 aoe i[ 4,10 71; | 7 4,[ 7, 7 | on 4,[o4, 73+ T+ V2 713 | 


$A gfoat oot y/2 vet, t4|+4,[ 04, 7¢ | —A,| os, 77 |] 
iG 


= (myt+my) Orn > 
gy” 


Ree, (sist —1 4,1 o7, 7,|+4,[o6, t]+ 4,165, T+ M+7/2 73 


4 A,[ostooty/2 %+— aaa alt Aon, te]+4,[or tl 


iG 2 
rie (mat Mty) Wop >, 


Pu = Vy, 5 AE +i 4,104, mt, |+4,[ 0, m2 |— 4, %, T3—Ty— 7/2 7] 


yee AL os ae ioe oa i ver Z 76 aS Alo; 74] is Ao, 75]] > 


iG 2 
4+ (m+ my) "Os, 
Gm 
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Pav, 754, —i[ 4,10, a, |—4,[ 4, 7,|—4,[ 07, ts—Ty— y/ 2 Ts] 


—A,[o;—o)— 1/2 %s— Mat Mn z;|—4,[o2, t]+4,[%, 75] 
g 


1G mn, my) ta, 
i 

The divergence of the vector and axial-vector currents in limit of G=0 takes 
the following : 


ORVg 0, Va.= 0, Vs,=0, 


a 


0, Ve = i(ms—My) yg, +i (pe? — fr?) (G107 + F206 + O05) 
g 


Hi (fy? — fe’) (7 + M6 + 35) +2 (fy — ft) FFs 

ra (Mo — fUx") Mo Ts— ty/ 2 (fs — fr’) OgF5—1 7. 2 (Us — Lx’) 77s, 
0, Vise 
0, Vo, similar, 


0, Vin 
Oot ts ae 1, — 21 (ft, — fo") 1% + 22 (4 — flo) Fo 


+2 (fx? — fr?) (Opts + O75 +057 +0577), 


On P: 2h 
similar, 
0, P: 3h 


a, Patan Pex? yt (Ye — PK’) (o57%+04 %g—097) 


Fi (Ug? = fer?) (6%, — 07M + 04%) +3 (Fig? — ex) O07 

=i (Me Pr’) OM + ty/ 2 (Bs — fx) Fg%y—ty/D (fs — 4x”) O47, 
Oy Pop 
0, Ps, similar. 


0, Pry 
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An operator identity concerning the Hamiltonian of a harmonic oscillator enables one 
to calculate the distribution of the energy of nuclear radiation from solids, which includes 
the effect of multiple phonon processes exactly. The moments of the recoil energy or of 
the energy of radiation are obtained to any order in terms of the moments of the frequency 
of lattice vibration. These relations suggest a method of experimental determination of the 


frequency distribution of lattice vibration. 


§ 1. Introduction 


When a particle or a gamma ray is emitted from a nucleus, the residual 
nucleus recoils to balance the momentum carried away by the radiation. If, for 
example, a nucleus is initially at rest, the energy of radiation emitted from it 
is reduced, in comparison to that when the nucleus is fixed, by an amount of 
ky?/2M, where k) is the magnitude of momentum of the radiation from fixed 
nucleus and M is the mass of the nucleus.* 

On the other hand, in order that a radiation is absorbed by a free nucleus 
initially at rest, the energy of the radiation must be larger by &y'/2M than that 
necessary for the radiation to be absorbed by fixed nucleus. 

In the case when nuclei are bound in a crystal lattice, the energy of radi- 
ation they emit depends on the state of motion in which the emitter finds itself 
at the instant of emission, and the observed distribution of the energy is the 
average of individual ones with respect to the thermal motion of nuclei inside 
the crystal. For example, the position of the peak and the width of the energy 
distribution of nuclear gamma ray from solid are lower and wider, respectively, 
than those of the gamma rays from fixed nuclei of the same kind.” 

At low temperatures, however, there exists under certain conditions a con- 
siderable amount of probability for the crystal as a whole to accept the recoil of 
nuclear radiation without inducing any internal excitation of the lattice. In this 
case, because of the large mass of the crystal, the effect of recoil is negligible 
and the distribution of the radiation energy is practically the same as_ that 
from fixed nuclei. 


The existence of such recoilless gamma rays, which was discovered by 


Mossbauer,” seems to provide us with a variety of its applications both in 


* More exactly M is the reduced mass of the particle emitted and the residual nucleus. 
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nuclear and solid state physics. In particular, a method has been developed by. 
Mossbauer” and others” to determine the mean lives of long-lived isomers, and 
the internal electromagnetic fields of solids can be measured from fine structures 
of recoilless gamma rays.) Also a possibility has been proposed to examine 
the validity of the general theory of relativity.” 

A theory of resonant absorption or emission of neutrons by nuclei bound 
in a crystal lattice was given by Lamb,” and his results were modified by 
Méssbauer” to the case of gamma rays for the analysis of his experiments. The 
effect of the lattice vibrations on the distribution of gamma-ray energy was also . 
considered by Visscher” and Lipkin.” 

Visscher used the Debye model for the lattice vibration, and gave the results 
of numerical calculation for the energy distribution of the 129 kev gamma rays 
from Ir™ jn a crystal of natural iridium; while Lipkin made a general consider- 
ation which is independent of the specific model of lattice vibration, and obtained 
the average recoil energy of the lattice and the probability for the recoilless 
emission of gamma rays. 

Although the experiments so far performed deal with the recoilless gamma 
rays, it might be of interest to investigate those with recoil, because in this 
case the distribution of the gamma-ray energy is closely related to the thermal 
motion of the emitting nucleus. 

In the present paper an attempt is made to find explicit relations between 
the distribution of the radiation energy and the density of the frequency of lattice 
vibration. In §2 a generating function is obtained, which yields the moments 
of recoil energy to any order in terms of the moments of frequency of lattice 
vibration. The inclusion of the multiple phonon processes is made automatically 
by virtue of an operator identity, the proof of which is given in the Appendix. 
In §3 the distribution of the energy of radiation, which is exact in the above 
sense, is obtained and is shown to be identical with the approximate one ob- 
tained by Lamb.” The moments of the energy of radiation with respect to its 
distribution are then obtained. §4 is devoted to the evaluation of the nuclear 
level width for nuclei bound in a crystal lattice, and the conditions are obtained 
under which the width can be approximated by the level width when the nucleus 
is fixed. Some concluding remarks are given in Or. 

Throughout our calculation a crystal lattice is regarded as an assembly of 
harmonic oscillators, and the effects caused by the anharmonicity of lattice vi- 
bration are not considered. By nuclear radiation we mean gamma rays or parti- 
cles like neutrons, as they are treated in equal terms, unless otherwise stated. 


§ 2. Moments of recoil energy 


The matrix element for the transition in which a nucleus bound in a crystal 


: ; : cae 
lattice emits a particle or a gamma ray 1s 
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6,* (k) << {ma} |exp (—ik-Q)| {7a} ), (1) 


where the first factor J¢,*(k) is the nuclear matrix element for the emission of 


the radiation with momentum & and spin projection s, and the second is the 
matrix element for the lattice which changes its state from | {74} ) to | {ma} >) 
due to the recoil by the radiation. @ is the displacement of the nucleus from 
its equilibrium position Q), and can be decomposed into normal coordinates as” 


Qa ae {qu COS (Ka*Qo) +Pa sin (Ka*Qo)}, (2) 
CPA Va 


i. tee 


where p’s and q’s satisfy the usual commutation relations,” 


[ Pas de\=Padp GsPa= 70 aks Pe, pel=l4a; ga]=0. 


In Eq. (2) Nis the number of atoms in the crystal, WM the mass of the nucleus 
under consideration, and €,, a, and w, are, respectively, the polarization, mo- 
mentum, and frequency of the a-th normal vibration (phonon) . 

The wave function | {7,}) of the lattice vibration is an eigenfunction of the 
lattice Hamiltonian H,, with the eigenvalue’ E({7.}), where 


3 
: 
4 
4 


H=DH. with H,=“4(p2+qe); ~ (3) 
and 
aan WS : = 1 
E({ng}) =iEa, with En= (6+ ~) a (4) 
Thus 
Hg =a Flare and H,|".)=En,|7). (5) 


The normalized probability of the transition of the lattice is given by” 
exp (—ik-Q) | {Nat ») ) (6) 


Actually, the nuclear matrix element also depends upon the lattice states through 
k because of the conservation of energy. However, we shall tentatively disregard 
this dependence in this section, and concern ourselves only with the lattice 
matrix element, since in the following section the distribution and moments of 
the energy of emitted radiation will be discussed. 

From Eqs. (2), (5) and (6), with the origin of the coordinate system taken 
at the equilibrium position of the nucleus, P({772,.}, {74}) can be rewritten as 


f aD 6 
P({ma\, {ma}) =| {ma} 


* In the following calculations the natural unit system in which c=f=1 is used, and’ the 
. “ ? 
Boltzmann constant is also set equal to unity so that temperatures are measured in the unit of 
energy. 
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P(imz}, {na} ) = Pre, (7) 
where Pm,n, is the normalized transition probability for the ath normal mode, 
and is given by 

Pregng = |Cmal exp (—12aa) |\72a)|’s (8) 


with 


CN eS ea ee es ee Cee | 


AG a -ko) 
(NMo,)"? | 2 


CCer 


The average value of the recoil energy of the lattice is 


~ a {E({ma}) —EC nat )} PC mah, (tah) Wnad), 
Mat{Ne 
where W({n,}) is the Boltzmann factor for the initial state at temperature T, 


(10) 


namely, 
W (Anal) = Wr, (T), (11) 
with 
Wag(T) = exp (—Eng/T)/Dexp (—Es,/T). (12) 
We generalize Eq. (10) to define the n-th order moment of recoil energy 
as the average value of its m-th power, 
Jn (T) = 2 DAE (trma}) — BC ral PP {ma\, (nat) WC ina} ). (13) 


Instead of ire: Eq. (13) directly, we introduce a genera 
the moments as 


IC Siexp[A{E( {ma} ) —ECinat)}] 


{mas {Na 


a Pe Le ear ae e T To  F ae e 


ting function for 


x P({mal, {na}) Wiad), (14) 
so that the n-th order moment J,(T') is given by . 
Tg ae (15) 
a4” Rey 


From Eqs. (4), (7) and (11), Eg. (14) can be expressed as 


OSSD UIE ACE, (16) 


where 
(17) 


ahs (A, las) a, exp {A (Eng —En rae Ping Wa, (T). 


Me Ney 


The generating function. Jay.) 400) single harmonic oscillator can be ob- 


tained in the following way. 


By the use of Eqs. (5), (8) and (12), Eq. (17) becomes 
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Jad; T) =trl exp (Lada) €XP (AH) exp (—t%ada) EXP (— QA+1/T) H.)] 
/tr[exp (— (1/T) Hz) J, (18) 


where zt means the sum of diagonal elements of the matrix. Since exp (@2aGa) 
xexp (AH,) exp (—ixaga) can be regarded as a unitary transform of exp(AH,), 


the expression (18) can be written as 


tr[exp Awa (— 2a, 0)) -exp (— Vo +a/T) H(0, 0))] - (19) 
tr [exp (—(we/T)H(0, 0))] 


where H(é, 7) is, as defined in the Appendix (A-1), 
HE, 4) =(1/2){(p+§)?+ (q+9)'t. 


Ja(4, T)= 


For the reduction of Eq. (19) we make use of the identity (A-2) through (A -8), 
which is proved in the Appendix, and note that the eigenvalue sequence of 
H(é, 7) is the same as that of H(0, 0). We thus obtain 


ay _ cosh(ae/2T + Awa) |. (20) 
oT sinh (w,./2T’) 


From Eqs. (9), (16), and (20), it is seen that 


JG, T) = exp| —D isa Fols bath (2) 


Jn Lae exp| —% {eoth ( 


2NMoze a 
(€q:Ko)? ( ; )] 
ee a —'cosh| —* + dw, } |- pai 
x9 NM, sinh (2/27) Tien ie, 


In performing the summation with respect to a over the 3N different modes of 
lattice vibration, we define the density of frequency of the lattice vibration, 
o;,(w) @=1, 2, 3), where Np;(w)dw is the number of normal modes with polari- 
zation €,, and frequency between w and w+dw, so that ?;(w) is normalized in 
the sense that 


co 


o(w)dwo=1. 


. 
0 


Eq. (21) can then be written as 


JQ,T)= exp| — 31 (Eiko) "(_ ilw)do _ 
i=1 2M Jwtanh (w/2T) 
0 


ny ihe)? ¢ 0;(w) da o 
ais gs = See h 2 phieg )| 

Er OM lw sinhtega mara wana ee 
0 


where the summation is now taken over the three different directions of polari- 
zation. 


- 4 west 


bial ie ee Be ee OD ill 


 * 
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Having obtained the generating function J(/, 7’), we can now calculate by 
Eq. (15) the moments of the recoil energy to any order. For example, the 
first three moments are 


J(T)=1, A(T) =ko/2M (23) 
and 
3 = 2 iS B 2 2 
Jn(T) =peck) | de (w) w coth (2. a ( a iF (24) 


0 


The first of Eq. (23) shows that the probability is properly normalized, while 
the second one, which was obtained also by Lipkin,® expresses that the average 
value of the recoil energy is the same as that of the free nucleus initially at 
rest. Although these two moments are independent of the temperature and the 
frequency distribution of lattice vibration, the second and the higher order 
moments, which determine the shape of the distribution of the recoil energy, 
depend upon the temperature, the frequency density, and the direction of the 
radiation. 

In order to see the relations between the moments of the recoil energy and 
the density of the frequency of lattice vibration, we define F’,(T) by 


E 1 for even 71 
3 20 
PERCU BET tes oe 
PT a oi } lv 0; (w)o coth (2) for odd m. 


Then the (n+1)-th order moment of the recoil energy is, from Eqs. (15)er 22 


and (25), 
nr ! 
Tues (P) =F 2) InP). (26) 


n= m | (n—m 
If F,,(7) is known, for example, by assuming the Debye model for the 
(T) is obtained by Eq. (26). Converscly, if it 1s pos- 


lattice vibration, then’ J, 
is obtained by solving 


sible to determine VERILY) experimentally, then F,,(T) 
Eq. (26), or by 
m+1 
PAT) log FET) 


Vie 


r»=0. 


F,(T) with even m is of special interest, since it does not depend on temper- 
ature, and is proportional to the m-th order moment of the lattice frequency 
with respect to its density. It has been shown by Montroll that such moments 
of even power of the frequency of lattice vibration can be obtained theoretically 
from the dynamics of lattice vibration, without an explicit knowledge of the 


density of frequency. 
For practical purposes itis 
recoil energy around its average value. If we define a, by 


more convenient to obtain the moments of the 


a | 
ae 
f : 


" ? 
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gens YE {ma} )— EC (nah) — fe [rc {ma}, {(tat) Wine} ), 


{ma} {nad 
then the first several moments are, from Eq. (26), 
le on) oe ea ad le) wae at ep a=7h(T Pte), 
as=10F (T) F(T) +E AT), ao=15[Fi (1) P+ 15K (LT) F(T) + 10[ F(T) F 


. age eis 
ts Under the assumption of the Debye model of lattice vibration, namely, 
0 -y 38a" <j) 
| i(w) a 63 = 
= o>, 
where @ is the Debye temperature of the crystal, the above moments are, for 
T <8, 
3 ee ae ‘i nex 
Nad dey, ); ee elTE © 
eG 2 ky dl ( Ro’ Sat, 0°( ky ) 43 (A) 
ieee! tre to om) mg NOM 7 \2M/’ 
fee a +O ( fe ) Bar Be, 
64 2M 40 \2M 8 2M 
or for T>8, 
ko" Sonat Ra 
o2r( 4) n2( A 
s 2M “5 \OM 
Sy Te Ra tal PAT ete if CRs “ Ra 
mior(H.) +Sre(A),  warere(,)So( A) 
ms er yy) Mee ey, oe Notes Ne 


a= 0Ts| Ole) org ee eee gene 
2M 2M 7 2M 
The first terms of the moments of even order correspond to those due to the 
Gaussian distribution, whereas the remaining terms to the deviation from the 
Gaussian. We see that the latter is large unless k,’/2M is much larger than @, 
or @/T, respectively. 

In the case of 7’ >@ the results of Montroll’s methods can be used instead 
of the Debye model, and the result is, for a simple cubic lattice, 


ey ko whe / kh? 
a=2T oM ik a3=2(a+4/) ( av, 


, ke 


2M 


a 


4972 : 5 Ry 
(NIE ( +4T (a+ 4?) Ange 
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2 ke \? eke 
a= 40T (a+43) (He) 427 (a?+1609 + 405") Cs 


Ror 


2M 


3 2 
2(aw + Ro : 2 9 92 ( Ro 
 srz0rea tar) ( MY’ 4 4arer+ 1608 + 40%) (557). 


a5 120T° ( 


where a@ and # are, respectively, force constants of the interaction between the 
nearest and the second nearest neighbors. 


§ 3. Distribution of energy of radiation 


rl The distribution of energy E of the emitted particle or gamma ray is given | 
by the Breit-Wigner or Weisskopf-Wigner formula summed and averaged over 
the final and initial states of the lattice: 


w,(E ; n) =s1 Sa ee \36, (k) ? PCAma} , {na} ) W nat Net at 4 
{ma} {ras {(B—E,+E(ima}) —E Cnet) }? + G/4)7 Cina)” 


where E, is the energy of radiation when the nucleus is fixed, m is a unit vector 
in the direction of k, and 7({7.}) is the width of the initial state which is given 


by 
7 (inal) =272; anette) {ng} ) 0 (E— Eo +E ({ma}) —E (ina ))- (28) ‘ 


(27) 


Following Lamb” we use the following formula, 


= b 
Ke ((a+ib) i= 
e| exp[i(a+ib)t] Fae 


0 


(+0), 


and rewrite Eq. (27) as 
w,(E;n)= 2. \26,(k) eat exp fi(e—m+t7)e| 
ip 2 


opae Ss exp[? {E({ma} ) ECan Pel P {ma}, {ng ) W (ina), 

{mas Wak (29) 
where 7({7a}) has been replaced by its average value 7. With the help of the 
Heanition. of 2) (A, ~L) by Ed. (14), the above expression becomes 


2) = 216. PRel Ap Bt Ee GH Ts 
wos y= 21%, (0) Relate exp [/( Et j\e|7Ge T), (30) 


0 


1 
2 
or using the explicit expression of J(%, T) given by Eq. (22), we find 


. oe D 2 abe Re. ~~ ; 2 p _ pC) dw e | x 
eT See oeKt) | exp| ome” es mnhievwt 


0 


‘ 
+ 
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Ke f A ee Lie BS. qya( filo) do cosh(” +iot) | 
x Re| dt exp| i(# Eyt 27 )e+ A ea \e sinh (@/2T) oT a 
0 0 it 


The above result is exact except that +({na}) has been approximated by 7 
: in order to carry out the summation in Eq. (27). Especially, the effect of the 
. multiple phonon processes is ‘ncluded without any approximation. Eq. (313746 
seen to be identical with the result obtained by Lamb,” where the multiple 
phonon processes are taken into account only approximately. Singwi and 
Sjélander™ also obtained an expression similar to Eq. (31), by using the method 
of a space-time self-correlation function developed by Van Hove,” which is often , 
used in the theory of neutron diffraction. In fact our formula coincides with their 
result in the case of a cubic Bravais lattice, to which their consideration was 
restricted. 

Although they had to use a round-about method of introducing the physically 
complicated notion of a space-time self-correlation function, in our formulation 
Eq. (31) is obtained directly from Eq. (27) once the intuitive identity (A-1) 
through (A-8) is established. Furthermore, in Eq. (30) the distribution of the 
energy of radiation is expressed in a simple way in terms of the generating 
function of the moments of recoil energy. 

Unfortunately Eq. (31) is so complicated that the integrals involved can be 
performed only numerically under the assumption of a simple model for the 
lattice vibration, or semi-quantitative features of the distribution can be obtained 
for a few extreme cases of the temperature. In this situation it seems worth- 
while to investigate not the shape of the distribution itself but its moments. 

For this purpose let us now expand J(it, 7) in Eq. (30) with respect to 
t, noting the relation (15), 


Tit, T= OTT). 


i=0 1 ! 
Then the integration over ¢ can be performed easily and the result is 
w(E;n)=W,(E;n)+W,*(E; 7), (32) 
where 
WCE m) =F (250) PS D'T(L) (EE Bo Ja peas (33) 


The n-th order moment of the energy of radiation is defined by 


co 


(E—F))"=D)\ (E—E))"@(E 3 n) f(E)dE/D \mB n) f(E)dE, (34) 


8 
0 


where ~ means the directional average over a small solid angle around the vector 


=a =? err! | FP aS 


wee 


Nuclear Radiation from Solids 909 


n, and f(E) is the density of states of the radiation, namely f(E£) =const XE". 
in the case of particle emission, or f/(#) =const x E* for gamma-ray emisson. 
The integrands in Eq. (34) are originally defined for the real positive value 
of E. We shall, however, extend their definition over the whole complex E-plane by 
analytic continuation. The integrands have then singularities at Hy) +7/2-7 and 
possibly at infinity. In the case of particle emission E=0. is a’branch pomto: 
f(E), whereas there is no such branch point in the case of gamma-ray emission. 


complex E- 
mplex E-plane complex £-plane 


w=. 
=I 


Eo— 


la 1b 


Fig. 1. The contour C of the integral in Eq. (35) in the case of: la. particle 


emission, and 1b. gamma-ray emission. 


By residue formation we find 


2 


(aoe) W.UE; n) FUE) dE=2% | (6)? fE) (- "A (T), 
4 j E=Eo+ (i/2)7 
(35) 


en as shown in Fig. 1a in the case of particle 
emission, or as shown in Fig. 1b in the case of gamma-ray emission. If 
\46,(k) |’ f(E) asa function of E approaches zero faster than any negative power 
of Eas E increases, then the contribution to the left-hand side of Eq. (35) 
from the integral along the large circle becomes negligible as its radius is 1n- 
creased, and the remaining integral can be taken along the real axis. After this 
procedure 7 can be neglected if it is sufficiently smaller than Fo. 


In the case of partic 


where the closed contour C is chos 


le emission we thus obtain 
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or by Eq. (32), 
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In this case the m-th order moment of the energy of the particle as defined by 
Eq. (34) is given by 


(E=E,)*=(—1)*J, 2) (37) 
In the case of gamma-ray emission we obtain, instead of Eq. (36), 


+o 
( (E—E,)"@,(E; n) f(E)dE= = |% (ho) P f(Ea) (-1)"In(T), 
és j 
and we have to assume further that the contribution of the integral from the 
negative value of E is small enough to be neglected, in order that Eq. (37) is 
valid also in this case. 

We have shown that, under certain assumptions as to the behavior of the 
nuclear matrix element as a function of energy, the moments of the energy of 
radiation is given by Eq. (37). Since these moments are measurable, and J,(T) 
is related to the moments of the frequency of lattice vibration, it turns out that 
the latter can be obtained experimentally, once the distribution of the energy of 


nuclear radiation from the crystal is measured. 


$4. Evaluation of width 


In this section we consider the width 7 which appeared in the distribution 
function of the radiation energy Eq. (31). Since the width 7({a}) is given 
by Eq. (28), its statistical average can be easily obtained by the method similar 
to that used in the preceding section. Thus 

7= Ur nah) Wine} ) 
{ne 


196, (Ie) P\ar expli(E— Ear GL Ly. (38) 


—o 


= 
=e = 
sk 


In order to know the exact dependence of 7 on temperature, the integral 
must be carried out numerically. The rough estimate of 7, however, is obtained 
by expanding J(it, 7’) into the power series of ¢. Thus we obtain 


+ — 1 7 
—< : > | ¥n( Eo) Jn(T ie (39) 


n=0 9) | 


where 


7 (Eo) = 2nd )| 20, (k) 


"0 (E— Ep) (40) 


is the level width when the nucleus is fixed, and 
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If [26 , Ue) |? varies very slowly with energy E in the neighborhood of Eo, 
we can retain only the first few terms of the expansion (39), and we obtain 


Fart 7 
ners y es (42) 


In this approximation 7 is independent of temperature, and roughly equals the 
width of the isolated nucleus. 

Another way of seeing the above result is to expand the function in the 
exponent of the expression (22) for J(/, T) with respect to 4=7t, keeping terms 
up to the quadratic in ¢. If this approximation is allowed, 7 becomes, after the 
integration with respect to 7, 


P as 28 ° -1/2 
F=)/ 263 (k f RB SSo(eeny BON | 
ees )| 2M #1 ser Veanh(co/2T) 
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RB \? Lee Be ayers 
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0 
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Fe 2n 096, (k) po(B—Ex+ oF 
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When &2/2M is much smaller than E,, we again obtain Eq. (42). 
In order that the approximation considered above is valid, it can be shown 
that the following condition has to be fulfilled, 


2 i © 
ag > S (Veo) wdw)* ii@ie. JS Joc) w do, 
0 
ake is di for rep i 
oM >| ;(w) odo } ; (w) oda, 
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which is the so-called weak binding case often considered in the theory of neu- 


tron diffraction.” 


§5. Conclusion 


It has become clear from the foregoing arguments that the moments of the 
energy of nuclear radiation from solid are related in a rather simple way to the 
moments of the frequency of lattice vibration. The calculations have been based 
on the Breit-Wigner of Weisskopf-Wigner formula, and the transition matrix has 
been assumed to be separable into two parts, one is the nuclear and the other 


the lattice transition matrix. 
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The nuclear matrix element has been assumed to vary slowly with energy 
in the neighborhood of the resonance energy, but to decrease very fast as the 
energy turns away from the resonance value. Also the nuclear level width has 
to be small compared with the resonance energy. 

Since the moments of the frequency of lattice vibration are important pa- 
rameters in the theory of crystal dynamics, it is hoped that future experiments 
would enable one to find the values of those moments from the observed distri- 
bution of the radiation energy. 

In the present calculation the effect of multiple phonon processes has been 
taken into account correctly, and our method seems to be applicable to the prob- 
lem of neutron diffraction,’ since the matrix element of the latter is essentially 
the same as ours. 


Appendix 


In this Appendix a proof is given of the following operator identity : 
Let H(é,7) be defined by 


H¢é, 7) = (1/2) {(p+8)?*+ (q+7)’}, (A-1) 


with p and q satisfying the commutation relation be q|=—i, and §, and 7 being 
arbitrary c-numbers, then 


exp (7 a H(&, 41) ) -exp @ as H(é:, 2) ) 
=exp (ia H(S, 7)) +75), (A-2) 


where the parameters in the right-hand side are given as functions of those in 
the left-hand side as follows, 


a=a,+aQ), (A-3) 
Ao Ly ee ay anim 
Tree (F,+§s) —u (ai, @) (F1—F2) tv (a4, a) (71-42) (A-4) 
ro es rae | 
far (4: +742) —u(@;, a2) (7, —%s) —v(a@,, ay) (S;—Fs), (A:5) 
with 
ule, oe COS Q,—COS A, : 
ee 2(1—cos @) oe 
Ban ae sin @&—sin a, —sin a ; 
ae 2(1—cos @) ; ceo 
and 
S=—v(a, 2) {(€,—8)? + (41 —72)*} . (A-8) 
In order to prove the above identity we first note that for arbitrary 
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operators A and B the following identity holds, 
exp (A)exp(B) =exp(A+B+C), (A:9) 


where 
c=1[4, B+ S114, (A BIT BL B+. (A-10) 


In applying Eqs. (A-9) and (A-10) to the left-hand side of Eq. (A-2), we note 
that the commutator between H(&, 7) and H(S2, 42) and their multiple com- 
mutators are linear in p and gq, and quadratic in é’s and 7’s. We therefore see 
that the form of ‘the right-hand side of Eq. (A-2) follows from its left-hand 

side, and that S is a quadratic expression of €’s and 7’s. 
To determine a, €, and 7 we start from the identities, 
exp (:aH(0, 0))p exp (—iaH(0, 0)) 

=p cos a—q sina, (Aea) 

and 

exp (i @H(0, 0))q exp (—iaH(0, 0)) (A-12) 


=p sina+q cos @, 


which can be verified by differentiation of both sides with respect to a. By ap- 


plying a unitary transformation, popt*, and q-qt7, to Eqs. (A-11) and 
(A-12), we obtain 
exp(iaH(S, 7))P exp(—iaH(S, 7)) 
=p cosa—q sin a—&(1—cos &) —7 sina, (A-13) 
and 
exp (iwH (, 9))q exp (—t#H, 7)) 
=p sin a+q cos a+ésina—y7(1—cos @). (A-14) 


of these transformations, we obtain 


a ia,H (§2, 2) )exp ( —ia,H(&, 71) ) 


By successive application 

exp (ia H (41, 71) exp (42H Fa 92) )P exp ( 

=p cos(%+ a) —g sin(@it+ 4s) + E, {cos (a, +a) — cos a,} 

—, {sin (a, + 42) _— gin a} —§(1—Cos a2) — 2 Sin @%, (A-15) 
and 

exp (ia, (51, 41) ) €XP (iatyH (Fs, 42)) gq &XP (—ia,H ($2, Ga) ) eXP (—ia,H(&, ™)) 

=p sin(a, +42) tq Cos (a, +a) +& {sin (a+ a.) —sin as} 


+7 {cos (a, +a) —Ccos ay} +§, sin &—7%2(1—cos &). (A-16) 


= 


~~ va sa « —e Be 


In order that Eq. (A-2) holds these two expressions (A-15) and (A-16) 


must be identical with (A-13) and (A-14), respectively. Thus we find Eqs. 


(A-3) through (A-7). 

By applying a unitary transformation p>p+a and g>q+b to both sides 
of Eq. (A-2), we see that S is invariant with respect to any parallel translation 
Likewise, by a unitary transfor- 
we find that S is invariant 
&—>€, cos @-e 
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in the ¢-7 plane, namely E>6,+a, 774+ 6. 
mation p>p cos g—q sing and q>p sin ¢+q COs ¢, 
with respect to any proper rotation in the é7 plane, namely 
. 7. sing and 7;>—§; sin g+7; Cos ¢. Recalling that S is quadratic in ¢’s and 7’s, 


we see that SS must be of the form 
anf (aes Qs) {(€,—€)? + (71—72)"}, (A-17) 


where the function f(a, @) is yet to be determined. 
We next note that 


2 expla, ) =iHE, “exp aH, 9)), (A-18) 

°. exp (iaH(é, 7)) =ilexp(iaH(S, 7)), 9], (A-19) 
and 

* exp (iaH(é,.)) = —ifexp GaH, 9))} pl. (A -20) 


Differentiation of both sides of Eq. (A-2) by a; and a, with the use of the 
above identities (A-18) through (A-20), yields, respectively, 


0 rs fae 
Ties 71) cot AE 7) 


Oa, 


oF sf {exp (iaH(, 7))p exp(—iaH (SF, 7)) —p} 


ay 
0¢ : A 

aoe {exp (iaH(S, 7))q exp(—iaH(S, 7)) —q}, (A-21) 
da, 

and 

Os Me 

oo T(E. h,) Fl (EF 9 

3, Gn) HE 0) 


Oy : - 
ce {exp (—ia@H(§, 7)) p exp (iaH(é, 7))—p} 


a, 


A+ 


0¢ : es : S 
+57 lexp(—iaH@, 4))q exp Gall(S, 4)) —q}. (A-22) 


Ee a ee 
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From Eqs. (A-1), (A-13) and (A-14) the above expressions can be shown 
to become 


Bee Be Goa) sh or sin @+ 0, (h008 a)} (p+) 
Oy) aye ees a) +51 See . 


+—{(E-8)?+ Qa), a) 


and 


POS ele ae Voin'a 0s 2) P48) 
Ja, 0a, 


OS Unga 
— {(7—m) +—— (—cos @) mses sin a} (q+%) 
Oa, 0a 


+5 (EG -8)+ 1). (A-24) 


Because S does not contain p and gq, the first two terms of both Eqs. (A-23) 
and (A-24) must vanish, as can be verified by the use of Eqs. (A-3) through 
(A-7). We therefore find using Eqs. (A-4) and (A-5) that 


PS x (a/atulay a) +o (ein a)" AGE) G— a), (B20) 


and 
ae ((1/2—ular, a))?+ olay, a) (E-8)'+ am)", (A286) 
or, recalling Eqs. (A-6), (A-7) and (A-17), we see that 
eae eG 
and 


"Of ya gee ie (A+ 28) 
da, 2(1—cos @) 


Integration of these equations under the initial conditions 
FO, A) =f; 0) =0 finally gives f (a4, %) as 
f(@r, G) ==? (ay, &), (A-29) 


and this concludes the proof of Eq. (A-8). 


Tied oe, £48 Co OY Eee ef ye Oy - 
aa ey r yh ae ts al ey ‘" Oo” hens half eT a een eM PP Me wa ee Ae. ee tem  wunee 
“ . i py i , <p 
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A general discussion of the vacuum expectation value for the product of two fields shows 
how the structure depends upon the integral or half-integral nature of the spin. When this 
is compared with the statement of statistics as the requirement that fields commute or anti- 
commute for points in space-like relation, at distances greater than any specified amount, 


the connection between spin and statistics follows. 

This note is a continuation of an earlier discussion” on the general basis 
in relativistic quantum field theory for the connection between spin and statistics, 
and the TCP theorem. We have nothing to add to the second topic, but do 
question of spin and statistics since the previous treat- 


wish to reconsider the 
f two other aspects of 


ment was unnecessarily complicated by the intrusion 0 
relativistic field theory which are grave problems in their own right. These are 
the limiting high energy behavior of fields and the occurrence of superfluous 
It suffices to require of the fields that, characteristic of the 
Bose-Einstein) or anticommute (Fermi-Dirac) for any 
ns in excess of some finite 


field components. 
statistics, they commute ( 
two points in space-like relation at spatial separatio 
distance which need not be zero. Covariance under the proper, orthochronous 


Lorentz group 1s demanded, of course, together with the hypothesis that the 
ground state of the system is the unique invariant vacuum state. 

We denote by %(a) a Hermitian field of finite multiplicity (individual com- 
ponents: %a(2), q=1--m). Nothing needs’ to be specified about the part of this 
multiplicity that refers to internal degrees of freedom such as electrical charge, 
With regard to the spin aspect of the multiplicity we require just spin homo- 
in the sense that only integral values, or half-integral values, of the spin 
ere is no restriction concerning irreducibility of the 
hat ¥(a) stands for the product of several other 
The coordinate dependence of the field is repre- 


geneity, 
S will be represented. Abe 
field. It is also permissible t 
fields at the common point 2. 
sented by the unitary transformation 


x (x) er ee. 


e Foundation Predoctral Fellow. 
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where 
Px=P* x,=P-x—P° 2’. 


With the exception of the vacuum state ¢, for which 
(P*=0, 


the spectrum of the energy-momentum vector is time-like, or null, with positive 


energy component, 
a Pt Oe ee, 
To every homogeneous, proper, orthochronous Lorentz transformation, 
Dine) tute 6 | 
deti= +1, 4’—1, 


there is associated a unitary operator U(/), and a finite real matrix L(Z), such 
that 


U4) =L(OL@ 
and 
L(x) =U) *X(2) UD), 
or, equivalently, 
UM 7*LUO =LM) x 
and 
Citi )s SPO yi es 
In particular, for the infinitesimal transformation 
= 0," +0u,", : 
OO w= —0w 


ve? 


we have 


U(dw) =1+i u Jo” J 


py? 


bo 


L (do) =1+i 


by BY Y 
BOP Sais 


book 


where the Hermitian operators J,, and the finite imaginary matrices S,, obey 
the same commutation relations. The latter are identical with those of the at- 
tached four-dimensional Euclidean rotation group, which is obtained by the 
transformation 


DA 
and, for example, 


Spr = tOoK ; 
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The invariant vacuum state also obeys 


Cie: 


This is not an independent property but is implied by the null eigenvalues of 
P*“, according to 


CG) te = 0; 
and the assumed uniqueness of the vacuum state, for zero is the only possible 
value in a one-dimensional representation of the J,, commutation relations. It 
follows that the vacuum expectation value of % obeys 


LQ) = 


for arbitrary J, and therefore 


()=9, 


with the possible exception of invariant components of %. For these a null 
value can be attained by the addition of suitable constants, which we assume 


has been done. 
The basic tool in our discussion is the vacuum expectation value of. the 


product of two fields, the matrix 
{x (x) X(2') NaC Lee > d 
The decomposition of all states into the various subspaces labelled by the energy- 
momentum values 
p* = jel! 
is expressed by 


iP u-2") — | (dp) eiPern) M(p) P 


where M(p) is a projection operator and thus is a Hermitian, non-negative 
operator. The vacuum state will be represented here by a term in M(p) con- 
taining the four-dimensional delta function 0(p) and XX. The latter will not 
contribute to the two field expectation value, however, since (Y)=0. We in- 
dicate this effective limitation of the decomposition to states with real mass «0 


and positive energy by writing 


ghee) — \ (dp) | dic ee 9, (p) O(p +) M(p), 
0 


where 
1; p >o 


7.(p) = (0, p<d. 


Accordingly, 
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| x(a) 12") = | PD, die etm? 9, (0) ("+ 8) mCP), 


| (27)* 
in which 
; m(p)= (22)°{%M (p)%) 
5 is a finite-dimensional Hermitian, non-negative matrix, 
: m(p)7*=m(p) = 90, 
‘ which represents the properties of the projection operator M(p). If the field 


%(ax) is to have any dynamical significance at all, m(p) must be a positive 
matrix over some region of the p-space. This general remark, excluding the 


possibility that 
(L=1)=9, 

can be made much more specific when 7%(2) is a fundamental field, which con- 
tains among its components the generators of a complete operator basis, for the 
property of completeness implies the ability of the field operators to produce 
all other states from the vacuum state. . 

The unitary transformation expressing the vector nature of the operators 
P* implies that 

M(lp) =U) M(p) UM™ 

and, correspondingly, 


m (lp) =L(l) m(p) L(D*. 


The infinitesimal form of the last statement, 


p 


is an assertion of rotational invariance for a system with orbital and spin angular 


fe) 
= (>, ray es apr) "(P) + Seema (b) 4b) S.=0, 


momenta. If one introduces py=ip’ and S,4=iS)x, this becomes four-dimensional 
Euclidean rotational invariance. The most general matrix function m(p) is ob- 
tained by combining arbitrary functions of the invariant —p*=«’, finite numerical 
matrices, and four-dimensional spherical harmonics. The latter are homogeneous 
polynomials in p* that are irreducible with respect to the contraction —p’=«’, 
If S is the highest spin value contained in 7%, the maximum degree of any spherical 
harmonic is 2S. All that we shall require here is the knowledge that the matrix 
m(p) can be constructed from such finite irreducible polynomials in p*, and 
arbitrary functions of «’. This we express by writing 


m(p)=m(p, &’). 


A statement of infinitesimal Euclidean rotational invariance implies invariance 
under every proper orthogonal transformation, for, with finite bounded matrices, 


: Vm 
fi 


Spin and Statistics 921 


there can be no barrier to constructing any transformation of the proper Euclidean 
rotation group from the infinitesimal ones. In particular, we can produce the 
proper orthogonal transformation which is the four-dimensional reflection p“> —p". 
A corresponding L matrix is 


R=er e7 Ss4 
since the transformation is a rotation through the angle z in the 12 and the 34 
planes, for example. All the spin matrices S,,, ¢,»=1--4 have the same spectra 


and therefore 


( : i 
2niSy2 — p> iSaa — (—1)8= Gee integer, 


: —1:8S half odd integer, 

é which implies that 

, Ri=1. 

: We also note that 2S), is a real matrix, while 7S3,= — Sos 1s imaginary. Accordingly 
Re=et eS = (1) Ry 

and the matrix R,, is real and imaginary, respectively, for integral and _half- 


integral S. We do not need to specify the symmetry properties of this matrix. > 
P. What we learn in this way is the continuation of the algebraic structure of 
E m(p, x’) from positive to negative values of p’, 

m(—p, #) =Rum (Pp, ) RE=(-1) 8 Ramp, VIR 
Since the non-negativeness of the matrix m(p) is maintained in the product 
; Rym(p) Ra*, the continuation is such that 


| p>: Cat) pi SD; Cee Us 


; If p’ is allowed to assume both signs, these attributes are summarized by 
‘ iS} integer m(p, «°) 20, 
S, half odd integer: ¢(P) m(p, «°) 29, 
where 
(eld ap >.0; 
Cb) oer 
The order of factors in the vacuum expectation value is reversed by com- 
f plex conjugation, 


» 
iy 


OD) = | on did eb? 7_(p) (p+) m(—P, ©) 


yr. 
Y 


we 


in which we have introduced 


q-(p) =4+(—P)- 


ss 
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From this follows the commutator, [ ]-, and anticommutator, [ ]., expectation 
values 
/ = (dp) 2 pie —2!) J 2 2 
QUA G on AC Ne (on) dk O(p +) 
x [7.(p) m(p, «) + 4-(p) m(—P, 1) |i 
We can also use the relation 
[14 €(p)] 


to write 


(iv(2), u(a')}a>= | i) dict 2-9 8 (p+ 2) 


x- —[m Cp, ) + m(—p, «)*+€(p) (m(p, «) Fm(—p, «)*)]. 


won 


Since complex conjugation of a matrix does not alter the quality of non-nega- 
tiveness, these combinations have the basic property 


S, integer : m(p, &°) +m(—p, «)* 20 
S, half odd integer: €(p) (m(p, «°) —m(—p, «°)*) 290, 


and there are sets of p values for which the matrices are positive. 
The polynomial nature of the p-dependence in m(/, «*) is utilized in writing 


ees Tray ions ¢. : 
| de? = E ( — 7 x) +m ( —O, x) pues kK’) 
; 2 i i 


0 


vont m {ee AER E: z 
+ | dee me | ( —=0- X*) -m ( — 3,1) |a@-2’, K’), 
! 21 i i 


where J and J” are the well-known invariant functions 


I 


<I Ce) eon) te 


Ata, wy =i) (Pe ep) Opie), 


9 lp) ipa 
A (x, Kk’) = | (< e'?™ J er ‘ 
aloe) ® B ) 
For these vacuum expectation values to exist when the points are in time-like 
relation, the growth of m(p, «’) with increasing «’ can be no more than algebraic. 


The factor €(/) ensures that 4(2— 2’, «’) vanishes for equal times or, more 
generally, when the two points are in space-like relation, 


(o— 2!) 720 SA Cea ee 


ee ere ae ee ee eS oo ee ee a 
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(1) . f 6 
whereas for the 4” function we have the integral representation 


co 
9. Ya 1 Soren 
Cote pad Con ) ae | ai Cp ee 0, 


0 


If the commutator or anticommutator is to vanish for spatial separations 
greater than some specified distance, (x—.’)’> a’, so should the corresponding 
term involving 4”. Since an irreducible polynomial in 1/i-, cannot annihilate 
a scalar function of (x—2’)’, the real function m(«’) that can be associated 
with each polynomial must be such that 


Sen & | dem (ey AOC rs ic) = 0: 
0 


More precisely, it is a derivative with respect to the variable 2°, of an order 
corresponding to the degree of the associated polynomial, that vanishes. How- 
ever, this weighted integral of 4") (2, x’) cannot be a polynomial in 2 or a 
non-zero constant, for that would contradict the asymptotic behavior of 4”, 


A” (x, K) aoe (az) ~, =0 


co oe ama ee 0. 


y. The restriction to the 


We now prove that m(«*) must vanish identicall 
lly with x? enables the 


class of functions 7(«”) that, at most, grow algebraica 
null condition to be presented in the form 


foe} 


loo} 
eS a: | az em | dete m (2 )==0: 


0 


We appeal to the following lemma about real Laplace transforms. If 


| dret FG) =0,b224, 


C=, 8 


where f(z) belongs to the class of real functions characterized by 


|ave*s(a)*< 00, 


0 


then f(x) =9. On writing t=1+s, the first condition appears as 


| dave" er ¢ (zy =0, = 9; 
0 


from which we infer, .for the class of functions under consideration, that 
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co 


| drx*e* (2) =O) n=O; a3 
0 
An equivalent statement is 
| dx Ln(2) en f(g) 0,2 70s e 
0 
where L,(x) is the 2 Laguerre polynomial, the set of which is complete and 
orthonormal with respect to the weight factor e~. As a member of the indicated 
class, f(x) can be expanded in a series of Laguerre polynomials with coefficients 
that have a finite norm, and every coefficient is zero, which proves the lemma. 
We can now conclude, successively, that 


| dite mx’) =0, A>0, 
0 
and then, 
m (x’) =0. 


The vanishing of commutator (—) or anticommutator (+) for sufficient 


space-like separations thus requires that 
m(p, °) + m(—?p, ej) 


But, on referring to the positiveness properties that are associated with the spin 
type, it is seen that the commutator condition, characteristic of Bose-Einstein 
statistics, is impossible for half-integral S while the anticommutator condition, 
or Fermi-Dirac ‘statistics, is impossible for integral S. This proves, in a unified 
way, the connection between spin and statistics.’ 

In view of the equivalence between the spin and the statistics classification 
of fields, we can write the restriction on m(p, «) in the form 


m(p, «) =(—1)%m(—p, «’)*. 
Alternative presentations are 


m(p, )*=Rym(p, «) Ra* 
and 
m (p, K’) = (—1)* Rum (p, fC) ite 


the first of which shows the compatibility of the reality and positiveness prop- 


+ We are not unaware of other recent discussions?»®») that have exploited similar physical 
requirements with rather different mathematical methods. Although our treatment at least has 
the merit of being more elementary, the principal difference is one of attitude towards the founda- 
tions of quantum field theory. The quantum mechanical basis assumed in this paper is described 
in a continuing series of short notes in the Proc. Nat. Acad. Sci. U.S.” 
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erties of m(p, «°), while the second, transcribed into 
(1) RCL 2) 1a) Rae 0 (x) 1D), 


is just the statement of TCP invariance for the two field vacuum expectation value. 
Let us also note that the vacuum expectation value of the commutator, for 
integral spin, and the anticommutator, for half-integral spin, can both be pre- 
sented as 


CRY Ce) 1 te) a =i cm (3, “’) A Gian Luk) 


‘ 
0 


pee YS ae 


and therefore vanish for all spacelike intervals. In order to specialize this 
result to equal times, we use the relation (p)?=p’+« to write m(p, x) as 


m(p, k*) =ma(p, *’) +p ms(p, ©), 


where, among other properties, we have 


2 

5 S, integer: map, &’) 20 

: S, half-integer : (p, «°) = 9. 

4 This gives 

; ; 

. = res " 2 . 1 ; 2 1 2 2 
; dong dese aia | de —iMa rime Kc +m, \——V , X) | A(a—2' K), 
5 i / 

f 

: and, in the limit of equal times, 

- waa": C2), We) )e0= | de? (—r, “') 0(x—x’'), 

9 * 

a 0 


provided, of course, that the matrix polynomial in p exists, 
| de! mop, K) <0, 
0 


It is natural to suppose that this restriction distinguishes fundamental fields from 


arbitrary local field products. A related statement is 
poet [10,0 a) he) la { det, ioae ) d(x—x'), 
provided that 
{ae ma( Pp, ) < 


although the latter is less compelling for a fundamental field that obeys first 


order differential equations. 


De ee me) Een! eee te 
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Despite the apparent generality of this discussion there is one significant 
element of incompleteness. It does not apply directly to fields bearing electric 
charge if the dynamical effect of the electromagnetic field is included. That is 
a consequence of the operator gauge transformation which must accompany a 
Lorentz transformation, if the electromagnetic requirement of three-dimensional 
ained in each coordinate system. We have chosen 


transversality is to be maint 
implify the discussion. The necessary 


not to insist on this point in order to s 
elaboration will be considered elsewhere. 

But one can give an elementary argument that th 
also governs charged fields if it is assumed that, while the permissible spin- 
statistics categories for charged fields may involve the dynamical presence of the 
electromagnetic field, they do not depend upon the specific magnitude of the 
charge. Then we can multiply various charged fields and produce electrically 
neutral combinations to which the preceding discussion does apply. For example, 
let 7? be a B.E. field carrying unit charge (+1) and integral spin, while 7” 
is a B.E. field of unit charge and half-integral spin. From these we form an 
electrically neutral combination 4 (x)% (ax) that constitutes a B. E. field of 
half-integral spin, which is impossible. In this way we conclude that charged 
fields can either be B. E. with integral spin and F. D. with half-integral spin, or, 
B. E. with half-integral spin and F. D. with integral spin, since these mutually 
exclusive possibilities are the only ones that lead to acceptable bilinear neutral 
combinations. Now it suffices to consider an electrically neutral combination 
1) (x) (x) Z® (x), formed from unit and doubly charged fields, in which all 
fields belong to the same spin-statistics category. If this is B. E. statistics with 
half-integral spin, the result is a neutral field with those characteristics, which 
is excluded, as is the consequence of F. D. statistics, integer spin. 


e spin-statistics connection 
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representation proposed 


The precise supports of the weight functions in the integral 
eon-nucleon scatterings. 


previously are found for the equal-mass-particle, pion-pion and nucl 
From these results the maximal momentum transfers below which dispersion relations are 


derived are much improved. 


$1. Statement of results 


In a previous paper,” which will be referred to as I, we have proved an 
integral representation (similar to the Mandelstam representation”), 


ER 


os 1 

( Prs(@, 2) ; fos (3, ¥) 

da af — — 3 =! a SNe edad bad 
| \dz a4 | g—yt— (1—y)u—i€ 


) a—xzs—(1—2)t—1€ 


co 1 
Pa (7, 2) 
dy \ dz ; “1 
+| | v—ey— (1—2z)5—16 ce 


v I es 
0 


for some practical cases of the two-particle scattering in every order of pertur- 
bation theory. Here s, ¢ and uw are the three invariant squares of energy and 
momentum transfers in this process. The support properties of weight functions 
lso in I, but their precise boundaries were not given in it. 
ise supports* of the weight functions 
the pion-pion scattering and the 


were investigated a 
The aim of this paper is to present the prec 
in cases of the equal-mass-particle scattering, 


nucleon-nucleon scattering. 
The results obtained in this paper are as follows. We can show the follow- 


ing support properties under a certain general conjecture whose validity is very 


affirmable. 


1) Equal-mass-particle scattering (mass /4): 
a> (2p)? + On)? x= 2) 


and likewise for ? and 7. 
ii) Pion-pion scattering : 


+ Present address: Institute for Advanced Study, Princeton, ING an 
* Precise support means such a region that the weight function always v 
h and is non-vanishing snside it for at least one graph. 


anishes outside it 


for every grap 
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a > Min[ (2m,)? 24+ (4m,)? 1-2) + (4m,) 21/x2(1—2), 
(4m,)? 2+ (2m,)? A-z) + (4m,)?°V x(—2) | (1-3) 


and likewise for ;? and 7. 


iii) Nucleon-nucleon scattering : 


} a> (2my)'x+ (2m,)? 1—2) + (2m,)?V £0 —2), (1- 4a) 
; > Min[ (2m,)*y + my)? 1-y) + 2m,)*V 1-9); 

, 2my)*y + (2m,)? 1—y) + 2m,)’V 9-9) I; (1- 4b) 
i 71> (2m,)?2+ (2my)? (1—2z) + 2m,)?V zz). (1- 4c) 


The regions (1-2) ~ (1-4) are precise supports, and from them the Mandelstam 
bounding curves” are derived as will be seen in § 3. 
iv) Pion-nucleon scattering : 


a> (my+m,)? xt (2m,)’ a —zx) + (2m,)?Y z—2), (1-5a) 
> (2m,)2y + (myt+m,)? 1—y) + (2m,)°V yA—9), (1-5b) 
7 = Max[(my+m,)?2+ {(myx—m,)* + (2m,)*} 1-2) 

+ (2m,)?’VzQ—z), {(my—m,)?+ (2m,)*}z 

+ (my+m,)? 1—2z) + (2m,)?*Vz0—2)]. (1-5c) 


Unlike the former three cases, they are not precise supports. They should be 
improved by closer investigation. 

As was pointed out in I, when ¢ is fixed to t=—4J’, the integral repre- 
sentation (1-1) is reduced to a single dispersion relation by putting 


First term: 
fa et 4-2) (1-6a) 
x 
Second term: 
Af 
w= p+4¢ Pip 1-6b 
oe (1-6b) 
Third term: 
f= Tae for z<1/2, 
Sah Vs (1:6c) 
d= TOT) ae for z>1/2 
with 
MP=MC+M7+M3+MP+4f=stu, aly) 


: 


where M,, M,, M., My are the external-particle masses. So, in order that the 
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normal dispersion relation is derived from the integral representation (1-1), it 


; is necessary and sufficient that 


as Mi2—40 (1-2), (1-8a) 
pes —Afy+ Mas(1—)), (1-8b) 

( (Mi Maz)2 + Mas(1—2) for z<1/2, 
(1-8c) 


SS 
fee 
| Mabe (M2 — Mag) 2) > for z> 1. 
Therefore if 


a> Mi22+M.c(l—2), (1-9a) 
p> Mayt+Ma—)), (1-9b) 
y= M?-Min@, 1—2), (1-9c) 
then the normal dispersion relation is obtained for 
3 — MS 48 S4Snax (1-10) 
: with 
| - (M?—Me—M—M2-M2). (1-11) 
In the above, Mas, Mac and M,p are the lowest intermediate-state masses* as- 
sociated with s, ¢ and u, respectively. Using (1-11) we get the following results 
. from (1-2) ~ (1:5). 
i) Equal-mass-particle scattering : 
Anas Of» (L- 12) 
ii) Pion-pion scattering : 
. SOM: (1-13) 
. ili) Nucleon-nucleon scattering : 
Lome. (1-14) 
iv) ‘Pion-nucleon scattering : 
Geass) 


. 
, 


2 eG) 27 OR 
Bray = 2M» o 


§ 2. Derivation 


e denominator function V of the integrand in the 


As was shown ive at 
1 formula is written as 


Feynman parametric integra 
ee AM, at Mart Cand rosa a0 (2-¥) 


2 2 
VS aes meta Gee 
4=1 


= _———— 


* Except for one-particle intermediate states. 
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with 
stttu=M?2+M74+M?24+M?, 


where 
N: number of internal lines, 


x,: Feynman parameter, 
m,: internal mass, 
tp= W,/U 20. h=A; B,C, DAB, AG ead). 
The definitions of the parametric functions U(=0) and W,,(=0) are given jeeps 


We shall present various detailed properties of W, in Appendix A. 
The integration variables in (1-1) are defined by 


N 

se rime — (C4 +€ap) M?— (€a+CAp) M,’— (fc+€an) Mex (fn+€an) M? 

a=} et ae <i ie We te See | ees : 
(Cas—Cap) ae (Cac—Cap) 


and 
a pT : 
Ge oe AB PS AD eee (2-2 


for €Cap<Min (Cuz, Cac), and so on. 
Now, the central importance of the present paper is an inequality 


Wa W r= iM} AB Wac. (2: 3) 


Unfortunately, the general proof of (2-3) is not yet accomplished, but the validity 
of this conjecture is very affirmable as will be seen in Appendix A. Its validity 
was checked for all the Feynman graphs in which the number of internal lines 
is less than ten (i. e. N<10) (of course no special restrictions are made 
for interaction types). Five other inequalities similar to (2-3) are also obtained 
by interchanging A, B, C, D appropriately. 
If the inequality (2-3) is accepted, we get 
(W, te Wy+2 Win) = (W4 a W>)’ +4 W.us= 4 ( Ws Wot Wad) 
= 4 (Was Wact+ Was) = 4( War— Wan) (Wac— Wan), (2-4) 

and therefore 

Ca +lpt2lan= 2 (Cap—Cap) (Cac—Cap); (25a) 
provided that €4)<Min(C4n, Cac). Likewise we get 

Catlot2an2=2V Cas—Cav) (Cac—Can)- (2-5b) 


Inequalities of the following type are often proved for the purpose of proving 
dispersion relations : 


er ee oe Ce eee 


3 
£ 
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N 
s Xi mm — Catan) (M,?+ Ky’) = (€p+Cap) (M,? + K,’) 
(hg ta Ma Ky) en aD) (M?+ K’) 
a (Can—Cap) MY— Cao—Cav) Ve 22 0, 2-6) 


since in order to prove such inequalies it is essential that external momenta are 
Euclidean. Then from (2-2) and (2:5) we get 


ee M,/’ x+ M,’ Char) a2 (Ky Ke) Vx—2). (2-7) 
We have similar results for and 7. 
1) Equal-mass-particle scattering : 
For any Feynman graph we can put 
M?=M,= (21) a 
(2-8) 


GUE 
as was shown in (3-4) of I. So we get (1-2) on account of Qe 
ii) Pion-pion scattering : 
For any Feynman graph we can put either 


M2=(2m,)?, M?=(4m,)’, (2-9a) 
1 CEC 


or . 
M2=(4m,)*, M?=(2m,) ee (2-9b) 


Ke Qmn)* 
as will be shown in Appendix B. 
ili) Nucleon-nucleon scattering : 
Similarly to the equal-mass case, the resu 


according to (2-7) with 


It obtained in I is improved to (1-4) 


K2=Ke =m, - (2-10) 


iv) Pion-nucleon scattering : : 
The inequalities (1-5) are obtained in exactly the same way as the above. 


As is easily verified, the equality cases in (1.2), (= 3)e sands (1S) Sake 
realized in the respective non-trivial lowest order graphs. Therefore they are 
the precise supports for the equal-mass, pion-pion and nucleon-nucleon scatterings, 
respectively. 

§ 3. Relation with the Mandelstam bounding curves 


s unless 


(3-1) 


We have seen in (2-7) that the weight function usually vanishe 


al antbd—2z)+cVx£0—2), 


ee 
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where a, b and c are some positive constants. Since our variables a and 2 are 
related to the Mandelstam ones s’ and ?¢’ through 
a=as'+(1—a)t’ (322) 
as is seen from (1-1), the bounding curve of the weight function in (s’, 2’) 
plane is obtained as the envelope of the family of straight lines 
as —a) +A 2) (¢—b) Sev 22). (3-3) 


Some elementary calculation leads to 
(s'—a) (t'—b) =c?/4 
with (3-4) 
soa: 


This is the positive branch of a rectangular hyperbola having asymptotes s’=a 
and 1'=b. For the equal-mass-particle, pion-pion and nucleon-nucleon scatterings, 


the bounding curves which are represented by (3-4) coincide with those of the 


Mandelstam weight functions derived by Mandelstam,” who used essentially the 


lowest order graphs only. 
Conversely, if the bounding curve of the Mandelstam weight function is 


t'=9(s’') with s’>a, (3-5) 
then the corresponding support of our integral representation will become 
a> Min[2xs’+ (1—2) ¢(s’) J. (3-6) 
s/>a 


As for the pion-nucleon scattering, Mandelstam” derived the bounding curves 
by making use of some: lower order graphs which contain intermediate states 
having the lowest masses. Unlike the above three cases, since there are many 
graphs whose structures are essentially different from the graphs considered by 
him, it is not known whether or not his bounding curves are correct in every 
order of perturbation theory. 


Appendix A. On the validity of (2-3) 


Al. Fundamental Properties of W, 

We first summarize the fundamental properties of W),. We consider a con- 
nected Feynman graph G in which N and 7 are the numbers of internal lines 
and of independent circuits, respectively. The set of external lines in G is 
denoted by gy, and f stands for its subset. The complement of A is denoted 
by h*. We denote by S(h) the set of intermediate states dividing gy into h and 
h*. Then the expression for W, is given by 

W,= oy (U2 Se Il Xi). (A-1) 
ieS 


Ses (/) 


— 


; 
j 
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Here H, and H, are the two subgraphs which are obtained by opening the 
lines of the intermediate state S, and U is the U-function* for the graph H. 
(a) W, is an n+1-th order homogeneous polynomial consisting of positive 
terms only. 
(b) W,, is linear with respect to every 2, namely, 


vi OF W,/dx/=0. (A-2) 


The above two properties follow from the definition of W,, immediately (see D). 
Ce eid slitiess -1S.a one-particle line” in G, we have 


0W,,/02x:=0 (A-3) 


as far as {7} =S¢S(h). If not so, AW,,/Ax: is equal to the W,-function of the 
graph G’ which is obtained from G by eliminating the line @. 

Proof. Since the U-function cannot contain a parameter which corresponds 
to a one-particle line, (A-3) follows from (A-1) immediately. So we consider 
the case in which 7 is not a one-particle line. 

The correspondence between intermediate states in G and in G’ are as follows. 

i) If S3i, then S’=S— {j} is an intermediate state in G’. 
ii) If Si and if any line of 8 is connected with any external lines 


without passing through the line z, then S’=S is an intermediate state in G’, 


because any external lines then are mutually connected in G’ when any proper 
prop 


subset of S’ is opened. 

iii) If Spi and if a line of S cannot be connected with an external line 
without passing through the line 7, then S is not an intermediate state in G’, 
because a proper subset of S then becomes an intermediate state ineGs 

Conversely, for an sntermediate state S’ in G’, S=S'+ {i} becomes an in- 
termediate state in Gif G does not separate when S’ is opened in G, otherwise 
S’ is an intermediate state in G. Thus the correspondence is one-to-one except 


for the case ill). 
We will show that the expression 


3/ax,(U™ U% Il xy] (A-4) 
jES 


is equal to the term corresponding to S’ in G’ for the cases i) and 11). This 
is evident for the former case. For the latter case it is sufficient in general 
(because of Hi) H,=¢) to show that dU/dx; is equal to the U-function in the 
graph which is obtained by eliminating thes line 7. Brom, Lheorem™ o¢L of 
Ni * putting Fie GH {ie (wnere. G should be identified with A or H,, in the 


present application) we get 


ation goes over all basic sete? (up an“ end- 4 TReTORe 


& USN Lv, Log Tn where the summ 
f n internal lines such 


stands for the number of independent circuits, and a basic set means a set 0 
that any circuit contains at least one of its elements. 
4k N represents reference 4). 
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U=U™ x;+2;-independent terms, (A-5) 


namely, 0U/dx2,;,=U™. 
Finally, we must show that (A-4) vanishes for the case iii). We observe 


that the line 7 does not belong to any circuit in the subgraphs H, and H, when 
S is opened, because if JC 1©£CCH,+ Fh, then any line of S would be con- 
nected with any external line via C— {i} instead of via 7 if connected via 7. 
So U“) U does not contain x; This means (A-4) is zero. Q.E.D. 

(d) Ifa line 7 alone composes a circuit, we have 


W,=0 when x,;=0. (A-6) 


If not so, W,(2,=0) is equal to the W,-function of the graph G which is ob- 
tained from G by shrinking the line 7. 

Proof. For the former case (A-6) is evident because every term in (A-1) 
must contain the factor 2; For the latter case the correspondence between 
intermediate states in G and in G is as follows. 

i) If $3i, S is not an intermediate state in (eo 

ii) If Sz, the intermediate states in G are the same as those in e because 
to shrink the line 7 is a continuous operation irrelevant to S, which cannot 
change connection properties. 

For the case i) ae ax; obviously vanishes when 2;=0. 


For the case ii), from Theorem 5-1 of N, putting H= {7} we see that the 
part irrelevant to x; in U is U’™ in general where R is the reduced graph 
which is obtained by shrinking the line 7. Therefore the expression U'““” Ue By 

je 


is reduced to the corresponding one of G when 272021 O2han 

(e) If h¥k, k*, then W, and W, have no common terms. 

Proof. This is self-evident for N=0. So we use mathematical induction 
with respect to N. If W, and W, had a common term 2», 2v.°++2v,4,, 9W),/Ox», 
and 0W;,/da., would have a common term. If »; is a one-particle line, at least 
one of them must vanish on account of (A-3). If not so, they are the W, and 
W,, in a graph in which the number of internal lines is N—1. In both cases 
the existence of a common term leads to inconsistency. Q. E. D. 


A2. Use of mathematical induction 


Our aim is to show the inequality (2-3). The general proof for it is not 
yet accomplished, but the problem is much simplified by the use of mathematical 
induction with respect to N. 

We write 


Roe (Aza) 
for two polynomials R, and R, if Rk,—R, contains no negative term. Rak 


follows from (A-7) when x;>0, though the inverse is not true in general. 


What we want to show is 


— 


aes’ ~~ eee ee ee ee ee ee ee ee 


- were larger than the left-hand side 
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WiWop> Was Wac. (A-8) 


Because of the property (b), W,W; is at most quadratic with respect to 
every x;. We write the linear part and the remaining one of a polynomial R 
by L(R) and Q(R) respectively, i.e. 

R= Lk) OCR) 
with 

Vi OLR) oz, =0. (A-9) 
Then we have 

Q(W, Wo) 2Q( Was Wac)- (A-10) 

This is shown in the following way. 

If (A-10) did not hold, there would be a term 2%, 0r3°+' Pry+2 for which the 
numerical coefficient in the right-hand side is larger than that in the left-hand 
side. By the definition of Q at least two among DER 7 ae TOUTES identical. 
We denote such a line by 7. Then we get 


(0?/0x2) Q( Wa Wo) b (0?/0x2) Q(Waz Wac)- Aad) 
On the other hand, the property (b) leads to 
om 3° OW, OW, 
Ol WiaW)) = WN Wiis epee A-12 
xe Q(W,, Wz) dx. ( i) Sea ( ) 


From the property (c) and the assumption of induction we obtain 


£ Wa oWp = OWan 3 Wao ; Axis) 
Opp (ON, Oor ey gO Ly 
(Note that if 7 is a one-particle line then we always have 
aW, OW: _9 (A-14) 


{7} cannot be contained in both S(A) and S(&).) 


as far as hk, k* because S= 
Thus (A-10) must be true. 


(A-11) with (A-12) is inconsistent with (A;13). 
Therefore we have only to prove 


L(W4 Wo) 2L (Was Wac)- (A-15) 


If N<2n+2, it is obvious that 
L( Ws Wo) =L (Was Wac) =0. (A-16) 


‘Next, we consider the case N>2n+2. If the right-hand side of (A-15) 
in the coefficient of xx, 2%4°''X>nea then this 
would survive also when x,=0, where z is one of the lines different 
But according to the property (d) both sides 
hose for a graph in which the num- 


property 
from any one of 4, /» °'> Dens: 
of (A-15) esther vanish or are reduced to t 


E> 
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ber of internal lines is N—1. This is inconsistent with the assumption of 
induction. i 

Thus our task is reduced to comparing the coefficients of Ih we in WsiWp 
and in WapWac for the case N=2n+2 only. 


A8. Further reduction of the problem 
Let G4” be the graph in which the two external vertices A and D are 
identified, and W'4” be the U-function for the graph Ci 


Lemma 1 
Wat Wot Wast Wace WP), (A-17) 


Proof. Non-overlapping in the left-hand side is clear from the property (e). 


Now, consider a term II 2;¢ W,, for instance. According to the definition 
ieGH 
of W, we have 


1SGS( Aver Tot hers (A-18) 


where F, and F, are some basic sets in H, and in fd, respectively. We will 
show that H is a basic set in G4” (then W,c W%” follows). 

A circuit in G4” corresponds to a pathY P(AD) or a circuit C in G. It 
is evident that P(AD) nS#¢. For a circuit C such that CN S=¢, because of 
either Cc H, or Cc Hy we get Cn (A+) #¢. Therefore any circuit in Ge 
always intersects H. Thus H is a basic set in G“*” (of course »(H) =n+1). 
OF On OF 

We consider a graph G in which N=2n+2. We call a pair (H, H’) satis- 
fying the following properties a “ division of G”. 


i) 20 H'=¢; 
li) H+H’'=G, (A -19) 
ii): XH) =p )="+1. 
In particular, if 
Ia,ew?’” and Uaew”, (A- 20) 


iEH iGH! 
then the division (H, H’) is called ‘‘ allowable”. Moreover, if 
Ha,.eW, andi ll 2eW,, (A-21) 
iCGH ieH 
then it is called “(h, k)-allowable”’. Then what we should show is that the 
number of (AB, AC)-allowable divisions is not more than that of (A, D)-allowable 
divisions. 

Lemma 2. In order that a division (H, H’) is allowable, it is necessary 
and sufficient that both H and H’ are connected graphs in G4”) and touch all 
4?) Here the statement that H touches a vertex E means that 
H contains an internal line whose end point is EF. 


the vertices of G 


«4 
a. 
ae ter eae 


es Fee Kh | 


> Eb «dere te ‘ 
ee OE Se Se a ee ON ee, ee 
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Proof. If (A-20) holds, both H and H’ are basic sets in GY’. \Reee 
did not touch a vertex E in G4”, the star? corresponding to E would be in- 
cluded in H’. This is inconsistent with the fact that H’ is a basic set. Hence 
H must touch every vertex in G%”. 

H cannot include any circuit, because 3C CCH implies H'NC=¢ which 
means HI’ is not a basic set. So the number of the vertices in G4” which H 


touches is 
y(HM) +l=n+141, (A -22) 


where J is the number of disconnected parts of H in G”. On the other hand 
the number of the vertices in G4” is N—(n+1)+1=n+2. We therefore get 
7=1, namely, H is a connected graph in G*”’. H’ is similar. 

Next, we prove the inverse proposition. Ti aCeG*) Cn H=¢, we get 
CCH’. However, since H’ is a connected graph in G'4”) which consists of 
n+1 lines and tonches +2 vertices, it cannot include any circuit C. Therefore 
ect have VOCG"™ ChHAe,y This means Hiissa basic set in G4”. H’ 
is similar. OQ. E. D. ; 

Lemma 3. If (H, H’) is allowable, the intermediate state of G included 
in H(or H’) is unique and contained in S(A) + S(D) +S(AB) +S(AC). 

Proof. If H is a basic set in G4), all paths P(AD) must intersect H. 


- Hence H is a generalized intermediate state? in G. So H includes an intermediate 


state S in G. 

If SeS(B)+S(C)+S(AD), H’ could not connect the external vertex 
A(=D) with B or C inG™”’. This is inconsistent with Lemma 2. So S€S(A) 
4+8§(D)+S(AB) +S(AC). 

If aS, S’cH(S#S')S,; S'eS8(A) +S8(D) +S(AB) +S(AC), then H’ could 
not connect A with a vertex lying between S and S’. This is inconsistent with 


emma 2:0. E.D. 
We call S the “ characteristic intermediate state Oiteies: 


Lemma 4. If the characteristic intermediate state S belongs to S(h) (A= 


AgD, AB, AG); then we have 
I 2,E.Wn. (A-23) 
te A 
) is allowable, any Rireuit Cain G intersects: fan so 


Proof. Since Gelse 
H—S. Let H, and H, be the two 


any circuit C such that CN S=¢@ intersects 
subgraphs in G—S. Then we have 

Tigre Se OM Teac W,.- (A-24) 
ieH tES 

Ola By 


We can thus find the numerical coeffecients 0 


N 

f aa} Fe OF in Wa Wo and in W 4p W ac 
=1 

the complicated expression (A-1). 


purely graphically without remembering 
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N 
Namely, in order to find the coefficient of Wa; in W,W, we have only to 
‘ ; i=1 
count the number of divisions (H, H’) such that 
i) when A and D are identified, both H ard H' become connected graphs 


and touch all vertices, and 


ii) H includes an intermediate state SeS(h), while H' does S'€S(k). 


A4. Lower order graphs 

Since the general proof is not yet accomplished, we will check the validity 
of (2-3) for lower order graphs. In doing this, we may not pay regard to the 
following graphs: 

i) The graph in which A and D or B and C are connected by only one 
line. 

it) The graph which involves a 1-vertex or an external 2-vertex or a circuit 
consisting of only one line. 

iii) The graph which involves an 


internal 2-vertex or a circuit consisting S (1) Qc; 
of two lines. 


For the graphs stated in i) and 


ii) no (AB, AC)-allowable division is 
possible.* 


For the case iii), denoting by 7 (d) (e) (f) (g) 


and j the lines which touch the 2-vertex 
or are included in the circuit mentioned Ww) WV) (VV) (\) 
above, we see that either 1@H and : 


j€H!’ or j€H and iEH’ for any al- 


lowable division (H7, H’) (see Lemma YQ 
2 and its proof). So the problem is ; 


reduced to that for the graph which is (1) (m) (n) Ne 

obtained from G by eliminating 7 and 

shrinking /. 1A eT ey 68) 
In Fig. 1 we list all non-trivial (p) (q) (r) (s) 


graphs for n=1, 2,3. Since (2-3) is 

symmetric under the interchanges of A a () q) 
and D and/or B and C, we have no 

need to specify A and D or B and C. 
Table I displays the numbers of (A, 

D)-allowable and (AB, AC)-allowable (Q) (O) CODO 
divisions for the graphs shown in Fig. (w) (x) (y) es 


1. Inthe first row we write the numbers Fig) 1; 


ES = > ~ x A = 
As for the graph having an external 2-vertex, the existence of a one-particle line contradicts 
the uniqueness of the characteristic intermediate state for an (AB, AC)-allowable division. 


— 
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of (A, D)-allowable divisions in the case in which white small circles are 
identified with A and D and black ones are B and C. In the second row we 
write those in the case in which the identifications are reversed. As for (AB, 
AC)-allowable divisions no such specification is necessary, because Wy; Wace 1s 
symmetric under the interchange of pairs (A, D) and (B,C). Their numbers 
are written in the third row. 


N 
Table I. Coefficients of the term Il 2; 


t=1 


L, | 


graph Nhe Pheabadiec fig ht jh | Imnopgqrs|tuv|wa| yz 
W,Wp en iad 6 2 es eon as 303.3 9" | ne a. as ae 
Wz Wo Tee Pet ete GEA Ae soso NG Pa Tae a gin amiga Gea ver ae TaN |e 
WuzsWao LO 1 esto al Oa last o°2 2 lg Letra EO 0 0 


a 


From Table I and the above consideration we see that our conjecture (2-3) 
is always valid at least as far as N<10. We checked its validity also for some 
higher order graphs. 


Appendix B. Proof of (2-6) with (2-9) for the pion-pion scattering 


We make use of the method developed in Part III of N. Our task is to 
show that for ezther 


pees) he (— 2, she 2) =) eo (2) (B- 1a) 
or 
b=), be= Cs - 1s Pa, D, ko C2, —1), (B- 1b) 
where 
(a, b) =ak,+bk,, = am he =I 30 Rika; (B-2) 
we can always choose internal momenta (ai, b;) satisfying 


Wat ap oy a yn) (B-3) 


under the momentum conservation at each vertex. 

In doing this, it is essential to make use of the pseudoscalarity of the pion. 
We assume that all other particles interacting with the pion have masses larger 
than 2m,. If the kaon is scalar, it should be replaced by two pions. If there 
are baryon closed loops, each baryon line should be replaced by one or two 
pion lines alternately. Then the number of lines which start from each vertex 


becomes always even, and the condition (B-3) is satisfied if 
V2 roe = Ss — 1 (B . 4) 


in this new graph. From the above property we immediately see that 
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Vv SES(A)+S8(B)+S8(C) +S), yGS) 35 odd, (B- 5a) 
v SES(AB) +S(AC) +S(AD), yCS ois. ever. (B- 5b) 


(A) © The case 3Se€S(AB) v(S) =2. 

Opening S, we get two subgraphs G; and Gp. For definiteness we consider 
G,. The external lines of G; are A, B, E, F where E and F are the two lines 
of S. From the consideration in §15 of N, G, must have one of the graphs 
shown in Fig. 16 of N as its skeleton. But in the present case, since the num- 
ber of internal lines which start from each external vertex is odd we can start 
from A along another line, and always proceed along the lines which are not 
drawn in Fig. 16 of N until we reach another external vertex, because the 
number of lines which start from each vertex is even. So our skeletons are 


modified as shown in Fig. 2 


(2, 1) 
(a) (b) (c) (d) 
een 
( D D 
(—2,1) «9, 1) (-% —D (—2;1) Peden eth ee e D 
(0, —1) 
(1, 0) 
(1, 9) (1, 0) (1, 0) = 
(0, 1) 
(2,1) 9 2) (2,1) (2, 1) (2, —1) Ait LB A B 
A B A B 
(a) (b) (c) (c’) 


(1, 0) 


(2,1) @ V2 —-n 
A B 


(g) 


D 
=) 
(0, 1) 
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Fig. 2 (b), (c) and (d) are special cases of Fig. 2 (a). Thus, after all, 
as a skeleton of G; we have only to consider Fig. 2 (a) as expected intuitively. 
For this skeleton we choose (a;, b;) as indicated in Fig. 2 (a). We can deal 
with G, in the same way. 

(B) The case VSES(AB) v(S)=4 (including the case $(AB) =¢) 

According to Theorem 13-4 of N, there are four non-overlapping paths : 


yeni AC). PAC) bi (BD) > =.h, (BD) 

OP) PAD) 2 (AD), BOy EBC) 

OPE CAG). oP UA) sts PC BO) s ae CBD). 
Using the above argument, we get seven skeletons shown in Fig. 3. Since our 
graph is a connected one, Fig. 3 (c) should be replaced by Fig. 3(c’), which 
is a special case of Fig. 3 (a). Fig. 3 (£) is similar. For the other graphs 


we choose (a;, };) as indicated in respective graphs. 
Our proof is thus completed. 
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Some models are computed for very massive stars (M=46.8Mo) consisting of four 
regions: (I) a homogeneous radiative envelope, (II) a semiconvective intermediate zone, 
(III) a radiative intermediate zone and (IV) a homogeneous convective core. The semi- 
convective intermediate zone is formed in the consequence of growing convective instability 
which is characteristic in very massive stars and the distribution of composition in this 
region is determined so as to maintain the convective neutrality taking account of the effect 
of the gradient of mean molecular weight. It is shown that the very massive stars evolve 
essentially in the same way as less massive stars in their early phase and the growing 
convective instability has little influence on the effective temperature and luminosity of stars. 


§ 1. Introduction 


In the previous paper,?t we proposed some models for stars of 46.8 Mo in 
their early evolutional phase of hydrogen burning. One of the difficulties in 
constructing the models of very massive stars is to find the change in the distri- 
bution of the hydrogen content which is consistent with the growing convective 
instability. That is, as a star heavier than 10 solar masses consumes hydrogen 
in its central region, the boundary of convective core moves outwards.” 

Whether the newly arised convective instability induces the mixing of a 
large fraction of stellar mass or not remains open. Schwarzschild and Harm” 
constructed the stellar models of this type as follows. The growing convective 
instability induces a large scale of mixing between the radiative envelope and 
the convective core and thus there sets up a new semiconvective intermediate 
zone where the chemical composition is adjusted by convective mixing so as to 
maintain the convective neutrality. Their treatment, however, does not seem to 
be well justified since the condition of the convective neutrality used by them 
did not contain a term arising from the existence of a gradient of mean molecu- 
lar weight so that the large scale of mixing assumed by them must be due to 
a long distant overshooting of the convective motion into the intermediate zone 
which is stable against convection. 

In “1”, the effect of the gradient of mean molecular weight was taken into 
account. The construction of the model, however, is not satisfactory because 


' This paper will be referred to as “I” in the following. 


a ——_— . 
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ee 
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the radiative energy flux on the boundary between the convective core and the 
intermediate zone is not continuous, and so the convective motion, which has a 
small but finite velocity on this boundary, will overshoot into the semiconvective 
zone. The convective neutrality in the latter zone will break down as a con- 
sequence of this mixing and the inner convective core grows until the chemical 
composition takes a distribution such that the inner boundary of the intermediate 
zone will be in radiative equilibrium instead of being convective neutral. This 
means that the fitting condition in “I” at the inner boundary of intermediate 
zone is not correct. In this paper a consistent model is proposed to remove the 


above difficulty. 


§2. The construction of model and the results 


The model consists of four regions as schematically shown in Rica (Ly 
a homogeneous radiative envelope, (II) a semiconvective outer intermediate zone 
(satisfying Eq. (1) in“I”), CIID) a radiative inner intermediate zone, and (IV) 
a homogeneous convective core. The following subscripts are used to denote 
the quantities in each part: 0 for the point where the mass fraction is equal 
to that of the convective core of the initial model, 1 for the interface between 
radiative envelope and outer semiconvective intermediate zone, 2 for the inner 
boundary of semiconvective intermediate zone, 3 
for the outer boundary of radiative intermediate | 
zone and 4 for the interface between the radiative 
intermediate zone and convective core. , 

The construction of an inhomogeneous model lg 
is performed in an approximate way as follows : re : | 
First, the assumed intermediate zone in radiative 
equilibrium, which would be formed between 
radiative envelope and convective core if there ; - 
were no growing convective instability as in the = 
case of less massive star, is determined as usual 


time 


Fig. 1. The developement of 


: ; h “+1 
by the inward integration from the point g) witn pale hie aeons 
the assumption that the composition parameter ically, (I) a homogeneous 
Lets expressed as 1=(q/d), - The assumed radiative envelope, (II) a 
sntermediate zone joins the region from qo to qa semiconvective zone formed 

: mae ss in the consequence of grow- 
continuously and the variation of the composition ; is 

] ; : ; ing convective instability, 
which is expressed with the parameter » 1S deter- (III) a radiative intermediate 
mined by the fitting condition at the point 45 zone and (IV) a homogeneous 
that is, the continuity of U, V and (n+1)= convective core. 
dlog P/d log T. 


aking into account the mixing 


Secondly, the intermediate zone is modified by t 
convective instability. 


between envelope and sntermediate zone caused by growing 
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The modification is made by the procedure that the integration over the Ast 
convective zone is carried out from the point g, inwards and then the, is ae 
obtained is fitted to the above-mentioned radiative intermediate zone. The dis- 


; : recat: 
tribution of composition is determined by the following equation, 


oe leas. Ga —B dlogu 
Ga Dich wey agi eA oe oe 


or more explicitly, 


log 8—68 , dlogp | (4=37) | 
doth (ont ie) eee 


dlogx \32—248—389/ dlogz 3 


This means that the semiconvective zone is adjusted so as to maintain convective 
neutrality taking account of the gradient of mean molecular weight. 

During the mixing through the semiconvective zone, the total amount of 
hydrogen or helium must be kept constant because of the lacking of nuclear 
reactions in this region. The mixing leads to the depletion of helium or ad- 
dition of hydrogen at the innermost region of the semiconvective zone as it 
grows outwards. The gradient of mean molecular weight in the neighbourhood 
of the interface between the semiconvective and the radiative intermediate zone 
becomes steeper by this mixing and thus we can approximate the variation of 
mean molecular weight in this region by the discontinuous one as shown in Fig. 
2. The mass fraction g.(=qs) is determined by the condition 


G2 da 

Ma coc Cd) dams | Oe (a) dls Bae are 

ven do 

0 1 

where X,..(q) is the distribu. = 
tion of hydrogen in semi- 
convective zone and X,,.(q) 0.8 
is that in the assumed radia- 
tive zone. The fitting of the “al 
two solutions (radiative inter- 
mediate zone and semiconyec- 0.5} 
tive zone) at q, is made on 
the U-V plane according to — osl_ : 
the condition eA eR V,/ V, Sy be q=Mr/M ay . 
=/4/t2. The other PE Fig. 2. The distribution of composition in star. Sub- 
dures for constructing the script 0=the point where the mass fraction is equal to 
model are the same as em- that of the convective core, 1=interface between radia- 
ployed in “1”, tive envelope and outer semiconvective intermediate 


zone, 2=inner boundary of radiative intermediate zone 


and 4=the interface between the radiative intermediate 
in convective motion the driv- zone and convective core. 


It must be noted here that 
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ing force acting at the point p, on the mass element which started from the 
point p, is expressed as 


ue GM, dlogT S862 8 diogp | PARE. 


; dlogp 3294 8-38? 4—38 dlogP! p 


r 


where 4p=p,—p.. Thus in our model F=0 for qi > 9 > 4g and F<0 (the force 
is against the convection) for qia<q<qs. Suppose that there were some overshoot- 
ing of mass motion into the radiative intermediate zone, for example, by the 
motion from outer or inner convective zone or from the perturbations arising 
from stellar rotation, and let the mean length of this overshooting be Jl. If 
1>rs, where re is the distance from gq, to @, the overshooting mass motion will 
induce the mixing of large scale and this will correspond to the case investigated 
by Schwarzschild and Harm. On the other hand, the case of 1<1re, corresponds 
to ours. Thus, even if the semiconvective zone investigated by Schwarzschild 
and Harm sets up in very early phase of little depletion of hydrogen in the 
core, it will develope to our scheme sooner or later as the hydrogen in the core 


eS +S a ene 


is exhausted. 


Table I. Mathematical and physical characteristics of the models. 


ee eee ee ee ee ee a Pee OLE NN 

| 

i} 
— 
jot 
(os) 

| 
ie 
oO 
© 


Homogeneous | Inhomogeneous 

i=0 jel | i=2 | ae 74 
log C — 3.6185 — 3,500 
U, 1.49 | 1.07 1.16 
V; 4.63 | 4.59 4.07 | 4.13 4.03 
(n+1); 3.35 3.47 3.54 
log 2; — 0.374 —0.416 — 0.500 
log q; —0,.193 = 0,162 — 0.200 | —0.200 — 0.269 
log ~; 0.616 0.706 1.059 
log t; —0.571 — 0.523 | —0.421 
B: 0.819 | 0.770 0.739 
x 0.900 0.900 0,894 0.870 0.634 
Be 0.735 0.671 
logT, | 7.645 7.666 
log L/Lo 5,368 5.487 
log R/Re 0.850 0.930 
log T, 4.679 4.667 
a | (12 


The results obtained, 7 e. the mathematical and physical characteristics of 
the models are shown in Table I and the distribution of the hydrogen in the 
star is plotted in Fig. 2. We see that the very massive stars evolve essentially 


Pa 


* » 
ani eee 
Pee 
be Ara ow RS 
2 


; BH yl 
‘Ss. Semichite and C. Fee my 7g ae 


in the same way as less massive stars at ier in their rvs phase. atic aa 4 
growing convective instability has little influence on the observed physical ae 
tities such as T, and L of stars and modifies the shape of the distribution 0: 


e 


the composition in them only slightly. 
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The energy of the first excited states of even-even nuclei, and the probability of the 
electromagnetic transition between this and the ground states are calculated. The calculation 
covers almost all the known vibrational even-even nuclei, and is performed by assuming 
that the effective interaction is a sum of the pair and Q-Q interactions, and by employing 
the BCS and Sawada approximations. The agreement of the obtained results with experiments 
are in general good, although it gets poorer for cases which have asmaller number of nucleons 
outside closed shells. For such cases rigorous shell model calculation is also performed 
and comparing the results with the above approximate ones, discussions on the validity of 


those approximations are made. 


$1. Introduction 


Recent development of the theory of many-body problems has made it possi- 
ble to perform fairly detailed numerical analyses on the properties of lower 


states of nuclei in various mass number regions. In particular the method of 


Bardeen, Cooper and Schrieffer,” and Bogoliubov,” developed for the description 
of the superconductor and found to be very useful in treating the effect of the 
pair interaction, turned out to be the most powerful and has been applied ex- 
tensively to calculate various quantities related to the rotational?” and S.C.S. 
nuclei.” The purpose of the present paper is to extend particularly the work 
of KS, in which the Q-O interaction is considered in addition to the pair in- 
teraction, to the description of the properties of the first excited 2* states of 
even-even nuclei in the vibrational regions. 

When there exist both the pair and the Q-Q interactions, it is known” that 
the most convenient way is to apply first the Bogoliubov transformation” to 
the system of free particles, and then apply Sawada’s method” to the system of 
thus obtained quasi-particles. The argument so far developed along this line” 
are, however, mostly limited to the cases in which protons and neutrons are 
treated separately. This assumption would be allowable when there exists only 
the pair interaction, but might not necessarily be appropriate when also the Q-O 
interaction is to be included. It is because the Q-O interaction is a long range 
force and under the above assumption works so as to polarize the protons and 
neutrons independently, resulting in states of rather high energy due to the increased 
symmetry energy. To get a correlated polarization and thus lower energy states, 
it would be reasonable to assume that similar Q-Q interaction works between 
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protons and neutrons as well.* 

The derivation of the dispersion equation to determine the energy of the 
frst excited 2* state of even-even nuclei above the ground state is explained 
fairly in detail in § 2, for the case ‘1 which the Q-Q interaction works also 
between protons and neutrons. It is seen that the obtained dispersion equation 
has a very reasonable form in that (i) when the Q-Q interaction between the 
protons and neutrons is turned off, our dispersion equation is factored into two 
independent dispersion equations which describe separate collective excitations 
of protons and neutrons, and (ii) when the above interaction is turned on, the 
resulting lowest 2* (collective) state is lower than any of the 2* (collective) 
states obtained separately for protons and neutrons.** In § 2 it is also discussed 
how to calculate the transition probability B(E2;0°—2") of the 7-ray between 
the ground and the 2* collective states. 

The numerical calculations of # and B(E2) are performed for almost all 
the known vibrational nuclei, by using the IBM 704 computer available at the 
Japan Meteorological Agency in Tokyo. The results of the calculation are 
presented in § 3, together with their comparison with experiment. As is seen 
there, fairly good agreement with experiment is obtained in general, although 
our present calculation does not necessarily reproduce much finer details of the 
experiments. 

It is also found there that the agreement of our calculation with experiment 
gets poorer for cases in which the numbers of both the protons and neutrons 
are close to their respective magic numbers. For those cases some investigations 
on the validity of the BCS and Sawada approximations are made in § 4, by 
comparing the calculation of §3 with that of the ordinary shell model one. 


Finally concluding remarks are given in § 5. 
§ 2. Formulation of the calculation 


As was mentioned in the Introduction we assume that the effective interaction 
that works between nucleons is given as a sum of the pair and Q-Q interactions. 
Therefore our Hamiltonian H is written as 


H=H)+ Abpart+ Hee. (1) 


In (1) HY, is the part of the Hamiltonian which describes the single-particle 
motion in a self-consistent potential, which we take essentially in the same way 
as was done by KS, i.e. the non-interacting j-7 coupling shell model in a har- 
monic oscillator potential. H,;, is also taken as in KS except that in our case 


* . y . . 3 . ; 
Consideration of the Q-Q interaction between protons and neutrons is made by Baranger,® 
. . . . . . . . . - 
but no detailed discussion on the dispersion equation with inclusion of this interaction has been 
given. 
** This point has been discussed in our previous note.®) 


Nature of the First Excited States of the Vibrational ney buen Nuclei 949 


we treat the protons and neutrons at the same time. As we assume, however, 
that there is no pair interaction between protons and neutrons, they can be 
treated separately and thus the mathematics involved is exactly the same as in 


7 KS. Thus we shall summarize here only the main results of KS which are 
; relevant to our present calculation. : 
. First we have to solve the following BCS equations : : 
3 (G/2) GFN erat a1, (2-1) 4 
1 

seats : 
: DG+1/2) A= €)-/V EHD AEN, (2-2) ; 
the meaning of the notations is the same as in KS, except that G stands for Gp “ 

when we consider protons, while it stands for Gy when we consider neutrons. te 

The Hamiltonian Hoo which induces the collective vibration is assumed to is 

have the form 

F 


Aee= nae CVea Vi, (te T;)) Pas OS es (7) EMCI (3) 


If this Hamiltonian is expressed in the second quantized form, with respect to . 
the non-interacting j-7 coupling shell model particles, it becomes* 


Aee= a St vate| (Vor Vila: T2) ) vee ee Ya. (1) ee (2) |ys73, VsT4) (4) 


+ + 
x Ayr, Qors QU ars Ay ara: 


Here »,== (nil; jimi) describes a set of quantum numbers of a single-particle 


=, which specifies whether the i-th particle is a proton or a neutron. 


orbit, except 7: 
By performing the Bogoliubov transformation?” on a7, and a, ,, and then 


collecting the terms which are to be retained under the random-phase approxi- 


” Hog of (2) is reduced to 


mation, 
H, =H e+ Hw+ Hie H teop, (5) 

where 

p= — SY olA) Te DDUPH nt (—)UPY PE+PEePI}, CD 

7 

yee — 29 Sy (9) Gu (7) a 2N y+ (—)1(NEt Nitgt+ Nig Nia) 5, (5-2) 

; D Be q 

Pee Co i) gays GPa Nas (oi Nie Ria Nid) 

PADS q 


* The matrix element (1,2|H 9-9 (1,2) 13,4? is defined as 


BHT g(ts) 130 = | Bh 2) Pe ox 2) Hare(t2) Poe ve (2) Fra eG) EiArs 
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Lal nt 
qd 


ry - DIP Ie7) ipa {ONS | eae (GS CNG Dest ys at NS ts (523) 


and 
GQo= Vot (1/4) Vi, 
(5-4) 
i= Vo- (1/4) Vee 


In (5) Jpn (3) =Crl|r? Yallye) (20,0 r.+ Vite) /Y 5A +0,,,,)> While w; and v; are 
the well-known fractional occupation parameters and == (%%) means a pair of 
proton (or neutron) orbits. Psi*=(1+9),5.) 7° LC fi jas m,|\2q) &j,m, %j.m, 1S an 
operator which creates a proton pair 3 coupled to an angular momentum 2, 
while N&* is the corresponding operator for a neutron pair. Finally, Hypoxe is 
effective, within the approximation employed in the present paper, only in odd-odd 
nuclei and thus can be discarded. 

ne set up the dispersion equation, we first calculate the commutation relations 


of Ns*, etc., with the total Hamiltonian. Under the Boson approximation,” the 


_results are 


UNG. > v7 = —EX No +Go Gn (@) 29x) (N+ (—)*N2.q) +Gigy(@) Y9e(#) 


SGP a ae) Fag), 
hie dl |= — hal ae + GoGe(@) L9r(8) (Pi + (—)* P£,) +Gigr(@) L9w (3) 

x (NE + (—-)! NE), (6) 
a) NE, HJ Ee(—)t Nee Nie EN 
Rees, TSE) Pea Be Pe 


where Ey=E;,+E,,(@=(j:j2)), while E,, is the energy of a quasi-particle in 
an orbit ji. 
Define an operator Bi" by 


ar | > + U G n at I ¢ 
Bu =P 2 Ns 4 O8(—)* NSIS Pet Aa) Pes, 
at 


the superscript 7 specifying each normal mode, and compute the commutator 


of By,” with H: 
[Bit, H]= 
LP ei Ee Na+ GoGw (a) Di9w(P) (Nig +{(—)*N 2g) 
+Gi dw (2) Lge (3) (Pat i (=) tRe so) 
+ 305 {Ee (—) ‘NS a— Go Iv (4) Dig (8) (NG + —)INS a) 


— Gi dn (@) Lig (8) (Ps, a og et 9) (7) 


— he FS eae ae SN 


Ne Mie) ln ils ee eli 


eee Te ee ee, en ee FR 
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+ UM Ee Pay +Gogp(@) Lig r(P) Pie ha) Ee) 

+G, Jr(a) Digw(#) Nig = (= )eN aa), 
FALE o(—)* Pig Go o(@) D9 jp (8) (Pig + (—)* P3-«) 

— Gig (2) Lgl?) (Ni + (—) INE}. 


Putting (7) equal to —w, By;' and equating the coefficients of NZ*, etc., on both 


sides of this equation, the following coupled equation is obtained : 


tO ea = ELV e+ Gogn(@) Dgn() (P3—D; 2) +Gigx(@) Dige(?) CIT — Ag 


— 4 Bt = ELOI+ Gyn) SIx() ER OB) + Gud) SB) HBA), 

(8-2) 

= 0,114 =—Et H+ Gud o(@) 2370) ({iz— A; 2) 4+ Gigp(@) >i9n (9) (Pe—Ps), 
cs ( 


—onAg= Ee! te + Gull e(&) Lig o(3) CT3— Ag) + Gig (@) Ldn (3) Ge—Pe 


(8-4) 
Subtract (8-2) from (8-1), then one gets 
—o, (Pt) =— Ee at Ge), 
or 

(EX —o,) a= — (Eaton) Ge. (9) 

Thus putting (9) equal to pz, say, we get 
pr—bn/(Ey—w,) and Pz= —n/ (Eaton). (10-1) 

Similarly we get 
[12=¢2/(EzZ—,) and At= — 93 / (EZ+ On) - (10-2) 


Substituting (10-1) and 
and ¢Z is obtained as ~ 


2E 3 In (8) my Ae Giyxla) Oi 2E EI (3) 


fi “| 
Ow PGT, 3) On: Le we 
(11) 
ja! F 262 IP(P) UCN AC 2E 29 3) he =0, 
ga — Gof () Lees ga FP Pr (®) ews cea” 
Further put 
(12) 


fe= Gigs. (a) and gz=C BY p(@), 


and insert into (11). Then if Xp and Ap are defined by 


(10-2) in (8-1) and (8-3), a coupled equation for a 


=e oe 


Vy ee a 


SEI pe Ree Te OM ee Ee Oe de ee se oe es CTE 


ee a ee! ae 


yt 
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Stee aT 2Ov(8) 7m PE Age, (13) 
aby al Res 
AGS 2 CRIS gh = ama 
and Jv (9) by 
Gn (8) =9n (3) / W/5/42¢ flr" 9), (14) 


(11) is reduced to* 
Cy(1-GyXx) — CG. Xv=0, 
Crp(1 Xs) eC Xs 


The condition that Cy and Cp are non-vanishing gives the following secular 


(15) 


equation :” 

(1—G, Xn) (1—G, Xp) —G Xv Xp=0, 
or 

1—G,(Xy+Xp) + (G?—G,") Xy Xp=0. (16) 
Here G, and G, are defined by 


Gi=Gy (5/42) GIF) and G=G.6/42 Girl (17) 


(j\r°|7)> being the expectation value of r* averaged over the single-particle states 


in the relevant unfilled shell. 
The relation between Cy and Cp can be obtained from (15) as 
Gr cs, GiXp fsa 1s GA 


Cp eye Cox 


> 


or 
(ox ) eel Mahe ey Ome oer bey. (18) 
‘It is thus seen that 
Cy=V'G,Xp(1—-G)Xp) and Cp=V/G,Xy(1—GyXy)- (19) 


This section will be closed by giving the expression for the probability of 
the E2 transition between the ground and the first excited 2* states, 

The operator of the E2 transition is given, after Bogoliubov transformation 
and retaining the terms which are consistent with our present approximation, by 


M(E2, -) =— fepd) Ip (&) (Ps, et ns) hoses) 


+evSGu(@) (Nig + (—)"NE,)} 5/40 C§lr*1j). (20) 


* Hereafter we drop the superscript » for simplicity. 


Nature of the First Excited States of the Vibrational Even-Even Nuclei 953 


To calculate B(E2), it is necessary first to normalize the collective state. In 


other words we have to calculate N, which appear in 


ey ize 
By aN 1 Pal) NEG ta P i + dal —)'P eat, (21) 
so that [B,,, Bs ]=1. This requires that 
N= Die 92) + Ue: Fe) } 
comin ot omaw it a) 
ASN EY ais)? P29) \ Ce (eta)? 
=C¥> 40EY x(a) | ((E2)*—0’)* + C2 40E?2 Gp (a) / (Eg)? —0)’ 
EGE OLN. (22) 
Thus we get 
N=V CX yt Co Xp. (23) 


Xi and Xj} are defined by the final version of (22) and they are related to the 


Ay and Ap of (13) by 
x4 (duo) ) fs xp (4X60), 


0) dw 


The B(E2) is defined as 
CT,\M(E2, 0) Ty? } 
(22 ; M,0|00) 


B27 20.28) = 


with 
- M,0|00)=(22 ; 00/00)=1/v'5, 
and thus 
B(E2 : 0*2*) =5|(L,| Mt (E2, 0) |I,71”. 
Now 


(T,\M E2, 0) |L,y= Voi M (E2, 0) | Bs Poy =CPol[M(E2, 0), Beo]|o7, 


and 


[MN (E2, 0), Boo] 
fs x ep Gel) Ua Aa) +e DGu le) a= Fa) } V5/42 Cilla) 


ne, c EEO nO Gee gr 1 TIP 


== 1/5/42 (a\ria> (epCpXpt+enCyXy), 


(24) 


2 et on Se 
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with ep=etecsy and ev=eess, Cee being the effective charge introduced by 


Mottelson.” 
Thus summarizing, we get 


2(R2- 0t52*) = {(e+eers) Ce Xp+eerpCu Xn} : (26) 
BES 5 0 = 920) S07 Ref ra iy Chey +CEXs 


§ 3. Numerical calculations and comparison with experiments 


The numerical calculations to be reported in this section are for a, the 
energy of the first excited 2° state and for B(E2), the reduced transition pro- 
bability of the E2 ;-ray from the ground state to the above 2* state. The 
calculation covers almost all the known vibrational nuclei and the results will 
be compared with experiment in subsections Band C. In subsection A discussions 
are given on the values of the parameters used in the calculation. 


3A. Parametric values 


The calculation proceeds as follows. We first solve the BCS equation (2) 
to get the energy and the fractional occupation parameters w and v of the 
quasi-particle states. To do this we have to know the energies &, of the free 
shell-model states, and also the magnitudes of the strength parameters Gp and 
Gy of the pair interaction. The energy w is then obtained as the lowest possible 
solution of the dispersion equation (16), and to do this two strength parameters 
G, and G, of the Q-O interaction have to be known. Finally B(E2) is calculated 
by using (26) if the magnitude of the effective charge, e,;;, is given. 

Appropriate values of Gp and Gy were found for S.C.S. nuclei by KS mostly 
from the analyses of the even-odd mass differences, and then affirmed by com- 
paring various quantities with experiment. They find that Gp==Gy==19 A7* Mev 
is the best for Sn isotopes and nuclei with N=28 and 50, while on (SG yeaoo eee 
Mev is the best for Pb isotopes and nuclei with N=82. For the values to be 
employed in the present calculation, it seems reasonable to use the same order 
of magnitudes as in KS because the known even-odd mass difference and the 
magnitude of the energy gap are not very much different in the vibrational and 
the S.C.S. nuclei. Thus we search for the best values in the range (19-23) A7* Mev 
both for Gp and Gy in our calculation. ; 

Once the magnitude of G, and Gy and the energies &, are fixed, then w 
becomes a function of two parameters G), and G,. One of them, (ex is to have 
just the same meaning as the strength parameter X of KS, for which they find 
that 110 A~’ Mey is the most appropriate value in the S.C.S. nuclei. Our dis- 
persion equation (16) can certainly be applied to S.C.S. nuclei too, and it is 
easy to see that in this case all the terms in (16) multiplied with G, vanish, 
thus making w a function only of Gj. In other words it is possible to find an 
appropriate value of G, by comparing our theoretical w with experiment for 
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S.C.S. nuclei. It will be seen below that we get G,=80 A7 Mev as the best 
value for Sn isotopes which is certainly much weaker than the KS value. In 
general it is expected, as can also be proved formally, that the Sawada appro- 
Eunation requires weaker G, than does the adiabatic approximation used by KS, 
in accordance with the above Sn case, and thus we consider it appropriate to 
seek for values of G, in the range, say, (70~110) A™ Mev. Similar range of 
value is considered also for G,, because it is expected that the long range force 
acts as strongly between different kinds of nucleons as it does between the same 


_kind of nucleons. 


Corresponding to the situation mentioned above that the Sawada approxi- 
mation requires weaker G, than the adiabatic approximation does, it is expected 
that the value of e.;; to be used in our calculation could be smaller than that 
used by KS which was e,,;;=1.0. As the machine time to be required for the 
calculation of B(E2) is very short, however, our code was set up so as to give 
B(E2) for e.,; from 0.0 to 2.0 with the step of 0.2. 

As for the energies &, of the single-particle states, the values used by KS 
are also employed here, so long as they are available. The use of KS’s €,, 
however, sometimes results in which do not necessarily agree well with ex- 
periment, and in such cases some arbitrary modifications are made on &, so as 
to give better results ;* or Schroders results! are used who calculated the 
energies of the single-particles contained in a potential which has diffuse surface. 
Use is also made of Schréder’s results when no information on &, is available 
from KS. The values of &, which give the best values of w for different mass 
number regions are shown in the tables given in the Appendix, together with 
the sources from where they are taken. As is seen from these tables the single- 


particle orbits considered in the calculation are only those which lie in the 


outermost unfilled major shells. 


3B. Results on w 
The results of our calculation on are compared with experiment’? in 


Figs. 1~6, separately for nuclei which lie in different mass number regions. 
Those which are considered in Fig. 1 lie in the middle of the proton shell 
Z=40~50 and of the neutron shell N=50~80, while those given in Kise: 
i.e. Sn isotopes has a magic proton number Z=50. Those which are given in. 
Figs. 3~6 all have proton numbers within the shell Z=50~82. Among them 
4 contain isotopes which have a magic neutron number 
g. 5 contain isotopes with N=88 and N=90 
from the vibrational to rotational 


those shown in Figs. 3~ 
N=82, while those shown in Fi 
where it is known that a sudden transition 


nuclei occurs. 


Looking at these figures it is seen that the general agreement with experi- 


* In particle in the Sn region KS’s &, are modified so as to give better fit to the spacings 


of the one quasi-particle states in odd Sn isotopes. 
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Fig. 1. o as a function of the neutron number N for Mo, Ru, Pd and Cd isotopes. 
The theoretical values are shown by the full lines and the experimental values by 
the dotted lines. The used values of the strength parameters of the pair and the 
Q-Q interactions are also shown in the figure. These explanations apply also to 


Figs. 2~6. 
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-—-— KS 
Gn=19A~-! Mev 
rey an Go=80A-! Mev 
Sn 
Mev 
i149) pay 
ea eee ; 
1.0 
5 Se 0 LS Co ee ee 
62. of 66 68 70 PR EEO ey 


Fig. 2. w for Sn isotopes. The results of the calculations of Kisslinger 
and Sorensen are also given for comparison. 
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Fig. 4. o for Ba and Ce isotopes. 
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Fig. 6. w for Pt and Hg isotopes. 


ment is fairly good, and especially that the following important systematic features 
of the experimental w are well reproduced: (i) Experimentally w increases as 
the proton and/or neutron numbers approach the magic number and our theoret- 
ical w also has this trend. (ii) The sudden transition from the vibrational to 
rotational nuclei, which occurs for the change of N from 88 to 90, is well ex- 
plained in the present calculation* in the sense that for the chosen parametric 
values real w are obtained as solutions of the dispersion equation (16) for N<88, 
while imaginary solutions are obtained for N=90. (iii) For those nuclei which 


* It is to be noted that Ay,/. orbit is not considered here, and thus our explanation is different 
from that considered by Mottelson and Nilsson. 
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have neutron numbers within the shell N=50~82, it is seen that w takes a 
maximum value for N==64 and a minimum value at N==70. Such a trend is 
also seen in our theoretical results. 

In spite of these general agreement with experiment, there remain several 
defects in the results so far obtained which may be enumerated as follows: (i) 
The agreement with experiment of the value of w gets poorer as the number 
of particles (or holes) outside the closed shell becomes small. (ii) Experimen- 
tally it is seen that in several neighbouring isotopes the dependence of w on 
the neutron number N are not the same, as can be seen by comparing, €-8- 
Hg with Pt, Sn with Cd, Ru with Mo and Sn with Te. The present calculation 
failed to reproduce these detailed structure of w except for the last case. Thus 
in Te w is increased when N changes from 70 to 72, while in Sn it is decreased, 
and this feature is well reproduced in our calculation. 
8C. Results for BCE2 ;0°-2") 

As our expression of B(E2) given by (26) contains @,;, aS an adjustable 
parameter, it is possible to get exact agreement of B(E2) with experiment,” by 
giving an appropriate value to ees; However, considering that e,;; reflects the 
core polarization, it is thought that it should have an essentially constant value 
for nuclei which have the same core, i. e. for nuclei which lie in the same mass 
number region. It thus seems meaningful to see whether this constancy of ess, 


Ce ff 


1.5 


1.0 Hg 


Pt 


0.5 


110 120 


CAE 60 70 
The values of the effective charge eff, 


al B(E2) with experiment. The abscissa is the 


Fig. 7 which are needed to give exact 
1g. < 
agreement of the theoretic 


neutron number N. 
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which gives exact agreement of B(E2) with experiment in each nucleus, prevails 
or not. Such values of e,.,;, obtained by interpolating the results calculated in 
the manner explained in § 2, are plotted in Fig. 7 against the neutron number 
N, and the points which correspond to each isotope are connected with straight 
lines. 

It is seen that the constancy of es, is not necessarily very well established, 
but it is nevertheless seen that, except for Mo, Sm and Nd, e.,, lies in the range 
0.5~1.0. It is to be noted that the experimental uncertainty in B(E2) is usually 
of the order of +10%, and in some cases as large as +207. 


§ 4. Discussions on the calculated results 


As we have seen in § 3, the results of our calculation explain the general 
features of experimental data fairly well, but there still remain several defects, 
and in this section their possible origins will be discussed. 

The origin of the defects may be enumerated as follows: (i) Oversimpli- 
fication in the assumption that the effective interaction between nucleons is re- 
presented simply as a sum of the pair and the Q-O interactions. (ii) The 
poorness of the BCS and Sawada approximations. (iii) Lack in the search for 
the various parametric values so far performed in the present work. 

It is very hard to estimate the error caused by the simplifying assumption 
mentioned in the above item (i). From the standpoint that the simpler the 
model, the more useful it is, however, it seems better to try to retain this sim- 
plified model as much as possible. The discussion on this point would thus 
have to be postponed until more detailed analyses are performed, based on this 
assumption ; so it will not be done here. 

Concerning the above second point, i.e. the validity of the BCS and the 
Sawada approximations, it should be mentioned first that both of them are good 
approximations when the density of the single-particle states is high and the 
number of particles participating in the correlation is large. As has been 
mentioned in the end of §§ 3B, the particles which are considered to interact 
with each other are only those which lie in the outermost unclosed shell. This 
number is comparatively large when this unclosed shell is about half filled, but 
becomes rather small when the nucleon numbers approach the magic numbers. 
The situation is certainly the worst when both of the proton and neutron num- 
bers are close to their respective magic numbers, and this fact might be the 
reason why the agreement of the calculated w with experiment is so poor, e.g. 
for some of the lighter isotopes of Mo and Ru. (The situation is also reflected 
in the fact that e,,, for these cases are too large compared with that in other 
nuclei.) 

It is well known that any state obtained as a solution of the BCS equation 
is a mixture of single-particle states, which belong to different nucleon numbers, 
and it is expected that the error caused by this fact becomes rather serious 
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when the number of nucleons gets very few. To seé how strong this mixture 
is in such cases, we take up the neutron part of the ground state wave function* 
of Mo* which has only two neutrons outside the closed shell. For this case 
the probability P(), that the state with a definite neutron number is found 
in the ground state, is P(0)=0.343, P(2)=0.394 and P(4) =0.198 ; i.e. the 
probability of the admixed state with »=0 is comparable to that of the state 
with »=2, and that of the state with n=4 is not negligibly small. 

On the other hand the main simplifications which are made in the Sawada 
(or the random phase) approximation are (a) to replace the total Q-Q interaction 
given in (2) by the effective one given in (3), which means to neglect the 
scattering term and; (b) to employ the Boson approximation in the evaluation 
of the commutation relation (4), which means to neglect the exchange term. 
Although the neglect of the scattering term might not be so serious in many 
of the cases considered in § 3, where the particle numbers outside the closed 
shells are comparatively large,** it is expected that it will become rather serious 
when the number of particles gets closer to the magic numbers. In particular 
when there exist only two nucleons outside the closed shells, clearly no particle- 
hole state can be constructed and thus the effective Q-O interaction (3) gives 
vanishing contribution. In other words, if Q-Q interaction were to give finite 
effect in this particular case in one way or another, it means that the contribution 
from the scattering term must be 100%. 

The reason why we obtained finite contribution of the Q-Q interaction from 
the neutron in the calculation of §3, e.g. for Mo", in spite of the neglect of 
the scattering terms, is that, as mentioned above, there are non-vanishing admix- 
ture of the four particle states in the quasi-particle description of this nucleus, 
and this part gives room for a non-vanishing contribution of the particle-hole 
interaction. Thus what we have calculated for Mo”, in § 3 is mostly the contri- 
butions from the spurious parts of the BCS wave function, although because 
of the existence of protons outside the closed shell, the P-N (and P-P) part of 
the effective Q-Q interaction gives rise to non-spurious particle-hole interactions. 

It would thus be of value to treat the problem in a non-spurious way and 
compare the result with that of the above calculation. For this purpose the usual 
shell model calculation is made for Mo” by using the same parametric values 
as used in § 3, which gave there w=1.42 Mev for this element. 

First we completely neglect the existence of protons. Then if further the 
Q-Q interaction is neglected for the moment, the pair interaction 1s treated 
easily by using the method of Bayman,™ and the lowest 9* state thus obtained 


* Here the ground state means that of the BCS system; 1. e. the Q-Q interaction has not yet 


been considered. | 
** In fact Yoshida!” estimated the effect of the scattering term on ® for the case of Sn.18 


In this nucleus the protons are considered as inert, and so only the neutrons are considered whose 
number lies just in the middle of the neutron shell N=50~82. The estimated effect is found to 


be about 5% of that of the particle-hole interaction term, 
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turns out to appear at 1.61 Mev above the ground state. This is to be com- 
pared with 1.74 Mev, the energy of the lowest two quasi-particle state obtained 
as the solution of the BCS equation (2). 

We next take into account the contribution of the Q-Q interaction, and this 
is done by performing a matrix diagonalization.* The lowest 2* state thus ob- 
tained is found at 2.25 Mev,** which is much larger than the previous value 
1.42 Mev. 

To make the matter more realistic, we finally take into account the existence 
of two protons, by assuming that they have a definite configuration (93)s)s AS 
suming further that the energy E((9i)2).+) —E((fij2) +) equals 1.61 Mev, 1. e. the 
energy of the above mentioned lowest 2* neutron state without the Q-Q in- 
teraction, and taking into account the N-P part of the Q-Q interaction, again a 
matrix diagonalization is performed. The energy of thus obtained lowest 2* 
state is 1.50 Mev,*** which is still larger than the previous value 1.42 Mev of § 3. 

This result may mean that it is hard to get agreement with experiment at 
the same time for off closed shell nuclei and nuclei very close to doubly closed 
shells, if the same parametric values are to be used in both cases. 

We -might thus be forced to assume weaker values of Gp and Gy for the 
latter kind of nuclei. 

This section will be closed by giving some consideration concerning the 
third point of the possible source of the defect, as mentioned in the beginning 
of this section, i.e. whether we have already searched for all the conceivable 
ranges of the parametric values. 

It is not very easy to answer this question for certainty, but so long as the 
standpoint is taken that we should use parametric values which are fixed in each 
mass-number region (except the A~’ dependence), it is our impression that the 
ranges of the values for which we have so far searched Gp, Gy, G, and G, have 
been wide enough. If it were the case, the only parameters for which values 
we might have not yet made a thorough search are €,. To show how sensitively 
the results depend on &,, we show in Fig. 8 the values of w for Cd isotopes 
computed with three different choices of €, As the comparison particularly of 
the cases (b) and (c) shows, between which only one €,, i.e. €,,,, for the 
neutron is changed very slightly, results are rather sensitive to &,. It might 
thus be possible to explain within the framework of the present analysis the 
very detailed N-dependence of w, of which we mentioned in the end of §§ 3B, 
if a more detailed search of the values of €, were made, Unfortunately we could 


* For this calculation we take Go=1.82 Mev, which is large compared with G)=0.96 Mev used 
in §3 for Mo™%, The New value gives w=1.42 Mev for the solution of (16) computed by taking 
dip=0, 

** In our original manuscript we gave much smaller value for this quantity. It was caused 
as we did not take into account the depression of the ground state due to the Q-Q interaction. 
We are indebted to Dr. A. Arima for drewing our attention to this point. 


*F For this calculation all the parametric values are the same as used in § 3. 
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Fig. 8. o for Cd isotopes for various choices of the set of €,. 
of the strength parameters are the same as used in obtaining the results 
of Fig. 1. Three different sets, (a), (b) and (c), of €, are shown in 
the upper right corner of the figure, separately for protons and neutrons. 
w corresponding to these choices are plotted as functions of N, respec- 
tively, by the full, dott-dash and dotted lines, among which the first one 


is the same as that given in Fig. 1. 


not so far make such an extensive calculation, as the machine time of the com- 


puter available to us has been rather limited. It is also expected that the 
neglected terms in the Sawada approximation might cause further coupling of 
the first excited 2* state with quasi-particle states and states of higher phonon 
numbers, which might not change the values of w obtained in the present paper 
drastically, but is strong enough so as to affect the finer N dependence of o. 


$5. Coneluding remarks 


don the assumption that effective in- 
‘nteractions and made by employing 
lains fairly well the general prop- 
lei in the vibrational - 


It is found that the calculation, base 
teraction is a sum of the pair and the Q-O 


the BCS and the Sawada approximations, €XP 
erties of the first excited 2° states of various even-even nuc 


regions. 
To be able to make a comparison with experiment in finer detail, however, 
it might be necessary to perform further calculations with different choices of 


le-particle orbitals of the shell model. 


the values &,, the energy of the sing 
detailed calculation is performed in com- 
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bination with the analysis of the neighbouring ‘odd A nuclei, and further by 
using approximations which are improved than those used in the present paper. 
In particular the improvement on the Sawada approximation by taking into 
account also the effect of the scattering and exchange terms, will make it possible 
to treat the nature of the two (or higher) phonon states as well based on the 
first principles and in that way make the analysis on the first 2~ state more 
reliable. Such a calculation is under way by the present authors. 


Appendix 


In this appendix the parametric values €,,;, the energy of the shell model 
orbitals are given, together with the values of J, the Fermi energy and of 4, 


half the energy gap. 
Table A. I 


Configuration 
and € (Mev) 


Fermi energy A and half-energy gap 4 (in Mev) 


Proton Neutron 
(ref. 4) | (ref. 4) 


Mo Ru Pd Cd 


fain | 0.00 | ds/y | 0.00 | 52 | —0.560 | 0.667 |—0.539 | 0.650 
Pala | 0.60 | gyi | 0.42 | 54 | —0.292 | 0.874 |—0.277| 0.851 | 
Pilg | 1.80 | s/o | 1.90 | 56|—0.025) 0.986 |—0.015 0.960 | 

do/a | 3.40 | do/p | 2.20 | 58 | 0.244] 1.039 | 0.250] 1.011 | 0.256 | 0.983 | 0.261 | 0.957 


hija | 2.40 | 60 | 0.525} 1.018) 0.527 | 0.988 | 0.528 | 0.960 
62 | 0.825 | 0.957 | 0.823 0.925 
64 | | | 1.176 | 0.923 | 1.178 | 0.887 
66 | | | | 1.535 | 0.915 
68 | 1.818 | 


p | 2931) 0.754 | 3.285) 0.804.| 3.567 | 0.691 | 3.820 | 0.535 


Table A. II, 
Configuration 2 ; tan 
and € (Mev) Fermi energy 4 and half-energy gap 4 (in Mev) 
Neutron | Sn 
(ref. 4) | = a 
: | N A | 4 
] | 
| ds/2 | 0.00 62 0.822 | 0.894 re 
oi gh Oe 64 1.181 0.852 
| St/2 | 1.90 66 | 1.542 0.886 
ds) 2,20 68 1.823 ‘ 
| Ayig | 2.40! | a‘ 0.926 
ee Se a ee 2.057 0.936 
72 2.265 0.916 
74 2.456 0.867 
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Table A. III 


Configuration 


and € (Mev) Fermi energy 4 and half-energy gap 4 (in Mev) 
oes Neutron Te Xe Ba Ga 
(ref. 10) Ge Aiea. ae akan —_—_—_]- : 
| N A 4 A 4 A 4 A 4 


dria. | 0.00 | de, | 0.00 | 68| 1.828 | 0.902 
dsly | 0.78 | gra | 0.42 | 70| 2.058 | 0.915 
hula | 218 | sj. | 1.90 | 72) 2.264 | 0.897 | 2.262 | 0.879 
dsjy | 2.88 | deg | 2.20 | 74| 2.452 | 0.850 | 2.448 | 0.834 | 2444 | 0.818 
sia | 3.20 | Pain | 240 | 76| 2.627 | 0.772 | 2621 | 0.758 | 2.614 | 0.744 


Configuration Fermi energy 2 and half-energy gap 4 (in Mev) 


and € (Mev) 
Proton | Neutron Nd Sm Gd 
f. 10 f. 10 aan 
Sears ere N i pair 4 a 4 
Inia 0.00 | Jr, | 9.00 g4 |—0.324 | 0.440 |-0.316 | 0.431 |—0.307 | 0.422 
; dela 0.78 See al 36 |—0.113 | 0.573 |—0.107 | 0.560 |—0.101 | 0.548 
Ayala 918» Psign 184 sg | 0120 | 0.643 |) 0.125 | 0.627 | 0.129 | 0.611 
dsj 2.88 tisl2 | 2.56 > 0.674 | 0.652 | 0.964 | 0.624 | 1.342 | 0.577 
54/2 3.20 Pile 218 ee eS  ————— ——— ——__. ee 
; ‘ Visio 3.07 


ee EE 


Table A. V 


se PP 


4 ° Ser eot Fermi energy 4 and half-energy gap 4 (in Mey) 
. ! : Ss 
: H 
- Proton Neutron SE es Nae ot A Pt < MOE Speen 8 
4 (ref. 10) (ref. 4) N A 4 F 7 
. | 
| u = ——__—— ot 
: Orla 0.000 | Ags 0.000 tides le at TSO wal MOOT > 4 
ds/a 1.6009 S ela 0.400 | 116 1.978 0.859 1.973 0.845 
Ayala | 2.000 | ‘is/2 | 1.116 118 We Ba5oe 1" + @,769 2.147 0.758 
ds 2.954 | Pala 1.850 120 9307 | 0.665 | 2921 0.654 
| | 
Sy/2 3.304 | Sols 2.180 | 122 | | 2.498 0.524 
Pils 2.750 124 | 2.704 0.341 
le cet a5 Es a eS ms 
Pp \ 2.983 0.364 ) 3.226 0.252 
} ‘ | 
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second columns of each table presented in this appendix 
are given the quantum numbers (/7) which specify the proton orbitals in an 
unfilled major shell and the corresponding energies &, while in the third and 
fourth columns similar quantities are given for the neutron orbitals. These 
quantities are all fixed in one mass number region. 

The fifth column gives the neutron number N, and then the following pairs 
of columns give 4 and J for the neutron part of the wave function of various 
isotopes, in the order of increasing atomic numbers. In the lowest row of these 
columns are given / and 4 for the proton part of the wave function as calculated 
for the lightest element of each set of isotopes, considering that their dependence 
on N will be negligible. As the same € are used for all the elements in one 
mass number region, the variation of 4 and d (for protons) from one set of 
isotopes to another is simply due to the A dependence of Gp, the strength 
parameter of the pair interaction between protons. 

Tables A.I and A.II respectively refer to nuclei for which w are given in 
Figs. 1 and 2 of the text. As in the latter, ie. in the Sn isotopes, protons 
are considered to be inert, no quantities referring to protons are given in Table 
A.U. As the same values of &, are used, for nuclei for which w are given in 
Figs. 3 and 4 the quantities referring to them are given together in Table A. III. 
Finally Tables A. IV and A. V respectively refer to nuclei for which w are given 
in Figs. 5 and 6 in the text. 


In the first and 
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The quantum-statistical expression for the viscosity coefficient in terms of time correla- 
tion function is calculated for Fermi gases, and an interpolation formula valid in the entire 
region of temperature is derived. The formula for the viscosity gives the temperature depend- 
ence of T’-2 in the extremely degenerate case, and leads to Uehling’s expression for the quantum 
correction in the slightly degenerate case, and to the Enskog-Chapman theory in the classical 

4 limit.. The behaviour in the intermediate temperature region between the extremely and 
slightly degenerate cases is determined with numerical calculation by using the S-wave ap- 
proximation. It is shown that the minimum of the viscosity occurs at about O60 dee 
being the degeneracy temperature. 

These results are used to discuss Zinov’eva’s experiments on the viscosity of liquid He? 
by employing Landau’s theory of Fermi liquid. The effective mass and the degeneracy tem- 
perature are determined from recent experiments on the heat capacity, as m=2.34m, and 
T g=213 AGA. good agreement is obtained below about 7’'=0.6 °K by assuming a=1,158X10% 
em for the scattering amplitude describing the collision between quasi-particles. 


§1. Introduction 


The recent theories” of linear dissipative systems provide us with exact 


expressions for transport coefficients, which are valid for condensed as well as dilute 


systems. These expressions are formulated in terms of the time correlation 
a functions of the corresponding dynamical fluxes, and serve as a systematic ap- 
: proach to transport properties. The coefficient of shear viscosity of isotropic 
A fluids can be expressed A 
ae 1-1 
7== 5 \P © 4, (1-1) 
VkT 


in terms of the time correlation function 


| W(t) = (EF (t)} = (FF + FOF) (1-2) 


where the angular brackets mean the average over the canonical ensemble of 


a“ LON oe 
S < 
ve. 
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the system with the temperature 7 and the volume V, and & is the Boltzmann 
constant. F is the viscosity flux defined by 
N 


I ‘iN 
Fay) Pho 4 (Fy) 2 (ris) p (1-3) 


i=1 Mi; i<j 


Pix being the 2-component of the momentum of particle 7, (7,;), the y-component 
of the relative coordinate between 7 and j, (F;;)2 the x-component of the in- 
termolecular force between i and j, and N the number of particles. F(t) is 
the value of F after time ¢ and should, in the quantum-mechanical case, be read 
as the Heisenberg operator. 

By investigating the time dependence of the correlation function, one of the 
authors” calculated the coefficients of viscosity and thermal conductivity for 
quantum dilute gases. The procedure consists of the determination of the 
spectrum of the master collision operator for spherically symmetric intermolecular 
forces, and it was shown that in the classical limit it yields the same results as 
Enskog-Chapman’s theory. The calculation was, however, limited to the non- 
degenerate case, so that the density-dependent symmetry effects were neglected. 

The present paper is, therefore, concerned with the formulation of the density- 
dependent symmetry effects, which play a decisive role below the degeneracy 
temperature. We consider the viscosity of the Fermi particles and investigate 
its temperature dependence over the entire region of temperature. When the 
associated de-Broglie wavelength is of the order of magnitude of the average 
distance between particles, the symmetry effects become important, so that we 
have, in general, to treat the many-body collisions which come from the over- 
lapping of the wave packets of more than three particles. We employ, however, 
the binary collision approximation, taking the many-body effects into account by 
introducing the density-dependent symmetry effects in the collision term. 

In the high temperature region where Enskog-Chapman’s theory is valid, 
the viscosity is proportional to ;/ 7 in the case of hard sphere molecules. As 
the temperature decreases, quantum effects appear. The first quantum effects 
are the diffraction effect for the interaction mechanism and the consideration of 
the statistics in the scattering cross section. Calculation of the viscosity in this 
temperature region has been performed by several authors.” As the temperature 
still goes down, the system starts to be degenerate and the second “ statistics ” 
effect, that is, the density-dependent symmetry effect becomes important. Uehling” 
has given an expression for the viscosity coefficient in the slightly degenerate 
case. In the very low temperatures, the density-dependent symmetry effects 
become essential, and the viscosity of the Fermi gases increases as the tempera- 
ture decreases. Thus in the low temperature limit, the limiting law ‘that the 
viscosity is proportional to T’~* becomes valid. This temperature dependence 
in the extremely degenerate case has been shown by Tomonaga” on the basis of 
the Uhlenbeck-Uehling equation. We can see, therefore, that the temperature 


s 


> 
4 


; 
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dependence of the viscosity should have a minimum below the degeneracy tem- 
perature. One of the aims of the present paper is the derivation of an inter- 
polation formula which is valid between the extremely degenerate and slightly 
degenerate cases, and the determination of the minimum. 

In 1949, Weinstock et al.” observed the viscosity of liquid He’ and obtained 
22.0 micropoise at 2.79°K and 30.4 micropoise at 1.04°K. Recently, Taylor and 
Dash® obtained an empirical formula, 7=18.7(3.35/T )** micropoise, over 1:2 
—3.35°K, and Zinov’eva” measured in the range of 0.35—3.2°K and obtained more 
definite results. In the observed range of temperature, the experiments on liquid 
He? do not show the T~? law. However, the observed behaviour that viscosity 
rises as temperature decreases is possibly considered to be due to the effects of 
the Fermi-Dirac statistics. This was suggested by Buckingham and Temperley™ 
by referring to the T~* law. We shall discuss the viscosity of liquid He*, em- 
ploying Landau’s theory of Fermi liquid, and compare the numerical calculation 
of the interpolation formula with Zinov’eva’s results. 

In § 2, we shall investigate the diagonal elements of the Heisenberg operator 
for the flux in the number representation, and establish a kinetic equation for 
the diagonal elements in terms of a master collision operator. In § 3, an ap- 
proximate eigenvalue problem for the master collision operator is considered, 
and we obtain an expression for the viscosity in terms of the master collision 
operator. An evaluation of this expression is given in $4 and we derive an 
interpolation formula for the viscosity valid over the entire temperature region. 
§§ 5 and 6 are devoted to the reduction of the general interpolation formula in 
the extremely and slightly degenerate cases. In § 7, we express the interpolation 
formula in terms of reduced quantities and evaluate this formula by numerical 
calculation, using the S-wave approximation. Comparison with experiments on 
liquid He® is made in § 8, by employing Landau’s theory of Fermi liquid. The last 


section is devoted to some remarks. 


§ 2. Correlation function in terms of collision operator 


We consider a Fermi gas of one component with spherically symmetric in- 
teractions between particles. The contribution due to the intermolecular force 
to the viscosity flux, (1-3), can be neglected in comparison with that due to 
the momentum transfer : 

il N ss 
iim >) Pix Pi (2-1) 
m i=1 
In order to introduce the symmetry effects explicitly, we employ the number 


representation so that Eq. (2-1) takes the form’? 
a : 3 Pa Py Mp > (Pa 


a 
mt P 


a 


~ = 
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where 7, is the number operator of particles belonging to the momentum eigen- 
function (1/V V) exp (ipx/h). The eigenfunction of the number operators, |7%1, 72, 
--), is denoted by |) for simplicity. Neglecting the interaction energy in the 
Hamiltonian in the Boltzmann factor, the correlation function can be written as 


P(t) ={ {F,{n| F(z) |2)} ), (2-3) 


where F, are the eigenvalues of F corresponding to the eigenstates |7) and 
(n|F(t)|n) the diagonal elements of the Heisenberg operator F(z) in the number 
representation, and 


Sin, — SJE ss 
B= Bex (A Is” 2a) 
(B) 3 P aT 


5 ay Z 
x {33-3} exp (2 Ee) | (2-4) 
' Ns 4 


expresses the average of the quantity B over the grand canonical ensemble,” 
where €,=p,?/2m is the kinetic energy per particle and # the chemical potential. 
The equation of motion for the Heisenberg operator F(¢) is 


F(t) =U) FUG), U@)=exp(—1Hti/n); (2-5) 


where H is the Hamiltonian of the system and U'(¢) the Hermitian conjugate 
of U(t). The diagonal elements of (2-5) can be written as” 


mF) it p=F DW On’, 2 et) Pa — Fah; (2-6) 
nl (sen) 
where 
W(n',n;t)=|{n'|U()|n)*, nn’ An, (2-7) 


expresses the transition probability of the system from state |) to state |n’) 
after time ¢. For a short time interval ¢, the transition probability is evaluated 
to yield 


(n| F(t) |n>= (1—tA) Fy, 2-8) 


where we have defined the master collision operator 1: 


peg 


AF,=—3i0/V) | de P= (ip—ql, 9) 
1 


X Np Nq(1—n,) (Lng) (1/m) (rary t+ Se5y—PePy— Ve) » (2-9) 


p,q being the momenta of the colliding particles and r, s the corresponding 
momenta after the collision, and d? the element of solid angle in the direction 
of scattering (J, ¢) and o(|p—q|, @) the scattering cross section for the binary 
collision. Eq. (2-8) is valid for the short time intervals ¢ such that 7,<t<t,, 
where z, and 7, are the mean collision time and the mean free time of particles, 
respectively. The above procedure can be applied to a short time interval 
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(t~t+d4t) by neglecting the contribution due to the off-diagonal elements of 
F(t) to yield 
(n| F(t+ dt) |ny= (1 — At) <n| FO) |n». 


Thus we obtain 


(n| F(t) |ny=exp(—tA) Fn, (2-10) 
which is combined with Eq. (2-3) to yield 
P(t) = (Pr ,exp (—-f/) Fae (2-11) 


Eq. (2-11) describes the temporal development of the correlation function in 
terms of the collision operator A. Introducing the relative and centre-of-mass 


momenta 
p’= (1/2) (q—p),  p"=(1/2) (s—r), 
| (2-12) 
P =P, 
we can write as 
AF,=30(1/V)\ a2 70 (p", 8) 
pea m 
X Np Ng(1—ny) (1— ns) (2/m) (pe by — Px” Py’) - (2-13) 


§ 3. Approximate eigenvalue of collision operator 


If F, is an eigenfunction of the master collision operator with an eigenvalue A, 


Al ln (3-1) 
and if 7 is independent of n, then the correlation function (2-11) can be written as 
P(t) =( Fy exp (—t4), (3-2) 


and 4 can be determined by 
CAR 
A= ——., Bir 
(R2 (3-3) 
given, from Eq. (1-1), as 


Rey 3-4 
VRTR oie 


Then, the viscosity coefficient is 


a= 


In the classical case, it has been shown® that Eq. (3-1) holds exactly for 
the Maxwellian molecules, and, although Eq. (3-1) is only approximately true 
in the general case, Eqs. (3-3) and (3-4) lead to Enskog-Chapman’s expression 
for the viscosity in the firs In the quantum-mechanical case, 


especially when the density- 
situation becomes complicated. 


t approximation. 
dependent symmetry effects become important, the 
It will be shown, however, in Appendix A, that 
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Eq. (3-1) is still approximately true in the extremely degenerate case. Thus, 
1e extremely degenerate case, the eigenvalue 


in the high temperature limit and in tl 
Therefore, it is natural to assume that 


equation (3:1) holds approximately. 
Eqs. (3-3) and (3-4) are approximately true over the entire temperature region. 


$4. Interpolation formula 


We calculate the viscosity from Eqs. (3-3) and (3-4), and investigate its tem- 


perature dependence. 
With the aid of the relations 


(np tp =fofort oC p—P) Wi tend Pa (4-1) 
and 
?p m 
where f, is the Fermi distribution function, we obtain 
Faye Sine bs Pv $y, b= py \ 
D m Pl m / 
LV nvirys 
abe Pu fp Fy) 
on kh 3/2 
=2y(22mE\" &T)* Gaal), (4-3) 


where £=p4/kT and G,(¢) is the Sommerfeld integral 


ao 
1 | x 


GLC) eee | ee eel 
‘ I'(s+1) i er f+] aX, (4 4) 


I’(s) being the gamma function of s-th order. 
Combination of Eqs. (2-2) and (2-13) leads to 


e 


(Fy AFn)=2AC1/ V) \42 p/m) o(p", 0) Xf. fji1—f) A—fy) 


x (1/m) {ps Py A —Fy) +429 Sq) — Tet yfe—SaS5y fr} 
x (2/m) (p2" py — Ps" py"); (4-5) 
where the relation 
(Np MpNg 1 —ny) 1—1s) )=forfofa—f) I-A) 
+2 (pip) fp fo) Soll fe) ey) 
+6(p'—4) fr fa—fa) A—f) Af) 


os 


Viscosity of Fermi Particle Systems 973 


OCP KT) ip tal st) hh ass) 

=O (pe S)y ofa le yaaa) (4-6) 
for pxqA4re#s, and Eq. (4-2) have been used. In Eq. (4:5), we replace the sums 
over p and q by the integrals with respect to p and gq. Then, we transform 
the integration variables from (p, q) to (7, s), considering the inverse collision, 
and we make use of the principle of detailed balance and the reciprocal theorem. 
The transformed equation thus obtained is added to Eq. (4-5), dividing by two. 


Thus we arrive at 


( F,AF,)= (2V/h’) \ ap" dp’ d2(2p"/m)o(p", 9) 


LAU) AR) Gin )\(peipy Ps by), A 7) 


where the relation dpdq=dp‘dp" has been used. In the same way, we can 


rewrite as 


(F,AF,) = (2V/h’) \4p" dp’ d2(2p"/m) «(p", 9) 


Pej osa (1 —f;) (1 aes) (4/m’*) po’ py CD pas —p," py’) > (4 7 a 


which is more convenient in the following calculation. 
We now introduce the dimensionless quantities : 


yaV2ep, Y=V 2c p", N=V c/2 p’ (4-8) 

with c=1/2mkT. Then, Ea. (4-7) can be transformed to be 
é # OSV, P ee g f 7 
(Fy AF) =~ a6 ui2 \4i / \@ A \da sin 6 a pk 
0 0 0 
oa a : 
x \ ae\ao sin o\ae is 7y\d0 sin Oo (7/mkT, 9) 
0 t 0 0 
Qe 
(4-9) . 


x defo) A fos) Oty F2 1)» 
0 
where, as is shown in Fig. 1, 
6, 6: Polar and azimuthal angles of vector > in. a fixed coordinate system; 
Polar and azimuthal angles of vector y in such a new coordinate 
system that the new a-axis agrees with the » vector, and the new 
ay-plane 1s determined by the old z-axis and the X vector; 
a! &': Polar and azimuthal angles of vector y’ in the above new coordinate 


> 


mee 


system ; 
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‘fos 


Fig. 1. Three vectors 4, 7 and 7’. 


and 
A,=A COS; },=A sin 0 cos 0, 
¥:=7 (cos 0 cos a—sin O sina cos €), 
7,=7(sin 0 cos 0 cos a+ cos 4 cos 0 sin a cos € 
Be tee : 
—sin 0 sina sin é), 
7: =7 cos O(cos 0 cos a—sin @ sin @ cos €) 
. (4-10) 
—y sin @ cos ¢(cos @ sin a+sin 6 cos @ cos €) 
+7sin @ sin @ sin @ sin €, 
7, =7 cos O(sin 6 cos 0 cos a+ cos #9 cos 0 sin & cos € 
—sin 0 sina sin €) —y sin @ cos ¢(sin 6 cos 0 sina 


—cos 9 cos 0 cos a cos €+ sin 0 cos & sin &) 


—y sin @ sin (cos 0 cos 6 sin €+sin 0 cos &), 
and 
eo HO ag Le pow a), 1} < 


The quantities with primes denote the correspondents after collisions. In order 


to perform the integrations in Eq. (4-9), we expand the Fermi functions in terms 
of the Legendre polynomials : 


: ee 
dat AG A; 0) Pi (Cosa), 


(4-12) 
LP fo) Cl — Feat) s. (7, 430) P, (cos a’), 


ry frit: 


lia ig i a ile Us x =) 
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where 


1 +3 
p= Gh) —e, (4-13) 


and the terms of odd Z should be dropped because the left-hand sides of Eqs. 
(4-12) are even with respect to cos @ or cos a’. By making use of the addition 


theorem : 


P, (cos a’) = P;(cos &) P, (cos 0) 


U = ! 
+25) Aa m)* pm (cosa) P,” (cosf) cosm (1—¢), (4-14) 
m=1 (l+m)! 
where 
cos a’=cos a cos +sin a@ sin J cos(z7—¢), (4-15) 


we carry out the integrations with respect to 9, €- 6 and @ in turn. (Details 


are given in Appendix B.) Thus we have 
foe} co 
Uae Vg ahaa 
ae \ dr 7\u e 


Ft) Tenth | 


0 


is gS Pots tes co 2 
x (27) \ae sin 0.0 (7 mkT, 9) {1— P2 (cosh) } daa P,(cos#). (4-16) 


0 

Eg. (4-16) is rigorous apart from the two-body collision approximation, 
which has been ‘ntroduced in the derivation of Eq. (2:9). The last factor involving 
the Legendre polynomials represents the contribution from the scattering-angle 
dependence of the Fermi distribution function in the transition probability. We 
neglect, however, the terms with the Legendre polynomials of 1>2. It should 
be remarked here that this does not mean the neglect of the contributions from 
the higher order partial waves to the scattering cross section. This approxi- 
mation corresponds to the procedure that the facion (L— fF) Gof) an Ed: (4-7) is 
replaced by its average with respect to the scattering solid angle (4, ¢). This 
approximation is valid in the extremely degenerate case, because the above factor 
becomes insensitive for the change of the angles, as will be pointed out in the 
next section, and is also reasonable in the slightly degenerate case in the sense 
of Uehling’s approximation, as will be shown in Appendix C. In the classical 
limit, the above approximation ss exact. Thus we obtain 

bp AR DPV (ap 2° GV mET) x |e Maal 150 P (4-17) 


0 


where 
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2° 7 mkT) —2n\o (7V/ mkT, 8) (1—cos *0) sin 6 dd, (4-18) 
(SS Wee “0 


ceil cosh (1/2) GA+P)_ (4-19) 


rothey : ag (7 ii > ¢) = Cpe ; ‘ iy re, 
a ifs ASO) y4sinh p cosh (1/2) (7A?) 


With the aid of Eqs. (4:3) and (4:17), we arrive at an interpolation formula 
for the viscosity coefficient 7, which is approximately valid over the entire tem- 
perature, region : 


1 GF)" 


me Oe (4-20) 
ViT (F, AF) 


On the basis of this interpolation formula, we shall first discuss the viscosity in 
the extremely and slightly degenerate cases. It will be shown that, in the 
slightly degenerate case, this formula leads to Uehling’s results, and, in the 
extremely degenerate case, to the 7J~*law. In the intermediate temperature 
region, we shall perform numerical calculation of this formula. 


§ 5. Viscosity at very low temperatures 


The system becomes extremely degenerate at very low temperature. In this 
case, we have 


e>o, (581 


0 being the half-value width of the region where the degenerate Fermi distri- 
bution function deviates from the step function. The factor f. f,,1—f.)) d—f) 


in Eq. (4:9) does not vanish if and only if the following relations are satisfied 
simultaneously : 


. pra cosa< 0, et+ya cos a< 0, ) 
(5-2) 
p—ydacosa’> —d, p+yicos a’ > —d, } 
which lead to 
2(C—0) <77+-7<2(C4+0), (5-3) - 
and 
—20 <yi cos a<20, 
(5-4) 


—20<y) cos a’ < 20, 


Therefore, the contribution to the integrals with respect to y and 2 in Eq. (4-17) 
comes from the region where 7?+/7~O(¢). It is plausible, however, to assume 
that the major contribution comes especially from such a region that 


: 
4 
4 
> 
b, 


es 
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7~O(¢) and #~O), (5-5) 


provided that the scattering cross section does not take extraordinarily large 
yalues out of this region. Then, from (5:4), cosa and cosa’ should be very 
small as compared with unity. This fact means physically that the majority of 
the effective collisions occur in the neighborhood of the Fermi surface, so that 
the values of velocity of two particles before and after collisions are almost 
equal to each other, and therefore p’ and p” are nearly parpendicular to Pp’: 
This physical situation is true in the extremely degenerate case. Therefore, 
the assumption (5-5) seems to be very natural in our case. 

From (5-5), 7A is very large as compared with unity, so that we can ex- 
pand in Eq. (4-19) as 


cosh(1/2) (74+) 5 x 
Pega tae Boe ees eae) (oP —e-P Baur 5-6 
ie cosh(1/2)(7A—) CHEN rans Ce 
Taking the first term, we obtain 
: 20 
TAIN ES ahaa aa (5-7) 
i 


Now we employ 7 and ¢ as new integration variables instead of 7 and 4. Then, 
with the use of Eq. (5-7), Ea. (4-17) can be written as 


10-2. .,.5/2( Ey iWi2 
ein eo ee aa V | ar 7? 2° GV mkT) 


0 0" 
x \ 7 Zh : c ae (5 *8) 
VY 20+20—-7° (e’—e?)” 
— (1/2) 0-79) 
Since 2¢—7° is of the order of magnitude € and p is of the order of magnitude 
6, we can neglect 27 in the factor 7/ 20 4+2¢ aye Therefore, the integration range in | 


the y7e-plane can be approximated as 


pa OO Nee (7 012 ) 
j (5-9) 


0<7<7/ 20, 
e the integrand of (5-8) does not yanish only in the zone of the width 0 


becaus 
along the 7-axis. Since 
~ 2 
kent: / Ese (5-10) 
(e°—e-?) 1 
Eq. (5-8) becomes 
(PF, AFQ= ota! V2mpo)""Q (kT), (5-11) 


— 15A° 


where 
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Wiee 
0 
1 cd 
5 SS 
=2n\dz 5 ie = jaa sin®d o (2\/2mf, 4), (5et2) 
jy Mega 
0 0 


and yt has been replaced by the Fermi energy, /, at O°K. 
On the other hand, in the extremely degenerate case, G,(€) in Eq. (4-4) is 


expanded as 


eo yaa ae ; 
Ci (C) eee (5-13) 
©) 1S3-2) O60 LCs) 
Taking the first term of Eq. (5-13), Eq. (4-3) becomes 


(F2)= AV Cmte KT. (5-14) 


Thus, from Eqs. (4-20), (5:11) and (5-14), we obtain the following approxi- 
mate expression for the viscosity coefficient : 


7 = em pa (5-15) 
152° (kT)? Q 
This expression gives the J~* temperature dependence, which is the same as 
obtained by Tomonaga.” They differ a little, however, in the definition 
of the cross section Q, which is due to the difference of the approximations 
employed. 


§ 6. Viscosity at high temperatures 


We next consider the slightly degenerate case, where we have 
e' <1. (6-1) 
In this case, the expansion of Eq. (4:19) in terms of the quantity e* leads to 


4 


aja get-envn ty 4 
va 


ee FA) vat 42) sinh (7A) | 


jer) (6-2) 


retaining only the first two terms. The first term corresponds to the Boltzmann 
distribution and the second expresses the first order correction due to the Fermi 
statistics. The equivalent to this situation has been used also in Uehling’s 
treatment.” On the basis of Eq. (6-2), we derive an expression for viscosity from 
the interpolation formula. A calculation directly from Eq. (4-9) based on Uehling’s 
approximation will be shown in Appendix C in order to justify the approxi- 
mation which has been employed to obtain the interpolation formula. 
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Substitution of (6-2) in Eq. (4-17) and integration with respect to 4 lead to 


Orc /2 5/2 11/2 2f ni 
m (RT i) ey GaN Bea 
ER ay 


CF, AF, = ——_———_— 
5h° 
Woy ee 3 -()8)9? QQ) | 
3/3 \ ae eh): (O52) 
If we define the quantities as 
Bo Gly ED Ven y29 0 Gv/mkT) di (6-4) 
7 1 . 
| yoo) =,/ FE ee 2849 0 (/mkT) dy, (6-5) 
- zm J 


Eq. (6-3) can be written as 


Y "\'7r.™ 


4 weak Vv (2amet > at QD | uns? Pe Oe | 
3 cr, A Fe) 5 — i: : é Q x 1 3/3 Qe . (6-6) 
4 
Next, we expand Eq. (4-4) in terms of the quantity e*: 
G.(0) =e {1-2-4 Pet} + OE"), (6-7) 
- 
q which is inserted into Eq. (4-3) to yield 
: creyeav( 22m)" (kT )%e§ 1-28). (6-8) 
q 
: Insertion of Eqs. (6-6) and (6:8) into Eq. (4-20) leads to 
3 eee | fz ise Bye ee )} 

tegen es Noi’ (3/3. OPP! Sie 


We have, for the Fermi gas, 


N 2m spe en em | OameT \*? 
a |e en) Gij(f), One) a 


t 


which can be written, with the aid of Eq. (6-7), as 


Nowe ee DER Le oh 1 
Naa( 2285") 4 base ot ), God 


as 


Therefore, we obtain 
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2 3/2 ] 2 3/2 
ea ( 4 {1+ paca ped 3 te}, 12) 
2V \Qam kT Ay/2 V \2amkT 


where the first term suffices for our approximation. Thus we arrive at the 


following expression for the viscosity coefficient : 


ye DRE ite N ( h? tea 81/2 | hones )| 
7 3.9% ; 2V Sanat ‘ 31/3. BOP }1 (ope) 


This equation is the same as Uehling’s result.®”’? The first term of Eq. (6-13), 


5kT, (6-14) 


corresponds to the nondegenerate case.” In the classical limit, where the quantum 
effects in the scattering cross section vanish, Eq. (6-14) agrees with Enskog- 


Chapman’s result. 


§ 7. Numerical calculations 


It has been shown in the preceding sections that the interpolation formula 
(4-20) with Eqs. (4-3) and (4-17) satisfactorily describes the temperature depen- 
dence of viscosity in the extremely and slightly degenerate cases. In this section, 
we deal with the behaviour of viscosity in the intermediate temperature range about 
the degeneracy temperature. 

To perform numerical calculation, we rewrite the interpolation formula in 
a reduced form using the following units: 7.(degeneracy temperature) for 
temperature, m for mass, h/\/ mp for length, and A/f/ for time. Eq. (4-20) 
thus takes the form 

y= 2 (anT "(2 Fan) / (ar 7’ 2% |i 2? a’ (7-1) 
2 Do aay ; fe 
0 0 
where the reduced temperature, T*=7/T,., and the Fermi function, F,(¢) = 
['(s+1)G,(¢), have been defined. The transport cross section 2° Tit 


»(p") can be 


written in terms of the phase shifts 7, of partial waves as follows: 


(2 r 3 2 
29 (py = Po. + (OB. | (7-2) 
where 
oi =2( 2) Baa D> (7-3) 
(KO 2m \ (+1) @+2) |: 
ona) Gaspay fm mee: 4) 


« being the magnitude of the corresponding wave vector to the relative momentum 
>? 


. 
F 
~~ s od 


2 
z 
| 
+ 
4 
: 
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ixn=(q—p)/2. In the case of hard sphere interaction, 7, is expressed as 


tan 7,(«) — jrliea) (7-5) 


n,(Ka)” 


ji(ka) and n,(«a) being the spherical Bessel functions, and a the diameter of hard 


sphere. Let us take the S-wave phase shift alone. Then we have 
ho= —Ka, (7-6) 


which is combined with Eqs. (7:2), (7-3) and (7-4) to lead to 


2” (x)= ane (7-7) 


We define the reduced form of the coefficient of viscosity 7* as follows 4 
gt =(a/V m4) 4. (7-8) 


From Eqs. (7-1) and (7-7), we obtain 


15,77, 2/3) Fowl)" 
poe OV. f9)4'3/2\6 afte 
‘  64)/22 HO) aaa ce 


where 


o x [2 
1 


H(f)= \d2\do 


a cos’w E cosh(1/2){2’(1+sin20) C5 } 


(sinh(a?—c) PL” cosh(1/2) {x* 1 —sin20) —¢} : 
(7-10) ¢ 


d from the denominator of Eq. (7: 1) by making 


The integral H(¢) has been derive 
i) to (x, w) by the following 


the transformation of integration variables from (7, 
relations : 

ia yaa 

vay 2-0 COS, 


(7-11) 


Aye af 6! sin Ow. 


The Fermi functions /i,2.(C) and F%3,.(¢€) have 


We evaluated H(£) numerically. 
4) and T* is obtained from 


been tabulated by McDougall and Stoner, 


, -2/3 
pra E a3 ro} (7-12) 


fo 4 


* thus obtained are shown in Table I. From Table I, we 


The values of 7 
* takes a minimum at about T*=0.61, 


can see that as the temperature increases 7 
rete, e- poke Wis behaviour. of viscosity is due to the density- 
dependent symmetry effects of the Fermi particle system and has been antici- 


pated from the ‘ntuitive arguments as stated in §1. The curve 9* versus F7 


is illustrated in Fig. 2. 


=F. 2 Se, 
7 < 


= oe te 


Ao re 
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Table I. Reduced viscosity 7* calculated with the use of the S-wave approximation 


¢(=n/kT) fe 
8.1 | 0.121909 
6.9 0.142421 
4.8 0.200883 
3.0 | 0.304021 
ot 0.400117 
1.4 | 0.517253 
1.0 0.610855 
0.9 | 0.638288 
0.7 0.698895 
0.4 | 0.806469 
0.0 0.988733 
—0.8 1.54647 


0.14 


0.13 


0.12 


0.11 


(a?//mpo)) 


0.10 


7*( 


0.09 


0.08 


0.07 


L | i 


0 0.5 1.0 1.5 
T=T/ Le) 
Fig. 2. Viscosity 7* versus temperature T* curve 
based on the S-wave approximation. 


ep ae 
al 


where m is the effective mass. 


0.11972 

0.088726 
0.069048 
0.062946 
0.060629 
0.060495 
0.060615 
0.061058 
0.062251 
0.064927 
0.074502 


§ 8. Comparison with experiments 
on liquid He® 


There have recently been perform- 
ed a number of experiments on the 
viscosity of liquid He®.”*’?  Abri- 
kosov and Khalatnikov’ calculated 
the viscosity of liquid He®, employing 
Landau’s theory of Fermi liquid,” 
and obtained the 7’? law in the 
The ex- 
periments, however, do not reach 


extremely degenerate case. 


the limiting region where the T~™ 
law is valid. Therefore, we shall 
discuss Zinov’eva’s experiments by 
applying the results obtained in the 
previous section. 

Landau,” Fermi 


liquid can be described by Fermi- 


According to, 


At low tempera- 
tures, the spectrum of the excitation 
has, in the simple case, the form of 


type excitations. 


(8-1) 


We assume this spectrum to be valid for liquid 


He? at low temperatures and apply our calculations in the previous sections to 


att 


we i 


3 
c 
i. 
> 
= 
; 
4 
3 
* 
3 
: 
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liquid He®. Then the quantity a should be read as the scattering amplitude 
describing the collision between the excitations. 

; Recent experiments suggest that the heat capacity of liquid He® has the 
linear temperatrue dependence below about T=0.1°K, showing the validity of 
Landau’s theory. From this, we can determine the effective mass m with the 
aid of the fact that the number of excitations is equal to the number of He® 


atoms. The heat capacity per particle takes the form 


G 
S— ali 8-2 
we (8-2) 
where + is related to #% and m by the relations 
2 2 7 \ 2/3 Z2 
poe Ea) Be” 8-3) 
RAVER SN 


From the experimental data we find that 7=3.2035 x 10-” erg deg per particle. 


This leads to the degeneracy temperature 


x "= i are Gas (8-4) 


The factor mo involved in the viscosity (7-8) becomes 


le of 2/3 
Rie (2%) =34.404xX10~™, (8-5) 
v8 


9g 
a 


N/V has been determined to be N/V=1.6443 x 10”, 
ated value 0.08235 gr/cm® for the mass density 
(7-8) and (8-5), we obtain 


where the number density 
by making use of the extrapol 
of liquid He’® at 0°K.® Thus, from Eqs. 
7 =5.8655 X10" Xa" X79". (8-6) 
Let us take a=1.158x10-*em for the scattering amplitude so that 7 may fit 


well with the experimental curve. The relations of the viscosity 7 versus the 


temperature = T 0%, thus obtained are shown in Table Il and illustrated 


in Fig. 3. 
Fig. 3 shows a good agreement of the theoretical curve with the experi- 


ments below about T=0.6°K. The deviation from the experiments becomes 
larger as the temperature increases. Especially, the experiments do not show 
his may be understood as follows. At very low temperatures, 
> is superior to that from the interaction 
a good agreement with 


any minimum. As 
contribution from the 


mechanism so that the 
the experiments. As the temperature increase 


goes down and the deviation from (8-1) due to interac 
Thus, the experimental curve continues to decrease, witl 
accordance with the general behavior of the viscosity of liquid. 


“ symmetry effects ; 


Fermi gas spectrum (8-1) yields 
s, however, the symmetry effect 


tion becomes important. 
hout any minimum, in 
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T Table II. Viscosity 7 versus temperature R 
7.0}- | ——$—$—$—$—$—$————— 
THEN) 7-105 (poise) 
—'Calculated values 0.2597 6.201 
6.0/- + Experimental values4 0.3034 | 5.237 
0.4279 | 3.881 
0.6476 3.020 
5.0}- 5 0.8522 | 2.753. 
2 1.1017 | 2.652 
z 646 
= 1.3011 | 2 
x 4.0b |—. 
30F | 
2.0'= i é yet 
Fig. 3. Temperature dependence of the 
viscosity of liquid He’. The curve shows 
10 calculated values from Table II and @ is 
“0 0,5 1.0 15 Zinov’eva’s observed values. 


IRS; 


§ 9. Some remarks 


The expression for the viscosity coefficient in terms of time-correlation 
function was calculated for the Fermi gases, and we obtained an approximate 
expression for the viscosity which is valid over the entire region of temperature. 
In the derivation, we made the following two approximations: (a) averaging 
out the factor (1—f,)(1—f,) with respect to the scattering solid angle, and (6) 
taking only the S-wave phase shift in order to obtain a simplified interpolation 
formula which describes satisfactorily the behavior of the viscosity in the in- 
termediate temperature range between the extremely and _ slightly degenerate 
cases. These approximations are, of course, unnecessary so far as we are con- 
cerned with Eq. (4-16) to obtain more rigorous results. Pais and Uhlenbeck” 
investigated the second virial coefficient of quantum gases at low temperatures 
and noted that at 1°K the D-state contributions are already appreciable for the 
Lennard-Jones type potential. However, the S-wave approximation may suffice 
to determine the approximate behavior in the intermediate temperature region. 

We performed a numerical calculation of the interpolation formula and 
determined the minimum of the viscosity to be at about 7=0.67,. With the 
use of the numerical calculation, we discussed Zinoy’eva’s experiments on liquid 
He*, determining the effective mass of the quasi-particles from the recent ex- 
periments on the heat capacity. The scattering amplitude a was chosen so that 


PPE 


5 


; 

; 

: 
; 
: 
4 
; 
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the theoretical curve of the viscosity fits the experiments well. According to 
the theory of weakly interacting Fermi particles, we obtain the following ex- 
pression for the effective mass m in terms of the scattering length a) of the 
original particles :*” 


2/8 


My 8 ee ; ee 
ity Oe eer a7 lL Vc" 
m 15 \x (7 log 1) a Vue 


where m2, is the mass of the original particles. Using the value of the effective 


mass determined from Eqs. (8-3) and (8-4), we thus obtain a=2.1X10-°cm. It’ 
turns out therefore that the value of a we employed is of the same order of 


magnitude as the scattering length a. 
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Appendix A 


Approximate eigenvalue problem at the extremely degenerate case 


Eq. (2-13) may be written approximately as 
Tie Signs [22 (2p"/m)o( p, 9) 
pea 


xX fo fa —fr) Af) (2/m) (be" Bape De 

e effective collisions between particles occur 
Therefore, the factor fp fa(1—ft) 
ge value with respect to scattering 
be considered to be 


In the extremely degenerate case, th 
in the neighborhood of the Fermi surface. 
Wie) 1p Eq. CA: 1) may be replaced by its avera 
angles (4, ), fo fg 1S) (=f), because the factor can 
insensitive for the change of angles as pointed out in Sep 


Thus we obtain 


LO ss Np Ng (2/m) po py Fp fa 1 —f) el —f;) aS 5 (A-2) 
pea 
where we have defined 
| (A-3) 


‘pq 


+2) — (22/V)\d0 sin O(2p"/m)o(P", 0) {1— P, (cos )}. 
0 
e the deviation of E fr —fr) ( Lf) 405 


We assume now that on the averag 
lisions, is small 


which is dependent on the relative momenta before and after col 


alue of it wit 


from some average V h respect to the momenta, « ee Sater pe eye) 


<a 
= 


me - + me rat ) a ~ i>; 
od te | Diag ee ye we SS j ; 

. _ ‘° ; Laer ‘ A = ¥ BY, 
a= 
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Then, taking account of 

ae | ody Np Ny {Ps Pu = a Fy (A-4) 

Da m 2 


where we have put the total momentum S} pp to be zero, we obtain approxt- 


~ mately 
AF, =iF,, (A-5) 


» with 


=A GAT = Te) (1—fs) Apa?» (A-6) 
the average ¢---) being to be determined from Eq. (3-3). 


Appendix B 


Integrations in Eq. (4-9) 


Making use of Eqs. (4:10), the second equation of (4-12), and (4- 14); the 
integration with respect to ¢ leads to 


Qn 


| CL a 1) a ma yt) Ce ihe ee. dg 


= (e° /2) 2a[ 727, {1— Pa (cos 4) } VaP; (cos a) P, (cos 4) 


Bs sin Gcosd oF easy P} (cos a) P (cos 4) 
aly PSY?) 24 ay P? 2 ‘ 
= ) sin >a t 1) L-+1) +2) P? (cos a) P? (cos Dae 


; where 
rety=r {sin 4 cos 0 cos 0(cos*’a—sin’a@ cos’ €) 


+cos 29 cos 0 sina cos @ cos € 


—cos # sin 0 sin a cos @ sin € 
+-sin 0 sin 0 sin? a sin € cos et, (B+2)- 
= | —sin 4 cos 0 cos 0 sin 2a(1 + cos’ €) 


-+-cos 20 cos 0 cos 2a cos &€ 


—cos @ sind cos 2asin€ | ; fe * 


a i « - z ; 
Tr. oe eee a Soe t » ne ; Cm sia’ * a ee 


a 
a 
/ 
3 
4 
z 
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+sin 9 sin 0 sin Oa sin € cos él, (B-3) 
D-E=;"sin 8 cos 0 cos O(sin’a —cos’acos’é + sin’€) 
—cos 29 cos 0 sin a cos a cos € 
+cos 0 sin 0 sin @ cos @ sin € 
+sin 9 sin 0(1+ cos’ a) sin € cos él. (B-4) 


Next, let us carry out the integrations with respect to €, 0 and @ in turn. Then, 
contributions from each term of Eq. (B-1) to Eq. (4-9) become as follows : 


uv 


Laer, | t's ie ee 
\a6 sin @| ao| ae (rar) ee a 
0 0 0 
‘ ae 2s 
\a0 sin a) aa| d& 7.7,B=0, (B-5) 
0 0 0 ; 
‘ tr ae 
(a0 sin @\ ao\ ae ray(D—E) =0. 
0 


0 


Thus, using the first equation of (4-12) and the orthogonality of the Legendre 


polynomials, we obtain Eq. (4-16). 
In Eq. (4-16), a (7; 2;¢) is given by 


eee ) __P(cos a)sina da __ (B-6) 
; cosh p+cosh (7A cos @) 
0 


which leads to Eq. (4:19) for (=0. 
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Appendix © 


Calculation directly from Eq. (4:9) using Uehling’s approximation 


According to (6:1), we obtain the following expansion : 
b= (72 +02) 


off) Ute cee 
ilieeze (7+) {eosh (7A cos @) +eosh(7/ cos 2’) } | 
a Ove*). 
Let us call (C-1) Uehling’s approximation, 


(C-1) 


» neglecting terms of higher order 
gs 


represented by OC): 
In order to evaluate the contribution from the third term of (C-1) to Eq. (4-9), 


let us expand it as follows : 
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cosh(7/ cos @’) = Sh, (7, 2) P: (cosa’). (C2) 


We take account of the addition theorem (4-14) and carry out the integrations 
with respect to ¢, 0, 9 and €, which is similar to the calculations carried out 


in Appendix B. Then we obtain 


co Le 


o 
= | ad 77 enone| ai ee \da sin a 
i] 2 
15m? hi ct? J 
0 


2-217 536 
gua? Ve" 


0 0 

2 x Sth, P\(cose) (27) | a0 sind «(p’, 9) {1—P,(cos #)} P, (cos 4), (C3) 
a d=0 a 
4 
ae and find that this is the same as the contribution from the second term of (C-1), 
. since all but the term of 7=0 vanish if the integration with respect to @ is 
< carried out. 
5 Thus we obtain 
a Q5i2 nh? Ve* fs 2) 

. dy mA aa 2 
4 (F,AF,)= me? Ae ch? i\¢ isa 2 
- 

are Vary ene ae je re 2 p-o/ara| da sin a cosh(7A cos a) |, (C-4) 
0 0 


which leads to Eq. (6-3). We see, therefore, that Eq. (6-3) can be obtained 
without any other approximations than (C-1). In § 6, we have derived it from 
the interpolation formula with the use of the approximation (6-2) which is 
equivalent to (C-1). Thus we can say that the neglect of all terms other than 
that of 7=0, which was made in § 4 to obtain the interpolation formula, leads 


to rigorous results in this slightly degenerate case. 
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Stellar Synthesis of the Proton-Rich Heavy Elements 
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The proton-rich heavy nuclei are produced by proton-capture and/or photo-nuclear 
reactions starting with the products of neutron capture. 

The stellar conditions in which the proton-rich nuclei are produced must be such that 
the proton density 6»=10~10?gcm™, the neutron density p,=10~>~10-4gcm™ and the other 
matter density p<10gcm7? at the temperature T=2.5~3xX109°K. It is, however, difficult 
to explain the abundance of all proton-rich nuclei for the equal temperature. It is possible 
if there exist the regions of different temperature. To form these nuclei the nuclear for- 
mation by the effective (pf, 7) reaction occurs in the higher temperature region and the 
nuclear formation by the effective (7, 7) reaction in the lower temperature region. 


§ 1. Introduction 


Burbidge et al.” and Cameron” have explained the observed data by as- 
suming that the heavy elements existing in the universe are formed through 


the neutron capture process. They divided its process into two types: The one is 


the slow neutron capture process (s-process) which occurs at a comparatively 
low temperature in the stellar interior, the other the rapid neutron capture 


process (7-process) which takes place during the initial stage of supernova ex- 


plosion. The heavy nuclei being produced through these processes are subjected 
to beta-decays, so that they are located on the stability curve and on its right- 
hand side in the N-Z plane (see Fig. 1). 

However, the proton-rich heavy nuclei which are located on the left-hand 


‘side of the stability curve cannot at all be produced by the neutron capture ; 


hence it has been suggested that these nuclei are produced by proton capture 
and/or photo-nuclear reactions starting with the products of neutron capture 
processes. Burbidge et al.” explained qualitatively the data of Suess and Urey” 
assuming that these nuclei were initially produced by (p, 7) reactions operating 
on about 1% of the material which has already been synthesized through neutron 
capture processes. They showed that these reactions occur when the temperature 
T=2~3X10°°K and the proton density p,210?gem™*. It is impossible, how- 
ever, to explain the relative abundances of all the proton-rich nuclei under the 


same stellar conditions and the nucleus La cannot be produced for a low 
temperature. 


. Moreover, for the temperatures above 2.5X10° degree the (7, 7) reaction 
time, 7,,, is smaller than the (p, 7) reaction time, 7,,, in the very heavy element 
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region ; hence the formation of the proton-rich nuclei by the (9, 7) reaction would 
be almost impossible there. 

In this paper. we shall quantitatively deal with the process of forming the 
proton-rich heavy nuclei in the supernova envelope, and investigate whether the 
abundances of all proton-rich nuclei are explained under the same stellar condi- 
tions. As was suggested by Burbidge et al.” we assume the (p, 7) and (7, 7) 
reactions as the processes producing these nuclei. The comparison between the 
reaction times of two processes, (p, 7) and (7, 7), forming the proton-rich heavy 
nuclei from the seed nuclei which have already been synthesized tells us that 
Ton <Tpy at the temperatures of 2.5~3X10°°K in the region of elements having 
large mass number A and vice versa (see Fig. 5). However, at the temperature 
of 3X10°°K only the (p, 7) reaction of the reactions on the nuclei having the 
small mass number is responsible for the formation of the proton-rich nuclei, 
while at the temperature of 2.5X10°°K only the (7, 2) reaction of the reactions 
on the nuclei having the large mass. number is effective. It is impossible to 
form the all proton-rich nuclei by both reactions at the equal temperature. 
Therefore, we consider the two regions having different temperatures. When 
the (p,7) and (7, 2) reactions took place in two regions, the light elements of 
the proton-rich nuclei can be produced by (p, 7) reactions in the region of the 
higher temperature and the very heavy proton-rich nuclei can be produced by 
(7, n) reactions in the region of lower temperature. The abundances of the 


proton-rich heavy nuclei are shown in Fig. 6. 
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§2. Synthesis of the proton-rich heavy nuclei 


(i) Reaction rates 
Let us now consider the reaction rates for (Os Fs Gi PIaAt n) and (n, 7) 
reactions on the heavy nuclei. In general, for the (p, 7) reaction on a heavy 


nucleus (A, Z) a mean reaction time per one nucleus, 7p,, 18 approximately 


given by using a statistical nonresonant formula as 


5/6 


aarae oP [1.26 (Z( APP 41) PR 4.25(Z*/T.)"" |, 


My eed 4 50 10505 


(1) 


where /,, is a rate of reaction per one nucleus per unit time, ?, the density 
of protons in gem~* and J, the temperature in units of 10° °K. 

A last proton binding energy Q, of a fixed N nucleus becomes progres- 
sively smaller as more and more protons are added, and the (7, p) reactions 
become operative. A mean reaction time for the (7, p) reaction being in a state 


of detailed balance, 
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or 


lode = 10.00 15 log Tr+5.04-22 Boer Ne, (3) 
9 

with all logarithms to the base 10; 2,, a reaction rate of the (7, p) reaction 
and Q, in units of Mev. For Z=40 and 60, the values of c,, and typ, are 
shown in Fig. 2 assuming p,=10, 5X10, 10° Scns: . “ 

On the other hand, a mean reaction time of the (7, ) reaction, Tn, 1S also 
obtained from that of the (, 7) reaction t,y. Write o for the cross section of 
the (7,7) reaction and let v and p, be the velocity and density of neutrons 


responsible for its reaction, respectively, then 
1/ Ty = Any = 6.02 X10" 0,00, (4) 


where /,, is a reaction rate per one nucleus per unit time. For the value o, 
we use the cross sections evaluated” from the reactivity measurement for a 
neutron energy of 25kev and for the unknown cross sections we interpolate 
or extrapolate their values from the known experimental ones considering the 
difference between even A and odd A nuclei for which a ratio (odd A) / (even A) 
=1~4 in the heavy element region. A mean reaction time of the (7, ™) reac- 
tion is also obtained from the equation for the equilibrium between (n, y) and 


(7, 2) reactions. 


3/2 oF 
DG 8 = ates 2.00 y10e === 
CnTny 
x exp ( - 11.6 OFT) (5) ie On 0 > gem 
or a5 0 5X10-° gem-“ 
3 10-4 gem=3 
Bs i NaS 
log tyn= —10.30—1.5 log Ts + 5.04 Qn be eee eek Se 
is rt J SSNS 12 
=5 ila 
ne log Try Pn > (6) [ | 
10 
where /,, is a reaction rate and QO, a 9 
last neutron binding energy in a : 8 
ra Oe : —10 
nucleus (A, Z) in units of Mev. The : 7 
relation between these reaction times 6 
ty, and 7,, is shown in Fig. 3. 5 
4 
—15+ 

3 


Gi) (p, 7) reaction 
In this subsection we shall formu- 
late and solve the general problem of 
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§ 1, it is assumed that these processes occur at °25~3%X10° degrees, and only 
about 1% of the heavy nuclei which have already been synthesized by the 
neutron capture process contribute to produce the proton-rich heavy nuclei. 

Besides these processes, we must consider the reactions induced by a- 
particles, but their reactions occur much slower than those by protons, for 
example, a ratio of Je,/A4», being equal to 0.43-04/P»:exp {41.5— 10 (633/T») "*} 
for (A, Z) = (120, 50), in which /,, is a reaction rate of (a, 7) reaction and fa 
the a-particle density in units of gem™*. Therefore, it is able to neglect the 
effect of the reactions induced by a-particles hereafter. 

Next, it should be noted whether the number of protons which can be 
added to the heavy nuclei is limited by the positron decay times. In the region 
of the proton-rich heavy nuclei, a mean lifetime of *-decay 7,* is agreeable to 
the calculated values as positron emission takes place by a forbidden transition 
to the ground state of their nuclei. Hence for an unknown mean lifetime of 
f*-decay we estimate it using the expression as 


t,t ~10°/W%+ sec (forbidden transition), 
W,+=M(A, Z)—M(A, Z—1) —0.51, (7) 


where M(A, Z) is the mass measured in units of Mey, for which we used the 
semi-empirical mass formula derived by Cameron.” Then the calculated value 
z,+ is of the order of 10 minutes at least for the nuclei of interest. Now the 
duration of a supernova explosion has been estimated to be 1~10* sec, so we can 
neglect these 3*-decay processes in our rapid processes. 

Thus, neglecting the a-induced reactions and $*-decay reactions, we can 
write the time variation of abundances of nuclei in our process, in which is 
treated the (p,7) reaction at first, as follows: 


ot) eed (eT) n(—1) =e {Any (0) +,,(0)} 2 (0) Pda» CL) n(1), 
at 
(8) 
ont =A yy (0) 2(0) — {Any (1) +24, (1) } 21) +2,,(2) 2 (2), 
elon 


which (é) is the relative abundance of a nucleus 7, 7,,(7) and 2,,(@) are the 
reaction rates of the (p,7) and (7, p) reactions on a nucleus 7, respectively. 
As protons are very abundant in comparison with the other nuclei, the reaction 
time which the seed nuclei capture protons is much shorter than the duration 
of supernova outburst. Hence we need not consider the (p,7) reaction time 
on the initial several seed nuclei until the last proton binding energy in a 
nucleus decreases and the inverse reaction (7, p) becomes effective. That is, 
when the proton capture process proceeds and the (7, p) reaction rate becomes 
comparable with the (p,7) reaction rate, a quasi-statistical equilibrium would 


co Sd 
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be realized between (p, 7) and (7, p) reactions for a short period. If the 
time during which the proton capture process takes place is long, the pro- 
duced proton-rich nucleus is released from the system including such an equi- 
librium state. 


Avy (O) An (1) Apr(2) Apy (3) Aor (4) 1 
aA pr(e pr a (5) 
a 
The largest Z Avp(1) Rrp(2) Axp(3) Arp) Arp(5) 
} nucleus of the 
seed nuclei 
(An example) 
nthe 3Mo 00Ru praetel 


Fig. 4. Schematic diagram of the (p, 7) reactions. 


When a nucleus reached one satisfying the condition such that 7, (0) Ay»), 
we call its nucleus a nucleus 0. We shall consider conveniently the system 
constitute of six nuclei. Then in most cases a nucleus 0 corresponds to an 
even-even nucleus which also is the largest Z nucleus of the seed nuclei having 
the same N (see Fig. 4). Thus we assume Avy (0) =0 because of Ap, (0) > Ay» CO) 
and put the initial conditions such that 2(0)=1, 2(1) =” (2) =n(3) =::-=0 at 
t=0. Then Eq. (8) are written in the following from a nucleus 0 to a nucleus 


5 and their solutions can be obtained. 


an) = =}, (0) 2 (0) tags) 2), 


PD = hy (0) n (Oje- {Apy (1) + Ay (1) } (1) +41» (2) n(2), 
| (9) 


hy (8) (3) — (py (A) + Ay (A) } 20(4) + Arn (5) 28), 
UE 


SNe) hy (4) (A) — (Ay (5) + 4rn (5) 325), 
ib 
cleus 5, Jp, (5), is expressed as the released effect 


where the reaction rate of anu 
librium from a nucleus 0 to 9 and is approxi- 


from the system in a quasi-equi 

mately given as 

eS) iy): (10) 

Jny (6) + Arn (8) 
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reason that it will be discussed later, 4,»(5), 47» (3) and j,,(1) are all larger by 
the order two or more than the other /, and it tells us Ayp(5) > Ay (3) > Ayn 1). 
Taking account of the above relations among the reaction rates we can 


solve Eq. (9), 
n(i) =A,e"*'+ S1 Be*** (i= 0~5), (11) 
k=1 


where 0), 94, 9, 93, 0, and ¢@; are the approximate solutions of the following 


equation : 
2° yy (5) 2°+ dy y (5) Ay (3) @* + Ayy (5) Ayp (3) ty» 1) 
$ Iyy (4) } 22+ yy (5) dnp (4) Arp (3) dow 1) 2° Ayn (9) 
X dap (A) dyn (3) Apr (0) Apr (L) + Apr (0) Aon (2) +4an 1) Ayn (2) 
+ py (O) Ap (1) Apy (2) Apr (3) Any (4) Zn (5) =. (12) 


It may be allowed to neglect the higher terms in comparison with the first 
term of (11) considering 0)<4,, 02, -+-05. Then 7(7) have the following expres- 
sion, 

1 (7) 2a eae 
gaz iso ete se Any (0) PACS) Any (2) Apy (3) Any (4) Joy (5) eee tat ee. 
~ Dyp (3) dp (4) Ayp (5) {apy (0) Ape (1) +Apy (0) App (2) + yp (1) Ayn (2) } 
(13) 
Ao : A, : A, = Ayy (1) Ayp (2) : Ay (0) dyn (2) : Any (0) dor (4), 


where A,, etc., are the coefficients expressing the distribution of nuclei for 
t<€1/0)(i.e. e~**=~1), and A;, Ay, As are smaller by order two or more than 
Ales “As: 

From (9) ~ (13) we can evaluate the relative abundances of the proton-rich 
nuclei to their seed nuclei. Under the above conditions T,=3, ?,=10~10° gem~* 
the proton-rich nucleus corresponds to a nucleus 2 with the exception that “fy In 
and “La correspond to a nuclei 1 and {$Mo to a nucleus 0, in which 73; La 
(only a seed nucleus of ‘$$ La) is exceptionally an odd-even nucleus. Thus 7(0), 
n(1) and n(2) are given by 

oh CUE AVY fea) Seed Ary (1) trp (2) eres 
dap (1) Aye (2) HAgy (0) Ap h2) 4457 (O) Ape CL) 
eA a 18 ead Any (O) Ayp (2) Kod 
dy (1) Ayp (2) e+ Ay (O) Ayp (2) + Apy (0) Ape (1) 
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Since the nucleus ' La is a double shielded nucleus, which is not so proton- 
rich, it is unable to produce it by the #-decay processes considered as the freez- 
ing reaction in the cooling stage from the unstable nucleus, which is the 
product of the neutron capture process. Even if we also assume that ‘3; La is 
the product of the proton-capture reaction from ' Ba, this nucleus cannot be 
produced at T,<3 because Jay C38 Cet La) <Apy Cor La Ge), 18 La being the 
Z odd-N odd nucleus. To produce ‘La through the proton-capture process 
the temperature needs to be at least 310°°K. The astrophysical condition of 
T,>3 would be implausible in the supernova envelope containing the excessive 
abundance of hydrogen. We therefore take Ty=3 for ?,=10~10? gem™ to 
produce ‘La. When the temperature rises to about 3X10°°K, one must notice 
that the (7, 7) reaction time becomes shorter than the (p, 7) reaction time in 
the very heavy element region as indicated in Fig. 5. Namely, the (7, 2) reac- 
tion on their elements first occur and the seed nuclei for the (p, 7) process are 
almost brought off. Hence the formation of the proton-rich nuclei by the (p, 7) 
reaction is impossible there. Moreover in the envelope the neutron density is so 
low (107°~107* gem™) that the (7, ) reaction rate is much larger than the 
(n, 7) reaction rate in the very heavy element region for this temperature. 
These facts tell us that the formation of the proton-rich nuclei in the very heavy 
element region is impossible in either process at T)=3. 

In order to produce the proton-rich nuclei by the (7, ) reaction in the 
very heavy element region, we must lower the temperature for the densities 
(,=10~10? gem * and p= 1010 ~ gem’, these densities being the suitable 
values in the envelope of a supernova. As shown invEqs.’ (4) *and/(5) yathe 
value of 7,, is almost independent of temperature, while 7,, changes sharply with 
the temperature. Therefore, if we adopt 7,=2.5 to increase the value of Aya 
for the same neutron density, the quasi-equilibrium state between (y, 7) and 
(n, 7) reactions realizes for a short period and the proton-rich nuclei can be 
produced through the (7, 7) process on the seed nuclei in the very heavy ele- 


ment region. In the light element region, at the temperature of 7y=2.5 the 


(p, 7) reaction time is shorter than the (7, 7) reaction time, so that the (, 7) 
reaction is favorable as in Hyercase Of lea on (cee peien): In this case, however, 
the proton-rich nuclei cannot be produced by the (p,7) reaction because of 


ee yas AOL ee 10-10" gcm *. For T,=2.5, therefore, the proton-rich nuclei 


in the light element region cannot be made in any case. 

Here we assume that there exist two regions of Ty=2.5 and three for the 
y= 10~10° gcm™* and e110 2105 gem. Then the light nuclei 
would be produced by the (/, ;) reactions in the region 
nuclei of the proton-rich nuclei would be produced 


densities of 
of the proton-rich nuclei 
of T=3, and the very heavy 
by the (7, 7) reactions in the region of Ty=2.5,. | ; 

The relation between the proton-zich heavy nuclei and their expected for- 


mation processes 18 shown in Table I. 
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Fig. 5. The reaction times of (p, 7) and (7, 7) reactions for the production of proton-rich 
heavy nuclei. 


(iii) (7, 2) reaction 

The general formula forming the proton-rich nuclei through the (7, 7) 
process is treated with the same consideration as in the (p,7) process. For 
py and 2,, in Eqs. (8) and (9), we may substitute 2,, and /,,, respectively. 
Since Ayn(O0) <n, (0) for ~,=10°~10% gem™, 2,,(0) being not negligible in 
comparison with /,,(0), 4,,(0) is replaced by 4,,(0) +4ny (0). Then the following 


equations are obtained: 


He) = — (Qyn(O) +Any (0) $20) +4ny (1) 2 (1), 

oe = Ayn (0) 2 (0) = {ayn (1) + Ay (1) } 22 (1) + Ayn (2) 2 (2), 

Pihus sSoeai qatar ah lees eee fener nee necnes eee seeeeneesen (15) 
wn = Ian (3) (3) = (yn(4) + ny (4) } 2 (4) + Any (5) 25), 

on?) =)y,(4) n(4) — {77,,(5) + Any (5)}n(5), 

i, (5) = Aon (5) (16) 
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To explain the formation of the proton-rich nuclei through the quasi-equilibrium 
state between the (7, 7) and (n,7) processes during the initial phases of the 
supernova explosion, we require the conditions such that 0,=10>~ 105 scmm 


for T)=2.5 as discussed before. Taking here the value p,=—10-°~10™ gem 3 


Jon(1) and 7,,(3) are larger by order one or more than the other all reaction 


rates A(Ayn(1) >Ayn(3)), and 4n,’s values are almost constant GaN odd) yam 
(N even) =2~4) for fixed Z nuclei. Similarly to the case of (p, 7) reaction, 
we neglect the time until the seed nuclei capture the 7-rays and reach the 
nucleus 0, and take the initial conditions that (0) =1, n(1) =n(2) =: =n(5) =0 
at t=0, assuming the system from the nucleus 0 to the nucleus 5. The nucleus 
2 generally corresponds the proton-rich heavy nucleus except '3;La which cor- 


responds to the nuclei 1. In the case that the proton-rich heavy nuclei have . 


two isotopes, these nuclei correspond to the nuclei 0 and 2. Since the depend- 
ence of OQ, on the mass number is not so large as that of Q,, the value /yn 
does not sharply increase with the mass number for fixed Z nuclei. The total 
number of seed nuclei will be distributed among comparatively many species 
of nuclei for each process, and A; express the distribution coefficients of the 


oe 4A eee 
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produced nuclei for a short period. 
-- As ; As, ‘ Ay i Ao 5 Ay 


Ayn(2)_, 1, Far (2)_, Any (2) Pn) An 2) Iai No (0) 
Jun (BY. Ayn) Ayn (1) Ayn (O) Ay (1) Aon (0) Aon =D) 


where A, is normalized to 1, and the values A,, As; are smaller by order two 


or more than that of As. 
Considering the above relations, the relative abundances of the objective 


nuclei are obtained as follows. 
2) Ane es 
WAN SAA; eee (18) 
MOeeAge 


0 Iw i a Van (0) + Any (0) ane) Junk 2) Din (3) tan) a) ie b, ; 
70 =F (BY dng (A) Fy (5) { Ayn (0) +2 nr (0)) Cra 1) Any (2)) day 1) Any 2D} 


Using (14) and (18), the relative abundances of the proton-rich nuclei to 
the seed nuclei can be calculated for two processes, (p, 7) and’ (7, ”), the 
for the large A nuclei at Ty»=3, .=310~10" gems and 
A nuclei at T)=2.5, aM ae gem Ine fablest 
dances of all proton-rich nuclei to their seed nuclei, 
In either case, we assume that one percent 
namely the abundance of the 


former is responsible 
the latter for the small 
we show the relative abun 
their ratios being about 1% or less. 


of the seed nuclei contribute to our processes, 


Pigicucs Oat t= 0,077(0) is one percent of the abundance of all seed nuclei. 
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Then the abundances of the proton-rich heavy nuclei can be obtained as a func- 


tion of time. 


Table I. The relative abundances of proton-rich nuclei to the seed nuclei.» 
1181 js assumed to be prod luced by (p, 7) and f*-decay processes. 
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§ 3. Results and discussions 


As shown in § 2, we divide the build-up process of the proton-rich heavy 
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nuclei into two processes and evaluate their abundances. The time giving rise 
to these processes, ¢, may be of the same order of magnitude as or shorter than the 
duration of the supernova explosion (1~10? sec). Therefore we obtain. the "4 
abundances of the objective nuclei for tee 0 SeGe Our calculated results are 
summarized in Fig. 6 and are shown in Table Il. Since these processes are 
considered to occur in the supernova envelope, one may assume that the density 


of other elements is very low (9<107°). 


Table Il. Summary of our results. 


Tempera- 
Process | ture | ( -3) 
(ip 0? “Ky ee 
ae ee CE, pie aes 
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S10 ez bes 10 Le © Tl 
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(observed value: 2.7) 


Density || Time scale | Our results 


| (sec) | (see Fig. 6) Remarks 
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| and s Ru decrease Se, Sr and Ru can also 
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) 3 | & capture process from 
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In any case, Ce, 138Ce, 
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is0W decrease sharply | (7,7) process. 
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by (2, 7) process. 


TOR re eee ees SREP NY Pee EE Te Ny 
a) 
Ley 


with 7. 

Toy ere re “ip, ieDy | 
oh 12Er ? 16Dy ” 
Dore One ices iO? | Abund. of 16Hg  de- 
(7, 7”) 2.5 creases sharply with ¢. 


large. 


| Abund. of Dy is very 

low, 164Er/162Er = 300. 
(observed : 9/5) 
pelos. | Lent 10M Dy. = 000. 
(observed : 10) 

Abund. of Hg de- 


creases sharply with 2. 


Witten a= 2.0 Ol 35 pp 10 10! gem~* and ip=10 10" gcm™*, there are 
the proton-rich nuclei having the possibilities produced by both reactions. These 
nuclei correspond to the ones such that the two reaction rates produced them 


most equal to each otlier Poy Ayn) 


are al 4 
of the values of the reaction rates, we take 73 Ce; 


Considering the ambiguity 
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Neutron number 


@ Abundances of proton-rich nuclei 

x p,=10g cm “3, 1<t¢ (sec) <10? (calculated abund.) 

fo) p= 10? gem, 1<¢ (sec)<10? (calculated abund.) 
Se, Sr, La are hardly produced 


Fig. 6 (a). The abundances of proton-rich heavy nuclei?) and our results. The calculated 
abundances of proton-rich nuclei produced by (, 7) reactions. 


= 1OF — La, 16 saya 1 Gd. 156 se DY 158 eB 


wy 12 By A ae ier as he heii cueoaee 

i both processes, and evaluate their 
abundances. 

| 5 10-1+ In the case of the (/, 7) reaction, 

wa the abundances of the proton-rich 

E 10-86 rt ‘ eae: nuclei are mostly decided by the 

: pce sipy/ om 100 magnitude of A; in (14), and their 

= 10° fae eo He abundances are almost constant for 

ae pee Yb 7100 ~ pee time ¢. However, the abundances of 

” bieop, * Pt ™Se, %Sr and {{Ru sharply decrease 

aea| ; : i vie Boe with ¢ at large proton density (?, 2 

o196y es 5X10 gem™’), and become — low- 

Sonoma TE? GB abundant. In these nuclei, there is a 

Proton number probability that they may be formed 

@ Abundances of proton-rich nuclei through ne successive proton-capture 


=10% ,1=<t(sec}= 10? (calculated < : 
Xn ecm (sec) 10? (calculated abund.) processes” from 8 Ni for T;=054 ~2- oe 


© p,=5X10-5gcem-3, 1=<¢ (sec) = 10? (calculated 
and p,=10-°~10? gem in the super- ; 


abund.)- 

Fig. 6 (b). The abundances of proton-rich nova envelope. As 43In is the ya 
heavy nuclei® and our results. The calculat- dd-N | Kel 
ed abundances of proton-rich nuclei produced 2 even nucleus, the last proton 


by (7, ”) reactions. binding energy of '}}Sn is larger tha 
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that of %3In (,,C#In) >7,,C#Sn)) ; hence {In cannot be produced by the (9, 
7) reactions. For this nucleus, it seems plausible to consider that the unstable 
nucleus ';;Sn is produced by the (p, 7) reaction on 'j,Cd which has already been 
synthesized by neutron-capture and after the explosion of the supernova ‘5)Sn 
is subjected to $t-decay to produce In. At T,=3 and p,=10gcem~* %j;La is 
made from '%Ba, but its abundance is lower than the observed one by about 
order two. 

In the case of the (7, 2) reaction, the abundances of the very heavy proton- 
rich nuclei sharply decrease with time ¢. At ?,>10-° gcm™* the abundance 
ratios among two isotopes (%{Er/%2Er and 1 Dy/' Dy) built by this process 
are in disagreement with the observed data. For ‘Ce, ‘Ce, ‘5; La and "gy Gd, 
it seems probable to consider that their nuclei cannot be produced by the (7, 7) 
reactions but can be produced only by the (/, 7) reactions. However, we have 
a number of uncertainties for the value of the reaction rates. For a last nucleon 
binding energy, there is some difference between the experimental values by 
Everling et al.” and the values using the semi-empirical mass formula by Cameron.” 
If the error between these values is 1 Mev, the difference of the two (7, 7) 
reaction rates using their values is of order two or three at T,=2.5~3. Es- 
pecially, the calculated abundances of the nuclei for which the time dependence 
is very large are not so reliable, these nuclei being %Se, 4Sr) BRu, @ Ceyta, 
Ost. Pivand., tg: ! 

Finally we shall consider the foregoing astrophysical conditions in which 
the synthesis of the proton-rich heavy elements takes place. In general the 
temperature continuously changes in any region. However, the effective temper- 
ature by which the (p,7) or (7, 7) reaction takes place is sharply determined, 
so that 7,~3 for the (p, 7) reaction and Ty2.5 for the (7, 2) reaction. When 
we conveniently take the two independent regions of different temperatures in 
which the formation of the objective nuclei by the (p,7) reaction is effective 
in the region of 7,=3 and the formation by the (7, 2) reaction is effective in 
the region of T,=2.5, it would not give us so different results from true ones 
in our case. Therefore we assume that about one percent of abundances of 
the heavy-nuclei which have already been synthesized by neutron-capture are 
mixed into these two regions and give rise to our process. It will not be al- 
lowed that the temperature changes with time and the two effective reactions 
successively occur at different temperatures. Here, basing on the shock-theory 
of supernova explosion,” the mass fraction to the total mass of supernova in 
the stellar layer being heated to T»=3 is 0.01~0.1; meanwhile the ratio of the 
total mass in Galaxy to the ejected mass from the supernova is about 0.1.” 
Therefore it is considered, for example, that the heavy-nuclei existing in this 


layer would give rise to the effective (p, 7) reaction at i= 3. 
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Associated Production in Pion- 
Nucleon Collisions and Effects 
of Resonant States 


Tetsuya Tsuchida, Tetsuro Sakuma 
and Sinya Furui* 


Department of Physics 
Hokkaido University, Sapporo 
*Department of Physics 
Ibaraki University, Mito 


August 2, 1961 


In this note we investigate the pos- 
sibility of explaining the experimental 
features,” angular distribution, polar- 
ization and total cross section, of the 
reaction z+P—->K°+A at pion energy 
910 Mev by taking account of N* (2- 
N third resonance), Y*(z-A resonance) 
and K*(K-2 resonance) » 

S-matrix element for a+N>K+A 
is given by 


S = —i(2n)'O (pit n— pi) 


| 


1/2 
- (p:) Ttau( pr); 
AE, IDs, 1 W2 | } ; ; 


(1) 
T= es ores (ata) B; 


where q: (gz) and p(«) are 4momentum 
and mass of 7(K) and pi(p:) and 
m(A) are those of N(A). @1 2, fi 


and E, are the total energies of a, K, 
N and A, respectively. Here, we as- 
sume the same parity for N and A and 


ap \ 


K is pseudoscalar. 
A and B are invariant functions 
of three variables s=—(pitaq)’, 
Se= — (Pi—-@) and t= — (pi—p2)*. In 
the c.m. system, do/dQ is given by 


Che Pepe mA is 
dQ (2x)? A(m+Ei) 2h 
x Yt aC p.) Tu(p) P= 
21 


x DUS + en) a) pipyh, 
(2) 


where @ and @ are magnitudes of 
three-momenta of z and K. 


We assume that A and B satisfy 


double dispersion relation.” Further, — 
we assume that A and B can be ap-. 


proximated by 


Wee SannUKNA jm. =a Fas IKE 


2 m —s 2 


22 F (m+ A) 


Sse 
= ! 
1 ( ds! Ay (s', t) 
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which have good correspondence to 
approach. Upper 
(lower) sign refers to even (odd) 

SA), ‘—A relative parity. Assum- 
ed resonant states are N*(/=3, J=5/2) 
nresrcnannel,. Y *(7=0, J=1/2) in se 
Channel and K*(J=0 ‘or 1i)y-in 7Z- 
channel. 


perturbational 


Imaginary parts of partial wave 
amplitudes corresponding to N*, Y* 
and K* are written in Breit-Wigner 
formulas as 


Nie eee av [Th 
4g (W—M*)*+ 02/4 
y*. Im f,3= 1 : Moa Lal. e: 
4g (W—My)*+Pe/4 
RY Bs /1T,0,6(W—My), 
2q 
7 7 
fae. lin fy = Nt l 
2 (W-Mz)*+17/4 
~ aNid(W—Mx). (4) 


For ¢-channel, we have used _ the 
method developed by Jacob and Wick.” 


l',,) and I’, (7’,) are half- and partial- 
IM. My and Mx 


width of N*(Y*), 


are masses’ Of IN) 2) sandy gees 
spectively. N% is the parameter of 
height of resonance in t-channel. Sub- 
stituting these expressions in Eq. (3); 
we obtain A and B, and consequently 
do/d2 and P(#). The polarization is 
positive if the spin of A is parallel to 
q2Xq and negative if antiparallel. 
Assuming reasonable values of usual 


coupling constants and widths of re- 
sonant states as f2yy/42=fess/47=15, 
Pen /42=5, Jans= /42=1.5, [,=1007, 
=100 Mev and /.~/',=20 Mev, we 
can get angular distribution consistent 
with experiments but not the large 
P(@), polarization averaged over all 
do/d2 and P(@) for this case 
are shown in Figs. 1 and 2. 


angles. 
Crop and 
P are given in Table L. 

Even if we take into account the 
nonresonant effects with low angular 
momentum, the situation is not so 
altered.” Nonresonant amplitudes are 
estimated by 


7_¢,'(tot) VR, 


inf; = 
oF+1 Az 


where R is the branching ratio of 
az +p—>K°-+ Areaction and o,' is partial 
wave x —/p total cross section. do/d2Q, 
Cro, P(0) and P with the effects of s- 
and p-wave nonresonant amplitudes 
are also shown in Table I and Figs. 
1 and 2. With odd P(A), it is quite 
difficult to obtain a good fit with ex- 
periment. On account of the high 
angular momentum of N*, very small 
values of P are obtained, which con- 
tradicts the experiments.* 

Finally, we can conclude that do/d@2 


) (a4 P)exp>0.7340.14. 
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Table I. Total cross section oj; and the polarization averaged over angles P(@) for the 
cases of N* only and N*+nonresonant s- and p 1/2-amplitude in s-channel. 


s-channel 


) ™ wv 9KnA > 9 N* 
Fras IKNy <9 | 


P(sA)=+1 


T 
eis. ae Nj=0.08N_!=0.0(N*) 
Went cae J=1 N}.=0.06N_=0.0(N*) 
Caleta — J=1 N},=0.13N1=0.0 
x (N*+8S, P.1/2 waves) 


1 == 4 = 


0.00. Saris 1 1 1 | = 
1.0 0.0 —1.0 
cos 7 


iB cam lemeune differential cross sections at the 
pion kinetic energy T,=910 Mev. To avoid 
confusion, the sets in J=0 are not explicitly 
written. The sets G=05 N,0=—1.0) and 
(J=0; N,9=—0.8) are quite similar to the 
sets: J=1; N,1=0.08, N_1=0.0) and U=1; 
N,1=0.06, N= 0:0) 5 respectively. 


and oto, thus obtained are consistent 
with experiments but P is not by our 
treatment. This seems to suggest that 
the intermediate states might not be 
such simple ones that can be describ- 
ed in the conventional way. 

In order to check up this point, we 
are now applying the same method to 
pion-nucleon scattering and photo- 
pionproduction near higher resonances 


—P(@) 


0.6 


1.0 0.0 —1.0 


cos 


Fig. 2. The polarization of Ain the pion . 
kinetic energy range 910~990 Mev. The 
group of curves corresponds to 7, =910 Mev. 


and the results will appear in a later 
issue of this journal. 

We wish to express our sincere 
thanks to Prof. D. Ité for his sugges- 
tion, to Dr. A. Kanazawa fOrsehis 
valuable comments and to the members 
of our Institute for their continuous 


interest. 
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obtained large polarization P consistent 
with experiment. This is due to the assumed 
(KA) resonant state in low angular mo- 


mentum. 


On the Interaction of the Pion 
and Cascade Particle* 


Syurei IWAO 


Department of Physics 
Syracuse University 
Syracuse, N.Y., U.S.A. 


August 22, 1961 


We first consider the old question of 
whether the coupling of the pion to 
the nucleon is direct or derivative by 
examining the z-2 interaction with the 
assumption that either direct coupling 
or derivative coupling is universal. 
The mass difference between the 
nucleon and the £ hyperon will be 
essential in this discussion and is in- 
cluded. We assume that in addition 
to the coupling type the (unrenor- 
malized) coupling constant is universal 
and that the cutoff energy in the 
static theory will be more or less 
universal. Since the z-baryon inter- 
action is the interaction 
available, one might also hope that 


the renormalized z-baryon 


strongest 


coupling 

* Supported in part by the National Science 
Foundation and the Air Force Office of Scientific 
Research. 
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constants are almost equal. 

According to the static 
then, the resonance energy is approx- 
imately given by  @es=(1/f") Omaz- 
Thus the location of the (3/2, 3/2 
resonance depends on whether 
f= (u/2mp)* is universal (derivative 
case), or if g® is universal (direct 
case). — 

If it should turn out that the Y,* 
is wholly or in part the resonance 
predicted by global symmetry,” then 
the calculation of Amati et al.” is at 
least consistent with our assumption 


theory,” 


(approximate universality of the re- 
normalized coupling constant and cut- 
off), and implies that derivative 
coupling is universal by our criterion. 
However, we would like to argue that 
using the resonance predicted for the 
a-= interaction would be a more effec- 
tive way to examine this question of 
For the z-& res- 
expects Jas"resonance 
energy of 2.1 times the pion mass for 
derivative coupling and about twice 
this value for direct coupling, using 
the same cutoff as in z-Ntheory. This 


difference in resonance energies should 


universal coupling. 
onance, one 


be large enough to be unambiguous 
even with the uncertainties of the 
model, for one would need a 100% 
change in the cutoff energy to cancel 
out the effect on the resonance energy 
of the difference in /* between the 
direct and derivative cases for the 2-2 
interaction ; a 30% change in the cutoff 
will suffice for the z-/ interaction. 

The resonance reaction of the pion 
and cascade particle can be observed 
from high-energy kaon absorption by 
a proton with the production of a pion, 
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cascade particle anda kaon: 
Resp eK OE tak 
> F+n2-+K*, 
(1) 


where =~* is the isobar state in which 
we are interested. The momentum 
spectrum of the positive kaon can be 
used to determine the excitation func- 
tion of the z-& interaction. If the 
=-* indeed exists, its isotopic spin 
can be determined from the branching 
ratio of the different decay modes 
shown in (1). Techniques for deter- 
mining the spin state of the resonance 
will no doubt be established from the 
study of the Y"*. 

The above remarks are, of course, 
based on the assumption of spin 1/2 
for the & hyperon. However, since 
this spin assignment is still not com- 
pletely certain, it might be of interest 
to consider some predictions for a pion 
scattering from a spin 3/2 & hyperon. 
We base these predictions on a model 


analogous to the static theory for 
When we 


pion-nucleon scattering. 
between 


assume a p-wave interaction 
a and £, the Hamiltonian is written 


in the static theory as 
T= Heth, (2) 
Hy= D) ap* 4p» (3) 


p 


Ay= > [Vv Ge. Vigk Gp |: (4) 
p 


where 


Vp =f /4) (S- /pv/20y) Frv(P))> 

(5) 
S being the spin operator for spin 
3/2 cascade particle, i.€. 


1009 


Se = Spy (Six SNS t are 

and >} S’=15/4. (6) 
The remainder of the notation is identi- 

cal with that of Chew and Low.” 
The total isotopic spin 7’ can take 
the values 1/2 and 3/2; the projec- 
tion operators for these values of total 
isotopic spin are well known and are 
given in reference 1). The total an- 
gular momentum J can be either 1/2, 
3/2, or 5/2; and the required angular 
momentum projection operators B(p,9) 


are given by 
B'?(p, q) =9/8(P'@) 
+1/4(S-p) (S-q) —3/4(S-@) SP)» 
B*?(p, q) =4/5(S:p) S-@), 
B®” (p, q) =15/8(p-@) —21/20(S-p) 
x (S-q) +3/4(S-@) (SP). (7) 


Then, if we denote the six states 
CE Fe (ie gp?) ee 3/2), (1/2, 
5/2), (8/2, 1/2), (3/2, 3/2) and (3/2, 
5/2) by the numbers a=1, 2, --40un 
that order, we may write the residues 
of the pole terms for the ha(z) as 


eed 
| — 28 
=o 
eee 8 
Bl 
6 


Ae 0) Ta 


where f is some unrationalized, re- 
normalized coupling constant. The 
crossing matrix is the direct product 
of the crossing matrix in isospace, 
Cr, and the crossing matrix in angular 


momentum space, C;, where 


some at 4 
Cr=1/3) 2 1 
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1/6 -=2/3 /2 
anda Gye Lio digo O/.0 
{fo ae a ee 110: 
(9) 
In the first approximation, the effec- 
tive ranges are given by (except for 
a positive constant which depends on 
the cutoff) 


| 


| 


where Bae= ae (Agi / 3) (OF 
Thus, if the first approximation can 


U—-B)inf? 


DORN AD 
Soeiei = 


| 
Perea) 
| 


be trusted, one would expect resonan- 
ces for the states (T, J) = (3/2, 3/2), 
ow 2) (1/21/72) “and. (3/2,. 172) 
with resonance energies roughly in 
thesratio 3.¢ 4::-6. 

I would like to thank Dr. R. Arnowitt 
and Dr. A.O. Barut for a helpful dis- 
cussion concerning this letter. 
especially indebted to Mr. J. Mazo for 
performing the calculations. 
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Imaginary Part of the Optical 
Potential for Nuclei A~60 
and A~100 


Atsushi Sugie, Kichinosuke Harada 
and Hisashi Horie* 


Japan Atomic Energy Research 
Institute, Tokai, Ibaraki-ken 
*Tokyo Institute of Technology 
Meguro-ku, Tokyo 


August 28, 1961 


It was pointed out that the imaginary 
part of optical potential W(7) will 
show shell effect? and that, for zero 
energy neutron, it will be large for 
nuclei with mass number A~60 and 
small for A~100.” We estimate this 
more quantitatively for “Fe and ‘Cd. 

The incident s,,. neutron excites a 
nucleon in target in state 7 to 7’ and 
jumps to 7”. For the delta function 
interaction the matrix elements are, 
for direct processes, 


(=) 27 +1) (277 +1) /2 22 +1) 
X (77'1/2—1/2|J0) b34.VI=D-V-T 
and for exchange processes, 
—(above expression with exchange 


of prime and double prime, and 
without 07,77) 


x VY QS+1) OFFI) 
KWo dts 2S 


where J is vector sum of 7 and /’. 
V is the strength of nuclear force and 
Tis the orbital overlap integral. For 
target neutrons, D and E are added 
and for protons, only D is needed. 
Each is squared and summed over J. 
These we call G’. 
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The expectation value of W(r), W, 
is 
Die (Ex We Je 
jyrg 


Ww’ 


x eee 
(= eye 

where E;, etc., are the single particle 
energy (with pairing energy) of state 
j, etc., and n; is the number of par- 
ticles in state 7. As there are unfilled 
shells, a further factor of Cis 1s 
necessary if j/=j or j’=j. Further, 
if j’=j" for the same particles, coupl- 
ing scheme is changed from the above 
one, that is, j’ and j’”” are first coupl- 
ed to J’ which should be even. These 
will be published later. 

W’ is W for the intermediate state. 
This may be smaller than W® but if 
the energy dependence of W is linear 
(corresponding to the energy inverse 
free two-body cross section)” W’ is 
equal to W as W’ is the sum of the 
imaginary part for each particle and a 
hole. We assume W’~ W~3 Mev. 

We tentatively used Klinkenberg’s 
level scheme” and assumed a pure 
configuration for a ground state. The 
sum of n; (with c.f.p.) for which the 
energy difference is less than 4 Mev 
is for Fe 313.5 and for Gdsi76.8.. Lhe 
smallness of the latter is due to the 
restriction through the parity conserv- 
ation law and the fact that for target 
protons many processes in which j’ 
and 7” are snterchanged are forbidden 
as one of them is already occupied by 
neutrons. We calculated J with harmo- 
nic oscillator wave functions. Gl’ 
fuctuates very much but their weight- 
ed mean is (in 10%cm~?)® for Fe~ 


0.12107! and for Cd ~ 0.065 10™*. 
For Fe [f with 3s incident neutron 
was taken and. for Cd the average 
of 2 with 3s and 4s was taken. The 
smallness of the latter is due to the 
size effect. Thus we see that W for 
Cd is about 1/3 of that for Fe. 

In the pairing correlation model, the 
wave functions are very different from 
those of the simple shell model but this 
can be treated in a similar way as in 
the calculation of inertial parameters.” 
The transitions of quasi-particles from 
states below the chemical potential 
to those above it are decreased com- 
pared with those for the pure shell 
model, but there appear new proces- 
ses between states below (or above) 
the chemical potential and the net re- 
sult’ will be an increase. However, 
the ratio mentioned above will not 


change very much. 
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4) S. Hayakawa, M. Kawai and K. Kikuchi, 
Prog. Theor. Phys. 13 (1955), 415. 

5) §. G. Nilsson, Mat. Fys. Medd. Dan. Vid. 
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1012 Letters to the Editor 


Effect of Pion-Pion Scattering 
Resonance on Nucleon 
Structure 


Atsushi Takahashi 


Department of Physics 
Tohoku University 
Sendai 


August 28, 1961 


The effect of the z-z P-wave reso- 
nance on the electromagnetic structure 
of the nucleon has been investigated 
by Frazer and Fulco.” In their cal- 
culation, if the Legendre expansion is 
performed for the z-N scattering ampli- 
tudes over the left-hand cut, this cut 
produces divergent integrals which 
necessitate a cutoff procedure. The 
purpose of this note is to remedy this 
difficulty by a subtraction method. 

In this note, the same notations as 
in F-F are used. With the use of the 
subtracted form, their functions /’;(¢) 
are expressed as follows: 


f t i I Ie / 
P(t) =2(0) + | ae! eee 
Pa Leg a) 
‘i 7 Ake t’ (t'—t) oo 


In the approximation of neglecting all 
but two-pion intermediate state, /’;(¢) 
can be written as 

re =P.) | P.(0) +4 


f lan 7T Ae) 
Mo lrat’ ; 9 
i Fez’) t'(t’—t) | (2) 


where /’,(0) are related to the forward 
a-N scattering amplitudes, and can be 


calculated directly from the experi 
mental information of z-N scattering 
using the dispersion relations at for- 
ward. Unfortunately, [,(0) involves 
large errors coming from the cancella- 
tion of large terms, and Eq. (2) is not 
useful for /’,(¢), so we use the unsub- 
tracted form as follows : 


a 


r,(@) = F,(@) ja Im 1’, (¢’) 


F(t) (’—2d) * 


(3) 


On the other hand, /,(0) is well de- 
fined as shown by Ball and Wong,” 
and we use Eq. (2) for /1(¢). 

For the zz P-wave amplitude, the 
one level formula assumed by Bow- 
cock et al.” is used for simplicity, and 
the pion form factor is written as 


FaQ=--7)/ Gate} (4) 

The unsubtracted spectral represent- 

ation for G."(t) seems to be incon- 

sistent with the experimental data given 

by Hofstadter et al.,® so we use a sub- 
tracted form, 

: Ge. 3 SR ARES: 

Gy = 224 | a 

2m m t'(t'—t)’ 

42 


t a ( V t! 
\ ae’ Yi ( ) 


a t’ (pe 


(5) 
where 7y=1.85. Then with the use of 
the assumption of narrow resonance 
approximation for F(t), ,’()= 
(2/7 ye) G2" (t) and hos 
(2/e)G,"(t) are written as 

F,” (t) =(1—a@) +a/(1—#/t,), 
F,” (t) = (1-8) +8/ t/t) son 


a and # are defined as follows: 


GQ) == + 


ere Cw ae ae ee. le 
2) . 


es ar Ai old 45! 


et US iy 


rh le Cia : RR e ET a eC EEO NE MO ee EE 


Letters to the Editor 1013 


a 


/ = , 
2m Vt, 1 P lings (2) 
== dt — po ei ———e 


> 


(7a) 


a 


Ve ey i.e) 
4 | ae gies | (7b) 


approximating F,(¢’) to 1 in these 
integrands. For ta, Im L3G) sand 
Im /’,(t) are expressed by a-N scatter- 
ing amplitudes which are evaluated by 
setting all partial cross sections equal 
to zero except for the (3, 3) state, and 
approximating the latter by a narrow 
resonance. Under these approxima- 
tions, the integrals in Eqs. (7a) and 
(7b) are convergent and we shall cut 
off these integrals at t= —26/". 

Comparing Eq. (6) with the experi- 
mental formula” of F2" (¢) ancl (boi 
the value of ¢, 1s required to be 20~ 
Pp At t,= 22°, using Eq. (7a), the 
value of.7 calculated from the experi- 
mental value of @ is O7~0.8H" =) on 
the other hand, using Eq. (7B) he 18 
1.2~1.3p-' from the value of 2. The 
value of 7 is sensitive to the integral 
value over the left-hand cut, so the 
disagreement of 7 in F,’ (t) and F,” @) 
will be originated from using unsubt- 
racted form for [2(¢), and we shall 
not be able to assign the value 7 de- 
finitely. 

By using the fact that if the narrow 
resonance for. the P-wave pion-pion 
scattering 1s assumed, the form factor 
should be of Clementel-Villij type,” 
we have obtained that the higher re- 


sonance energy 1S probable for the 


nucleon structure. The integral over 
the left-hand cut and the 7 are includ- 


ed in a and # as the form of ratio, 
so we can always fit with the data by 
choosing the value of 7 according to 
the integral value. Thus we should 
investigate the effect of the resonance 
on pion-nucleon scattering to analyse 
whether the integral value is consistent 
or not with the experimental inform- 
ation about pion-nucleon scattering. 

We shall investigate the effect of 
=n resonance on P-wave amplitudes 
of z-N scattering, [ (fu—far) [32 Jeo, 
and compare with the results derived 
by B. Their parameters C, and 
are given in our formalism as 


a ty fy h©) 
cae F10) + 7 | PDE) |, 


(8a) 

es tml s(t) 

a Beets Noaptea 
One Awe ks 


—o 


(8b) 


b) 


and are estimated for t,=22" to be 
343 and —0.57 respectively which 
are compared with the values in B 
“4.0 and —0.27 respectively (hereaf- 
ter we use #=1 unit). If we write 
the a-2 term in z-N scattering disper- 


sion relations as 


Ac SAC oN | ae 0) 
ee z ; poy > 
4p 
Lar t 
poet (as 8 
4p? 


the contribution of 77 term to 
[(fu—fa) /3R \ero iS expressed by Ci 
and C;, and, in our estimation, turns 
out to be 0.10. According to the analy- 
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sis given by Ishida,” this quantity has 
the value 0.028+0.013. This large 
effect 0.10 comes from that the values 
of |C,| and |C,| given by this note are 
larger than the values in B. How- 
ever, if we use the subtracted form, 


AS =(s—s) few 


a (=a): 
t a(t’) 
-—Te) a) [is Na eee 10 
Bee ==C¥ 2 ; \a t! ¢z' t) ? ( ) 


this contribution to [(fii—fa) /3R Jeo 
reduces to 0.035 and does not contra- 
dict the data on z-N scattering. In 
Eq. (10) the new parameters C$? and 
CS are calculated from the dispersion 
relations for z-N scattering at forward. 
Because we have not any information 
about the contribution coming from 
the high mass states at present, if the 
dispersion relations are applied to an 
analysis, the subtraction will be needed 
to get reliable results, thus we may 
conclude that the values of C; and C, 
given in this note are not inconsistent 
Detailed 


formalism and discussions will be re- 


with the experimental data. 


ported later. 

The author wishes to thank Prof. 
K. Nakabayasi for many valuable dis- 
cussions and continual encouragement. 
He also wishes to thank the members 
of the Tohoku Group for discussions. 
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Proof of Partial-Wave Dispersion 
Relations for Pion-Pion and 
Nucleon-Nucleon Scatterings 

in Perturbation Theory 


Kunio Yamamoto 


Department of Physics 
Osaka University, Osaka 


September 25, 1961 


Usual derivations” of partial-wave 
dispersion relations are always based 
on the Mandelstam representation.” 
However, up to now, for the Mandel- 


stam representation no complete proof - 


has been given even in perturbation 
theory” in spite of many efforts. In 
this note we shall completely prove 
the dispersion relations 
for the equal-mass-particle, pion-pion 
and scatterings in 
every order of perturbation theory. 
The identical with the 
ones derived from 


partial-wave 
nucleon-nucleon 
results are 
the Mandelstam 
representation. 

As an example, we shall examine 


The 


scattering amplitude can be written 
4) 


the nucleon-nucleon scattering. 


as 


+00 1 
AG,® =\ gal dee 
9) 144 dx Gg ee 


NRUNTEA ONY MRP eee 


: 
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> 
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se 
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+o ah 2 \ 
\ aa\ dy ge eee a Page) x Ys » 0) 
; 8—ty—u—y) v= —s(2z—1) +4my'z | 


+o 


a. Ae Sa aay 


7—uz—s(l—2) 


+ 
—-o 0 
ee 
+ dj \ 


-—o ) 


except for one-particle intermediate 
Here s and ¢ are the invariant 
of 


transfer, and 


state. 


squares energy and momentum 


(2) 


The restrictions for the supports of the 
weight functions in Eq. (1) are” 


u=4my—s—t. 


a> Amy at4m,' (1-2), \ 
3=>Min[4m,’y +4my(1—y), | 


Amyy +4m,(1—y) | (3) 


and | 


7 4m,zt+4my 1 —z). / 
The integral representation (1) and 
the supports (3) are valid in every 
order of perturbation theory. 

The partial-wave amplitudes are de- 


fined by 


Ai(s) = | d(cos4) P,(cos@) 
< Als, (4imw' —s) (1=cos0) /2). 
(4) 


From Eqs. (1) and (4), we see that A;(s) 
can have a singularity only when A (s, ¢) 
has a singularity at the end point of 
the cos @ integration, that is, cos’ 0=1. 
Therefore, A;(s) is singular only when 


\ 
\ 


A=S2X, ) 
‘a—=5(22— 1) +4my (1-2), 
g=—s(1—y) +4mv' 1-9); 


and 


ja Qa ar 


‘Eqs. (3) and (5) are sufficient to as- 


sure that A,(s) is regular except for 
the cuts in the intervals [—©, 4(mw’ 
—m,”)] and [4my’,+ co]. Using this 
analiticity, we can obtain the dispersion 
relation for A,(s). 

For the equal-mass-particle, 
pion-pion scatterings, the restrictions 
for the supports of the weight functions 
mui: (fl) are 


a> Aye 


and 


(6) 
and 
a> Min[4m,’ 2+16 m,;(1—2), 


16m~x+4m,’(1—2z) | (2 


and likewise for 8 and 7. For these 
cases the similar discussions also hold. 
The partial-wave amplitudes are regular 
except for the cuts in the intervals 
(— co, 0) and (4p",+ ©) for the equal- 
mass-particle scattering, (—co, 0) and 
(4m,2, +00) for the pion-pion scatter- 
ing. 

After submitting this work, the author 
received Prog. Theor. Phys. 26, No. 
3 in which Nakanishi stated that the 
partial-wave dispersion relation can be 
derived from the integral representation 
(1) [see note added in proof of the 


reference 4) ]. 
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Hypothesis of the Isotopic Spin 
Independence. II 


Masaaki Kawaguchi* 


Department of Physics 
Tokyo University of Education 
Tokyo 


September 30, 1961 


In the previous note” two specula- 
tions in the high energy limit” have 
been discussed :” 

a) Ifa particle A with isotopic spin 
I, collides on a target B with isotopic 
spin J;, the total cross sections cor- 
responding to the total isotopic spins 
T=L4+h, IntIs—1, -, |Iu1—Ie| tend 


to a constant independent of J, 


oU=I4+ Tp) =oc(J=L+ Izp—1) ——. ee 
=o ([=|I,—I|) =const. (1) 


b) The S-matrices are independent of 
the total isotopic spin in the high 
energy limit. The assumption b) auto- 
matically guarantees the relation (1) 
except the last part. 

The assumption b) obviously con- 
tradicts the argument that the peri- 


pheral collision is most important in 


the Editor 


the high energy region. It is pointed 
out in the present note that the as- 
sumption b) can be criticized by the 
process 7 Noaztat+N, in compar- 
ing with the results of the peripheral 
collision. 

The cross sections are given in 
terms of the transition amplitudes 


aij2(S), as2(s), a)2(a), and az)2(a), as” 


o(z* pon a* n) == | a32(s) ie (2a) 


a(a* porta p)= = la@erg5) 1" 
+ |as;2(a) |’, (2b) 


a(n pon mp) = : |asj2 (s) |? 


A ena eee) 
3 3/2 3 1/2 is 


o(2” pon 2‘ n) 


lV/2 V2 Fs 
== | 3° 3)2 (a) +: “30 ay /2 (a) | 
ee can) eee 
| 3 Ny i: -Asig\$ 3 Qy/2\8 |? 
(2d) 
o(z p> °° n) 
9 / = S9 2 
= | —— Nh : si2(S) creer 4 )2 (s)i5 
2e) 


where the subscripts 1/2 and 3/2 de- 
note the total isotopic spin, and s and 
a specify symmetric and antisymmetric 
with respect to the two pions in the 
final state. We have the following 
relation from Eqs. (2) under the assump- 
tion b), 


a(n” poantN) =o(a* pornN) 
=o(2 n>a2N) =c(atnaaN), 


(3) 


; 
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where we define 

o(a p-amN) =o(n pon 2p) 
Lo(a por nn) to(a-pownrn), 

and so forth. 


In order to obtain the relation (3), 
the assumption b) is interpreted as 


| ay. (a) |? + |ar/2(s) ’= | asj2 (a) |? 
+ |asj.(s) |’. (4) 
If the assumption b) is interpreted 
more rigorously as 
ah)2(S) =4a2(s) and ay)2(a) =i) > 
(5) 
one obtains, for instance, 
Ao (x* pz 7p) >o(a- pom a*n) 
t+o(n7 por san) 
ST Agi raph np) 
> o(at por an), (6) 
sn addition to the relation (3). The rela- 
tions (3) and (6) are criterions of 


the assumption b). 
On the other 


hand, the peri- % 
pheral process 

shown in Fig. 1 

due to the pion- 2 


pion interaction 

does not give the Fig. 1. Diagram for 

elation (3) r+NonrtatN due 

es to the pion-pion in- 

For the pion- teraction. Nucleon 

pion interac- and meson are 

tions 7(Ga Oy): shown by solid and 
lines, respec- 

ses wavy ; 

and oe é tively. 

state of 4’ (Ga9Fe 

— 99.) the charge ratio is display- 

ed in Table I, ¢. being the pion wave 

function.” Here the pion-pion rescat- 

tering correction 1s taken into account, 


while the pion-nucleon final state in- 


teraction is not. 


Table I. Charge ratio of the 
zr+Nonart+tn+N 


[=1 state of 
V (Ga 0¢p—%p 90a)” 


Process AM(Ga Pa)? 


o(ntpont*ntn) 
a (nt porn*np) 
(nx porn 7p) 
a(x porn nn) 


a(n por nn) 


HF oF Ff - | 
on FF SO 


If the peripheral collision gives the 


main contribution, we have 

a(x poanN) =20(2* pomN) 

for A(Pa¥a)’s (7) 
and 

o(a- poraN) =30(a*porrN), 

for I=1 of 2 (¢29Pe—¥8 9%a)'- (8) 
If the result (3) contradicts experi- 
ment, the assumption b) is wrong. 
On the other hand, even if Eq. (Tyron 
(8) disagrees with experiment, it does 
not always mean the peripheral collision 


to be unimportant. 


For N+N-2z+N+ N_ we_ have 
similar discussions. The cross sections 


are written as 
o(pp>®" pn) =|ai(a) P+ — la 
(9a) 


«(pp pp) =—— as) (9b) 


Z 
o(pn>m nn) ra Bed, ace a Ga (Se 
iV/6 2 


(9c) 


o (pp np) =o (pp pp) 
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o(pn> 2 pp) =|—=a(s) +— als) |, 
IV 6 2, | 


(9d) 


o(pn—> 2° pn) = - |ay(s) |? + : |a, (a) |?. 


(Ye) 
The notations are understood to be 
similar to Eqs. (2). 
If we assume 

|@o(s) [?=|a(s) |? + 1a (a) |’, (10) 
o(pp>aNN) =c(pn>aNNn) 

(11) 

In parallel with Eqs. (5), 

one may interpret the assumption b) as 

gs ie ays) oatid a, (a) =O) (12) 


From Eqs. (9) and (12) we have, in 
addition to Eq. (11), 


is obtained. 


=30(pn—>2°pn) © 
= = {o(pn—>7 pp) 


+o(pn—>az*nn)}. (13) 


The author is indebted to Miss M. 
Yamazaki for discussions. 
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